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Abstract
A new kind of the solutions of the convection-diffusion equation related to the
p(x)-Laplacian is introduced. The equation is degenerate on the boundary,
accordingly, the usual boundary value condition cannot be imposed in Dirichlet’s
way. The test function chosen to verify the uniqueness of the solutions should be
independent of the boundary value condition. By the new definition, one can study
the stability of the weak solutions without any boundary value condition. The main
results of the paper show that the usual homogeneous boundary value condition can
be replaced by the degeneracy of the diffusion coefficient and the degeneracy of the
convection term on the boundary.
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1 Introduction and the main results
The initial-boundary value problem of the evolutionary p(x)-Laplacian equation

ut = div
(|∇u|p(x)–∇u

)
, (x, t) ∈ QT = � × (, T), (.)

has been widely studied [–]. It is well-known that the equation arises in many ap-
plications in the electrorheological fluids, physics and biology [–]. Here, � ⊂ R

N

is a bounded domain with smooth boundary ∂�, p(x) ∈ C(�), and we denote p+ =
maxx∈� p(x), p– = minx∈� p(x) > . Let d(x) = dist(x, ∂�) be the distance function, the con-
stant α > . The well-posedness of the solutions of the equation

ut = div
(
dα(x)|∇u|p–∇u

)
, (x, t) ∈ QT , (.)

was first studied by Yin-Wang [], and later by Zhan-Xie [] et al. A similar equation related
to the p(x)-Laplacian

ut = div
(
dα(x)|∇u|p(x)–∇u

)
, (x, t) ∈ QT , (.)

was studied by Zhan-Wen [, ] recently. In [], the stability of the weak solutions is
proved in a similar way as that of []. But there remained a gap when p– –  ≤ α ≤ p+ – .
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In [], if p(x) is required to satisfy the logarithmic Hölder continuity condition

∣
∣p(x) – p(y)

∣
∣ ≤ ω

(|x – y|), ∀x, y ∈ �, |x – y| <



,

with

lim
s→+

ω(s) ln

(

s

)
= C < ∞,

by complicate calculations, the gap had been filled up.
In this paper, we will establish the well-posedness of the solutions of equation

ut = div
(
dα(x)|∇u|p(x)–∇u

)
+

∂bi(u, x, t)
∂xi

, (x, t) ∈ QT , (.)

with the initial value

u|t= = u(x), x ∈ �, (.)

but without any boundary value condition. The initial-boundary value problem of equa-
tion (.) was first considered by the author in [], it was shown that the convection term
∂bi(u,x,t)

∂xi
may influence the boundary value condition. We conjectured that, to ensure the

well-posedness of the solutions, a partial boundary value condition should be imposed on
equation (.). From then on, I had spent much time to consider the problem, and found
that it is difficult to determine which part of the boundary should be imposed the bound-
ary value. Thereupon, in this paper, we turn our attention to a study of the well-posedness
of the solutions without any boundary value condition. We will introduce a new kind of
the weak solutions matching up with equation (.), and try to prove the uniqueness of
the new weak solutions only dependent on the initial value.

We denote

W ,p(x)
α =

{
u ∈ W ,p(x)

loc (�) :
∫

�

dα(x)|∇u|p(x) dx < ∞
}

. (.)

Clearly,

W ,p(x)
α ⊆ W ,p(x)

loc (�). (.)

Here W ,p(x)(�) is the variable exponent Sobolev space, one can refer to [–] for the
details. Some basic properties of the space are quoted in the following lemma.

Lemma .
(i) The spaces (Lp(x)(�),‖ · ‖Lp(x)(�)), (W ,p(x)(�),‖ · ‖W ,p(x)(�)) and W ,p(x)

 (�) are
reflexive Banach spaces.

(ii) p(x)-Hölder’s inequality. Let q(x) and q(x) be real functions with 
q(x) + 

q(x) = 
and q(x) > . Then the conjugate space of Lq(x)(�) is Lq(x)(�). And for any
u ∈ Lq(x)(�) and v ∈ Lq(x)(�), we have

∣
∣∣
∣

∫

�

uv dx
∣
∣∣
∣ ≤ ‖u‖Lq(x)(�)‖v‖Lq(x)(�).
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(iii)

If ‖u‖Lp(x)(�) = , then
∫

�

‖u‖p(x) dx = ,

if ‖u‖Lp(x)(�) > , then ‖u‖p–

Lp(x)(�) ≤
∫

�

|u|p(x) dx ≤ ‖u‖p+

Lp(x)(�),

if ‖u‖Lp(x)(�) < , then ‖u‖p+

Lp(x)(�) ≤
∫

�

|u|p(x) dx ≤ ‖u‖p–

Lp(x)(�).

The new kind of the weak solutions matching up with equation (.) is defined as follows.

Definition . A function u(x, t) is said to be a solution of equation (.) with the initial
condition (.), if

u ∈ L∞(QT ), ut ∈ L(QT ), dα|∇u|p(x) ∈ L∞(
, T ; L(�)

)
, (.)

and

∫∫

QT

[
ut(ϕϕ) + dα(x)|∇u|p(x)–∇u · ∇(ϕϕ) + bi(u, x, t)

∂(ϕϕ)
∂xi

]
dx dt = , (.)

where ϕ ∈ C
(QT ) as usual, but ϕ only satisfies, for any given t, ϕ(x, t) ∈ W ,p(x)

α , and, for
any given x, |ϕ(x, t)| ≤ c. The initial condition (.) is satisfied in the sense of that

lim
t→

∫

�

∣∣u(x, t) – u(x)
∣∣dx = . (.)

A basic result of the existence of the solution is the following.

Theorem . If p– >  and  < α < p––
 , β > , bi(s, x, t) and its partial derivatives satisfy

the condition

∣∣bi(s, x, t)
∣∣ ≤ c|s|+β ,

∣∣bis(s, x, t)
∣∣ ≤ c|s|β , (.)

and u satisfies

u ∈ L∞(�), dα|∇u|p+ ∈ L(�), (.)

then equation (.) with initial value (.) has a solution.

We can prove Theorem . in a similar way to Theorem . in [], though Definition .
here is different from that of the weak solution in []. We omit the details of the proof
here.

In our paper, we will prove another existence result, which seems more interesting.

Theorem . Let bi(s, x, t) be a C function, p(x) ≥ . If |s| ≤ c,

∣∣bis(s, x, t)
∣∣ ≤ cd

α
p(x) (.)
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and

u ∈ L∞(�), dα|∇u|p(x) ∈ L∞(
, T ; L(�)

)
, (.)

then there is a solution of equation (.) with the initial value (.).

One can see that only if α >  in Theorem . is required, while  < α < p––
 in Theo-

rem . has a stronger restriction. Moreover, there is a difference between the condition
(.) and the condition (.). As we had shown in [] only if α < p– –, the usual Dirichlet
boundary condition

u(x, t) = , (x, t) ∈ ∂� × (, T), (.)

can be imposed, and by the condition (.), bi(, x, t) = . Accordingly, the stability of the
weak solutions can be proved. Instead of (.), the condition (.) has the degeneracy on
the boundary independent of the boundary value condition.

The most significant result of our paper is the following stability theorems.

Theorem . Let u, v be two solutions of (.) with the initial values u(x), v(x), respec-
tively. If bi(s, x, t) satisfies

∣∣bi(u, x, t) – bi(v, x, t)
∣∣ ≤ cd

α
p(x) |u – v|+ 

q(x) , (.)

and the constant α satisfies

n
∥∥dα–+ α

p(x)
∥∥

Lp(x)(�\� 
n

) ≤ c, (.)

then
∫

�

∣
∣u(x, t) – v(x, t)

∣
∣dx ≤

∫

�

∣
∣u(x) – v(x)

∣
∣dx. (.)

Here � 
n

= {x ∈ � : d(x) > 
n }.

Theorem . Let u, v be two solutions of (.) with the initial values u(x), v(x), respec-
tively, and

n
(∫

�\� 
n

dα|∇u|p(x) dx
) 

q+

≤ c, n
(∫

�\� 
n

dα|∇v|p(x) dx
) 

q+

≤ c. (.)

If bi(s, x, t) satisfies (.), then the global stability (.) is true. Here, q(x) = p(x)
p(x)– , q+ =

maxx∈� q(x).

One can see that, in Theorem ., the stability is obtained only in the kind of weak so-
lutions which satisfy the condition (.). While the restriction in Theorem . is the con-
dition (.), no restrictions are imposed on the solutions themselves. At the end of the
introduction, let us give two sufficient conditions of the condition (.).
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If (.) is true, then ‖dα–+ α
p(x) ‖Lp(x)(�\� 

n
) < , thus by (iii) of Lemma .,

n
∥∥dα–+ α

p(x)
∥∥

Lp(x)(�\� 
n

) ≤ n
(∫

�\� 
n

d(α–+ α
p(x) )p(x) dx

) 
p+

= n
(∫

�\� 
n

dp(x)(α–)+α dx
) 

p+

= n
(∫

�\� 
n

dα[p(x)(– 
α )+] dx

) 
p+

. (.)

If α ≥ p+

p–+ ≥ p(x)
p(x)+ , then p(x)( – 

α
) +  ≥ , and

n
(∫

�\� 
n

dα[p(x)(– 
α )+] dx

) 
p+

≤ n
(∫

�\� 
n

dα[p+(– 
α )+] dx

) 
p+

≤
(


n

)[p+(– 
α )+] 

p+ –

, (.)

which goes to zero as n goes the infinity, provided that α ≥ p+

 , which implies that

[
p+

(
 –


α

)
+ 

]


p+ –  ≥ .

Thus, the condition

α ≥ max

{
p+

p– + 
,

p+



}
, (.)

is a sufficient condition of (.).
If

p(x)
p(x) + 

< α <
p(x)

p(x) + 
, (.)

then

– < p(x)
(

 –

α

)
+  < ,

n
(∫

�\� 
n

dα[p(x)(– 
α )+] dx

) 
p+

= n
(∫

�\� 
n

(


dα

)–[p(x)(– 
α )+]

dx
) 

p+

≤ n
(∫

�\� 
n

(


dα

)p+( 
α –)–

dx
) 

p+

≤
(


n

) 
α –

. (.)

Thus, if

p+

p– + 
< α < min

{
p–

p+ + 
,




}
, (.)
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then α ≤ 
 and – < p(x)( – 

α
) +  < , so

n
(∫

�\� 
n

dα[p(x)(– 
α )+] dx

) 
p+

≤
(


n

) 
α –

≤ c.

Consequently, the condition (.) is another sufficient condition of (.).
The paper is arranged as follows. In the first section, we have introduced the basic back-

ground and the main results. In the second section, the existence of the weak solution is
proved. In the third section, the stability results are obtained. In the last section, we will
give a local stability of the weak solutions, without the restriction (.).

2 The proof of existence
Consider the regularized equation

ut = div
(
(dε + ε)α

(|∇u| + ε
) p(x)–

 ∇u
)

+
∂bi(u, x, t)

∂xi
, (x, t) ∈ QT , (.)

with the initial-boundary conditions

u(x, ) = uε(x), x ∈ �, (.)

u(x, t) = , (x, t) ∈ ∂� × (, T). (.)

Here, ε > , dε = d ∗ δε is the mollified function of d, δε is the mollifier. For all ε > , se-
lecting uε, such that ‖uε,‖L∞(�) and ‖dα

ε |∇uε,|p(x)‖L(�) are uniformly bounded, and uε,

converges to u in W ,p(x)
loc (�). It is well known that the problem (.)-(.) has a unique

classical solution [, ].

Proof of Theorem . Multiplying (.) by uε and integrating it over Qt = �× (, t) for any
t ∈ [, T), we easily obtain

∫∫

Qt

dα|∇uε|p(x) dx dt ≤
∫∫

Qt

(dε + ε)α
(|∇u| + ε

) p(x)–
 |∇uε| dx dt ≤ c, (.)

then
∫ t



∫

�

|∇uε|p(x) dx dt ≤ c(�, T), (.)

for any � ⊆ �.
Multiplying (.) by uεt , integrating it over QT ,

∫∫

Qt

(uεt) dx dt =
∫∫

Qt

div
((

dα
ε + ε

)(|∇u| + ε
) p(x)–

 ∇uε

) · uεt dx dt

+
∫∫

Qt

uεt
∂bi(uε , x, t)

∂xi
dx dt. (.)

Noticing that

(|∇uε| + ε
) p(x)–

 ∇uε · ∇uεt =



d
dt

∫ |∇uε(x,t)|+ε


s

p(x)–
 ds, (.)
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then
∫∫

Qt

div
((

dα
ε + ε

)(|∇uε| + ε
) p(x)–

 ∇uε · uεt
)

dx dt

= –
∫∫

Qt

(
dα

ε + ε
)(|∇uε| + ε

) p(x)–
 ∇uε∇uεt dx dt

= –



∫∫

Qt

(
dα

ε + ε
) d

dt

∫ |∇uε(x,t)|+ε


s

p(x)–
 ds dx dt

= –



∫

�

(
dα

ε + ε
) ∫ |∇uε(x,t)|+ε


s

p(x)–
 ds dx

+



∫

�

(
dα

ε + ε
) ∫ |∇uε(x,)|+ε


s

p(x)–
 ds dx. (.)

Since (.), by Young inequality, we have

∫∫

Qt

uεt
∂bi(uε , x, t)

∂xi
dx dt ≤

∫∫

QT

∣
∣biuε (uε , x, t)

∣
∣|uεxi ||uεt|dx dt

≤ ε

∫∫

Qt

|uεt|q(x) dx dt + c(ε)
∫∫

Qt

dα|∇uε|p(x) dx dt

≤ ε

∫∫

Qt

(uεt) dx dt + c(ε)
∫∫

Qt

dα|∇uε|p(x) dx dt + c. (.)

Here, we have used the fact that p(x) ≥ , then q(x) = p(x)–
p(x) ≤ , and by the Young inequal-

ity,

∫∫

Qt

|uεt|q(x) dx dt ≤ ε

∫∫

QT

|uεt| dx dt + c. (.)

Combining (.)-(.), we have

∫∫

Qt

(uεt) dx dt +
∫∫

Qt

dα
ε

d
dt

∫ |∇uε(x,t)|


s

p–
 ds dx dt ≤ c,

by the inequality, we have

∫∫

Qt

(uεt) dx dt ≤ c + c
∫

�

(dε + ε)α|∇uε,|p(x) dx ≤ c. (.)

Thus

∫ T



∫

�

|uεt| dx dt ≤ c, (.)

and there exist a function u and a n-dimensional vector
−→
ζ = (ζ, . . . , ζn) satisfying with

−→
ζ = (ζ, . . . , ζn)

u ∈ L∞(QT ),
∂u
∂t

∈ L(QT ), |−→ζ | ∈ L∞(
, T ; L

p(x)
p(x)– (�)

)
, (.)
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and uε → u a.e. ∈ QT ,

uε ⇀ u, weakly star in L∞(QT ),

uε → u, in L(, T ; L
loc(�)

)
,

∂uε

∂t
⇀

∂u
∂t

in L(QT ),

dα|∇uε|p–∇uε ⇀
−→
ζ weakly star in L∞(

, T ; L
p(x)

p(x)– (�)
)
.

In order to prove u is the solution of equation (.), we notice that for any function
ϕ ∈ C

(QT ),

∫∫

QT

[
uεtϕ +

(
dα

ε + ε
)(|∇uε| + ε

)p(x)–∇uε · ∇ϕ +
∂bi(u, x, t)

∂xi
ϕxi

]
dx dt = . (.)

Since d(x) >  when x ∈ �, then c > supsuppϕ
|∇ϕ|
dα >  due to ϕ ∈ C

(QT ), we have

ε

∫∫

QT

∣∣(|∇uε| + ε
)p(x)–∇uε · ∇ϕ

∣∣dx dt

≤ ε sup
suppϕ

|∇ϕ|
dα

∫∫

QT

dα
(|∇uε|p(x) + c

)
dx dt → , (.)

as ε → . Similar to the general evolutionary p-Laplacian equation ([]), by (.)-(.),
we are able to prove that

∫∫

QT

[
utϕ + ς · ∇ϕ + bi(u, x, t)ϕxi

]
dx dt =  (.)

and
∫∫

QT

dα|∇u|p(x)–∇u · ∇ϕ dx dt =
∫∫

QT

−→
ζ · ∇ϕ dx dt, (.)

for any function ϕ ∈ C
(QT ). Then

∫∫

QT

[
utϕ + dα|∇u|p(x)–∇u · ∇ϕ + bi(u, x, t)ϕxi

]
dx dt = . (.)

If we denote �ϕ = suppϕ, then

∫ T



∫

�ϕ

[
utϕ + dα|∇u|p(x)–∇u · ∇ϕ + bi(u, x, t)ϕxi

]
dx dt = . (.)

Now, for any ϕ ∈ C
(QT ), ϕ(x, t) ∈ W ,p(x)

α for any given t, and |ϕ(x, t)| ≤ c for any given
x, it is clearly that ϕ ∈ W ,p– (�ϕ ). By the fact of that C∞

 (�ϕ ) is dense in W ,p– (�ϕ ), by
a limit process, we have

∫ T



∫

�ϕ

[
ut(ϕϕ) + dα|∇u|p(x)–∇u · ∇(ϕϕ) + bi(u, x, t)(ϕϕ)xi

]
dx dt = , (.)
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which implies that

∫ T



∫

�

[
ut(ϕϕ) + dα|∇u|p(x)–∇u · ∇(ϕϕ) + bi(u, x, t)(ϕϕ)xi

]
dx dt = . (.)

At the same time, we can prove (.) as in [], we also omit the details here. Then u
satisfies equation (.) in the sense of Definition .. Theorem . is proved. �

Corollary . If bi ≡ , then the condition p(x) ≥  in Theorem . can be weakened to
p(x) > .

Proof We notice that the condition p(x) ≥  is used only in the proof of (.), thus, if
bi ≡ , only if p(x) > , there exists a weak solution of equation (.) with the initial value
(.), provided that u satisfies (.). �

3 The global stability

Proof of Theorems . Let u and v be two weak solutions of equation (.) with the initial
values u(x, ), v(x, ), respectively. For any given positive integer n, let gn(s) be an odd
function, and

gn(s) =

⎧
⎨

⎩
, s > 

n ,

nse–ns ,  ≤ s ≤ 
n .

Clearly,

lim
n→

gn(s) = sgn(s), s ∈ (–∞, +∞),
∣
∣g ′

n(s)s
∣
∣ ≤ c. (.)

Denoting �λ = {x ∈ � : dα(x) > λ}, let

φn(x) =

⎧
⎨

⎩
, if x ∈ � 

n
,

ndα(x), x ∈ � \ � 
n

.

By a limit process, we can choose φngn(u – v) as the test function, then

∫

�

φn(x)gn(u – v)
∂(u – v)

∂t
dx

+
∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇(u – v)g ′
n(u – v)φn(x) dx

+
∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · (u – v)gn(u – v)∇φn dx

+
∫

�

[
bi(u, x, t) – bi(v, x, t)

]
φnxi gn(u – v) dx

+
∫

�

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)xiφng ′

n(u – v) dx. (.)
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In the first place,

∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇(u – v)g ′
n(u – v)φn(x) dx ≥ , (.)

and from the proof of that ∂u
∂t ∈ L(QT ), we deduce that, for any given t ∈ (, T), ∂u

∂t ∈ L(�),

∫

�

∣∣
∣∣
∂u
∂t

∣∣
∣∣dx ≤ c

(∫

�

∣∣
∣∣
∂u
∂t

∣∣
∣∣



dx
) 

 ≤ c,

by the Lebesgue dominated theorem,

lim
n→∞

∫

�

φn(x)gn(u – v)
∂(u – v)

∂t
dx =

d
dt

‖u – v‖L(�). (.)

Since ∇φn = n∇dα when x ∈ � \ � 
n

, in the other places, it is identical to zero, and we
have

∣∣∣
∣

∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇φngn(u – v) dx
∣∣∣
∣

=
∣∣
∣∣

∫

�\� 
n

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇φngn(u – v) dx
∣∣
∣∣

≤ n
∫

�\� 
n

dα|∇u|p(x)– + |∇v|p(x)–∣∣∇dαgn(u – v)
∣
∣dx

≤ cn
∥∥d

α
q(x)

(|∇u|p(x)– + |∇v|p(x)–)∥∥
Lq(x)(�\� 

n
)

∥∥d
α

p(x) ∇dαgn(u – v)
∥∥

Lp(x)(�\� 
n

), (.)

where q(x) = p(x)
p(x)– as before.

Since |∇d| = , by the assumption (.)

n
∥∥d

α
p(x) ∇dαgn(u – v)

∥∥
Lp(x)(�\� 

n
)

= αn
∥∥dα–+ α

p(x) ∇dgn(u – v)
∥∥

Lp(x)(�\� 
n

)

≤ αn
∥∥dα–+ α

p(x)
∥∥

Lp(x)(�\� 
n

) ≤ c. (.)

Then by (.)-(.), we have

∣
∣∣
∣

∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇φngn(u – v) dx
∣
∣∣
∣

≤ c
[(∫

�\� 
n

dα|∇u|p(x)
) 

q+

+
(∫

�\� 
n

dα|∇v|p(x)
) 

q+ ]
, (.)

which goes to  as n → .
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In the second place, since bi(s, x, t) satisfies the condition (.)

∣
∣bi(u, x, t) – bi(v, x, t)

∣
∣ ≤ cd

α
p(x) |u – v|+ 

q(x) ,

we have

∣∣
∣∣

∫

�

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)xiφng ′

n(u – v) dx
∣∣
∣∣

≤ c
∫

�

∣
∣g ′

n(u – v)(u – v)
∣
∣d

α
p(x) (u – v)xiφn dx

≤ c
∥∥d

α
p(x)

(
(u – v)xi

)∥∥
Lp(x)(�)

∥∥(u – v)


q(x)
∥∥

Lq(x)(ω)

≤ c
∥
∥(u – v)


q(x)

∥
∥

Lq(x)(ω)

≤ c
(∫

�

|u – v|dx
) 

q
, (.)

where q = q+ or q– according to
∫
�

|u – v|dx ≥  or < .
Last but not least, by using some techniques from [], we can prove that

lim
n→∞

∫

�

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)xiφng ′

n(u – v) dx = . (.)

Now, let n → ∞ in (.). Then

d
dt

‖u – v‖L(�) ≤
(∫

�

|u – v|dx
) 

q
.

It implies that

∫

�

∣∣u(x, t) – v(x, t)
∣∣dx

≤
∫

�

|u – v|dx + c
(∫ t



∫

�

|u – v|dx dt
) 

q
, ∀t ∈ [, T). (.)

By (.), we easily get

∫

�

∣∣u(x, t) – v(x, t)
∣∣dx ≤

∫

�

|u – v|dx. �

Proof of Theorem . Just as the proof of Theorem ., we have (.)-(.). By the assump-
tion (.),

n
∥∥d

α
q(x)

(|∇u|p(x)– + |∇v|p(x)–)∥∥
Lq(x)(�\� 

n
)

≤ n
(∫

�\� 
n

dα|∇u|p(x) dx
) 

q+

+ n
(∫

�\� 
n

dα|∇v|p(x) dx
) 

q+

≤ c, (.)
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from (.), we have
∣
∣∣∣

∫

�

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

) · ∇φngn(u – v) dx
∣
∣∣∣

≤ cn
∥
∥d

α
q(x)

(|∇u|p(x)– + |∇v|p(x)–)∥∥
Lq(x)(�\� 

n
)

∥
∥d

α
p(x) ∇dαgn(u – v)

∥
∥

Lp(x)(�\� 
n

)

≤ c
∥
∥dα–+ α

p(x)
∥
∥

Lp(x)(�\� 
n

),

which goes to  as n → .
Now, letting n → ∞ in (.), we have the conclusion. �

4 The local stability of the solutions
In what follows, we will give a local stability of the solutions.

Theorem . Let p– > , bi(s) be a Lipschitz function. If u, v are two solutions of equation
(.) with the initial values u(x), v(x), respectively. Then for any � ⊂ �,

∫

�

∣∣u(x, s) – v(x, s)
∣∣ dx ≤ c(�)

∫

�

|u – v| dx (.)

is true.

If bi ≡ , ut ∈ L(QT ) and vt ∈ L(QT ) are as in the preconditions, the same conclusion
had appeared in our previous work []. Thanks to the existence of the weak solution,
Theorem ., ut ∈ L(QT ) and vt ∈ L(QT ) are naturally true in our paper. Moreover, p(x)
is required to satisfy the logarithmic Hölder continuity condition in [], but it does not
appear in Theorem .. However, the method used in what follows is similar to that in [],
we only need to deal with the convection term carefully.

Proof For any fixed τ , s ∈ [, T], χ[τ ,s] is the characteristic function on [τ , s], by a limit
process, we may choose ϕ = dβ , ϕ = χ[τ ,s](u – v), ϕ = ϕϕ as a test function. We choose
β is large enough, and let Qτ s = � × [τ , s]. Then

∫∫

Qτ s

(u – v)dβ ∂(u – v)
∂t

dx dt

= –
∫∫

Qτ s

dα
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

)∇[
(u – v)dβ

]
dx dt

–
∫∫

Qτ s

[
bi(u, x, t) – bi(v, x, t)

][
(u – v)dβ

]
xi

dx dt. (.)

We only need to deal with the last term of (.)

∫∫

Qτ s

[
bi(u, x, t) – bi(v, x, t)

][
(u – v)dβ

]
xi

dx dt

=
∫∫

Qτ s

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)dβ

xi
dx dt

+
∫∫

Qs

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)xi d

β dx dt, (.)
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since bi(s, x, t) is a Lipschitz function, u, v ∈ L∞(QT ), when β ≥  we have

∫∫

Qτ s

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)dβ

xi
dx dt

=
∫ s

τ

∫

�

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)βdβ–|dxi |dx

≤ c
∫ s

τ

∫

�

|u – v|dβ– dx

≤ c
(∫ s

τ

∫

�

[
d

β
 |u – v|] dx

) 

(∫ s

τ

∫

�

[
d

β
 –|u – v|] dx

) 


≤ c
(∫ s

τ

∫

�

dβ |u – v| dx
) 


(.)

and

∫∫

Qτ s

[
bi(u, x, t) – bi(v, x, t)

]
(u – v)xi d

β dx dt

≤ c
∫ s

τ

∥
∥d(β– α

p(x) )q(x)(∣∣bi(u, x, t) – bi(v, x, t)
∣
∣)

∥
∥

Lq(x)(�)

∥
∥d

α
p(x) (u – v)xi

∥
∥

Lp(x)(�) dt

≤
∫ s

τ

(∫

�

d(β– α
p(x) )q(x)(∣∣bi(u, x, t) – bi(v, x, t)

∣
∣)q(x) dx dt

) 
q

×
(∫

�

dα
(|∇u|p(x) + |∇v|p(x))dx

) 
p

dt

≤ c
∫ s

τ

(∫

�

d(β– α
p(x) )q(x)(∣∣bi(u, x, t) – bi(v, x, t)

∣
∣)q(x) dx dt

) 
q

dt

≤ c
(∫ s

τ

∫

�

d(β– α
p(x) )q(x)|u – v|q(x) dx dt

) 
q

≤ c
(∫ s

τ

∫

�

d(β– α
p(x) )q(x)|u – v|q(x)–|u – v|dx dt

) 
q

≤ c
(∫ s

τ

∫

�

dk|u – v|dx dt
) 

q ≤ c
(∫ s

τ

∫

�

dβ |u – v| dx dt
) 

q
. (.)

Here

k =
(

β –
α

p(x)
+ 

)
q(x) – ,

we have chosen that β is large enough such that k ≥ β .
By the fact

∫∫

Qτ s

dα+β
(|∇u|p(x)–∇u – |∇v|p(x)–∇v

)∇(u – v) dx dt ≥ , (.)



Zhan Boundary Value Problems  (2017) 2017:117 Page 14 of 15

similar to the proof of [], then we have

∫

�

dβ
[
u(x, s) – v(x, s)

] dx –
∫

�

dβ
[
u(x, τ ) – v(x, τ )

] dx

≤ c
(∫ s



∫

�

dβ
∣
∣u(x, t) – v(x, t)

∣
∣ dx dt

)l

, (.)

where l < . By (.), we easily prove that

∫

�

dβ
∣∣u(x, s) – v(x, s)

∣∣ dx ≤
∫

�

dβ |u – v| dx, (.)

which implies that for any � ⊂ �, (.) is true. The proof is complete. �

At the end of the paper, we would like to suggest that if α < p– – , then the weak solution
u of equation (.) with the initial value (.) belongs to L∞(, T ; W ,γ (�)), and so we can
impose the usual Dirichlet homogeneous boundary value condition

u(x, t) = , (x, t) ∈ ∂� × (, T). (.)

However, the stability theorems in our paper show that the condition (.) can be replaced
by the degeneracy of a(x) and bi(s, x, t) on the boundary.

5 Conclusion
The equations considered in this paper come from many applied fields. The main charac-
ter of the equation is its degeneracy on the boundary, since the weak solutions generally
lack the regularity to define the trace on the boundary. Thus, if one wants to prove the
uniqueness or the stability of the weak solutions, the boundary value condition cannot
be used in the usual way. In other words, since the equation is nonlinear, how to quote a
suitable boundary value condition matching the equation seems very difficult. The most
significant result of this paper lies in that we have found that, if we combine the degener-
acy of the diffusion coefficient with the degeneracy of the convection term, by introducing
a new kind of the weak solutions, we may prove the stability of the weak solutions without
any boundary value condition.
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