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Abstract

In this paper, we are concerned with the existence and uniqueness of solutions for
impulsive fractional integro-differential equation of mixed type with constant
coefficient and antiperiodic boundary condition. Our results are based on the Banach
contraction mapping principle and the Krasnoselskii fixed point theorem. Some
examples are also given to illustrate our results.
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1 Introduction

Fractional differential equations appear naturally in a number of fields such as physics,
chemistry, electromagnetic, engineering, control, and other branches; see [1-16] and the
references therein. Fractional differential equations have recently gained much impor-
tance and attention. The study of fractional differential equations ranges from the the-
oretical aspects of the existence of solutions to the analytic and numerical methods for
finding solutions.

Impulsive differential equations arising from the real world describe the dynamics of
processes in which sudden discontinuous jumps occur. Such processes are naturally seen
in physics, engineering, biology, and so on. Due to their significance, it is important to
study the solvability of impulsive differential equations. Impulsive differential equations
of fractional order have not been much studied, and many aspects of these equations are
yet to be explored. The recent results on impulsive fractional differential equations can be
found in [17-32] and the references therein.

Recently, the boundary value problem of impulsive fractional differential equations with
antiperiodic boundary conditions have been studied in the literature; see [33—-39]. The
authors of [36-38] investigated the following antiperiodic boundary value problem for
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impulsive differential equations of fractional order:

Diu(t) =f(t,ut), tel0,TI\{t,to....,tmh1<q=<2,
Au|t=tk =Ik(u(tk)), Au,|t=tk =]k(l/£(t]<)), k=1,2,...,m,
u(0) = ~u(T), u'(0) = -u/(T),

where D7 is the Caputo fractional derivative of order ¢, f : [0, T] x R — R is continuous,
IiJk :R— R, R=(-00,+00), 0 =ty < t1 < -+* < bty < ty1 = T. By applying the Banach
contraction mapping principle, Krasnoselskii fixed point theorem, Schaefer fixed point
theorem, and a nonlinear alternative of the Leray-Schauder-type theorem, some existence
results of solutions are obtained.

However, the existence and uniqueness of solutions to impulsive fractional differential
equations for antiperiodic boundary value problems with constant coefficients seem to
be rarely involved. It should be pointed out that Kilbas et al. (see (3.1.32)-(3.1.34) in [1])
obtained that the solution u of the linear fractional differential equation with constant
coefficients

Du(t) + Au(t) = h(t), te€[0,1],0<g<]1,
M(O) = Up,

is given by
u(t) = Eq(—tqk)uo + / (t- s)q_lEq,q(—(t - s)qk)h(s) ds, te][0,1],
0

where E; and E, ; are the so-called classical and generalized Mittag-Leffler functions.
More recently, Wang and Lin [40] studied antiperiodic boundary value problems for
impulsive fractional differential equations with constant coefficients

Dlu(t) + ru(t) =f(t,u(t), te] =]\{t,ts....tm},0<gq<],
Auley =u(t)) —u(ty) =y, k=1,2,...,m, (1.2)
u(0) = —u(1),

where 1 > 0, yx € R, °D1 is the Caputo fractional derivative of order g € (0,1),f :J xR — R,
J =1[0,1], and the fixed impulsive times # satisfy 0 = £y < #; < - -+ < £, < L41 = 1. By means
of fixed point theorems, some sufficient conditions on the existence and uniqueness of
solutions for problem (1.2) are established under Lipschitz and nonlinear growth condi-
tions.

Motivated by the works mentioned and many known results, in this paper, we are con-
cerned with the existence and uniqueness of solutions for impulsive fractional integro-
differential equation of mixed type with constant coefficients and antiperiodic boundary
condition

DIu(t) + Au(t) =f (& u®), Tu(t),Su(t), te] =]\{t,to....,tu}
Auli—y = L(u(t)), k=1,2,...,m, (1.3)
M(O) = _u(l)i
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where D17 is the Caputo fractional derivative of order g € (0,1), A>0,0=¢f)<t; <--- <
tm <tm1 =1,f € CUXxRxRxR,R),J =[0,1], Ris the set of real numbers, Au|,-;, denotes
the jump of u(t) at t = f;, that is, Aul.—y, = u(ty) —u(t;), where u(t;) and u(¢;) represent the
right and left limits of u(¢) at ¢ = #, respectively, T and S are the linear operators defined
by

t 1
(Tu)(t):/o k(t,s)u(s)ds and (Su)(t):fo h(t,s)u(s)ds, te],

where k € C(D,R), D={(t,s) €] xJ:t>s},and h e C(J x J,R).

At present, the concept of solutions for impulsive fractional differential equations has
been argued extensively. There are some ways to consider the notion of solution for im-
pulsive fractional differential equations; for example, see [29—32]. In this paper, we adopt
the formula of the solution in Lemma 2.4, which comes from [40].

This paper is arranged as follows. In Section 2, we present some definitions and pre-
liminary lemmas. In Section 3, we establish the existence and uniqueness of solutions for
the boundary value problem (1.3) by using the Banach contraction mapping principle and
Krasnoselskii fixed point theorem. Some illustrated examples are presented in Section 4.

2 Preliminaries and lemmas
Let]O = [0, tl])]l = (t1:t21y~~1]m—1 = (tm—lf tm];]m = (trml]; and

PC(J,R)={u:] > R:ueC(,R),k=0,1,2,...,m,

u(t,ﬁ) and u(t,;) exist,k =1,...,m,and u(t,:) = u(tk)}.

Then PC(J,R) is a Banach space with the norm || u|| pc = sup{|u(t)| : ¢ € J}. For a measurable
function u : J — R, define the norm

1
(f; lu@ dt)r, 1<p<oo,

lellzegy = 4
mfmes(j):o{suPte/\i lu(®)|}, p=oc.

Then L?(J,R) is the Banach space of Lebesgue-measurable functions p : J — R with
liellze gy < 00.

Definition 2.1 ([1]) The fractional integral of order « with lower limit zero for a function
f:[0,00) > Ris defined as

1 t
I°f(t) = — f (£ —9)*"Yf(s)ds,
f ['(a) Jo f
provided that the right-hand side is pointwise defined on [0, +00).

Definition 2.2 ([1]) The Caputo derivative of order « for a function f : [0,00) — R can
be written as

e L (AN ) - Y 5 00) .
Df(t)—m(a)/‘o dS, t>0,l’l—[0{]+1,

(t _ s)Dl+1—Vl

where [«] denotes the integer part of «.
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Remark 2.1 ([30]) Iff € C"[0, +00), then

Df(e) = ﬁ fo t(t — )" () ds = " f (), £>0,m=[a] +1,

that is, Definition 2.2 is just the usual Caputo fractional derivative. In this paper, we con-
sider an impulsive problem, so Definition 2.2 is appropriate.

Definition 2.3 A function u € PC(J, R) is said to be a solution of problem (1.3) if it satisfies
the equation “D7u(t) + Au(t) = f(t, u(t), Su(t), Tu(t)) a.e. on J' and the conditions Aul;—;, =
L(u(ty)), k=1,...,m, and u(0) = —u(1).

Lemma 2.1 ([41]) The nonnegative functions E; and E, , given by

&0 k o0 k

z z
Oty P 2 kg

k=0 k=0

have the following properties:
(1) Foranyr>0andte],

1
_t4 14
B4 <L E(-th) <

Moreover,

EO)-1  Ey0-

(2) Forany A >0and ty,t, €],

E (-90) = E;(-t77) ast,— 1,

Eqq(—8274) = Egq(-t172)  asty — 1.
(3) Forany A >0 and ty,t, €] such that ) <t,,
Ey(-02"2) < Eg(-t172), Eqq(-02"2) < Eqq(-t12).

Lemma 2.2 ([42]) Let M be a closed, convex, and nonempty subset of a Banach space X,
and let A, B be operators such that:

(1) Ax + By € M whenever x,y € M.

(2) A is compact and continuous.

(3) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Lemma 2.3 ([43]) Let X be a Banach space, and let ] = [0, T]. Suppose that W C PC(J, X)
satisfies the following conditions:

(1) W is a uniformly bounded subset of PC(J, X).

(2) W is equicontinuous in (tx, tys), k=0,1,...,m, where ty = 0,t,,,1 = T.
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(3) Its t-sections W(t) = {u(t) :u e W,t eJ\{tr,....,tm}}, W) = {u(t}) : u e W}, and
W (t;) = {u(t;) : u € W} are relatively compact subsets of X.

Then W is a relatively compact subset of PC(J, X).

Lemma 2.4 ([40]) Let h:] — R be a continuous function. The function u given by

—E (—A\)Eg(—t1))
q1+Eq(qA) Zl 1E( tqk +f0(t s)7~ 1qu( (t—s)IN)h(s)ds

1+E - fo (1 =97 Ey 4 (—(1 = s)iA)h(s)ds, t € Jo,
1+Eq‘q)\ {Zl LG tq fo q—lqu( (1 - s)IA)h(s) ds)

M(t) = — Eq(—tq)x) Zj:k+1 M
+ /f(z - S)q‘lqu(—(t —s)Ih(s)ds, teluk=12,...,
O oy — [ (1= 5)1E, y(—(1 = 5)7A)h(s) ds)

m-—1,

1+Eq
+ fo (t=$)TE  (—(t — )TN h(s)ds, t € T,

is a unique solution of the impulsive problem

Diu(t) + Au(t) = h(t), te],
Attls—g, =0 k=1,2,...,m,
u(0) = —u(1).

It follows from Lemma 2.4 that the solution of (1.3) can be expressed by

_Eqi:}gjq;tqk) D EI(( it fo t—8)TE, ((—( — $)IA)f (s, u(s), Tu(s), Su(s)) ds
1+E e o (=81 g (~(1 = )T (5, (s), Tuals), Su(s)) ds, ¢ € Jo,

1+Eqm {Z?‘l EI’( t; fo )T E 4 (—(1 = $)TA)f (s, u(s), Tu(s), Su(s)) ds}
£))

-E ( tq}‘) Z} k+lE ( tqk)
+ fo (t — )T Ey f(—(t — $)IA)f (s, u(s), Tu(s), Su(s)) ds,

u(t) =

te]k,k=12 ,m—l
1+eqq)L {Zl 1 E ( tqk) f() - s)q_lEq,q(_(l - S)q)\)_f(S, M(S), TM(S)’SM(S)) dS}

+ fo — )T E, ((—=(t — $)IA)f (s, u(s), Tu(s), Su(s)) ds, t € J.

3 Main results
Theorem 3.1 Assume that conditions (Hy)-(Hsz) hold:

(Hy) There exist Li(t) € C(J,(0,+00)) (i = 1,2,3) such that

|f (& w1, vi, w1) = £ (& iz, va, )| < Ly(6)|ug — ] + Lo (£) vy — va| + L3 (£) | wy — wy

Sforallt €] and uj,vj,w; €R,j=1,2.
(Hy) There exists a constant Ly > 0 such that

|I() = )| < Lalu—v|, w,veRk=12,...,m
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(Hs)

3 i Ly N (Ly + Lyko + Lsho) 1
= <l
X = v E,(n) 0 |E (7)) T(g+1)
where L = max{L;(¢) : t € J}, j = 1,2,3, ko = max{|k(¢,5)| : (¢,5) € D}, and hy = max{|h(t,s)| :
(t,s) €] xJ}.

Then the boundary value problem (1.3) has a unique solution.

Proof Let M = sup{|f(¢£,0,0,0)| : t € J}, M’ = max{|[;(0)| : i = 1,2,...,m}, and B, = {u €
PC(J,R) : |lullpc < r}, where

Y M M
=L E,(—¢fa)) T Tlg+1)

> ——
= [1+E4(=M)| _ [ZWI Ly L1+L2k0+L3h0]
3 =1 E, (1) T(g+1)

Define the operator F : B, — PC(/,R) by

Fu(e) - Fat™) {Z Lu(t)

1+ Ey(-2) | & Eq(=t{2)

1
- / A= 8T Egq (-1 = 8)IA)f (5, u(s), Tu(s), Suls)) ds
0

= L)
_Eq(_tq)\) Z E]q(—tg}\)
]

j=k+1

+ /t(t = 8) T Eq g (= (8 = 9)TA)f (s, u(s), Tuls), Sus)) ds,
0
te,k=0,1,2,...,m.

First, we show that F(B,) C B,. For any u € B, and t € ], by Lemma 2.1 we have

|(Fu)(t)]

1 = L(u(t)
= iEQ(_tq)‘” 1+E,(-1) {Z Eq(—t?)»)

i=1

! _  Lu(t)
- /0 (1-s)1 1Eq,,q,(—(l - s)q)»)f(s, u(s), Tu(s),Su(s)) ds} - Z E;(Iit]’;)\)

j=k+1

+

/t(t — s)q_lEq,q (—(t — s)q)\)f(s, u(s), Tu(s), Su(s)) ds
0

m

1 LCIC) N S
= T+ By {21: Ee) r(q)/o (=9 ot T”(S)’Su(smds}

— @) 1t 4
+ FZI m + Tq)/o (t = )T |f (s, u(s), Tu(s), Suls))| ds

_L+IL+Ey(-2) {i \(t) ~ 1(0)] + M’ }

TNHEN |G IE )
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1
+ m /0 1 = 8)77 £ (s, u(s), Tuls), Su(s)) - f(s,0,0,0)| ds

- 1(1 )71f(s,0,0,0)| d
+r(q7)|1+15q(—x)|/o ~ 97 1f.0,0,0)|ds

' %q) /Otbf =) |f (5, uls), Tu(s), Su(s)) = £(5,0,0,0)| ds
+ %q) /Ot(t—s)q'1 |f(5,0,0,0)| ds
3 " Lyr+ M M M

= T+ B0 Zl [E,(=¢7)] " T(q+ D1+ E(-M)] " Tlg+1)

i=
1

1
+ r@ﬂ+—w /0 (1-s)7t [Ll(s)|u(s)| + Lz(S)|Tu(S)| + L3(s)|Su(s)|] ds

+ %q) _/(;t(t —s)q_l [L1(S)|M(S)| + +L2(S)| T”(S)| + L3(s)|SM(S)|] ds

m /
< 3 Z L47’+;VI + M
L+ E (D] | & E—em)]  Tlq+D

1 1 L -
- 1— q-1 i3 I T
' C(g)I1 + Eg(-A)] /0 (1 =) (Lir + Laokor + Lshor) ds

1 t - — —
+ —/ (t—S)q_l(Lll" +L2k0r + Lghol’) ds
I'(q) Jo

3 {’” M M

= e E (] 21: 60| T+

. Zm: L, +L_1+L_2/<0+L_3h0 .
|E,(—t12)] I(g+1)

i=1

<r.

Hence F(B,) C B,.

Page 7 of 15

Next, we show that the operator F is a contraction mapping. For any ¢ € J and u,v € B,

we obtain

|(Fu)(2) = (Fv)(2)]

Eg(—173) | Liu(t) - L(v(t.))
1+ E (—A) E (—t1)

i=1

1
- / - s)q‘lEq,q (—(1 - s)qk) (f(s, u(s), Tu(s), Su(s)) —f(s, v(s), Tv(s), Sv(s))) ds}
0

() 3 L)~ 106)

q
j=k+1 Eq(=tj2)

+ /t(t - s)q_lE,M (—(t - s)qk) (f(s, u(s), Tu(s), Su(s)) —f(s, v(s), Tv(s), Sv(s))) ds
0

1 "\ Lalu(t;) - v(t)] 1
= <1+ |Eg(=1)] ”) 2 |E,(—£13)] " T (@)1 + Ey ()]

i=1
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1 s
f (1—5)"1{L1(3)|u(s)—v(s)|+L2(s)/ |k(s,r)Hu(t)—v(r)‘dr

t

+L3(s)/ |h(s,t)||u r)—v(r)|dt}ds+ (¢ —s)q_l{Ll(s)|u(s)—v(s)|

I'(q )
+ Ly(s) |k(s,t)||u(t)—v(t)|dr + L3(s) |h(s,r)||u(r)—v(r)|dt ds
0 0

3 "\ Lallu—vllpc . 1
|1 +Eq(-M)| £ |E,(—=t10)]  T(@)I1 + E ()

=1

- / (1= ) (T = vlipc + Dakollue = viipc + Tahollu = viin) ds
0

1 ¢ — — _
+ = / (t =) (Lillu — vlipc + Lakollw = vlipc + Lsho llu — vl pc) ds
I'(q) Jo

3 " L L1+ Loko + Lsh
< Z 4q +(1 a2ko + Lsho) i = v]pe
1+ E,(-A)] P} |Eg(—t; M)] I'(g+1)
= xllu—-vlpc.

Thus ||Fu — Fv|lpc < x ||# — v||pc. Then from the Banach contraction mapping principle it

follows that problem (1.3) has a unique solution. This completes the proof. O

Theorem 3.2 Assume that condition (Hy) and the following conditions (Ha)-(Hs) hold:

(Ha) There exist a function . € Lo (J,(0,+00)) (0 < o < g < 1) and a nondecreasing function
w € C([0,00), (0, +00)) such that

If (& u(®), Tu(t), Su(®))| < n@@(lullpec), uePCU,R)te].

(Hs)

3 Il 3, o) &
[+ E, (2] (F(q) oy Zl By~ A)|)

1-o
Then the boundary value problem (1.3) has at least one solution.

Proof For r >0, the set B, = {u € PC(J,R) : ||| pc < r} is a bounded closed convex set in
PC(J,R). Define the operators P and Q on B, as

(Pu)(t) = /Ot(t - s)q_lEq,q (—(t - s)qk)f(s, u(s), Tu(s), Su(s)) ds

E,(-t1x) (1
_ % /0 (1= 8)T " Eyq (1 = $)IA)f (s, u(s), Tu(s), Su(s)) ds,
_E(=173) N Li(w(t) L)
Q0= Zl ey —Eq(—t”)];1 Ey(-th)
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By (H4) and the Holder inequality, for any u € B,, we have
t
/ |(t - S)q_lf(S, u(s), Tu(s), Su(s)) | ds
0

<[ - 97 (o) ds

t 1 1-0 t 1 o
5(/0 (t—s)fads) (/0( (Du(s)? d )

q-o

< v =

< s I,

el

- ﬂ)l—a
1-o

o(r).

Similarly, we have

[l

L

/ |(1 —g)it (s,u(s) Tu(s), Su(s))|ds < ,1_7;(7(»0)

Next, we show that there exists ry > 0 with Pu + Qv € B, for u,v € B,,. If this were
not true, then, for each r > 0, there would exist u,,v, € B, and t, € J such that |(Pu,)(t,) +
(Qvy)(t)| > r. Assumption (Hy) implies |F;(u(t;))| < |L;(u(t;)) — I;(0)| + [[:(0)] < Lar + M'.
Hence

r < |(Pu)(t) + (Qu)(&)|

el
L)1+ Eg(-M)(E2)-e
leell 1 1 "L M "L M
+4qL_f,Ul) w(r) + Z Ay +Z Ay
D) " T I E () & [E(aim)] & Ey(—tn)]

Il N 1
L7() — 4

( F@(E2) ()+;|Eq(—tﬂ/\)l)<1+|1+Eq(—)»)|)
3 ”M”L%(/) _ " L+ M

= T+ E () (F(q)(’f_—Z)l“’ o0 Zl [, (6] )

Dividing both sides by r and taking the lower limit as r — +00, we obtain

3 el 2., L
: |1+Eq(—A)|(F(q> o) ﬂlr»é?f_+z E—£i0)])’

which contradicts condition (Hs). Thus, there exists ry > 0 such that Pu + Qv € B, for all

u,v € By.
Forall £ € J and u,v € B,, we get

|(Qu)(&) - (Qv)(®)]

|E;(=t90)| = M(u(ty)) — L(v(E:)]
T+ E(-M 4 |Eg(=¢{2)]
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2L (u(t) - L(v(:)]
E, (-2

L (u(t)) - L) 1
= Z |E4(=t12)] (1 ’ 1+ Eq(—)»)|)

i-1
- 3 2\ Lylu(ty) — v(t)]
T+ E (M |E; (=] 3)|
3 " Lyllu-v
- Z all k ”PC‘
|1 + Eq(_)‘)l i-1 |Eq(_ti )‘-)|

3 L
Let x' = ITE, (0] > |Eq(—tf)\)\' From (Hs) we have 0 < x’ <1 and ||Qu — Qv|pc < x'|lu —

V|lpc, so Q is a contraction mapping.

The continuity of f implies that the operator P is continuous. We now prove that P is a
compact operator. Following the procedure used in the first part of Theorem 3.1, it follows
that P(B,) is uniformly bounded on PC(J, R). We now show that P(B,) is equicontinuous
onji (k=1,...,m).Let Q =] x B, x TB, x SB, and f = SUD (¢ 1, T s f (& 4, T, Su)|. Then,

for any & < 7o < 7y < 41, W€ have

|(Pu)(z2) - (Pu)(m)|

=

/U (19 — s)q_lEq,q (—(rz - s)qk)f(s, u(s), Tu(s), Su(s)) ds
0

- /Tl(rl — )T Eg g (= (t1 = 8)IA)f (s, u(s), Tu(s), Su(s)) ds
0

E (—19)) — Ej(-119))
1+E,(-2)

1
/ (1= 8T Egq (-1 = 8)IA)f (5, u(s), Tu(s), Suls)) ds
0

=<

/0 % (2 = )7y (~(22 — 8)2) (5,14), Tu(s), Suls)) ds

- fo (11 = 1, o (~(22 — )RV (s, u(s), Tus), Su(s)) ds
" /0 (01 = 9 Eyy (~(t2 - )TA)f (5 (s), Tua(s), Su(s)) s
- /0 (0= 9 Egg (1~ YN (s, ), Ties), Su(s)) s

- ffl(rl - s)q’lEq,q(—(rl - s)qk)f(s, u(s), Tu(s), Su(s)) ds

|Eq(_f2q}\) - Eq(_fl
[(g)1 + Eg(=2)]

< / 2 |(r2 = )17 = (11 = )77 |Egqg (~(2 — )71 | dis
0

1
el / (1-s)t [f(s, u(s), Tu(s), Su(s)) | ds
0

+ / 2(11 =) Egq(~(ta = 8)71) = Egq(~(r1 — )71) |f ds
0

ol » |E,(~1273) — E, (-t TA)|f
+Tq)/f2 (=5 ds‘+ (g + DL+ Ey(—)]
_}7 ©? -1 1 (11— T2)q]? |Eq(_T2q)\) _Eq(_flq)\)lf
SW)/O (2 =9 - (m =) )ds‘+ Fg+1)  T(q+ DL+E, ()]
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+f.[) 2(T1 - S)q—1|Eq'q(_(-[2 —S)qk) _Eq,q(_(fl —S)q)\.) | ds

(n-n)l+1 - Tzqf N (1 - 0)If . |E;(=1292) = Eg(—n9A)|f
- I(g+1) I'(g+1) ['(g + D1+ E;(=A)]

+]7/0 2(‘L'1 - 5;)‘1—1|Eq,q(_(r2 —s)qk) _Eq,q(—(ﬁ _ S)qk) | ds.

By Lemma 2.1(2) we know that E,,(~£7)) is continuous on ¢ € /, and thus E_,(—t7}) is
uniformly continuous on ¢ € J. Hence, for any ¢ > 0, there is a sufficiently small § > 0 such
that, for #1, £, € J with |t — £5] < 8, we have

|Eq,q(_tf)‘) - Eq,q(_tg)‘ﬂ < E'
T

1

2
Let o = ) and oy = Tq.Then01>1,02>1,and (’Ll + 5

2—q
2(1-g
we have

= 1. By the Holder inequality

/ 2(11 —S)q_lyEq,q(—(Tz - S)q)») —Eq,q(—(tl - S)q)\) ’ ds
0

2(1-q)

2 1y 2-q 2—q
< [/ (1 —5) V200 ds]
0
1)

L[ Bt 90) - Byt =92 7 ]

0

s
=
|
S
v
(AN
s

1 q 4219
|:2'(12 —2(r1—1p)2 ] 24
q

so forz(n = 8)T7Eyq(—(12 = 5)71) — E4 4(~(11 — 5)71)| ds tends to zero as 1o — 71. Therefore,
|(Pu)(t2) — (Pu)(t1)| tends to zero as T, — 71. This yields that P is equicontinuous on the
interval Ji.

Combining the above arguments and the PC-type Arzela-Ascoli theorem (Lemma 2.3 in
the case X = R), we conclude that P: B, — B, is compact and completely continuous. Then
it follows from Lemma 2.2 that problem (1.3) has at least one solution. This completes the
proof. d

4 Examples
In this section, we give two examples to illustrate our main results.

Example 4.1 Consider the following impulsive fractional integro-differential equation
with antiperiodic boundary condition:

1 1 t
DIu(t) + u(t) = 3222’;1) + tzils 0 e(;ﬁ;))s ds

2 1 (s) 1
R fo (8+utfrs)2 ds, te[0,1]\ {3}, 4.1)
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Let
u+l % 2w |u]
tr Yy = + + ) 1 i a—]
JOwvw) = D T A 18 Ji+49 K=
t 1 (S)
Tu)®) = | e u(s)ds, Su t:/ _ M
m0- [ “Pugds  swo- [
Bydlrectcomputatlon, ko = max{— 5 (t+3)s :0<s<t<l}= landho—max{mﬁfs,tf
1} = ;- For uy, ug, vi, vy, 1,03 € R and ¢ € J, we have
|f (&, 11, vi, w1) = £ (2, 12, va, wo)|
L ml - vl ——— |
——— U — | + —— V1 — 2| + ——— W1 — Wy,
=36 +1) M T a5 T irag T
1
(1) = ()| < E|M1 - U]
Let
1 1
Li(t) = ——, Ly(t) = ——,
1 36(e’ +1) 0= 5315
1
Ls(t) = s Ly=—.
3(8) NT: =
1 7-_1 7-_2 1"7:/2
ItlseasytoseethatL1—7— 2= 155 3:E,E%(—1)—W~042 E1( ( ) )~ 0.52,
F(i)_§f~0.89,
3 Ly (L1 + Lako + L3ho)
X+ E (D) o TG
+EL=DINIEL (=(5)2)] (3)
3 i L+L+lxl
~ 2 7275749 e ¢
1+0.42\0.52 0.89

Then by Theorem 3.1 problem (4.1) has a unique solution.

Example 4.2 Consider the following impulsive antiperiodic problem:

<p3 u(t) + u(t) = (7§ ‘/? 16\/ﬁ)1+\u @l 166[ s1n(f0 sin(t — s)u(s) ds)
16\/7(:0 (f 1+t5ds) le [0:1]\{5}1 4.
o ud) (42)
S
u(0) = —u(1),
where

t+1 1 ) |u| Jt+1 1

3
(t,u,v,w) = ( + sinv 4+ ———cosw.
f 16 167t +1

+
1+ |ul leet 167t +1
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By computation we obtain

3 3
JE+1 1 JE+1
[f(t, u, Tu, Su)| < * +— + *
16 164/t +1 16
<$/t+1 1 >(” | 1)
+ u|lpc +1).
16 167t+1 re

llallpc +

1
——|ul|
671 ¢

Let u(t) = Vird | 16\3}?1, o= %, and o(r) = r+1. Then liminf,_, o, @ =land L4 = ﬁ Thus,

1, ¥ 1 \3 1
{ % +[f0( 1 +16§/m) dt]S} 3 ~095<«1
Ey DN rydhy-d JIHEED
-3

By Theorem 3.2 problem (4.2) has at least one solution.

5 Conclusion

In this paper, we are concerned with the existence and uniqueness of solutions for impul-
sive fractional integro-differential equation of mixed type with constant coefficient and
antiperiodic boundary condition. The paper has several new features. First, we consider
the impulsive fractional integro-differential equation of mixed type, that is, the nonlinear
f involves linear operators T and S. The second new feature is that we studied antiperiodic
boundary value problems with constant coefficients. Our results are based on the Banach

contraction mapping principle and the Krasnoselskii fixed point theorem.
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