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1 Introduction and main result
We consider a semilinear viscoelastic wave system with nonlinear damping and source

terms,
t
Uy — AU+ / gt —1)Au(t)dr + |u|"  u; = fi(u,v), x€Q,t>0, (1)
0
t
Ve — AV + / h(t —t)Av(T)dt + |ve| v = folu,v), x€Q,t>0, 2)
0

subject to null Dirichlet boundary and initial conditions

u(x,t) =vix,t) =0, x€9Q,t>0, (3)
u(x, 0) = MO(x)l ut(xr O) = ul(x)! ( )

4
v(x, 0) = vo(x), ve(x,0) =11 (%), x€,

where Q@ ¢ RN (N > 1) is a bounded domain with smooth boundary 8%, m > 1,
r > 1, and the relaxation functions g : R* — R* and 4 : R* — R* are positive non-
increasing. Problems of this type arise in viscoelasticity and systems governing the
longitudinal motion of a viscoelastic configuration obeying the nonlinear Boltzmann
model.
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During the past decades, there has been much work dealing with the well-posedness
and qualitative properties of solutions for damped viscoelastic wave equation. In this pa-
per, we would like to investigate the blow-up phenomena with high initial energy for a
semilinear damped viscoelastic wave system. To motivate our work, let us recall some
results regarding viscoelastic wave models. For the single viscoelastic wave equation,
we refer the reader to [1, 2] (the case g = 0) and [3-7] (the case g # 0), where blow-
up solutions with initial negative energy, positive energy and arbitrarily positive energy
are [1-7], respectively. Moreover, for general energy decay estimates on global solu-
tions of a nonlinear abstract viscoelastic equation with variable density and the oscil-
lation criteria and numerical solution of damped wave models, we refer the reader to
[8-10].

Concerning wave systems without viscoelastic term (g = 0), Agre and Rammaha [11]

investigated the following coupled semilinear wave system with nonlinear damping terms:

m-1 p-1 23 pil
Uy — A+ |ty u,:(p+1)[a|u+v| (u+v)+blu| = ulv| 2 ],

1 -1 g3 e
Vie — AV + v vt:(p+1)[a|u+v|p (x+v)+blv| 2 viu| 2 ],

in @ x (0,00), where Q C RN (N =1,2,3), m>1,r>1,a>1,b>0, p> 3. Using the
Galerkin method and the method in [2] different from the concavity method we already
know, that is, differential inequality techniques, they determined local and global existence
of weak solutions and showed that any weak solution with negative initial energy blows up
in finite time. Thereafter, Said-Houari [12] considered the blow-up result for a larger class
of initial data with positive initial energy combining potential well method and differential
inequality techniques ([2]). Pigkin [13] studied a coupled semilinear Klein—Gordon system

with nonlinear damping terms,

-3 +1
Uy — A+ miu+ g™ us = (p + 1)[a|u VP u+v) + b|u|pTu|v|pT],
-3 +1

Vit — Av+ v + v v, = (p + 1)[a|u +vP N u+v)+ blvlpTv|u|pT],
in Q x (0,00), where Q C RN (N =1,2,3), m>1,r>1, m,my >0, a,b>0, p>1.
The decay estimates of the solution are established by using Nakao’s inequality. Mean-
while, similar to [2], he also proved the blow-up of the solution in finite time with neg-
ative initial energy, using the technique of appropriate modification for energy func-
tional.

In the presence of the viscoelastic term (g # 0), Han and Wang [14] discussed semilinear

coupled viscoelastic wave system with nonlinear damping terms,

t
un—Au+/ gt =) Au(t)dt + lu, " uy
0
-3 +
:(p+1)[a|u+v|1"1(u+v)+b|u|pTu|v|pTl],
t
Ve — Avt / h(t - ) Av(r) de + v, v,
0

-3 +1
=+ Dalu+vP (w+v)+ blvlpTvlulpT],
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in Q x (0,00), where Q C RN (N=1,2,3), m>1,r>1,a>1,b>0, p> 3. They estab-
lished several results concerning the global existence, uniqueness and finite time blow-up
of weak solutions with negative initial energy by utilizing the Galerkin and the concavity
method. Recently, Messaoudi and Said-Hauari [15] dealt with our problem (1)—(4) and im-
proved the result in [12] to a larger class of initial data for which the initial energy can take
positive values. Besides, for the work on quasilinear wave equations, we refer the reader
to [16—18] and the references therein.

In view of the work mentioned above, one can find that research on the blow-up phe-
nomena of the solutions with high initial energy for a semilinear damped viscoelastic wave
system (1)—(4) has not been started yet. Since the viscoelastic terms, nonlinear damp-
ing and source terms are included in the system, the classical method employed in sin-
gle equation cannot be directly used to prove the blow-up result. The main difficulty of
the present paper is to find the technique to deal with nonlinear damping and source
terms. In order to overcome the difficulty, combining an argument of contradiction, prop-
erty of convex function ([7]) and important inequalities in [15] (cf. Lemma 2.1), we con-
sider problem (1)—(4) and prove a blow-up result of certain solutions at a high energy
level.

Firstly, let us present some notations and assumptions used throughout this article.

Taking

filu,v) = [u|u + P (1) + blulpu|V|p+2],

falu,v) = [a|u + P (4 v) + blvlpv|u|”+2], a,b>0,
one can easily verify that
ufi(u,v) + vh(u,v) = 2(p + 2)F(u,v), Y(u,v) € R2,

where

1

Flu,v) = 2p+2)

[alu +v]*P*? + 2b|uv|P2)].

For the relaxation functions g(s), /(s) and real number p, we give the following assump-
tions:

(H;) g€ CY([0,00]), h € CL([0, o0]) are nonnegative functions satisfying

o0
g(s) <0, 1—/ g8)ds=1>0,
0

H(s) <0, 1—/ h(s)ds=k>0.
0

(Hy)
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Remark 1 Condition (H;) is necessary to guarantee the hyperbolicity and well-posedness
of the system (1)—(4).

Note that we easily obtain the following local existence and uniqueness of weak solution
for problem (1)—(4) by using the Faedo—Galerkin approximation methods and the Banach
contraction mapping principle, which is similar to [2] with slight modification. The pro-
cess of this proof is standard, so we omit it here.

Proposition Under the assumptions (Hi) and (Hy), let the initial data (uo, u1) € H} (Q2) x
L%(2) and (vo,v1) € H}(R2) x L*(RQ) are given, then the problem (1)—(4) has a unique local
solution

(u,v) € C([0, T); Hy(R)) x C([0, T}, Hy(R)),
(us,ve) € C([0, TLA(R2)) N L™H(Q x (0, T)) x C([0, T L*()) N L™ (2 x (0, T)),
for the maximum existence time T > 0, where T € (0, 00].

The energy related to problem (1)—(4) is

1 1 t
E@®) = 5(||ut||§ +[vell3) + 5(1 —/ g(s)ds)nwn%
0

. %(1 _ /Oth(s)ds) IVv2

+ %[(go Vu)+(ho VV)] —/;ZF(u, v)dx, (5)

where
(g0 V(D) = / gt =) |ve) - (D) dr.
0

Now we are in a position to state our main result.

Theorem 1 Under the assumptions (H,) and (H,), assume that m > 1, r > 1, 2(p + 2) >
max{m + 1,r + 1}, and

max{/mg(s) ds, /oo h(s) ds} P+t ©6)
0 0

1
p+1l+ e

Let (u,v) be a solution of Eqs. (1)—(4), satisfying

/ u(0)u;(0) dx + / v(0)v,(0) dx > ME(0) > 0, 7)
Q Q

then (u,v) blows up in finite time, where

1

1- ¥

Mm=-2 § ,
o+ 1\ 2¢cp80(p +2)
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1
g0 € (0,1) is a root of the equation 2~ (——=)o% = 2220=%0) g

o+1 \2¢pe0(p+2) a(eg)
o = max{m,r}, o* = min{m,r},
2(p+2)-(0+1) . 2p+2)-(0"+1)
TTapd-2 0 T apen-2
ale) = 2\/((,9 +2)(1-g)+1) (k(s)x1 - %)
— min{k, /
k(e) = ((p +2)(1-¢) - 1) min{k, [} - 41p+m21—)12{1—(}9)’

A1 being the first eigenvalue of —A.

The outline of the paper is as follows. In Sect. 2, we introduce three lemmas related to
the study of problem (1)—(4). Section 3 devoted to the proof of our main result.

2 Preliminary results
In the section, we give some lemmas which are useful for the proof of our blow-up result.

Lemma 1 Assume (H;) and (Hy) hold. Let (u,v) be a solution of (1)—(4), then E(t) is non-
increasing, that is, E'(t) < 0.

Proof By the multiplier method, multiplying (1), (2) by u,, v;, respectively, and then using
(5), we get

4 m r 1 1
E(0) = ~(luellit + Ivel) - 501 Vall3 = Sh@IVvI

m+1 r+l

+=[(g' o Vu)(®) + (H o V¥)(®)],

N =

for £ > 0, E'(t) < 0. Moreover, the following energy inequality holds:

E'(t) < —(lluellyiy + Ivellyi1), V=0 O

+ r+l

Lemma 2 ([15], Lemma 2.1) There exist two positive constants cy and ci such that

Co

1 2(p+2) 2(p+2) 8
TS (P22 + v 20?). (®)

c
2(p +2)

(lu?®*2 4 |v2E+D) < F(u,v) <

Next, we present the following crucial lemma which repeats the same one of Han and
Wang [14], Theorem 2.4, with slight modification, so we will omit its proof.

Lemma 3 ([14]) Under the assumptions (H;) and (H,), assume thatm > 1,r>1,2(p +2) >
max{m + 1,7 + 1} and satisfying (6). If Ity > 0 such that E(ty) < 0, then the solution of the
problem (1)—(4) blows up in finite time.

3 Proof of Theorem 1
In the section, using an argument of contradiction and the property of a convex function,

we prove our main result.
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Proof of Theorem 1 Assume (u,v) is a global solution of problem (1)—(4). Multiplying (1),
(2) by u, v, respectively, and integrating over €2, we derive that

t
(44, 1) + ||Vu||§—f g(t—t)/ Vu(t)Vu(r)dxdr+/ || Y u,u dx
0 Q Q
:f uf1(u,v) dx,
Q
t
(VmV)+||VV||§—/ h(t—r)/ Vv(t)Vv(r)dxdr+/ |vt|’_lvtvdx:/ vo(u,v) dx.
0 Q Q Q

Thus the following equalities are obtained:

D) =t —1vui2 + | e —
dt(u,ut)—||ut||2 ||Vbt||2+/0 glt r)LVu(t)Vu(r)dxdr+/Quf1(u,v)dx

- [ bl ©)
Q
d L
— ) = ||vt||§— ||Vv||§+/ h(t—r)/ Vv(t)Vv(t)dxdr+/ vo(u,v) dx
dt 0 Q Q
—f v " v, v dax. (10)
Q

Using the Cauchy inequality, we estimate the third terms on the right side of (9) and (10),
for Ve € (0, 1),

ftg(t - r)/ Vu(t)Vu(r)dxdt
0 Q

= ftg(t— t)/ Vu(t)[Vu(r) - Vu(t)] dxdt + ftg(t)dr||Vu||§
0 Q 0

2 +2)(1-¢) 1 ! 2
- 2200 gy - m/o @) de | Vull?
: fo @) de|Vul?, an

/th(t— ‘L')/ Vu(t)Vv(t)dxdr
0 Q

:fth(t—f)/ Vv(t)[Vv(t)—Vv t) dxdt+/ h( r)a,’t||Vv||2
0

0

20 +2)(1-¢)
z—f(hon)(t) 4(p+2)(1 /0‘ h(t)dt||Vv|3
+/(; h(zr)dr||Vv||3. (12)

Combining (11) and (12), we derive that

d d t t
S+ v) = —(1 —/0 g(s)ds) I Vull5 - (1 —/0 h(s)ds)nwné

g2+ el - w«go Vau)(®) + (h o Vv)(0))
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1 1 /t 2
_ - - v
Jyr s o | e dmivag

1 t
- ————— | h(r)dr||Vv|; - ml, g
4(p+2)(1_8)/0 (r)dz|IVvi; ,/me' s do

+2(p+ 2)/ F(u,v)dx. (13)
Q

For the right side of (13) to add 2(p + 2)(1 — ¢)E(¢), one can get

d

p (v, v1)

d
(u,ur) + o

> ((p+2)<1—e)—1)<1—/0 g(s)ds)nwn%

(0421 =)+ ) (]2 + Ivel) —/ e g
Q
((p+2 -& —1)(1 /Oth(s)ds)HVVH%—/Q|vt|'_1vtvdx

+2(p + 2)8/ F(u,v)dx—2(p +2)(1 — €)E(t)
Q

1 4 9
- m/o g(r)dr||Vully

1 t 9

For the third and fifth terms on the right side of (14), Holder’s and Young’s inequalities

give us

luljtl  —ml m
/W" tndx| < Nl gl < e e T
By the convexity of the function ”7y iny, for u > 0 and y > 0, we have
2(p+2)
llacllety <0 N3 +(1-6) 12l 554)
m+l — 2 20 +2)’
where 6 = W then one can get
2(p+2)
I oo m
w|" tuudx| <6 1-6 re; o ——— w7 15
[t ] < +(1-) ol 03
Similarly,
2(p+2)
||v||2 IVlgin) = r
vl tvvdx| < n +(1- +e T ——|v 1 16
[ tvwas| <e; ) R Rl 5 (16)
where n= 2(p+2)—(r+1)

2Ap+2)-2
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Take

o = max{m,r}, o* = min{m, r},
_2(p+2)—(c7+1)

§= 2p+2)-2

. 2p+2)-(0"+1)

5= 2p+2) -2

By (14)-(16) and Lemma 1, we have

d _o ;rl
—((u, u) +,v)—¢ 7 —E(t)>
d o+1
a*+1
((M, ug) + (v, Vt)) + & o m(llutllﬁii + ||Vt||:ﬁ)

+1

e om r+l
(wue) + (v,ve)) +&, ™
m+1

i or
1
il +er T —— el

d
=
d
=
> ((p+2)@—e) + 1) (lluell3 + vell3) = 2(p + 2)(1 - £)E(2)

+ 2(p+2)8/ F(u,v)dx
Q

oo (o 11 13555\ _ ren (1713 IVl
—g” (9 5 +(1-9)2(p+2))—s1 ( +(1- )2(p+2)>
t 1 P )
+(((p+2)(1—8)_1)(1—/(; g(s)dS)—m»/O g(T)d‘L')||Vu”2

+ (((p+2)(1—8)—1)(1—/0 h(s)ds) —m/() h(r)dr)nwug.

For the formula above, using Lemma 2 and the Poincaré inequality, we get

+

_J*

;;((u w)+ W, v)—¢e; ° : Jj 1E(t))

*|

> ((p+2) 1 —&) + 1) (lluell3 + vell3) = 2(p + 2)(1 - £)E(t)

2(p+2) 2(p+2
+eoe(llullsls) + IvI5ee)

1-1 )

+ (((p+2)(1 -&)-1)l- m)nwn2
o (1213 oz
-& (0 5 +(1—9)2(p+2))

1-k ,
+ (((p+ 2)(1 - 8) - l)k— m)”Vl’”z

2(p+2)
_ €r+1 ”V”z ( _ ) ” ||2(p+2)
! 2(p +2)

m+18
> ((p+2) (1 — &) + 1) (luell3 + llvell3) + (kl(e)xl - 512 )nun%
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r+1

+ (kz(S)M - 812 n) VI3 - 2(p + 2)(1 - &)E(2)

8m+1( ) . 8r+1(1 ) .
+ (coe T )n e + < - 5013 )n [t (17)
where k() = (p +2)(1 —¢) - 1)] - m, kye)=((p+2)(1-¢)-1)k- ﬁ Al

being the first eigenvalue of —A.
1
Take &; = (2“’%(’;*2))"*_%, we have

d JatS RS
p ((M, u) + (v, ve) —e; 7 mE(t)>

> ((p+2)@—e) + 1) (lluell3 + vell3) = 2(p +2)(1 - £)E(£)

8m+19 8r+177
+(k1(s)x1— 12 )||u||§+(kz(s)xl— 12 )nvn%,

. (18)
d () + (v, v0) 2c0e(p+2)\ o o E)
E(M,M1+V,Vt—< 1-¢& ) o+1 )
> ((p+2)A =)+ 1) (luelly + vel3) - 2(p +2)(1 ~ )E(2)
+ (satern - C"ﬁ’%”) Jul + <k2(s)x1 - “ﬁ”%) vl
Since
0 0 p+1l
ds, h(s)d. _
max{/0 g(s)ds /0 (s) s} <p+ I 4(p+2)
1-1
S1=02p+2) - )1—2(1“2) >0,
1-k
=(2(p+2)-2)k - 2052 >0
Then we can take ¢ small enough such that
ki(e)hs - @ >0,
ka(e)hs — @ >0,
The Cauchy inequality gives us
(2100« Dt (kerns - 2220 ) g
22\/((p+2 1-£)+1) (k iy — C"Eip +§2)0)(u,ut), (19)
(s 2= + )l + (ko - L2 20 )oi
> 2/ (r+ 200-e) 1) e = L2 ), (20)
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Combining (19) and (20), we get

d 2¢oe(p +2) = g
E((u,utﬂ(v,vt)—( Tt ) o+1E(t))

> o (e)(u, uy) + 02 () (v, vr) — 2(p + 2)(1 — €)E(t)
2(p +2)(1 - S)E(t))’

a(e)

> a(e) <(u, ur) + (v, ve) =

where

aie) = 2\/((10+ 2)(1-¢)+ 1)(/@(8»1 _ M)

1-§

a(e) = 2\/((10 +2)(1-g)+ 1)(/(2(8»1 _ M)

1-¢
coe(p + 2)&*
1-¢ )
1 — min{k, [}
4p+2)(1-¢)

ale) = 2\/(([9 +2)(1-¢)+ 1) (k(s)kl -

k(e) = ((p +2)(1-¢) - 1) min{k, [} -

It is easy to see that

2¢oe(p + 2))_%* o

a(e) = /2(p + 3) min{81, 8541, < 1-¢ o+1

2(p+2)(1-¢) 2(p +2)

— , ase—0".
a(e) V2(p + 3)min{81, 85}

On the other hand, by the definition of k(¢), we have

k(e)1 - % N,
coe(p + 2)&* min{dy, 82} A1
1-¢ 2

k(e) = —o0, ase — 17,

k(S))\.l -

, ase— 0"

Hence, there exists ¢, € (0,1) such that

a(e,)=0 and a(e)>0, Vee(0,¢,).

This implies that

2p+D(A-e)

a(e) = 0, ()

(2608(p+2))f%* o _)(Zcoa*(p+2)>f%* o

1-¢ o+1 1-¢ o+1’

Page 10 of 13

(21)

— +00,

(22)

(23)

ase —¢,.
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Using (22), (23) and the continuity in ¢ of 2(‘“2)5 1-¢) and (200‘2(‘”+2 )"o% 25, there exists & €
(0,&,) C (0,1) such that

2oso(p+2)\ 7 o 2p+2)(1-s)
( 1-¢ > o+1 a(sg) ’

Then (21) can be rewritten as

i <(u, uy) + (v, vy) — (26080(}7 hl 2))‘0* g E(t))

dt 1-¢ o+1
a(eo)(w, ) + ()~ (ZC"S‘)(’” ' 2))_”* (t)) (24)
1-¢& o+1

Now, setting H(¢) = (u, u,) + (v, v;) — (ZCO‘EO(”J'2 )_7 —2=E(t). Then we exploit (7), this tells us
that

H(0) = /Q 1(0)14,(0) dx + /Q 1(0)v,(0) dax — (260810(_”; 2))”_* 215(0) >0
and

iH(t) > a(gg)H(t) (25)

dg V= TR

A simple integration of (25) over (0, £) then yields
H(t) = e**"H(0), Vt>0.

Since (u,v) is global, by Lemma 2 and Lemma 3, for £ > 0, we have 0 < E(¢) < E(0). Hence,
we obtain

(4, 1z) + (v, V) > O H(0).

So, we get the estimate

t
el + 1vell? = ()5 + | v(O)] + 2 / [, ) + (v,v)] d
0

t
> @) + VO +2 / O F(0) dr
0

2
a(go)

> @] + [vO)]; + —— (e — 1) H(0). (26)

On the other hand, by Lemma 1, Lemma 3 and the Holder inequality, we derive

el + Ivellz < )], + VO], + / e, d + / (0], dx
< a0+ [0l + ol [ eyt + [ Pucol,, )
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IA

t
[, + w0, + Cot s [ (o) [} e
0

m+1
_r_ t r+1 1
+C0tr+1/ ||vt(r)||r+1drr+1
0

(lue@|2 + v |7y) dr o

IA

(@), + [0, + Ce7

S~

)], + [¥O)], + Cor (E@) - E@) 77

1

|u(©)], + [v(0)], + Ct1 E(0) 771

IA

IA

This contradicts (26) and we get the finite time blow-up result. O

4 Conclusion

We prove the finite time blow-up of some solutions for a semilinear viscoelastic wave
system with nonlinear weak damping and source terms whose initial data have arbitrarily
high initial energy. We point out that the methods for a single equation in [6, 7] are not
necessarily applicable to our system. We also notice that the result in Theorem 1 extends
the results for the system in [14, 15].
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