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1 Introduction

The interaction of populations is one of the basic interspecies relations in biology and ecol-
ogy [1]. The consumer-resource (C-R) system was originally incorporated into the study
of interspecies interactions to describe the mechanisms or ways by which individuals of
different species interact with one another [2]. A resource is considered to be a biotic or
abiotic species that increases the population growth of its consumers, whereas a consumer
exploits a resource and then reduces its growth rate. In this way, species interactions in-
clude bi-directional, uni-directional, and indirect C-R interactions. Bi-directional C-R in-
teractions occur when each species functions as both a consumer and a resource of the
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other. Uni-directional C-R interactions occur when one species functions as a consumer
and the other as a material and/or energy resource, but neither acts as both. Indirect C-R
interactions occur when the effects of the two species on one another are mediated en-
tirely by the density or traits of a third species that is a consumer or resource of one or both
of them [3]. The general model of uni-directional C-R interactions proposed by Holland
and DeAngelis [3] is

L~ ulr + eifi(u,v) - qig(u,v) — diudl,

% =v[ry + eyfa(u,v) — dyv],

(1.1)

where u represents the population density of the resource, and v represents the population
density of the consumer. r; and 7, are intrinsic growth rates in the absence of the other
species. The ratios r1/d; and ry/d, can be thought of as carrying capacities in the absence of
the other species. The term ef;(u, v) represents the gain from the interaction, and the term
q181(u, v) represents the costs incurred by the interaction. In this case, there are positive
effects occurring to both populations, but the species # has only one that incurs a loss due
to the C-R interaction. In the uni-directional C-R interaction, the consumer provisions the
resource species with a non-trophic beneficial service of dispersal or defense in the other
direction [4]. As an example, consider an interaction between an insect pollinator species
and the host plant species. The pollinator both pollinates the plant’s flowers and oviposits
on them, so that the insect’s larvae can feed on the plant’s seeds.

Since the pioneering work of Holland and DeAngelis [3, 5], some articles on C-R interac-
tion models have been published to illustrate the importance of this interaction. Previous
studies of C-R interaction models mainly focused on the mechanisms that determine how
interaction outcomes depend on the model parameters. Gross [6] considered positive in-
teractions among competitors in two kinds of resource-competition models. Wang et al.
[7] used uni-directional C-R theory to investigate the transitions of interaction outcomes
for a kind of uni-directional C-R system. Based on the model (1.1), Wang and DeAngelis
[8] considered a specific uni-directional C-R system as follows:

di

o =uln+ 22 - pv-diul, 12)
‘ .
d—]; =v[ry + ffiz —dyv],

where u, v, r; and d; have the same meanings as those in the general model (1.1), and the
meanings of the other parameters in the system are referred to in Table 1. They studied
the dynamical behavior of the system and demonstrated in this mechanism how and when
interaction outcomes of this system vary with different conditions.

The aforementioned models only describe ideal populations and neglect spatial hetero-
geneity. In reality, according to Fick’s law, the species is spatially heterogeneous and hence
individuals will tend to migrate towards regions of lower population density to increase
the possibility of survival, and hence the species are distributed over space and interact
with each other within their spatial domain [9]. Generally speaking, diffusion deals with
transport from a region of higher concentration to one of lower concentration by random
motion. The diffusion of individuals may be connected with other things, for example, the
individuals look for food, the preys keep away from predators in order to not be caught,
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Table 1 Parameter definitions in systems (1.2)-(1.3) and their units, where [species u]
indicates the species u density and [species v] indicates species v density
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Symbol Parameter definition Units

rn Species u intrinsic growth rate 1/time

rn Species v intrinsic growth rate 1/time

& Half-saturation density constant of species u [species U]

&) Half-saturation density constant of species v [species V]

A Resource consumption rate of species u 1/time

B Resource supplying rate of species u [species v]~' (1/time)
a9 Resource consumption rate of species v 1/time

n/d Species u carrying capacity [species u]

r/dy Species v carrying capacity [species v]

a Self-diffusion coefficient of species u (distance)’(1/time)
a; Self-diffusion coefficient of species v (distance)?(1/time)
b Cross-diffusion coefficient of species v (distance)’(1/time)[species u]™'

the individuals escape from high infection risks and so on (for example, see [10-16] and
references therein). Considering the effects of spatial diffusion, Huang et al. [17] studied
bifurcation and temporal periodic patterns in a delayed plant-pollinator model with a dif-
fusion effect.

More generally, there exists a motional state of interaction as well, one that recognizes
the possible bias, say, of the motion of one species toward or away from another species
[18, 19]. This phenomenon is called cross-diffusion. The value of the cross-diffusion coef-
ficient can be positive or negative. The term including positive cross-diffusion coefficients
denotes the movement of the species in the direction of lower concentration of another
species and negative cross-diffusion coefficients denote that one species tends to diffuse
in the direction of a higher concentration. Since the pioneer work of [19], the concern
on cross-diffusion in ecological models has attracted the attention of biologists, chemical
experimenters and applied mathematicians and cross-diffusion has been one of the dom-
inant topics in both ecology and mathematical ecology because of its universal existence
and importance ([1, 9]). Shigesada et al. [20] investigated the effect of cross-diffusion in a
competitive population system first. Then, many works have proposed to investigate the
Turing instability driven by cross-diffusion and prove the existence of inhomogeneous
steady states that induce the emergence of spatial patterns ([21-37] and [38—42]). Hence
it is of great interest to explore the role of cross-diftfusion in driving Turing instability and
spatial pattern formation.

Based on the statements above, in this paper, we introduce the spatial diffusion with
zero-flux boundary conditions into system (1.2), and further assume that species « is sub-
ject to self-diffusion, and that species v is subject to nonlinear positive cross-diffusion. We
examine how the cross-diffusion induces the Turing instability and the spatial inhomoge-

neous distribution of the two species. Then the considered system appears as follows:

Corl) _ g 2y + fi(u, V), (x,9) € Q,t>0,

at
av(;c,ty,t) =V -V((ay + bu)v) + fo(u,v), (x,9) e Q,t>0, L3)
Bu(gc],jy,t) — 31/(396],})/%) = 0, (x’y) c aQ, t> 0,

u(x,y,0) = uo(x,9),  v(%50)=v(xy), x5y €,
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with

filw,v) = u(n + 5

fz(u,V)=V(r2+ ontt —d2v>.
C

Here u(x,y,t) and v(x, y, £) represent the numbers of biomass density of the two species at
any instant of time ¢ and location (x, y) subject to the non-negative initial condition u(x, y)
and vy (#,y) and Neumann boundary conditions du/dv = dv/dv = 0; V is the gradient op-
erator in domain €2 and v is the outward unit normal vector on d€2. The homogeneous
Neumann boundary conditions reflect the situation where the population cannot cross
the boundary of Q.  is a bounded open domain in R? with smooth boundary 9. The
parameters ay, a, are the positive self-diffusion coefficients while b is the cross-diffusion
coeflicient. The meanings of other parameters in system (1.3) are the same as in system
(1.2). Referring to [43], the units of parameters of system (1.3) are summarized in Table 1.

In our current work we first investigate the effect of cross-diffusion on the spatial inho-
mogeneous distribution of the two species in a uni-directional C-R system. Our results
show that the resource supply rate has an important effect on the Turing bifurcation di-
rection. We also show how the weakly nonlinear analysis of the C-R system (1.3) is able
to point out some interesting phenomena like stable supercritical and subcritical Turing
patterns and a hysteretic-type phenomenology due to the presence of a multiplicity of real
stable equilibria for the amplitude equation in the subcritical case. The rest of the paper is
organized as follows. Section 2 discusses the existence and unique positive spatially homo-
geneous steady state of system (1.3). The linear stability analysis of the proposed system
and its corresponding non-spatial system are presented in Section 3. Weakly nonlinear
pattern analysis and the related numerical simulations are given in Section 4. A brief con-
clusion and discussion are presented in Section 5. In the Appendix, we give the coefficient
expressions of amplitude equations emerged in Section 4.

2 Existence of unique positive spatially homogeneous steady state

In this section, we shall prove the existence and uniqueness of a positive spatially homoge-
neous steady state for system (1.3) by analytical methods. Clearly system (1.3) admits one
trivial steady state: Ey := (0,0) and two semi-trivial constant steady states: Ejg := (;—11, 0)
and Ey; := (0, r—zz). In biology, we are interested in positive spatially homogeneous steady
states. System (1.3) admits a positive spatially homogeneous steady state E, := (i, v,) if E,
is a positive constant solution to the following two equations:

o1V
rn+ 12 - ,31V - dlbt =0, (21)
+v
ool
ry + A7 dQV =0. (22)
catu

Assume that

)2+4r1Bicy

.y nten—cprta/ (rnran-cp1
(H 1 ) . E < 281

Then we have the following theorem.
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Figure 1 Graphs of G;(v) and G, (v). Figure 1 of 0w

depicts that there exist parameters such that system voF\ a0

(1.3) has a unique positive steady state. Here the e £

parameter values of system (1.3) are chosen as . r ‘
rn=06,rn=030a=010=03,¢c=c=01, a0l

dy =d, =001, B; =0.01. Adirect calculation yields 20f 0

the unique positive steady state (uy, v4) = (10.2725, *

597']08) 00 10 20 30 " 40 50 60 70

Theorem 2.1 Under (H,), system (1.3) has a unique positive spatially homogeneous steady
state E..

Proof 1t follows from (2.2) that 0 < v < %. Define

€101

1
Fl(V) = d—(l"l + adtld - }31V>, Fz(V) = —(y
1 C+V

ry + 0y — sz

for v € (0, %). From (2.1) and (2.2), we know that the zero isoclines of system (1.3) are
given by u = Fi(v) and u = F,(v), respectively. Then the positive spatially homogeneous
steady state E, = (i, v,) of system (1.3) should satisfy u, = F(v,) = F(v,). Thus the ques-
tion to look for a positive spatially homogeneous steady state is reduced to finding a pos-
itive constant solution v such that F;(v) = F»(v). A direct calculation yields

r 0 , 1 ®12C
F 0 =7 F :O, F = —| - —Q |,
1(0) 4 1(07) 1) d1|: B+ ( +V)2]
" 20[1262
F/(v)= ———=_ <0,
S N PNER
and
ry , C1(¥21d2 ” 2610121d%
E(—+)=0, FW=——"—"—+>0  F@V)=——"-3>0.
2<d2> ) (11 + a1 — dyv)? g 2) (ry + a1 —dyv)? g

Denote by (0,1°) the intersection of the zero isocline u = F;(v) and the v-axis. Then
V1+a12—b2ﬂ1+«/(r1 +o12-ba B1)2 +4r1 f1bo

we get 10 = B . From the equalities above, we see that u =

Fi(v) is a continuous concave function on (0, v°) satisfying F;(0) = ;—11 >0 and F;,(v°) = 0.
N N P AN A . dF,

Let it; = Fi(%y) = dil(rl + g‘;f;i - i), ¥ = alﬁzfz - ¢y. Since %L, = 0 and F{'(v) < 0,

(2£1,91) is the maximum point of the function u = F;(v) and F;(v) is concave left as shown
in Figure 1. Hence, when v < i1, u = Fi(v) is monotonically increasing; when v > vy, u = Fy(v)
is monotonically decreasing.

It is clear that u = F,(v) is a continuous and increasing concave down function on
(o, ’2;%) satisfying F»(0) = =42 < 0, Fz(;—i) =0andlim,_ Rl g F)(v) = +o0.

ro+021
Combining the above analysis and (H;), we see that there is a unique constant solu-
tion v, € (0,1°) such that u, = F;(v,) = F»(v,) and is positive. Therefore, system (1.3) has
a unique positive spatially homogeneous steady state E, = (u,, ). This completes the
proof. d

3 Stability analysis
In this section, we shall investigate the impact of cross-diffusion on the stability of the
unique positive spatially homogeneous steady state E, of the system (1.3). Specifically, we
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are interested in investigating the Turing instability of the system (1.3), which is induced
by cross-diffusion, that is, the positive steady state E, of the model without cross-diffusion
is stable, but it is unstable in the presence of the cross-diffusion term buv.

3.1 Stability analysis of the corresponding ODE system

First, we perform the stability analysis of the positive spatially homogeneous steady state
E, in the absence of diffusion, that is, the system (1.3) degenerates to the corresponding
ordinary differential equation (ODE) system (1.2) in this case. To study this, we linearize
the system (1.2) along the positive steady state E, and the linear stability is determined by

the eigenvalues of the following Jacobian matrix:

K; K;
K=" "2, (3.1)
Ky Ky
where
Ky = —-dyu,, Ky = %2”*2 — Bitky, Ky = %ﬂj*z, Ky = —dyv,.
(c2+vy) (c1 +uy)

The corresponding characteristic equation of K is

A2 = tr(K)A + det(K) = 0, (3.2)
where

tr(K) = Ki1 + Koo, det(K) = K11 Ky — K12Ky1.

Theorem 3.1 Assume that (Hy) holds. Then we have
(i) System (1.2) cannot undergo a Hopf bifurcation at the positive spatially homogeneous
steady state E,.
(i) Furthermore, if the parameters of the system (1.2) satisfy

(dity — Brvi)(ca + vi)* + 012Cav, < O, (33)

then the positive spatially homogeneous steady state E, is locally asymptotically
stable.

Proof Since tr(K) < 0 always holds, there is not any pair of imaginary roots in the charac-
teristic equation (3.2), and the proof of (i) is completed.
(ii) Noting that

det(K) = dr1druy vy — Fniv ( Tl ,3114*)

(c1 +us)? \ (e +v4)?
Q21C1 U q12C2Vy
= dydyu,v, + ————( By, — ———
o (c1 + 1y)? A, (c2 +vy)? ’

it follows from the assumption (3.3) that det(K) > 0. Clearly tr(K) = —dju, — d,v, < 0. Thus
the positive steady state of system (1.2) is locally asymptotically stable, that is, system (1.3)
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is locally asymptotically stable in the absence of self-diffusion and cross-diffusion. This

completes the proof of the theorem. O

3.2 No Turing instability without cross-diffusion

In this subsection, we shall prove system (1.3) still remains stable in the presence of self-
diffusion but without cross-diffusion (i.e., b = 0). Then the linearized form of system (1.3)
with b = 0 along the unique positive spatially homogeneous steady state E, = (u,,v,) can

be written as follows:

0 — Uy
w=Kw+ <a1 ) Viw, W= (u “ ), (3.4)
0 a V=V,

with K given by (3.1).
Let us consider the solution of system (3.4) in the form

ck 4
W= 12( e)utﬂk»r, (3'5)
Ck

where k = (k;, k), k-k = k2, A is the growth rate of perturbation in time ¢, k, and k, repre-
sent the wave numbers of the solutions, i is the imaginary unit, i2 = =1 and r = (x, y) is the
spatial vector in two-dimensional space. Substituting (3.5) into (3.4) leads to the following
dispersion relation, which gives the eigenvalue & as a function of the wave number k = |K|:

22 —Treh+ Ag =0, (3.6)
where
Try = tr(K) — k(a1 + a2), A = mazk® + (adyvs + asdiun,)k* + det(K). (3.7)

The following theorem shows that Turing instability does not occur in the uni-directional

C-R system (1.3) without cross-diffusion.

Theorem 3.2 Assume that (H), (3.3) and b = 0 in system (1.3). Then the unique positive
spatially homogeneous steady state E, = (u,Vv,) is locally asymptotically stable.

Proof Since the assumption (3.3) holds, we get det(K) > 0. Clearly tr(K) < 0. Thus Trx <0
and Ag > 0. This completes the proof. 0

3.3 Turing instability induced by cross-diffusion

In this subsection, we shall prove that the only potential destabilizing mechanism in our
system (1.3) is the presence of the cross-diffusion. Linearizing system (1.3) along the pos-
itive steady state E, = (u*,v*) yields

Ww=Kw+D'Vlw, w= (” - ”) , (3.8)
V=V,

where D’ = (2 ° ) and K is given by (3.1).

bvy az+buy
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Substituting (3.5) into (3.8) leads to the following dispersion relation, which gives the

eigenvalue A as a function of the wave number & = |k|:

22+ g(K*)x+h(k*) =0, (3.9)
where

g(k*) =i (D) -u(K),  h(k*) = det(D")k* + gk* + det(K), (3.10)
and

g = aidov, + ardiu, + bu, (dlu* — B+ %) (3.11)

Theorem 3.3 (Cross-diffusion induced Turing instability) Assume that (H;) and (3.3)
hold. Then the unique positive spatially homogeneous steady state E,(u, vs) of system (1.3)
is spatially unstable when b > b¢, and the critical wave number is given by k?, where b¢ and
k? can be found in the proof of the theorem.

Proof From Theorem 3.1 and Theorem 3.2, we know that system (1.3) still remains stable
without diffusion or in the presence of self-diffusion alone. Therefore, it follows that the
only potential destabilizing mechanism is the presence of the cross-diffusion terms. Then
for the Turing instability to be realized and spatial patterns to form, there must be some
k # 0 such that the real part of at least one root of the characteristic equation (3.9) is
greater than zero. Since g(k?) > 0 for Vk # 0, instability can only be obtained in the case of
h(k?) < 0 for some k # 0. Since det(D?) > 0, we get the condition for the marginal stability

as follows:
min(h(k*)) = h(k%,) =0, (312)
where
2 q

km == m, (313)

which requires that g < 0. From g < 0, we know that the necessary condition of Turing
instability is as follows:
o126V

dity, — Brve + ————— <0, (3.14)
(62 + V*)2

which is equivalent to the assumption (3.3).
In what follows, we shall choose the cross-diffusion coefficient b as bifurcation param-

eter. Let us now set g = —y b + §, where the positive quantities y and § are defined as:

012C2 Ve
Y =—Uy <dlu* - Bive + ————— |, § =aydyvy + ardi .

(C2 + V*)Z
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Letb = % + 1. At bifurcation, min(/(k2)) = 0. Then substituting b into the second equality
of (3.12) yields the following equation for n:

2,2

Yn )
L aun— — | =0. 3.15
24t aiu.n (alaz +au y) (3.15)

Clearly, equation (3.15) has a unique positive root. Denote the unique positive root of
equation (3.15) by n*. Set

1)
b =—+n". (3.16)
14

Since
1)
q= 0 4 b* =
14

we can see that 0 < b* < b° and g < 0, min(#(k?)) < O when b > b°. Therefore, the unique
steady state E* is unstable. This indicates that a Turing instability occurs and the critical
value for bifurcation is b = b°. The critical wave number k. is then given (using (3.13)) by

yn'
R e — 3.17
¢ 2det(D¥) (317)

This completes the proof. O

Remark1 When b > b¢, there exists a range (k7, k5) of unstable wave numbers k* such that
h(k?) < 0, and correspondingly the real part of the eigenvalue of equation (3.9) Re(A) > 0;
see on the right of Figure 2.

In what follows, we shall consider only the case where there is one unstable eigenvalue,
admissible for the Neumann boundary conditions, which falls within the band (k?,43) in
the sense of k¥ < k? = ¢ + ¢ < k2 with ¢ = % and ¥ = 7, where [, 1 are integers. We
denote by k2 the unstable admissible eigenvalue to distinguish it from the critical value k2.
As an example, we take the parameters of system (1.3) as r; = 0.6, r, = 0.3, ¢; = ¢ = 0.1,

0.04 a3, =(0,d,*r,)(B./d, 1 r,)

By
o
2
S
Re
&
2

b=0.04<b°
—b=0.045=b"
—— b=005>b°

n -0.08
0.005 1d1u'fjiwv‘)(czw‘)zutuczv‘:o

0 0.2 04 06 08 1 01
o

0 0.5 1 15 2 25 3
12 @

Figure 2 Left: the growth rate a1, vs. the consumption rate B1; Right: dispersion relation. In Figure 2,
the bounded area €2 shows the parameter space where Turning instability may occur and the parameter
values are chosen as r; =0.6,r, =03, 21 =03, ¢y =¢; =0.1, d; =d, =0.01. To the right of the figure, the
parameter values are chosenasr; =0.6,r, =03,¢c1 =¢; =0.1,dy =d> =001, 21 =0.3, 1, = 06, B =0.02,
a1 =0.1,a; =02 with (@12, B1) € Q.
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Figure 3 Snapshots of contour picture of spatial distribution of the species u (left) and species v
(right). Figure 3 depicts the pattern formation of the two species when the cross-diffusion coefficient b is
greater than its critical value b¢. The parameters of system (1.3) are chosenas r; =0.6,r, =0.3,¢1 =¢; =0.1,

dy =d» =001, a1, =04, B =002, 021 =0.3, a1 =0.1, 3, = 0.2, b = 0.8. The spatial domain is taken as L, = 97,
L,=8m.

dy =dy =0.01, 12 = 0.4, B1 = 0.02, 9y =0.3,a1 =0.1, a; = 0.2, b = 0.8. The spatial domain
istakenas L, = 97, L, = 87. Using Shengjin’s formula [44] and Matlab algorithm software,
we can calculate that system (1.3) has a unique positive steady state E, = (0.1959,49.8614).
By (3.16), we compute that b° = 0.7571 < b = 0.8 and that k? = 0.9430, k3 = 2.0173. Then
there exists only a pair of (/,n) = (9, 8) such that the only unstable model allowed by the
boundary condition is k2 = 2, which falls within the band of the unstable modes. Accord-
ing to Theorem 3.3, the unique positive spatially homogeneous steady state E, is spatially
unstable and the spatial inhomogenous distribution of the two species are dipicted in Fig-

ure 3.

4 Weakly nonlinear analysis

In this section, we shall employ the multiple scale method to derive the amplitude equa-

tions describing the dynamics close to onset b = b° based on the weakly nonlinear analysis

theory. For more details as regards the weakly nonlinear analysis, we refer the reader to [45,

46] and some articles which use similar techniques [47, 48]. In what follows, we will sup-

pose that there exists only one unstable eigenvalue A(/}f), which lies in the instability band.
Now, we rewrite the linearized form of the original system (1.3) near the unique positive

spatially homogeneous steady state (i, v,) as follows:

1 1 1 ¢ N2l ()3
a,w = LPw + §CI>K(w,w)+§V2<bl,’3(w,w)+(J;uz(u UV = V)" + fona (v V*)>

1212(74 - u*)Z(V - V) +f1211(14 - I,t*)3

f12112(” - u*)S(V - V*) +fi2111(u - M*)4

+ (fllZZZ(u — 1)V = v.)% + frn (v - V*)4>

+ (f112222(u — 1) (V= V)" + fpgnn (v = V*)5> P (4.1)

fi21112(u - M*)4(V - V*) +fi21111(u - u*)B
where w is given by (3.8). The linear operator £ is defined as follows:

£l =K +D’V? K and D” are given by (3.1) (4.2)
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and the bilinear operators ®x and CDIbD acting on (x,y) with x = (x%,x") and y = (y*,»") are

defined, respectively, as follows:

—2dyxty" + (22— By ) (xtyY + xVyH) — 22 vy

— (c2+v4)? - (co+vs)
CDK(X’Y) B —2d-x"y + @21€1 (xu Vo xV u)_ 2“2161V*xu U (4'3)
XV v g XY Y @3
and
0
P4 (x,y) (4.4)
b b(x"y" + x"y*)
1 _ 9120 1 C12Col 2 ®21C1 2 (1C1Vx
122 (ca +vy)3 Y 12 (e + )3 W™ (e + u,)*
1 %l 1 _ A12Co Uy 2 00
1222 (C + V*)4 2222 (C2 + V*)5’ 1112 (C + u*)4,
2 _ 9210V
M e )
1 o fl Q126U fz ___9aa
12222 7(@ )5 22222 —(Cz +1,)6 11112 (e + )5
2 0210V«
fillll (C1 + M*)6 :
We set
c 0 0
==y _, ] (4.5)
v V- u,V
Next, let us introduce the multiple time scales:
n T, T3 T,
b=—+—+—+—+", (4.6)

e g2 g3 gt

and expand both the solution w and the bifurcation parameter b with respect to the small

parameter ¢ as follows:

w=ewp + 87wy + 82wy + etwy + O(e°), 4.7)

b=b"+ebM 1+ 26 + 2pB) 4 £4p® 4 0(85). (4.8)

Substituting (4.2)-(4.8) into (4.1) and expanding the equation with respect to different

orders of &, we obtain the following sequence of linear equations for w; = (u;,v;)7:

O@): LFw; =0, (4.9)

c ow; 1 c 0 0
0(82)2 L‘,b W2:G: 8—1_;—§(®]<+V2®%)(W1,W1)—b(1) (

Vi Uy

) Viw, (4.10)
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0(83) . LYws=H

8W1 3W2

c 0
= — 4+ —= — (Dg + V2L ) (wp, wy) — V'V
3T, | 3T, (1< D)( 1, W2) -

1 2, 3

_ 0 0 (b(l)V2w2+b(2)V2w1)— f1§2"‘;"1 +f2222"; . (4.11)
Vi Usx Siauivi + iy

8w1 8W2 8W3

0(84) : EbCWzL =P= 3_T3 + 8—T2 + a—Tl - (CDK + Vzd)ch)(WhW?,)

1 c 0
_ —(QDK + VzCDIg )(Wg,Wg) - pIV? ( )
2 U1vy + Uy

0 0
— ( ) (b(l)V2W3 + b(z)VZWQ + b(s)Vzwl)

Vi Uy
_ Slhaa Vi + foaoo Vi _pdy? 0 (4.12)
2 3 2 4 ) .
S+ fiinu uivi

O(SS) : £b6W5 = Q

ow; 0wy 0wz 0wy 2 - be
oW OWo  OWS L IWE (e 4 V2OY ) (wy,
aT, 9T 9T, T, (®x + V20 ) (wi, wa)

c 0
—((b](+v2¢)$)(W2,W3)—b(l)V2 ( )
U1vs + UV + Uz

- bOV? 0 _povr [ °
U1V + UsVy uvi

00
- < ) (b(l)V2w4 +bPV2ws + BP V2w, + b(4)V2w1)
Vi Us

_ (fllzzzzul‘/lL +1312222V?) ) (4.13)

2 4 2 5
St + fiim 4

It is easy to see that the solution of linear problem (4.9) satisfying the Neumann bound-

ary conditions is given by [1]

wi= > ATy, Ta)a cos(gix) cos(vy), (4.14)
i=1
A l; i
R2=¢2+y?2  where g = L—” Vi= ”L—”,l,.,ni e, (4.15)
X y

where Z represents the integer set, A; represents the varying amplitudes, m is the multi-

plicity of the eigenvalue X of the characteristic equation (3.9) and

1 Ky — bv,k?
0 (M) with M = — 2 Vil (4.16)

1(22 - (dz + bcu*)kcz )
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Clearly, ¢ = ZZI( Ml*) cos(¢;x) cos(v;y), with M* = % satisfying the following

T Ky —(ap+b°us)
equality:

(K-k2D")'p =0.

Here (K — kabc)T is the adjoint operator of (K — kCZDbC) and ¢ will be later used to impose
solvability conditions.

4.1 Simple eigenvalue case
In this case, m = 1, that is, given k2 € [k?, k2], there exists only one pair of integers (I, 1)
such that the following condition holds:

s o [T\ (nm\* .,
o= () (Y i )
* y

Since the eigenvalue A is simple, the solution of the linear problem (4.9) satisfying the
Neumann boundary conditions is given by
nw

I
wy = A1(Th, T)e cos(¢rx) cos(yry), with ¢y = T Y = " (4.18)
x y

From (4.10), we get the following form of the vector G:

0A A
G=-"lo+ bWiA,
0T, u M+ v,

)) cos(¢1x) cos(Yry)

1
- 541 D Mi(e, @) cos(in) cos(yny),

i,j=0,2

with MY, == & = (¢} + 2y 7)Y, [=1,2.
By imposing the solvability condition at O(¢?2) to equation (4.10), we obtain the quintic
Stuart-Landau equations as follows:

9A; b(l)/}f(u*M + )
— =uA,, O=-—"
0T 1+ MM*
It follows from the above equation that A; — 0 as t — oo, which implies that the pat-
tern amplitude dies out at this order and there is no information that may be helpful at
this stage and we should push the weakly nonlinear analysis to a higher order to obtain
some qualitative results as regards the amplitude. Hence we impose T; = 0 and 5V = 0
to suppress the secular terms at this order. Then the compatibility condition is automati-
cally satisfied and the solution of linear problem (4.10) satisfying the Neumann boundary

conditions is then calculated as follows:

Wy :A% Z Wi cos(i¢1x) COS(il//ly), (419)
i,j=0,2

where the vectors wy;; are the solutions to the following linear systems:

1 .
Ejway = -z Mile.e), 1j=0.2, (4.20)
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with £ = K = (27 + y7)D”, 1=1,2.
According to (4.11), the vector H is given by

dA
H-= (d_TIQ + AlHﬁ) + AfHﬁ?) cos(¢rx) cos(Yy) + ATH®, (4.21)
2

where H%) ,j=1,3, and H* depend on parameters of the original system (1.3), given in
Appendix A.1.1. Applying the solvability condition (H, ¢) = 0 to equation (4.11), we obtain
the Stuart-Landau equation corresponding to the amplitude A;(7,) as follows:

dA;
2 =0gA, - LA3, 4.22
dT2 0A; 1 ( )

where ¢ and L are given by

(@ cos(¢rx) cos(yny), @) (@ cos(gix) cos(yry), @)

(HY cos(¢1x) cos(11), @) L (H cos(yx) cos(¥19), @)

Since the coefficient ¢ in equation (4.22) is always positive in the pattern-forming re-
gion, we distinguish two cases for the qualitative dynamics of the Stuart-Landau equation
(4.22) according to the sign of the Landau constant L: (i) L > 0, the supercritical bifurcation
case; (ii) L < 0, the subcritical bifurcation case.

In the following two subsections, we will concentrate ourselves to the discussion of the
dynamics of the Stuart-Landau equation (4.22) according to the sign of Landau constant L.

4.1.1 The supercritical bifurcation case
In this case, since o and L are both positive, for equation (4.22) there exists the stable sta-

tionary state ﬁ . Then summarizing the above analysis yields the following proposition.

Proposition 4.1 Assume that

(i) &2 = b;ﬁ’c is small enough so that the positive constant steady state (u.,vs) of system
(1.3) is unstable to modes corresponding only to the eigenvalue /A<CZ, which is defined in
(4.17);
(ii) there exists only one pair of integers (I, n) in (4.17);
(ili) the Landau coefficient L in equation (4.22) is positive.
Then, according to (4.7), system (1.3) has a stationary pattern as follows:

(u(x,y)> i (M) R g\ﬁg cos(bi) cos(y1y)
v(x,y) Vi L

+ 82% Z wo; cos(idx) cos(jyry) + O(&?), (4.23)

ij=0,2
where g is given by (4.16), and wy; is given by (4.20).

As an illustrated example, from Figure 4, we calculate the band of the unstable modes is
[1.1849,1.6372]. Thus the most unstable model is chosen as IA<C2 = 1.25, which falls within
the band of the unstable modes. In this rectangular domain, there exists only the pair
({,n) = (9,4) such that the equality (4.17) is satisfied. By calculation, we get o = 0.2576 and
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Figure 4 Supercritical case. In Figure 4, we compare between the numerical solution of system (1.3) and
the weakly nonlinear first order approximation of the solution under supercritical circumstance. Here the
parameters are chosen as in Figure 3 except that b= 1.016° = 0.7647. The spatial domain is taken as L, = 97,
L,=8m.
y

L =1.3353 > 0. In view of Proposition 4.1, a supercritical bifurcation occurs in this case.
By (4.23), we get the approximation solution of the first order to the stationary pattern by
weakly nonlinear analysis to read

w = 0.4392¢ p cos(0.5x) cos(y) + 0(82),

which shows a good qualitative agreement with the numerical solution of system (1.3).
Through numerical computation we know that the error between the approximation so-
lution and the simulation solution is O(¢?) with & = 0.1.

4.1.2 The subcritical bifurcation case
For certain values of the parameters appearing in system (1.3), the Landau coefficient L
in equation (4.22) has a negative value. In this case equation (4.22) cannot capture the
amplitude of the pattern. In order to predict the amplitude of the pattern, one needs to
extend weakly nonlinear expansion to higher orders as suggested by [49] and references
therein.

Pushing the weakly nonlinear analysis up to O(e”), one obtains the quintic Stuart-
Landau equation for the amplitude A; at the time T'(7,, T4) as follows:

dA, _ - —

i 0A; —LA3 +RA3, (4.24)
with

T=0+&%0, L=L+&%I, R=¢R.

Here the details of the derivation and the explicit expression of the coefficients 7, I, Rare
given in Appendix A.1.2.

Since o > 0, L < 0, there exists |¢| < 1 such that @ > 0, L < 0. Then when R < 0, there
exists one stable stationary state

L-vI —43R
Al = — (4.25)

Then the above analysis implies the following proposition.
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Figure 5 Effect of the resource supplying rate 81 on the bifurcation direction. In Figure 5, the
parameters values are r; =0.6,1, =0.3,¢1 =¢; =0.1, 21 =0.3,a; =0.1,a, = 0.2 and € = 0.1. The left one
shows supercritical bifurcation and the right one shows subcritical bifurcation.

Proposition 4.2 Assume that the hypotheses (i) and (ii) of Proposition 4.1 hold and that
(i) the control parameter ¢ is small enough so that the Landau coefficient L in (4.22) is
negative;
(ii) the coefficient R or Ris negative.
Then the asymptotic solution of the reaction-diffusion system (1.3) can be expressed as

M(x:y)
v(x,y)
( ) + 8A1000 cOS(1x) cos(Y1y) + € Aloo Z Wi cos(iix) cos(jr1y)

i,j=0,2

(Aloow311 cos(¢1x) cos(y1y) + A7 Z w3 cos (i1 x) COS(I'IM))

ij=1,3
(Z A w4l] cos(igyx) cos(jyry) + Z AiLOOWzLi/‘ cos(ig1x) cos(jwly))
1,j=0,2 i,j=0,2,4
+0(e°), (4.26)

where @ is given by (4.16), wy;; (i,j = 0,2) are given by (4.20), wéll)l, ws;i (i,j = 1,3) are given
by (A1), Wi (i, = 0,2), Way (irj = 0,2,4) are given by (A.2) and Ay is given by (4.25).

Figure 5 shows that the resource supply rate has an important effect on the Turing bi-
furcation direction.

As an example, we take the parameters of system (1.3) as r; = 0.6, r, = 0.3, ¢; = ¢3 =
0.1, d; =dy =0.01, 1 = 0.6, 1 = 0.02, gy = 0.3, a3 = 0.1, ap = 0.2. Here b° = 0.045, ¢ =
0.1, b = 1.0101, ¢ = 0.0455. Solving equations (2.1)-(2.2) yields a unique positive steady
state E,, = (2.3485,58.7748) and that the critical value of the cross-diffusion coefficient
is b° = 0.045. Set ¢ = 0.1, b = (1 + €2 + &%), b° = 0.0455. Then the band of the unstable
modes is [0.7748,1.1615]. The spatial domain is taken as L, = 9, L, = 5 and the only
unstable model is chosen as /}f =1.04 € [0.7748,1.1645]. In this rectangular domain, there
exists only the pair (/,n) = (9,1) such that equality (4.17) is satisfied. According to (4.22),
we get the Landau coefficient L = —0.0926, which is less than zero. By a calculation, we
obtain & = 0.2013, L = —0.0214 and R = —0.046 for ¢ = 0.1. Thus a subcritical bifurcation
occurs according to Proposition 4.2 in this case. It can be seen from Figure 6 that both
the approximation solution at O(¢3) and the approximation at O(s”) have only a subtle
difference with ¢ = 0.1.
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Figure 6 Subcritical case. In Figure 6, we give the comparison among the numerical solution of system (1.3)
(left), the weakly nonlinear first order approximation of the solution (medium) and the weakly nonlinear fifth
order approximation of the solution (right) under subcritical case. The parameters are chosen as r; = 0.6,
r=03,¢1=c=01,d1 =d, =001, 1, =06, B1 =0.02, y1 =03, a7 =0.1,a, =0.2. Here b® = 0.045,& =0.1,
b=1.0101b6° = 0.0455.
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Figure 7 Bifurcation diagram of the quintic Stuart-Landau equation (4.24). In Figure 7, the values of the
parameters are the same as in Figure 6. Here bs; = 0.0444 and b, = 0.045. The solid line indicates the stable
states and the dashed line indicates the unstable ones.

Figure 7 presents a complete bifurcation diagram for the bifurcation parameter b. It also
shows that system (1.3) is a stable stationary pattern with a large amplitude branch which
coexists in the range b, < b < b, which is known as a hysteresis cycle. Varying the bifur-
cation parameter b following the direction of the arrows in Figure 7, the corresponding
numerical solution of the full system shows the hysteresis phenomenon.

4.2 Double and non-resonant eigenvalue
When m = 2, the two pairs of allowed spatial modes (¢1, 1) and (¢, ¥2) satisfy the fol-
lowing no-resonance condition [38]:

b+ #ZP or Y=Y Z Yy
and (4.27)

bi—¢i#P or Y+ £y,

with i,j=1,2 and i #/.
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Pushing weakly nonlinear analysis up to O(&?), we get the following Stuart-Landau equa-
tions for the amplitudes A; and A, at the time T(T5):

dA
dTl =0A; - LA + A4
(4.28)
dd, =0A, — L,A3 + S,A%A
dT 2 24171412,

where the coefficients o, L;, S;, with [ = 1,2, are given in Appendix A.2.1. For the existence
and stability of the equilibria of equations (4.28), we have the following propositions.

Proposition 4.3
(i) The trivial equilibrium Ey = (0,0) always exists.
(ii) The boundary equilibria EX = (£ 2’—1, 0) exist if and only if L > 0.

(iti) The boundary equilibria E5 = (0, :I:\/Z) exist if and only if Ly > 0.

(iv) The interior equilibria Ef = (j:\/LlLL22+SSlls2 j:\/L‘IEL;;?Z) exist if and only if either

L1L2—5152 <0, L1 +Sz <0, L2+Sl <00rL1L2—SlS2 >0,L1 +Sz>0,L2+Sl > 0.
By a linear stability analysis, we have the following results.

Proposition 4.4
(i) The trivial equilibrium Ey is an unstable node.
(ii) The boundary equilibria Ef are stable nodes if Ly + Sy < 0.
(ili) The boundary equilibria E;E are stable nodes if L, + S < 0.
(iv) The interior equilibria E5 are locally asymptotically stable if LiLy — $,S5 > 0,
Li+8,>0,Ly + 8 >0 and LyS; + LySy + 2L1 L, > 0, while they are saddle points if
LiLy—88,<0,L; +S,<0andL, + S, <0.

Proof (i), (ii) and (iii) are easily checked; here we omit their proofs. For (iv), we only give the
o(Ly+S71) \/ o(L1+S7)

) as the other cases can be

L1Ly-51S2"\ L1L2-5157
proved similarly. Linearizing system (4.28) about Ej yields the Jacobian matrix as follows:

proof for the positive equilibrium Ej = (\/

—20l1Ly-201151 28 o (La+51) o(L1+53)
L1Ly-5182 Y L1L3-818; \ Li2-51%,
] =
25 o(La+S7) o(L1+S2) —20L1Ly—20L2Sy
L1Ly=-85152 Y L1L2-5152 L1Ly-5152

Then the characteristic equation of the linearized system can be calculated as follows:

20 (1181 + LySy + 2L, L 40%(Ly + So)(Ly + S
2, o (L1Sy + LySy + 12)A+ o*(Ly + So)(Ly + 1)20. (4.29)
L1L2 — 5152 LILZ - SISZ

When LiLy — 8152 >0,L1 +82 >0, Ly + 81 >0 and Ly S; + Ly Sy +2L1L, > 0, it is easy to know
that all the zeros of the characteristic equation (4.29) have negative real parts. However,
the characteristic equation (4.29) has at least one positive real zero when L;L; — §;S, <0,
Ly +S; <0and L, + 5 < 0. This completes the proof. O

Remark 2 From the above analysis, we see that the boundary equilibria E;" and E5 are
unstable when any equilibrium in EF exists and is stable. When one of the two boundary
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Figure 8 Single mode pattern. Figure 8 gives the comparison among the numerical solution of system (1.3)
(left), the weakly nonlinear first order approximation of the solution with stable equilibrium (A1, 0) (medium)
and the weakly nonlinear first order approximation of the solution with stable equilibrium (0,A»s) (right)
under double and non-resonant eigenvalue case. The parameters are ry =0.6,, =0.3,¢1 =¢; =0.1,
di=dr=0.1,a7 =03,a;=0.1,a,=02, a2 =04, B =02. Here b =0.993, £ = 0.36 and b = (1 + €2)b .

equilibria Ej, E; is stable, the interior equilibria E:,jf are all unstable. Thus, we shall distin-
guish two kinds of stationary patterns: (i): a single mode stationary pattern when any of
the equilibria E° or E5 is stable; (ii): a mixed-mode stationary pattern when any of the

equilibria E5 is stable.

Remark 3 It should be pointed out that the stability condition of the interior equilibria
E;E requires that L;S; + LSy + 2L1L; > 0 but not L1 S; + LS, + 2L, L, < 0, emerging in [38].
Here we give a detailed analysis and the corrected proof.

Suppose that system (4.28) admits at least one stable equilibrium (A1, A200). Then we
have the following conclusion.

Proposition 4.5 Assume that the hypothesis (i) of Proposition 4.1 and the no-resonance

condition (4.27) hold. Then system (1.3) has an asymptotic solution,

2
(u(x,y)) = (M*) +£0 ) Aino cos(¢ix) cos(yy) + O(e”), (4-30)

v(x,y) Vi —
where (A100, A2co) is a stable equilibrium of system (4.28).

In Figure 8, we show the pattern formation, starting from initial conditions, which re-
veals random periodic perturbations about the equilibrium (0.167,4.8763). Here we con-
sider the rectangular domain with L, = 87 and L, = 47. With these parameter values
the only admitted unstable mode is chosen as k2 = 0.8125 € [0.8021,2.4506], which is
the band of the unstable modes. Then there exist two mode pairs (4, 3) and (6,2) which
satisfy the condition (4.17) and the non-resonant condition (4.27). By a calculation, we
have L; = Ly = 3.6765, S; = S = =51.6425. Then we get L; + Sy = Ly + §1 = —47.9662 < 0,
LiLy — 5,5 = =2653.4 < 0. Therefore, the equilibria Eft and Ezi are all stable and E;c are
all unstable. Therefore, the predicted asymptotic solution is the following single mode

pattern:

w= SQ(Aloo c0s(0.5x) cos(0.75y)) + O(ez) (4.31)
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Figure 9 Mixed-mode pattern. Figure 9 gives the comparison between the numerical solution of system
(1.3) (left) and the weakly nonlinear first order approximation of the solution (right) in the double and
non-resonant eigenvalue case. The parameters are the same as in Figure 6 except that o1, = 0.5 and

B1=002.Here b¢ = 0.2676, £ =0.1 and b = (1 + £%)b°.
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Figure 10 Mixed-mode super-squares pattern. Figure 10 gives the comparison between the numerical
solution of system (1.3) (left) and the weakly nonlinear first order approximation of the solution (right) under
double and non-resonant eigenvalue case. The parameter values are chosen the same as in Figure 9. Here a
square domain with L = L, = 87 is chosen.

or
w=2¢0 (AzC>Q c0s(0.75x) cos(O.Sy)) + O(ez), (4.32)

where A}, and Ay, are the coordinates of the equilibria Ej° and E5, respectively. In Fig-
ure 8, we see a good qualitative agreement of the approximation (4.31) or (4.32) with the
numerical solution of the full system (1.3).

According to the parameter values of Figure 9, the only admitted unstable mode is cho-
sen as lA<62 = 1.25, which belongs to the band of unstable modes allowed by the bound-
ary conditions. Then the two mode pairs (8,2) and (4, 4) satisfy the conditions (4.17) and
(4.27). From (4.28), we obtain o7 = 09 = 0.2324, L; = L, = 0.6442, S; = S, = —0.1545. Thus
the only stable positive equilibrium is E according to Proposition 4.4. Therefore, the pre-
dicted asymptotic solution given by the positive equilibrium Ej is the following mixed-
mode pattern:

w=¢0 (Aloo cos(x) cos(0.5y) + Az c0s(0.5x) cos(y)) + O(ez), (4.33)

where A1 and A, are the coordinates of the positive equilibrium E3. Figure 9 provides
the comparison between the numerical solution of system (1.3) and the weakly nonlinear
approximation solution with L, = 87 and L, = 47 at the first order.

According to the parameter values of Figure 10, the only unstable model is chosen as
/A<C2 =1.25, which falls within the band of admitted unstable modes. Then there exist the
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two mode pairs (8,4) and (4, 8) satisfying the conditions (4.17) and (4.27). The predicted

asymptotic solution has the same form as (4.33). From Figures 9 and 10, we see a signifi-

cant quantitative discrepancy between the numerical solution of the original system and

the approximated solution. The fact that the weakly nonlinear analysis has poorer perfor-

mances in predicting the mixed-mode pattern was also reported in [38].

4.3 Double and resonant eigenvalue

When m = 2, the two pairs of allowed spatial modes (¢1, ¥1) and (¢, ¥2) satisty the fol-

lowing resonance condition [38]:

Pi+di=¢; and ¥;—y;=1;

or

di—¢i=¢; and Y+ =,

(4.34)

with i,j = 1,2 and i #. In what follows, without of loss generality, we shall assume that the

first conditions in (4.34) hold with i = 2, j = 1. Thus it follows that ¢ = 0, ¥, = IA<C, Y =

¢1 = /3y and ¥y = 295

When the resonance condition (4.34) holds, the solution (4.14) at the order ¢ reads

w; = A10 cos(v/3y1x) cos(Y1y) + Az cos(2y1y).

ki

c
27

(4.35)

By imposing the solvability condition at O(¢?) to equation (4.10), we obtain the Stuart-

Landau equations as follows:

041 o4 _ida
oM 4 ,
T, 1 142
9A L
—2_GA, - A2
3T, 4

Here the coefficients & and L are given in Appendix A.3.1.

(4.36)

It is easy to see that the steady states of equation (4.36) are the trivial equilibrium (0, 0)

and E* = (£%, 9), By computing the eigenvalues of the Jacobian matrix evaluated at E+,

L’L

we obtain the stationary solutions E* are always unstable, and it is not possible to pre-

dict the amplitude of the pattern at this order. Therefore the weakly nonlinear analysis

as regards the amplitude has to be pushed to a higher order to obtain some qualitatively

results. Pushing the weakly nonlinear analysis to O(e3), we obtain the following Stuart-

Landau equations for the amplitudes A; and A, at the time T(73, T,):

dA __ 7 - 43, % 2
— = O‘lAl - L1A1A2 + )/1A1 + 81A1A2,
daT

dA - _

d—Tz =GyAy — LAY + hAS + 5,A%A,,

(4.37)

where the coefficients in (4.37) are given in Appendix A.3.2. Then we can draw a conclu-

sion from the weakly nonlinear analysis about the resonant case as follows.
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Proposition 4.6 Assume that the hypothesis (i) of Proposition 4.1 and the resonance con-
dition (4.34) hold. Then system (1.3) has an asymptotic solution

2
(u(x’y)) ) (u) +50 ) Ao cos(ix) cos(yp) + O(e?), (4.38)

v(x,y) Vi =
where (A100, A2co) is a stable equilibrium of system (4.37).

Clearly, system (4.37) has a trivial equilibrium Ey = (0,0). The boundary equilibrium
R*=(0,+ %2) exists if and only if 7, < 0. System (4.37) admits an interior equilibrium
H =(A;,A,) if H is a solution to the following two equations:

A3(172 — 8182) + A3(L18 + Lad1) + Ax(74Gy — LiLy — 6182) + 61Ly = 0,
2 _ —5’1+i1A2—(§1A%
A3 = T

(4.39)

Without loss of generality, we assume the first equation of (4.39) has three real roots,
denoted by Ay;, i =1,2,3. Substituting it into the second equation of (4.39) yields the ex-
istence of interior equilibria as follows.

—61+L1A9—81A2,
Proposition 4.7 System (4.37) has six interior equilibria Hl.i = (%, %,A%) if
and only if (=61 + L1Ay — 81A2) > 0 for i =1,2,3.

To investigate the stability of the interior equilibrium (A;y;, Ay;), linearizing system (4.37)
yields the Jacobian matrix about it as follows:

7 5’1 — ilAzi + 3)71Ai + SIA%Z‘ —ZlAh’ + ZSlAliAzi
—2LAy; + 28,A1As Gy +370A% + 84T,

Denote
tr(J;) = 61 + 62 + (374 + 82)AT; + 372 + 81)A3; — LAy,
det(ji) = 3)718214;11» + 351)7214[21} + (9)71]72 - 35152)14%[14%1 - 31_4 )72Agl~ + (Zlgz + 41_4281)14%14%
+ (6182 — 2Ly Ly + 36271)AL, + (36172 + 5281)A3; — G2 L1Ag; + 615,
—61+i1A2i—51A%i

7
Then we have the following stability results about the equilibria of system (4.37).

where A2, =

Proposition 4.8
(i) The trivial equilibrium Ey is an unstable node.
(i) The boundary equilibrium R* is a stable node if 61 < i1\/}QE + 51%, while unstable if
01 > Zl\/% + ‘31% The boundary equilibrium R~ is a stable node if
01 < —Zl\/;zz + %, while unstable if 61 > —I:l\/% + %
(i) The equilibria Hii are locally asymptotically stable if tr(J;) < 0 and det(J;) > 0, while
unstable if det(J;) < 0.
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Figure 11 Double and resonant eigenvalue case with the only stable state R* = (0, 1.9391). In

Figure 11, the parameters are chosenasr; =06, =03,¢c1 =, =0.1,dy =d>, =0.1, 01, =05, B =0.2,

oy =03,a7=0.1,a; =0.2. Here b® =0.9947, ¢ = 0.03 and b = 1.0254. We give the comparison between the
numerical solution of system (1.3) (left) and the weakly nonlinear first order approximation of the solution
(right) with the only stable state R* = (0, 1.9391) under double and resonant eigenvalue case. The spatial
domain is confined to a rectangular domain with L, = 84/31 and Ly=4m.

Proof The proof is trivial, we omit it. O

According to the parameter values of Figure 11, we get the critical value ¢ = 1.0769, let-
ting € = 0.03 be a very small positive constant. The only admitted discrete unstable mode
is chosen as IA<C2 =2.25€[0.8428,2.9863], which is the band of unstable modes allowed by
the boundary conditions. Then there exist two mode pairs (18,3) and (0, 6) satisfying the
conditions (4.15) and (4.34). By (A.8), we get &1 = 6, = 0.8156, L; = 0.8037, L, = 0.2009,
71 = 0.0808, 7, = —0.2169, §; = 0.1631, 8, = 0.0816. Thus according to Proposition 4.8, the
only stable equilibrium of system (4.37) is R* = (0,1.9391). Therefore the predicted asymp-
totic solution of system (1.3) via the weakly nonlinear analysis is the following single mode
pattern:

w =1.9391eg cos(L.5y) + O(&?). (4.40)

By performing 20 thousand simulations, which start from a random periodic perturbation
of the equilibrium of (0.3236,5.2918), we observe that the solution eventually evolves to
the hexagonal pattern on the left of Figure 11. However, by equation (4.40), we obtain the
roll pattern on the right of Figure 11.

According to the parameter values of Figure 12, the only admitted allowed unstable
mode is chosen as IA<C2 =1, which falls within the band of unstable modes allowed by the
boundary conditions. Then the two pair modes (12,2) and (0,4) satisfy the conditions
(4.15) and the resonance conditions (4.34). By (A.8), we get &1 = &5 = 0.2642, L; = 0.083,
Ly = 0.0207, 74 = -0.0517, 7, = 0.4712, §; = —0.8454, §, = —0.4712. Since 7, > 0, the
boundary equilibria R* do not exist. By a calculation, we have two interior equilibria
H = (+2.2682,-0.0559) and tr(J;) = —2.4383 < 0 and det(];) = 1.0144 > 0. Thus the two
interior equilibria are stable according to Proposition 4.8. Then the predicted asymptotic
solution by the two stable states H~ can be expressed as

w=1¢c0(2.2682 cos(+/3x/2) cos(0.5y) — 0.0559 cos(y)) + O(€?)
or

w= 8Q(—2.2682 cos(v/3x/2) cos(0.5y) — 0.0559 cos(y)) + 0(62).
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Figure 12 Double and resonant eigenvalue case with the stable state H1+ =(2.2682,-0.0559). In
Figure 12, the parametersare ry =0.6,r, =03,¢1 =¢; =0.1,d1 =dy =0.1, 12 = 0.6, B1 =0.25, 21 =03,

=0.1,a, =0.1. Here b =1.0769, ¢ =0.15 and b = 1.2627. The rectangular domain is chosen the same as in
Figure 11. We give the comparison between the numerical solution of system (1.3) (left) and the weakly
nonlinear first order approximation of the solution (right) with the stable state /—/+ =(2.2682,-0.0559) in the
double and resonant eigenvalue case.

40

From Figure 12, we also observe a qualitative agreement of the approximation with the
numerical solution of the original system.

5 Details of numerical simulations

In all numerical simulations, for the choice of the parameter values in our system (1.3), we
refer to [3, 8] and Table 1 for their units. The numerical simulations presented in this paper
have been performed utilizing a Chebyshev spectral method according to the following
steps [50]:

Step 1:  According to the Euler method, dlscretlze = and 7 as follows:

ou u(t + At) — u(t) ov v(t + At) — v(t)
—_ - —— "

at At at At

Step 2: Calculate the Chebyshev differentiation matrices at Chebyshev points (xg,%1,...,
xn)T, which we shall denote by Dy. Discretize the functions u, v at the Chebyshev
points as un+1)x(N+1) and V1)« (v+1)- Utilizing the Chebyshev differentiation ma-

au 92u

trices to deal with the diffusive term a2t we have

9%u 9%u I\ T

8y2 — DX U 1)< (N+1)» P — UN+1)x (N+1) (DN) .

Step 3: By the relation (u'(xo), #'(x1),...,u'(xx)) = Do, us, ..., un)’, we deal with the
Neumann boundary conditions, where (uo, #y,..., un)T is the vector value of the
function u at Chebyshev points (xg, 1, ... ,xn)T.

To show the pattern formation around the unique positive spatially homogeneous steady
state E,, we choose the initial condition to be a small perturbation around the unique
steady state E,:

u(x,y,0) = u, + £cosxsiny, v(x,9,0) = v, + ecosxsiny with & = 0.001.

In addition, in our 2D numerical experiments, the time step is always chosen as 0.001,
which was always small enough to ensure the numerical stability of the method, and we
have always used the same spatial step for the two spatial directions and the number of
Chebyshey points was always chosen as N = 64 to ensure the spectral method accuracy.
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6 Conclusions

In this paper, we have investigated the Turing mechanism and the phenomena of pattern
formation induced by nonlinear cross-diffusion in a uni-directional C-R system. We dis-
cuss in detail the asymptotic behavior of patterns by virtue of amplitude equation in three
cases: simple eigenvalue, double and non-resonant eigenvalue, double and resonant eigen-
value. In every case, we give a detailed analysis and make a comparison between a numer-
ical solution of system (1.3) and its weakly nonlinear approximation solution by numerical
simulations. In our numerical simulations, we show that the system exhibits patterns like
rhombic pattern, mixed-mode pattern, super-squares pattern, roll, and hexagonal pattern.
We also tested the influence of the resource supply rate 8; on the bifurcation direction (see
Figure 5), and found that the bifurcation direction varied when we changed the parameter
B1. We have also found that there exists a hysteresis cycle as the bifurcation parameter b
starts from the value larger that its critical value 5, then decreases to become less than
another threshold value, /°, and next increases to become larger than ¢ (see Figure 7).
Clearly, comparing our results with those in [8], the effect caused by the nonlinear cross-

diffusion was presented.

Appendix: The weakly nonlinear analysis
A.1 Simple eigenvalue case

A.11 The coefficients of system (4.21)
Once we have defined T = (fllzzj\/IZJrle”]VI3

2 2
. friaM+finy
given here:

w0 ),
u “\Nu M +v,

), the coefficients HYl),j =1,3 and H* in (4.21) are

Hﬁ) = —Mh <Q,W200 + %Wzoz + %szo + iwzzz) - % ’
and

H* = HJ cos(3¢1x) cos(y1y) + Hj cos(¢rix) cos(3y1y) + Hj cos(3¢1x) cos(3y1y),
with

1 1 3
Hj = —5/\/@1 (Q,szo + szzz) - Er’

1 1 3
H; = —EMig (Qywzoz + §W222> - Br,

1 1
H; = —ZMég(Q,szz) - EP
A.1.2 The coefficients of system (4.24)
Substituting (4.2)-(4.8) into (4.1), we obtain the same equations as presented in (4.9)-
(4.11). Obviously (4.22) still holds for the amplitude A;, except now it is a partial derivative
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with respect to T,. Noticing the solvability condition (H, ¢) = 0 to equation (4.12) is sat-
isfied, the solution of (4.12) satisfying the Neumann boundary conditions is given by

w3 :Alw(sll)1 cos(¢1x) cos(Y1y) +A“;’ Z w3 cos(ig1x) cos(jyry),
ij=1,3

where the vectors ws;;, i,j = 1,3 are determined by the following linear equations, respec-

tively:

3
Shwsn Hﬁl +00, Sh“"?ﬂl = H(u) - Lo,
(A1)
£§1w331 = HT’ ’8}3‘”313 = Hz; 2%3“’333 = H;.

1 3,41 4
N222M+f3299M

@) have defined ® =
nce we have define ( oM

), according to (4.12), the vector P is given by

P-= Z A2P cos(ix) cos(jyry) + Z A}Pj;cos(igx) cos(jyry)

i,j=0,2 i,j=0,2,4

+ Py cos(¢yx) cos(v1y),

where
1) L @
POO = 2GW200 - ZMOO (Q’WSH)’
1, ., 1, Lo
Poo = —2Lwygo — —./Vloo(Q,Wsu) - —Moo(w200rw200) - —Moo(w220’w220)_

- —Moo(wzoz;wzoz) - —Moo(szzywzzz) -—0,

64
0A A 0
Pu = —IQ + b(S)Alkf ’
T3 u M + v,
0 00
(2 M20 (Q w3u) + 20 Woyo + b ¢>1 ( ) + 4b(2)¢12 ( ) W1220,
M Vi Uy

1 1
Pyo = —2Lwjyo — ZM%O(Q’WE.H + Wa31) — Mg (Wa00, Wazo) — EMéo (W202, W222)

3
-0,
16

1 0 00
sz) = _ZM(I)Z (Q, Wéll)l) + 20W202 + l’)(z) \012 (M) + 4'h(2) 1//12 < ) W202,

x Us

1 1
Poy = —2Lwygy — ZM%)Z (0, W31 + W313) — M, (W200, Wa02) — EMéz(szo,szz)

3
-0,
16

0 ~ [0 0
(2 = ——Mzz (Q,wau) +20Wygy + b? (M) + 4b(2)kc2 ( ) W222,

Vi Us

1 1
Py = —2Lwyy, — ZMéz (Q, Z W3ij) — M, (Wag0, Wazz) — M, (Wag2, Wang) — 19,

ij=1,3
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1 1 1 3
Py = —ZMiO(Q,Wssl) - ZMio(szoywzzo) - gM};o(szz,szz) - 6_49’

1

1 1
Pos = —ZM&(Q,W?)B) - EM%)4(W202,W202) - gM(l)4(W222,W222) - 6—49,

1
1
42(Wa20, Wa22) — — O,

1
Py, = _EM}Q(Q:WI%BI +Wsgz) — - M 6

2

1 1 1
Py = —1M§4(Q,W313 +Ws33) — §M§4(W202,W222) - EG,

1 1 1
Py = —ZM}M(Q,Wssa) - 5M41L4(W222yw222) - 6_49'
One imposes T3 = 0 and b® = 0 and the compatibility condition for (4.12) is satisfied,

then the solution satisfying the Neumann boundary conditions is

Wy = Z A%wff; cos(ip1x) cos(jyry) + Z Atwaicos(igrx) cos(jyny),

i,j=0,2 i,j=0,2,4
wherew, ., i,j = 0,2 and wy;;, i,/ = 0,2, 4 are the solutions of the following linear equations:
here iy, i,j = 0,2 and wy;, i,j = 0,2, 4 are the solutions of the following linear equati

1
‘2’11] 41} f‘j)’ 'Q W4l]— i (A2)

According to (4.13), the vector Q is given by

9A
Q- (BT1 +QVA, + QYA + QY A5> cos(¢1x) cos(yy) + Q™.

Here Q* contains terms which automatically satisfy the compatibility condition and

00
Q11 = <7w311 + k (V ; ) (la(z)wéll)1 + b(4)Q),
£

*

1 1 1
(1) 1) (1) 1)
Qu =30wsn _LW311 M <Qrw400 + 5“’420 + 5“’402 + 1“’422)

1 1 1 00
- Mu (Wzoo + S Wazo + SWoo2 + W222,W311) +b 2)k2 W31
2 2 4 Ve Us

A 0
+b (Z)kcz 1 1 1 M 1 1 1 ’
V200 + 5V220 + 5V202 + 3 V222 + (200 + U220 + U202 + 1“222)

1

1 1 1
5
Qﬁ) =-3Lw3y - Mh (Q;W4oo + §W420 + §W402 + EW422> - EMh(szo,Wssl)

1 1 1 1
= Mh <W311,W200 + szzo + szoz + Z“’zzz) - EMh(Wzoz,Ws‘,l:«;)

25 <f112222]\/14 +.7312222M5)

1
— = ML (W22, W313 + W3] + Wa33) —
11(W222, W313 + W33 + W333 5 5
4 64 JSineM + fiim

where (12) = wann, (22) = Waso, (122) = wa (122) = o

The solvability condition for (4.13) yields

04,

=GA; —LA% +RAS, A3
3T4 1 + 1 ( )
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where the coefficients are

__(Qicos@mcosin) @) 5 _ Q1Y cos(grx) cos(yy), )

(@ cos(¢rx) cos(yny), @) (@ cos(¢rx) cos(yny), @)

(QY cos(¢rx) cos(¥1y), @)
(0 cos(¢rx) cos(Yr1y), @)

Q)

=)
[

Combining (4.6), (4.22) and (A.3), we get the quintic Stuart-Landau equation (4.24).

A.2 Double and non-resonant eigenvalue case
A.2.1 The coefficients of system (4.28)
When m = 2, the solution of linear equation (4.9) is expressed as follows:

w1 = @A; cos(Pr1x) cos(Y1y) + @Az cos(¢hax) cos(12y). (A.4)
Using the same analysis as simple eigenvalue case, we impose b = 0 and 7} = 0 to equa-

tion (4.10) so that the information as regards the amplitude of the pattern can be predicted.
The solution of linear problem (4.10) is then calculated as follows:

2
Wy = ZA? Z lel] COS(l'(]b]?C) Cos(flﬁly)

=1 i,j=0,2
+A1Ay Y Wamcos((¢r + men)x) cos((y +mia)y), (A.5)
m,n=-1,1

! .
where Wi and wy,,,, are defined as follows:

1 1

Eiway =g M@0, LW =~ Moo @)
with

S = K = (1 + mo) + (Y1 + ny)?)DF,

Mo = O = (1 + m)? + (W + my)?) 0.

When the no-resonance condition holds, the expression of the vector H appearing in
equation (4.11) at order & reads

A2A2 ~
e Hil) cos(gu) cos(y) + H,
1

2
dA

H= ke ] +A1Hﬁl) +A13Hﬁl) +

Py dT,

where

A 0
w-wie(,0)
u M + v,

1 1 1 9
(30 1 ! ) ) )
Hjp" = -Mj (Q’Wzoo + 5“’220 + 5“’202 + 1“’222) - Er’

1 3
Hj, = - M, (Q’W%lo 2 Z men) B Zr’

mun=-1,1
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and the expression of vector H depends on the following three different cases according
to equation (4.27):

(i) only one of the relations ¢; = ¥, = 0 and ¢, = ¥, = 0 holds (without loss of generality,
we shall assume ¢; = ¥, = 0.) Then the expression for His

2 2
A2A2
H- Z(Asﬂﬁ’ A Hil) cos(¢rx) cos(yy) + HY,
=1

where

1 1 3
(31
= _M ( W%zo + 4“’%22) Er’

~ 1 1 3
(32)
Hy" = —Mh (Q’ 5“’%20 + ZWgzz) - Er’

~ 1 3
Hj = -My (Qrwgoz 2 Z WZWI) - er

m,n=-1,1
2 1 1 1 3
Hjj = - My | @, Wy + ) Z Womn | = Zr’
mun=-1,1

and H* contains only terms orthogonal to ¢. By applying the solvability condition to equa-
tion (4.11), we get the coefficients in (4.28) given here:

(HY cos(¢x) cos(19), @)
(@ cos(gyx) cos(v1y), @)

o=0;=-—

_ MY cos(@m)cos(Yn) @) . o (Hj cos(@m)cosyn) )
= 17 = - IR
(@ cos(gux) cos(V1y), @) (@ cos(¢ux) cos(¥1y), @)

and

o (H cos(@m)cos(Yn) @) o, (Y cos(@i) cos(yy), o)
"7 (g cos(@) cos(yy), ) "7 (acos(ep) cos(vy), @)

(ii) ¢1 =0, ¢ 70, Y 70 or 1 #0, 2 =0, Yy #0 or ¢ #0, Y1 =0, Y2 #0 or ¢, # 0,
Y #0, Yy =0 for [ = 1,2 (without loss of generality, we shall assume ¢ =0, ¢ #0, ¥; #0
for [ =1,2). In this case, we have ﬁf{z’ = HL = 0. Then it follows that L} = S} = 0 and L},
S} are the same as in case (i).

(iii) ¢; # 0 and vy # 0 for [ = 1,2. In this case, L7 and S; are all zero for / =1, 2.

A.3 Double and resonant eigenvalue case
A.3.1 The coefficients of system (4.36)
Since ¢ = /31, ¢y = 0, ¥y = 29, substituting (4.28) into equation (4.10) yields

G- (A, L A FD 4 4,4,FC
dTl 0 +A1k; " +A1A) 11 COS(¢1X)COS(1P1J/)

dA,
<d—TQ + AyF(? AfFﬁz)) cos(y)

+F*,
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where

~ 0 1

FyY =B = bR . B =--Mi(ee),
u M + v, 2

Fu = M%I(Q Q)= 11 »

and the vector F* contains terms which automatically satisfy the solvability condition
given here:

F =F +F +F,
with
Fy=- A2 (MGo(a, @) + Miy (0, 0) cos2prx) + M, (0, @) cos(2¢1x) cos(2y11y)),
E; = —;Aﬁ(Mﬁo(e,a) + M3, cos(2429)),
F; = —%AlAzMig(a, 0) cos(¢rx) cos(3y1y).

By imposing the Fredholm solvability condition to equation (4.10), we obtain the quintic

Stuart-Landau equations (4.36). The coefficients 6 and L are given below:

]
]

_(FY cos(@)cos(yi) @) 5 _ (Fiy” cos(@ix) cos(yay), o)
(@ cos(¢rx) cos(¥1y), @) (@ cos(¢1x) cos(y1), @)

Il
<
1]

A.3.2 The coefficients of system (4.37)

From A.3.1, we know that equation (4.10) can be solved and its solution has the following

form:
- A2A
2
Z <A1 21111 1 o w(21121)> cos(pux) cos(Wry) + AT (Wag + Whyg cOS(261%)
I=1
+ Wy COS(2¢01X) cos(2¢1y)) +A2 Z W, cos(iy2y)
i=0,2
+ A1Aawh 5 cos(drx) cos(3yy), (A.6)
where

, X 0
Q‘ilwglll) =00+ b(l)kcz (u Miv > ) 2}1“’211 = LQ - _Mu(Q ),
* *

L 1 1
221“’% = _ZQ - gM%(Q»Q)' 2%)0“’%00 = _gM%)o(Q’Q)r

1 1
250“’520 = _gMéo(Qi&’)' 252“’522 = —gMéz(Q@)’

1 1
2;0“’20; = ZMtz)i(Q»Q)' 2%3“’%13 = _EM}B(Q’Q)‘
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At O(g%), the expression of the vector H appearing in equation (4.11) is given by

A2A,

2
(1)
H= Zl<dT2 o+AH; +

where

oW _ ~ 00\ m
H;," = 211 + b kz( )qu

Vi Uy

H? A

A 00
+bI? ( ) 0,
Vi U

AjA3

Hil) cos(¢x) cos(yy) + f—i*,

2
- A 00 1
H{Y = 26wy — Lwyy, + b2 +bVR2 wi — =Ml e, > wil |,
M Vi Us 2

L . (0
(22) ~ . (22) (21) 2
Hy,” =20wy; - 1“’211 + ch M

L
13) (12)
H,”" =-——w
u =W
(23) _ 2 L,
Hj; /\/l Q,W200+§W202 -

1 7 ,(12)
Hyj, = —Lwy;y —

1 1 1 9
(22) 1 1
M Q,W200+ SWoil + 5Wapo + T Wy | = —T,
2 2 4
3
4

1
1 (12)
My <Qrwzoo + 2“’211 +

=1

22 (0 0) (2 1 (an
+b(1)kc2< u )qu 4 }1(97“’211)'

’

1, 3
§W213 —Err

1 1 3
) (12)
Hj, = 2szu M (Q:Wzoo + 4“’211 + 4‘“’%13) Zr’

and H* contains terms which automatically satisfy the Fredholm solvability condition. By
applying the solvability condition to equation (4.11), we obtain the following two coupled

Stuart-Landau equations:

0A;

— = 61A1 —zlAlAz + ),/\1A§ + SlAlAg,

0T,

where

. (H cos(@w) cos(¥y), @)
<9 cos(¢ux) cos(y1y), @)

. HYY cos(¢x) cos(19), @)
(Q cos(¢x) cos(yry), @)

0A,

3—T = 6’2A2 —zzA% + ];zAg + ngfAz, (A.7)
2

5 _ (H\? cos(¢x) cos(¥1y), @)
(@ cos(¢yx) cos(Yry), @)

5o (H:, cos(¢x) cos(¥1y), @)

(g cos(¢ux) cos(y¥y), @)

Combining (4.6), (4.36) and (A.7) yields the coefficients in equation (4.37) as follows:

0,=0 + €0y, Li=L+¢l,
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