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1 Introduction
In this paper, we investigate the existence of solutions for an impulsive fractional Dirich-
let boundary value problem with a p-Laplacian operator and a controlled parameter as

follows:

D5, (0D u(t)) + a(t)u(t) = f (¢, u(t)) + ub(t)|u(t)|"u(t), ae.te],
AT, (0D2u)) = [(u(t), j=12,...,mmeN, 1.1)
u(0) =u(T) =0,

where a(¢), b(t) € C([0, T],R); f(t,u) € C([0,T] x R,R); u € (0,00), p € (1,00), a € [%,1),
Ve [1:19 - 1to=0<ti<ty< - <tm<tma=T;]=[0,T]\ {tr,t2,.... tm}; ¢p(s) = |S|p725
(s#0), $,(0) = 0; I € C(R,R);

AT 8 (0DFu(®))) = dr' 9y (DY u(t))) = oI~ (5D u(t7)),

A7 by (BDttx”(t;)) - tlinzl‘f tIIT-aqu ((C)D(tx u(tj))’
7

0, D)) = Jlim I 70, (D).
7

In the recent years, more and more fractional mathematical models have occurred in many
application fields (see [1-4]). It should be pointed out that Leszczynski and Blaszczyk [5]
took advantage of the fractional mathematical model to show that the height of granular
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material of silo decreases over time as follows.
D% (oDYH*(2)) + BH*(H) =0, te[0,T], 1.2)

where « € (0,1), {DY. represents the right Caputo fractional derivatives, Dy denotes left
Riemann-Liouville fractional derivatives, /#*(¢) = hpeq — k() in which k() and hpeq stand
for falling height of the granular bed relative to empty silo and the initial bed height, re-
spectively.

Some classical nonlinear functional methods have been applied to investigate solvabil-
ity of boundary value problems for fractional differential equations such as fixed point
theorems (see [6-9]), coincidence degree theory (see [10—12]), etc. Recently, the operator
¢D%.oDY with the classical Dirichlet boundary condition possessing variational structure
has been presented in [13], in which the following fractional differential system was con-
sidered:

D (0DYu(t)) = VE(t,u(t)), ae.tel0,T],
u(0) =u(T) =0,

(1.3)

where o € (0,1]; F(¢,u) : [0, T] x RN — R satisfies the classical Carathéodory condition.
It should be mentioned that ,Dju = (D% and (Dfu = {Df when u(0) = u(T) = 0. Based
on the mountain pass theorem and under F(t, u) satisfying a class of superlinear growth
conditions and the classical local Ambrosetti-Rabinowitz condition

1
0<F(t,u) < g(u, VF(t,u)), 0>2,|lul >MoruecR\{0}, (1.4)

where 0, M > 0 are constants, the existence of weak nontrivial solutions was proved when
o€ (%, 1]. Infact, ifx € (%, 1], the so-called fractional Sobolev space Eg’z is compactly em-
bedded into C([0, T], R). Thus, the proof is more clear. Torres [14] gave the further study
on this type problem when N = 1. Chen and Liu [15] extended the corresponding results
on (1.3) to a p-Laplacian operator case where 1 < p < co. Moreover, Bergounioux et al.
[16], Idczak and Walczak [17] and Jin and Liu [18] devoted their works to perfecting a
fractional-type Sobolev space. It should be pointed out that Bonanno et al. [19] investi-
gated the following impulsive fractional Dirichlet boundary value problem:

DT (EDYu(t)) + at)u(t) = Af(t,u(t)), ae.te],
AG(EDYu(ty))) = nLiu), j=12,...,m, (1.5)
u(0) =u(T) =0,

where a(t) € C([0, T],(0,00)), f(¢,u) € C([0, T] x R,R) and A, € (0,00), and proved the
existence of three solutions. For application of variational methods in boundary value
problems of integer or fractional differential equations with impulsive effects, please see
[20-27] and the references therein.

After that, by the gene property, Ledesma and Nyamoradi [28] studied the following
eigenvalue problem:

DT ¢ (0Df u(t)) = Adp(u), t€[0,T],
u(0)=u(T)=0

(1.6)
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and found that A := {A € R: A is an eigenvalue of (1.5)} is a nonempty infinite set, sup A =
oo and

T
DYu(e)|P de
fo |0 t ()| 50

)\.1 = m T
ueEg"\(0) [, |u(e)P dt

Moreover, in [28], based on the above results, the authors took further study of the fol-

lowing impulsive fractional Dirichlet boundary value problem with p-Laplacian operator:

D70, (0DYu(?)) + a(t)u(t) =f(t,u(t)), aete],
A9, (0D2u(t) = L), j=12,...,m, (1.7)
u(0) =u(T) =0.

For stating the main results of [28], we firstly introduce the following assumptions with
respect to f and Ij:

(HO) a(t) € C([0, T],R) and essinfic[o,1) a(t) > —A;.

(H1) f(t u) = o(|ulPt) as |u| — 0 uniformly for ¢ € [0, T].

(H2) There exist constants D > 0, 6 > p such that, for ¢ € [0, T],
0<OF(t,u) <uf(t,u) for|ul>D,

where F(t, u) = fouf(t, s)ds.
(H3) There exist constants d; >0 and y; € (p — 1,6 - 1),

|I,»(t)| <dj|t|V foranyteR.

(H4) For t large enough, I;(f) satisfy

0 /:Ij(s) ds > Li(t)t.

(H5) Forany t € R, I;(¢) satisfy

/ Ii(s)dt = 0.
0
(H6) Ij(u) and f(t, u) are odd on u.

Theorem 1.1 (see [28]) Assume that conditions (HO0)-(H6) hold. Then problem (1.7) has
infinitely many weak solutions.

Motivated by the works mentioned above, we take further study on this topic with the
concave-convex nonlinearity (1.1). For comparing our main result with Theorem 1.1, we

present the following assumed conditions and our main result.

(H2’) There exist constants D > 0, 6 > p such that, for ¢ € [0, T,

OF(t,u) <uf(t,u) for|u|>D
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and

\,Hg)F(t’ u) > 0.
(H3') There exist constants a;,d; > 0 and y; € [0,0 — 1)
‘I,»(t)| <a;+djt|V foranyteR.
(H7) There exist constants M, L > 0, 8 > 6 such that, for ¢ € [0, T],
F(t,u) < M|u|® for |u| > L.
Now, we describe our main result.

Theorem 1.2 Ifconditions (HO), (H1), (H2), (H3") and (H4)-(H7) are satisfied, there exists
a constant (L, > 0 such that problem (1.1) has infinitely many weak solutions for p € [0, (L)

Remark 1.3 It should be noted that (H2') occurred earlier in [29] and was used to deal
with multiplicity of solutions of fourth-order elliptic equations. Clearly, (H2') and (H3')
are weaker than (H2) and (H3), respectively. Moreover, if i = 0, (H7) can be removed.
Thus, our conclusion extends Theorem 1.1. Furthermore, if y; is located in € [0,p — 1) in
(H3'), (H4) can be removed. Noting that if p = 2, « = 1, one has

) ,
tD”}(|0D‘t"u(t) |p OD‘;‘u(t)) = tD‘;‘w(oD‘;‘u(t)) =-u.
Therefore, our main result also generalizes the corresponding result of [30].

Remark1.4 Here, [;(#) could be p-suplinear or p-sublinear growth. It becomes more gen-
eral than the previous papers (see [28] and [30]).

Moreover, we also consider the nonlinearity satisfying p-sublinear growth. We need the

following assumptions.

(H3”) There exist constants a;,d; >0 and y; € [0,p — 1)
ylj(t)’ <a;+djt|V foranyteR.
(H8) There exists a function v € E;” such that

1 (7 1 (7 ’
;/0 F(t,v(t))dt+;/0 b(8)|v(1)|" dt > 0.

lim sup

Ll =0, uniformly fort e [0, T].
lul>o0 U

Theorem 1.5 Ifconditions (HO), (H2"), (H8) and (H9) are satisfied, there exists a constant
w* >0 such that problem (1.1) has at least one weak solution for . € (u*, 00).
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2 Preliminaries

First, we show the basic definitions and propositions of fractional integral and derivative,
fractional-type Sobolev space. Let ||u||1» = (fOT lu(t)|P dt)l%' and [|¢| oo = maxseo, 7] |4(2)| be
the norms in L”([0, T], R) and C([0, T], R), respectively. The constant ¢ stands for a differ-

ent constant in different sentences.

Definition 2.1 ([2, 3]) Let f be a function defined on [4, b].
(i) The left and right Riemann-Liouville fractional integrals of order & > 0 for a

function f are defined by

L) = ﬁ / (£ -5 (s)ds,
b
tlgf(t) = ﬁft (s— t)ailf(s) ds, te€la,b],

provided the right-hand sides are pointwise defined on [a, b], where I' (@) is the
standard gamma function.
(ii) If ¢ = m, n € N, they become the usual definitions

ANf(t) = ﬁ/ (t—s)""f(s)ds,
b
dpf(t) = ﬁft (s—t)"f(s)ds, tela,b).

Definition 2.2 ([2, 3]) Let f be a function defined on [, b].
(i) The left and right Riemann-Liouville fractional derivatives of order « for a function
f denoted by ,Dyf(t) and D} f (£), respectively, are defined by

o dn n—-o o n dn n—-o
DO = SO, D) = (1 IO,
where t € [a,b],n-1<a <nandneN.
(i) Ifa =n—1, n €N, they become the usual definitions

DO =70, DO =0, teabl.

Definition 2.3 ([2, 3]) Leta >0 and n € N.

(i) Ifa € (n—1,n) and f € AC"([a, b], RN), then the left and right Caputo fractional
derivatives of order « for a function f denoted by Dy f(¢) and ;{Djf(t), respectively,
exist almost everywhere on [a, b], {D?f(¢) and {D}f (¢) are represented by

ar dar
DI =l f @), DO = (VU f(@, telabl

(ii) If ¢ =n—1and f € AC"!([a,b], RN), then D7}f (¢) and (D7 (¢) are represented

by

DY@ =), D@ = ()" V@), telab).
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Proposition 2.4 ([2,3]) Letn € Nand n—1<a <n. Iff is a function defined on [a, b], for
which the Caputo fractional derivatives D?f (t) and {D}f (t) of order a exist together with
the Riemann-Liouville fractional derivatives ,Dff(t) and [D3f (t), then

n-1 1 )

<Dif(8) = Dif(8) - Z %(t -a)™, telab], (2.1)
j=0
n-1 1 b )

DEF(0) = DY) - 3 %(b o, telabl 22)

j=0

Remark 2.5 In view of (2.1) and (2.2), it is easy to find that { DY u(t) = oD u(t), (D5 u(t) =
«DGu(t), t € [0, T] by u(0) = u(T) = 0.

Proposition 2.6 ([3]) We have the following property of fractional integration:

b b
f [15f(@)]g(t) dt = f [Lig®)]f () dt, «>0,

provided that f € I7([a,b],RN), g € L1([a,b],RN) and p > 1,q>1,1/p+1/g <1+« or
p#Lq#L1/p+1llg=1+a.

Definition 2.7 ([17]) Let 0 <@ <1and u,v € L'[0, T]. For any ¢ € C3°([0, T],R), we have

T T
/ v dt = / u: D% dt,
0 0

so v is said to be an a-weak fractional derivative for u, and there exists a left Riemann-
Liouville derivative such that v = ¢ Df u.

Define the following fractional-type Sobolev space:
E? ={ueI?([0, T, R) : oDfu € L7 ([0, T],R)}

with the norm

T T 1/p
letllayp = ( /0 loDu(t)|” dt + /0 lu®)|’ dt) ) (2.3)

Based on [17], if 1 < p < 00, it is a reflexive and separable Banach space. Moreover, E;”
represents the closure of C5°([0, T, R) in the norm of E%?. So, E P E*P is also a reflexive

and separable Banach space. Clearly, £;” becomes the well-known space Wé’p wheno =1.

Lemma 2.8 ([13]) Let 0 < <1land 1< p < oo. For all u € E;*, we have

Ta
lullr < Tatl) loDf ] - (2.4)

Moreover, ifa > zl’ and’% + % =1, then

Ta—l/q

(@)(qla —1) +1)Va loDzu] - (2.5)

lelloo =
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Based on (2.4), we can consider Ey* with respect to the norm

T 1/p
ltlla,p = ( f loDZu(t)| dt) = |oDful|,,, VueEy”, (2.6)
0

and (2.3) is equivalent to (2.6).

For our problem, we define a new norm in Ey” by

T T 1/p
llull = (/ loDfu(t)|” dt + / a(t)|u(®)]” dt) ) (2.7)
0 0

Since essinfycjo 77 a(t) > —A1, following [28], the norm | «|| is equivalent to [|[ly,p.
Proposition 2.9 ([13]) Let0 < <1landl < p < 00. Assume that o > }7 and the sequence u,,

converges weakly to u in Ey”, i.e., u, — u. Then u, — uin C([0, T],R), i.e., |ty — t||c — O,

n— Q.

Based on the above proposition, there exists a constant S > 0 such that |u|, < S|u].
For v € E;”, multiplying the two sides of equation (1.1) by v and integrating from 0 to T,

one has

T T
/0 tD"}d)p(oD‘t"u(t))v(t) +f0 a(t)(bp(u(t))u(t)v(t) dt
T

T
—fo f(t,u(t))v(t)dt—u/ £)|u)|” 2u()v(t)dt = 0

Based on Proposition 2.6, we have
T
/ D5, (0 Df u(8))v(2) dt
0
m tj+1 )
S / W(0) d[ 15 by (s DF (1))
j=0 V¥

= _Z L7 ¢p (o DY ult) v(t)|”1 + Z / &p (oD% u(t))oDi v(t) dt

j=0

(7 Dp (o D u(8]))V(&) = ol 6 (oD u(8) (5

~
I
—

T
+/ &p (oD% u(t))oDi v(t) dt
0

T
= ()it + / (o D))o D2 (E) .

Now, we describe the definition of weak solution of (1.1).



Liu et al. Boundary Value Problems (2017) 2017:175 Page 8 of 18

Definition 2.10 Let u € E;” be a weak solution of (1.3) if
T T m
/ dp(o D5 u(t)) oD v(t) dt + / a(t) ey (u(0)) u(O)v(t) dt + le(u(t/))v(tj)
0 0 =

T T
- /O fEu@)v@e)dt—p /0 b(t)|u(t)|”‘2u(t)v(t)dt=0

holds for any v € Ej”.

Define the functional ® : E;” — R by

u(t
= —||u||P+Z/ dt—/TF(t,u(t))dt—%/(;Th(t)|u(t)|vdt.

Based on the continuity of f and J;, following [31], one has ¢ € C'(Ej”,R). Forany v € E;”,

we can get

T T m
(dD’(u), v) :/0 tD‘;‘w¢p(0D‘;‘u(t))V(t)+/O a(t)d)p(u(t))u(t)v(t) dt+ZI/(u(tj))v(tj)
j=1
T

T
- / f(t,u@®) (e dt — / b(0)|u@)|" " u(e)(e) dt.
0 0

Therefore, the weak solutions of problem (1.1) are the corresponding critical points of ®.

In order to obtain our main results, we introduce the following tools.

Definition 2.11 ([32]) Let X be a Banach space and ® € C!(X,R) satisfy ®(—u) = ®(u),
ueX. Let

Y= {A C X —{0} | A is closed in X and symmetric with respect to 0}.
The genus of A is defined by

inf{n € Z, | there exists an odd mapping ¢ € C(A,R" \ {0})},
)/(A) = 0, A= @1

+00, when ¢ is non-existent.

Lemma 2.12 ([32]) Let n,k € N. The properties of the genus y are as follows:
(i) If X=X ® Xy, dimXy =k, y(A) > k, then AN X, #0;
(i) If Q2 is a symmetric bounded domain near zero in R", there exists a mapping
h € C(A, d2) with odd homeomorphism such that, for A € X, then y (A) = n;
(iii) Ify(A) =k, 0 & A, then there exist at least k pairs of different points in A.

Lemma 2.13 ([32]) Let X be a Banach space and ® € C*(X,R) satisfy ®(-u) = ®(u), u € X.
The pseudo-index is defined by

i*(A) = inf y(Aﬂh(aBl))

heAy(p)
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where

Ay (p) = {h € C(X,X) | his an odd homeomorphism,
for some p > 0,h(B;) C ®7(0,00) U Bp},

AeX*={A e X |Aiscompact}.

Suppose that © satisfies the (PS).-condition and
(i) there are constants p,o > 0 such that <D|X1Ln33p > o for the subspace X; C X,
dlle = mjy;
(ii) there is a subspace X, C X, dim X, = my > my, [ > 0 such that ®(u) <0, Vu € X, \ B;.

Then ® at least possesses my — my pairs of different critical points:

¢t = inf sup ®(u).
"= uiaL, Sup e )

Definition 2.14 ([32, 33]) Let X be a real Banach space with its dual X* and ® € C'(X, R).
For any {u,} C X, {u,} has a convergent subsequence if ®(u,) is bounded or ®(u,,) - ¢,c €
R and ®'(u,) — 0 as n — oco. Then we say that ®(u) satisfies the Palais-Smale condition

or the Palais-Smale condition at the level ¢ ((PS)-condition or (PS).-condition for short).

Lemma 2.15 ([34]) Let E be a real Banach space and ® € C(E,R) satisfy the (PS)-
condition. If ® is bounded from below, then c = infg ® is a critical point.

3 Main results

In order to prove the theorem, we need the following lemmas. Firstly, in E,”, we can
choose a completely orthonormal basis {e;}{5;,. Set Y; = Re;, Xy = @L Y, Xy = @i:'f Y;
and XkL = @f:kﬂ Y;, so W}’Z = Xkl ® X; and dim Xy,,-dim X = r, where r € N. b*(t) =
max{=£b(t),0}.

Lemma 3.1 If the assumptions of Theorem 1.2 hold, then ® satisfies the (PS).-condition
for u € (0,00).

Proof Let {u,},en C Eg’p such that ®(u,) — cand ®'(u,) — 0 as n — oo, which tell us the
fact that there exists a constant C > 0 such that |®(u,)| < C, || D' (u,,) ||(Eg’1’)* < C. Next, our
aim is to prove that {u,} is a bounded sequence in Eg’p. If not, we assume that ||u,| — oo
as n — oo. For any u € E;” \ {0}, let v, = Tiy» then v, is bounded in Ey”. From the fact
that Eg’p is a reflexive Banach space, we can find a subsequence of {v,} (called again {v,})
such that v, — vin Eg*, v, — v uniformly in C([0, T], R). By (H3'), we can get

T 1 M u(t) w [T ;
| Fewmar =i Y [ s0 a2 [ ol de- o)
0 p i1 /o v Jo

1 m m
i+1 i+1
< Sl + D aSllull + Y diST ||

Jj=1 Jj=1

M v v
+ 5 TS 1blloolle]” + C,
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which shows the fact that there exists ¢ > 0 such that

) T
lim,,_, o fo ?Lf;”””;,) dt<c fory,e[0,p-1),

lim,,_, o fOT Hi;(flil;:z‘ dt<c foryelp-1,6-1),
where y,. = max{y;}. From (H1), for any ¢ > 0, there exists a constant D; > 0 such that
[f(t,w)| < elul’™, |ul <Dy.
Therefore, for |u| < Dy, there exists a constant &; > 0 such that
’uf(t, u) — 0F(t, u)‘ <eg(1+0)uf.
For (¢,u) € [0, T] x [D4,D], we can find a constant ¢ > 0 such that
|uf(t, u) — OF(t, u)| <c,
which together with (H2') yields that

uf (t,u) — OF(t,u) > —&1(1 + 0)u? —c.

Based on (H4), there exists a constant ¢ > 0 such that
m un(fj) m
03 [ 50dt- Y ) = <
j=1 Y0 j=1

Therefore, we have

0C + Clluy|l = 0D () — (D' (1), )

9 ) m
= (Z=1)1u”+0 L) dt =S L (&) ) un(
(p )nu 1+ ,21/0 (0)dt ;,(u (1) i0n(t)
T
+ /0 (un(O)f (&, un(2)) — OF (£, un(t))) dit
_ T
0 ”L b(®)|wn(0)|” dt

T
> |luull? +/ (un(O)f (£, un(0)) — OF (£, un(2))) dt
0
6 — T
e RLGICI .
v 0
V4 P 0-v + v
> lunll? —er(1+0)T ||u, g, - MT ||b ||L1 el — c.
This shows the fact that there exists a constant ¢ > 0 such that

>c>0.

. . 12t |l o
lim ||v,|lco = lim
n—00 n—o00 ||u,||

Page 10 of 18

(3.1)

(3.2)
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Hence, we obtain v # 0. From (H2), for s € [D/|u|,1], |u| > D, one has

F(t,su)

f(t,su)su—OF(t, su)

s

a(757)-

Thus, for t € [0, T], we have

SG+1

lul®
which together with (H2') yields that
Fl(utl,p> > lu D9 me -pF(t,u) > 0o as|u| — oo fory; € [0,p - 1), 3.4
|u\(£:i)1 > lu Dy inf,-p F(t,u) = oo as|u| > ocoforyje[p-1,6 -1).

Based on Fatou’s lemma, one has

f F(t,uy)
v#0  |uylP

f F(t,un)
VA0 fuy 57T

In view of (3.3), we know F(t,

¢, & > 0 such that

[V |P dt — oo

asn— oo for y; € [0,p-1),

v, |7t dt — 00 asn— oo fory; € [p-1,6 -1).

u) > 0 for |u| > D, t € [0, T]. From (H1), there exist constants

F(t,u) > - —¢, ueR,te[0,T].
Let
O:= meas{t €[0,T]:v(t) = O}.
We have
-0 ”;"H’; dt > -6,870 - 155 fory; € [0,p-1),
Jreo Tu9r At = oy = gt fory € lp=1.0-1).
This means
liminf, . f,_, ”;“H’;,) dt>-oo fory e[0,p-1),
liminf, o f_, ”untu’;jjﬂ dt>-oo foryel[p-1,0-1).

Thus, we can obtain

T F(t,uy)
0 unl?

liminf,_, o

T F(tuy,)

liminf, . f, T

dt = hm infn—> (o] (fv:()

Een) gy

un P

v10) Tl
— oo forye[0,p-1),

dt_hmmf,ﬁoo(f -0 fv;zo

—o0 foryelp-1,0-1).

tun)
un 7
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This is a contradiction to (3.1). Hence, {u,} is bounded. By a similar standard argument as
the one in [15], we can show u, — u in Ey”. For the completeness, we state the proof as
follows. Based on the fact that E,” is a reflexive Banach space, {u,} has a convergent subse-
quence (named again {u,}) such that u, — u in Ey”, so u, — u uniformly in C([0, T], R).

Thus, we have

T
/0 (F (6 100(0)) = (60))) (1 (0) — (D) dt — 0, 11— 00, (3.5)
D (E(unt) = 5i(u)) (ualty) - u()) - 0, n— oo, (3.6)
j=1
T
./o a(t)(pp(un(t)) — dp(u(t))) (un(t) — u(t)) dt — 0, n— o0, (3.7)
T
/ b(t)(|u,,|"72u,,(t) - |un(t)|u_2un(t)) (u,,(t) - u(t)) dt — 0, n— oo. (3.8)
0

By @'(u,,) — 0 and u,, — u, we can obtain
(d>/(u,,) - ®'(u),u, - u> —-0, n— oo. (3.9)
Thus, we have

(CID/(u,,) - @' (u),u, - u)

T
_ /0 (6 (6010 (1)) = oy (D 1(0))) (o D21 (6) — o D¥(t))
T
+ /O a(t) (B (1) = by (1(0))) (1 (8) - u0)) lt
Y ((un®) - 5(u)) (a(t) - u(ty))
j=1

/ (F (& un(2)) = f (£ u(0))) (un(6) — u(t)) dt

T
u /O b (1O 100) = 100(0)]"100)) (10(0) - (1)) .

Based on [35], we have

T
/0 (60 (60100 (1)) — oy (s 5())) (o D110 (6) — o DF'u(0)) it

(3.10)

loDY un(t oD"‘u
cfo o DF Ol To Dl —dt, 1l<p<2.

{cff oD% 1, (2) — oDaM(t)|p dt, p>2,
>
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If p > 2, following (3.5)-(3.10), ||z, — u]| — 0, n — oco. If 1 < p < 2, by Holder’s inequality,

one has
T
/ oD% 1, (£) — o DEu(t)|” dt
0

T o o 2 14 _
oD% 14,,(£) — oD u(t))| )2 2p)
<c dt u,|| + llul]) % .
B </o (loDf un(t)] + loDf u(t)])*? (el + Tl

Thus, we can get
T
/o (5 (0D un(®)) = dp (0D u(t))) (0DF un(t) — o D ul?)) dit

c r ;
( /0 loDE 14,(£) — o D ult)F dt) :

Z -
(letnll + Nuel)>
Hence, one has ||u, — u|]| — 0, n — oo. Therefore, ®(u) satisfies the (PS).-condition. [

Lemma 3.2 [fthe assumptions of Theorem 1.2 hold, then there exist constants p, o, (ts > 0
such that CI)|XkLmaBp > o for € [0, ).

Proof By (H1) and (H7), for any ¢ > 0, there exists C; such that, forx e R, ¢ € [0, T,
F(t,u) <elul? + C.|ul?, (3.11)

which implies that

T T T
/F(t,u)dtfe/ |u|1’dt+Cg/ u|? dt
0 0 0

< eTS|\ull? + C, TSP |ul”.

Thus, from (H5), we can obtain

"o eu(t) T T
®(u) = %Hu”M;/o Ij(t)dt—/o F(t,u(t))dt—%/o b(t)|u(t)|" dt

T T
= [ Flouo) -2 [ o olue]ar

: __5
Choosing ¢ = Ty We have

v 1 —V -V M
o) > llull' | =llul”™ - C.TSP||ull P~ - =TS"||b*] 1 ).
6p v
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Let

1
y(t) = 6—#"” - C.TSPe#, ¢>o0.
P

By a simple calculation, we can find

[
p_[6PCsTS‘3(ﬁ—V)}

such that

. __B-p il
y(p) = I?anxy(t) " 6p(f—v) [6PC8TS/3(/3 - V)i| 7o

I

Ay
=

Thus, there exists a constant

_ vB-p [ p-v T_
6pTS'(B—v)||b* |, L6pCTSF(B-v)]

s

When u € [0, u,), we can find a constant o > 0 such that
Plyxtnos, =0 u

Lemma 3.3 Ifthe assumptions of Theorem 1.2 hold, then there exists a constant | > O such
that ®(u) <0, Vu € Xy, \ By for u € (0,00).

Proof For t € [0, T], we know that

lulf .
> .
F(t,u) ; ‘,Hl:f F(t,u)

Thus, we have

F(t,u) > klul’, |u|>D,te]0,T], (312)
where k = D™ inf|,_p F(¢,u) > 0. By (H1), there exist constants &3, ¢ > 0 such that

F(t,u) > —e3u” —¢, |u|<D,tel0,T]. (3.13)
Hence, one has

F(t,u) > klul® —Iu? —¢c, ueR,tel0,T], (3.14)

where [ = kD?~? + g5. Thus, for any u € Xi.;j, by the equivalence of the norms on the finite-
dimensional space, there exist constants /1, /, > 0 such that

1 m m 4 v
00 < lulf + D aSllull + Y STl + | u]l?

Jj=1 J=1

M v v
+ 5 TS b loolluell” + T -kl ||u]’,
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which implies ®(#) — —o0 as ||| — oo because of 6 > {p, y; + 1}. There exists a constant
[ >0 such that ®(u) <0, Vu € Xi,, \ B; for u € (0,00). a

Next, we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Based on the genus property and the definition of ¢}, we have, for
reN,

0 <cp<+00, r>=s>1
For all A € X%, we know that i*(A) > k +s. Let ki = p - id, then hy € A(p) and

y(AN9B,) =y (ANhy(dBy)) > inf y(A Nh(dBy)) = i*(A) > k.

heAx(p)

From (i) of Lemma 2.12, one has AN 9B, N X,ﬁ‘ # (). By Lemma 3.2, we have

sup®(u) > inf D(u)>o.
ueA u€dB,NX;-

Inview of the arbitrariness of A € ¥*,s0 ¢}, > 0. Based on Lemma 2.13, if k + s < dim Xy,

one has ¢, < +0o. Then we have

From Lemmas 3.1, 3.2 and 3.3, we know that (i) and (ii) of Lemma 2.13 and the (PS).-
condition are satisfied. Moreover, ®(u) = ®(-u) and ®(0) = 0. Thus, from Lemma 2.13,
®(u) possesses at least r pairs of different critical points. Since r is arbitrary and A, — oo,
r — 00, then problem (1.1) has infinitely many nontrivial weak solutions. O

Lemma 3.4 If the assumptions of Theorem 1.5 hold, then problem (1.1) has at least one
weak solution for j € (0, 00).

Proof In view of (H9), for any & > 0, we can find a constant K > 0 such that, for ¢ € [0, T,
F(t,u) <&lul’,  |ul =K.

Since f is continuous, there exists ¢ > 0 such that
F(t,u) <&|ul’ +c¢ for (t,u) € [0,T] x R.

From (H3"), we have

u(t T T
@(u)——||u||p+2/ I(t) dt - / (t,u(t))dt—%/o b(®)|u(e)|” dt

1 m m 4 , m
z 2l = D aSllull = Y STl £ T ull? = b7 " ul)” - €T
j=1 j=1
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Setting & = one has

1
2pTSP?

1 m m . . m )
Q) z o lul - D @Slull = 3 diST w7 = = b " ) ~ T
j=1 j=1

Inview of 0 < y; < p—1, it is easy to get that ®(u) — oo as ||u|| — 0. Therefore, ®(u) is co-
ercive, which presents the fact that ®(x) is bounded from below. Let {u,,} C E;” such that
®(u,) is bounded and ®'(u,,) — 0 as n — oo. Since O (u) is coercive, so {u,} is bounded. By
a similar way as Lemma 3.1, we can get that ®(u) satisfies the (PS)-condition. Therefore,
problem (1.1) has at least one weak solution for p € (0, 00). O

Next, we show the proof of Theorem 1.5.

Proofof Theorem 1.5 Letu, € Eg’p be a critical point of ®(u) such that ®(u,) = inng,p D (u).
Based on (H8), we can find a function v € Ey” such that

1 [T 1T

—/ F(t,v(t))dt+—/ b(®)|v(®)|" dt > 0.
" Jo vJo

Thus, we have

1 m
D) = —|Iv|I” +
>

V(tj)

T T
I/(t)dt—/o F(t,v(0)) dt—ﬁf b(e)|v(t)|" dt

_P vV Jo

1 m m T
=5 IvIP+ " aSivil+ Y disy v - / E(t,v(t)) dt
j=1 j=1 0

_ E/OTb(t)yv(t)\“dt.

v
Therefore, there exists

1 i+1 i+1
o pIIP+ 20 @SVl 3 ST vl

L [T E@v@)de+ L [ b@) v dt

such that ®(v) < 0 if > u*. Thus, ®(u,) = ¢ < 0, which implies the fact that u, is a non-
trivial weak solution of problem (1.1). O

4 Conclusion

In this paper, we are devoted to analyzing a class of nonlinear fractional differential models
generated by impulsive effects. By variational methods, we can find the range of controlled
parameters to ensure the existence of solutions for this type of differential model when
nonlinearity f is p-suplinear growth or p-sublinear growth. It should be pointed out that
if X = 0 and the nonlinearity f is p-suplinear growth, our results enrich and extend some
previous results.

Funding
This research is supported by the National Natural Science Foundation of China (11271364) and the Postgraduate
Research & Practice Innovation Program of Jiangsu Province (KYZZ16_0209).



Liu et al. Boundary Value Problems (2017) 2017:175 Page 17 of 18

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally in this article. They have all read and approved the final manuscript.

Author details
'School of Mathematics, China University of Mining and Technology, Xuzhou, 221116, PR. China. ?Department of
Personnel, China University of Mining and Technology, Xuzhou, 221116, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 21 August 2017 Accepted: 14 November 2017 Published online: 21 November 2017

References

1. Mainardi, F: Fractional diffusive waves in viscoelastic solids. In: Wegner, JL, Norwood, FR (eds.) Nonlinear Waves in
Solids, pp. 93-97. ASME/AMR, Fairfield (1995)

2. Podlubny, I: Fractional Differential Equation. Academic Press, San Diego (1999)

3. Kilbas, AA, Srivastava, HM, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)

4. Szymanek, E: The application of fractional order differential calculus for the description of temperature profiles in a
granular layer. In: Mitkowski, W, Kacprzyk, J, Baranowski, J (eds.) Advances in the Theory and Applications of
Non-integer Order Systems. LNEE, vol. 275, pp. 243-248. Springer, Cham (2013)

5. Leszczynski, J, Blaszczyk, T: Modeling the transition between stable and unstable operation while emptying a silo.
Granul. Matter 13, 429-438 (2011)

6. Chen, T, Liu, W: An anti-periodic boundary value problem for the fractional differential equation with a p-Laplacian
operator. Appl. Math. Lett. 25, 1671-1675 (2012)

7. Shen, T, Liu, W, Shen, X: Existence and uniqueness of solutions for several BVPs of fractional differential equations with
p-Laplacian operator. Mediterr. J. Math. 13, 4623-4637 (2016)

8. Shen, T, Liu, W: Existence of solutions for fractional integral boundary value problems with p(t)-Laplacian operator.
J.Nonlinear Sci. Appl. 9, 5000-5010 (2016)

9. Agarwal, R, O'Regan, D, Stanek, S: Positive solutions for Dirichlet problems of singular nonlinear fractional differential
equations. J. Math. Anal. Appl. 371, 57-68 (2010)

10. Jiang, W: The existence of solutions to boundary value problems of fractional differential equations at resonance.
Nonlinear Anal. 74, 1987-1994 (2011)

11. Kosmatov, N: A boundary value problem of fractional order at resonance. Electron. J. Differ. Equ. 2010, 135 (2010)

12. Bai, Z, Zhang, Y: Solvability of fractional three-point boundary value problems with nonlinear growth. Appl. Math.
Comput. 218, 1719-1725 (2011)

13. Jiao, F, Zhou, Y: Existence results for fractional boundary value problem via critical point theory. Int. J. Bifurc. Chaos
4(22),1-17 (2012)

14. Torres, C: Mountain pass solution for fractional boundary value problem. J. Fract. Calc. Appl. 1(5), 1-10 (2014)

15. Chen, T, Liu, W: Solvability of fractional boundary value problem with p-Laplacian via critical point theory. Bound.
Value Probl. 2016, 75 (2016)

16. Bergounioux, M, Leaci, A, Nardi, G: Fractional Sobolev spaces and bounded variation functions. arXiv:1603.05033

17. ldczak, D, Walczak, S: Fractional Sobolev spaces via Riemann-Liouville derivatives. J. Funct. Spaces Appl. 2013, Article
ID 128043 (2013)

18. Jin, H, Liu, W: Eigenvalue problem for fractional differential operator containing left and right fractional derivatives.
Adv. Differ. Equ. 2016, 246 (2016)

19. Bonanno, G, Rodriguez-Lopez, R, Tersian, S: Existence of solutions to boundary value problem for impulsive fractional
differential equations. Fract. Calc. Appl. Anal. 17(3), 717-744 (2014)

20. Zhang, Z, Yuan, R: An application of variational methods to Dirichlet boundary value problem with impulses.
Nonlinear Anal. 11, 155-162 (2010)

21. Tian, Y, Ge, W: Applications of variational methods to boundary value problem for impulsive differential equations.
Proc. Edinb. Math. Soc. 51, 509-527 (2008)

22. Sun, J, Chen, H, Liu, Y: The existence and multiplicity of solutions for an impulsive differential equation with two
parameters via a variational method. Nonlinear Anal. 73, 440-449 (2010)

23. Xu, J, Wei, Z, Ding, Y: Existence of weak solutions for p-Laplacian problem with impulsive effects. Taiwan. J. Math. 17,
501-515 (2013)

24. Bai, L, Dai, B: Three solutions for a p-Laplacian boundary value problem with impulsive effects. Appl. Math. Comput.
217,9895-9904 (2011)

25. Nyamoradi, N, Rodriguez-Lépez, R: Multiplicity of solutions to fractional Hamiltonian systems with impulsive effects.
Chaos Solitons Fractals 102, 254-263 (2017)

26. Nyamoradi, N: Multiplicity of nontrivial solutions for boundary value problem for impulsive fractional differential
inclusions via nonsmooth critical point theory. Fract. Calc. Appl. Anal. 18, 1470-1491 (2015)

27. Nyamoradi, N: Existence and multiplicity of solutions for impulsive fractional differential equations. Mediterr. J. Math.
(2017). doi:10.1007/500009-016-0806-5

28. Ledesma, C, Nyamoradi, N: Impulsive fractional boundary value problem with p-Laplace operator. J. Appl. Math.
Comput. (2017). doi:10.1007/512190-016-1035-6

29. Ye, Y, Tang, C: Infinitely many solutions for fourth-order elliptic equation. J. Math. Anal. Appl. 394, 841-854 (2012)


http://arxiv.org/abs/arXiv:1603.05033
http://dx.doi.org/10.1007/s00009-016-0806-5
http://dx.doi.org/10.1007/s12190-016-1035-6

Liu et al. Boundary Value Problems (2017) 2017:175 Page 18 of 18

30.
31
32.
33.

34.
35.

Zhou, J, Li, Y: Existence and multiplicity of solutions for some Dirichlet problems with impulsive effects. Nonlinear
Anal. 71, 2856-2865 (2009)

Rabinowitz, P: Minimax Methods in Critical Point Theory with Applications to Differential Equations. CBMS Regional
Conference Series in Mathematics, vol. 65. Am. Math. Soc., Washington (1986)

Chang, K: Critical Point Theory and Its Applications. Modern Mathematics Series. Shanghai Scientific and Technology
Press, Shanghai (1986)

Ekeland, I: Convexity Methods in Hamiltonian Mechanics. Springer, Berlin (1990)

Mawhin, J, Willem, M: Critical Point Theory and Hamiltonian Systems. Springer, Berlin (1989)

Simon, J: Régularité de la solution d'un probleme aux limites non linéaires. Ann. Fac. Sci. Tolouse 3, 247-274 (1981)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Analysis of a class of nonlinear fractional differential models generated by impulsive effects
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Conclusion
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


