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Abstract

The optimal control problem for a shallow water equation with a viscous term is
analyzed. The existence of optimal control to the control problem is investigated. The
necessity condition of optimal control is derived by using the first order Gateaux
derivative of cost functional and adjoint equation. The local uniqueness of the
optimal control is established by means of the second order Gateaux derivative of
cost functional. The novelty of this paper is that the necessity condition and local
uniqueness of optimal control to the problem are obtained with viscous coefficient
£>0.
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1 Introduction
This paper is concerned with the optimal control problem for a shallow water equation

with a viscous term,
Us — Uy + 2KkUty — E(Uyx — Uppyx) + MUUy = AlhxUyy + DUllyyy, (1.1)

where kisa constant, m,a,b € R, 2 = [0,1] C R, (£,x) € R* X Q, &(Uyx — Uyzrsy) is the viscous
term and ¢ > 0 is the viscous coefficient.

We give a brief overview of a variety of related work in the literature. Constantin [1]
derived the shallow water equation

Up — Ugyr + 2Kl + MUy, = AUyl + DUllh sy, (1.2)

where u(¢,x) is the fluid velocity at time ¢ in x direction and k is a constant related to
the critical shallow water wave speed. They established the local well-posedness for the
Cauchy problem of Eq. (1.2) and wave breaking phenomena of solutions. Lai [2] investi-
gated the local well-posedness for the Cauchy problem of Eq. (1.2) in the Sobolev space
H!R) (s > %).

Taking ¢ = 0,m = a + b in Eq. (1.1) yields a generalized shallow water equation. Lai [3]
obtained the global existence of strong solutions and blow-up criterion of solutions to
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the Cauchy problem. For the case b = 1 in (1.1), Holm [4] not only studied the effects
of balance parameter a and kernel function of solitary wave structures but also investi-
gated their interactions analytically with & = 0 and numerically with small viscosity & # 0.
Zhang [5] studied the optimal control problem for the generalized shallow water equa-
tion with a viscous term, which includes the viscous Camassa—Holm equation and vis-
cous Degasperis—Procesi equation as special case. The optimal control and existence of
optimal solution to the control problem are presented. Shen [6] investigated the optimal
control problem for the 6-equation. The necessity optimal condition of optimal control
to the control problem in fixed final horizon case is obtained by using functional analyt-
ical approach. In particular, taking ¢ =0,m = 3,a = 2,b = 1 in (1.1), we obtain the clas-
sical Camassa—Holm equation, which models the propagation of shallow water waves.
For the methods to establish local well-posedness for the Cauchy problem of Camassa—
Holm equation and global existence of solutions, one may refer to [7-9] and the refer-
ences therein. Tian [10] studied the optimal control problem for a generalized viscous
Camassa—Holm equation. They established the existence and uniqueness of local weak
solutions by using the Galerkin method. The optimal control and existence of optimal so-
lution were obtained. Shen [11-13] studied the optimal control problem for a generalized
viscous shallow water equation. Zong [14] investigated the boundary stabilization for the
viscous Camassa—Holm equation and nonviscous Camassa—Holm equation. The nonlin-
ear boundary control laws and global asymptotical stabilization for the control problem
are analyzed. If wetakee = 0,m = 4,a = 3,b = 1in (1.1), we obtain the classical Degasperis—
Procesi equation. The local well-posedness for the Cauchy problem of the Degasperis—
Procesi equation and blow-up mechanism of solutions were studied in [15, 16]. Tian [17]
investigated the optimal control problem for a viscous Degasperis—Procesi equation by
using the Galerkin method and optimal control theory of distributed parameter system.
However, the nonlinear partial differential equations created to model physical pro-
cesses play an important role in almost all branches of mathematics. One may see more
details in [18]. The well-posedness for the Cauchy problems and properties of solutions
to the equations have been studied extensively. For example, Goubet and Hamraoui [19]
investigated both numerically and theoretically the influence of a defect on the blow-up
of radial solutions to the cubic nonlinear Schrodinger equation in two dimension. On the
other hand, many researchers use the techniques in [20] to the study of the optimal con-
trol problems for fluids models [21-30]. The optimal control problems for the Dullin—
Gottwald—Holm equation were studied in [31-33], which is similar in structure to the
Camassa—Holm equation and the Degasperis—Procesi equation. Hwang [33] obtained the
necessity optimal condition of optimal control to the control problem. The local unique-
ness of optimal control was established by using the second order Géteaux differentiabil-
ity of cost functional. Zhao and Liu [22] investigated the existence of optimal control and
optimal solution to the control problem for convective Cahn-Hilliard equation in three
dimension. The first order necessity optimal condition of optimal control was presented.
Leszczynski et al. [29] considered the optimal control problem for a general mathematical
model of the drug treatment with a single agent. The sufficient condition for the strong
local optimality of an extremal controlled trajectory was given. Papageorgiou et al. [30]
presented the sensitivity analysis for the optimal control problems governed by nonlinear
evolution inclusions. The non-emptiness of solution set and continuous selections of so-
lution multifunction were investigated. In general, taking into account the viscous fluid is
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meaningful in physics. Castro [34] showed that the optimal control to the optimal con-
trol problem for the viscous Burgers equation converges to the nonviscous version as the
viscosity coefficient tends to zero.

Motivated by the work in [6, 20, 29, 30, 32, 33], we studied the optimal control problem
for the shallow water equation with a viscous term

minJ(v) = HCu(v) - Zd”i[ +(Nv,v)y, forallvel, (1.3)
where the control v and state u(v) satisfy the distributed control system

Y£(V) + 2kt (v) — €952 (vV) + (m — a — b)u(v)u,(v)
+au;,(v)y(v) + bu(v)y,(v) =f +Bv, (t,x)€[0,T] x 2,
u(v;t,x) = u (Vi t,x) = Uy (v;8,%) =0, (£,x) €[0,T] x 02,

(1.4)
y(v;0,%) = yo(x), x€K,

where yo(x) € L2(Q), y(v) = u(v) — u(v). f(t,x) € L*([0, T); HY(RQ)) is the force, v €
U,q C U is the control. The solution u(v) denotes the state of the control problem (1.4).
B e L(U,L*([0, T]; HY(R2))) is a controller. The observation is z(v) = Cu(v), where C €
L(S(0, T), M) is an observation operator and M is a Hilbert space of observation variables.
The target z; € M is a desired value of u(v). N € L(U, U) is a self-adjoint, symmetric and
positive operator, which satisfies

(Nv,V)y = (v, Nv)y > v||v||%,, for some v > 0,forallve U.

Let U,q be an admissible control set, which is a closed convex subset of U. The first term in
the cost functional /(v) in (1.3) measures physical objective and the second term is size of
control. The control object is to match the desired target z; by adjusting control v in con-
trol volume [0, T] x Q. An element vy € U which attains the minimum of cost functional
J(v) over U,q is called an optimal control to the optimal control problem (1.3).

Firstly, we consider the local well-posedness for the problem

Ve + 2Kktty — €Y + (M — a — b)uu,
+auy +buy, =f, (t,x)€(0,T] xQ,
u(t, %) = (6, %) = ugy(t,x) =0, (t,x) €[0,T] x 9L,

(1.5)
y(0,%) =yo(x), x€,

in the space S(0, T'), where y = u—u,, and f (¢, x) is the force function. Secondly, we consider
the optimal control problem (1.3).

Notation. Let V = HY(Q),H = L*(Q),H* = L*(Q), V* = H(Q). We have the embed-
ding properties V < H = H* — V* in which each embedding is dense. The inner
product in V is (¢,9)y = (¢x, @x)n, for all ¢, € V. For a < b, we mean that there
exists a uniform constant C, which may be different on different lines such that a <
Cb. The spaces W([0,T); V) = {fIf € L*([0,T); V).f; € L*([0, T); V*)}, S(0, T) = {f|f €
([0, TEHY(Q)).fi € L0, THHAQ)} and W(HZ L) = (fIf € LA(0, THHAQ).f e
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L2([0, T); L?(R2))} are Hilbert spaces endowed with common inner product. Since the func-
tions in all spaces are over €2, we drop 2 if there is no ambiguity. As in the convergence
case, the symbol — denotes the weak convergence.

2 Main results

The precise statements of the main results in this paper are listed.

Theorem 2.1 Assume f € L*([0, T;HX(Q)),uo € HZ(Q). Then problem (1.5) admits
a unique local solution u € S(0,T). The solution mapping p = (uo,f) — u(p) from
Py = HX(Q) x L*([0, T]; HX(R)) into S(0,T) is local Lipschitz continuous. For each p; =

(t10,/1), 2 = (20, f2) € Po,

”ul(Pl) - MZ(PZ)”S(O,T)

S Mo — w20l 20y + W = Lalli2qo 12 (2.1)

In addition, if Bw € L*([0, T]; H1(R2)), there exists an optimal control vy to the optimal
control problem (1.3).

Theorem 2.2 Assume Bw,f € L*([0, T]; H'(Q2)),uo € H3(R). For the control problem
(1.4), the solution mapping v — u(v) from U into S(0, T) is Gdteaux differentiable at v = vy.
Let z = Du(vo)w be the Gdteaux direction derivative of u(v) at v = vy in direction w, where
w =v—vo. Thus z = Du(vy)w is the unique solution to the problem

£+ 2kz, — e£, + (m — a — D)(zuy + uz,) + a(z,y + uf)
+b(zy, + ut,) =Bw, (t,x)€[0,T] x L,

zZ(t, %) = zy(, %) =z (£,x) =0, (£,x) € [0,T] x 9€2,

£0,x)=0, x€,

(2.2)

where y = u(vo) — Uyx(V0), £ = 2 — Zyy.

Theorem 2.3 Assume Bw,f € L*([0, T); H1(R)), uo € H3(2). We have:
(i) the necessity condition of optimal control v to the optimal control problem (5.7) is
characterized by (3.17), (5.9) and (5.12);
(ii) the necessity condition of optimal control v to the optimal control problem (5.13) is
characterized by (3.17), (5.15) and (5.17).

Theorem 2.4 Assume Bw,f € L*([0, T; H™Y(Q)), up € HX(Q). If T = T(v) is small, there

exists a unique optimal control v to the optimal control problem (5.13).

The remainder of this paper is organized as follows. The proofs of Theorems 2.1, 2.2,
2.3 and 2.4 are presented in Sects. 3, 4, 5 and 6, respectively. The conclusions in this paper
are presented in Sect. 7.

3 Existence and uniqueness of weak solutions

We recall the definition of weak solutions and a related lemma.
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Definition 3.1 Let yo(x) € H. The function u(t,x) € S(0, T) is a weak solution to problem
(1.5) if y(¢,x) € W([0, T]; V) and y(t, x) satisfies

d
EO” ©)(11) + 2k (U, ©)2 + €Wy @x)2 + (M — a — D) (uiky, )2

+a(uy, 9)2 + b(uyx, @)
=(f,¢)11), forallpeV, forae tel0,T]. (3.1)

Lemma 3.1 ([33]) Let u satisfy the boundary conditions in (1.5) and assume u — u,, €
W([0, T]; V). Then we have ||ullso,r) S It — x|l wio,73;v)-

Proof of Theorem 2.1 Using condition p = (uo,f) € Py and the Galerkin method as in [5,
13, 32] with suitable modifications, we deduce that problem (1.5) possesses a unique local
solution u € §(0, T').

We are ready to present the detailed derivation for (2.1). Let ¢ = uy — up = u(p1) — u(p2)
and ® = ¢ — ¢,,. Then we have

D + 2kpy — Py + (m — a — b)(Pur,x + uay) + alys + Uz, P)
+b(py1x +us®y) =fi—fo, (tx)€[0,T] x Q,

Bt %) = Pu(t, %) = Prx(t, %) =0, (,%) € [0, T] x 9%,

@(0,x) = Po(x) = y10(x) —y20(x), x€ Q.

(3.2)

Multiplying (3.2) by ® and integrating with respect to x and ¢ on [0, T'] x Q yield

1 2 r 2
NPl e | l0up, de
0

1

T
= S 190l - f (2, D) dt
0

T T
- [ on-a- 0w+ g @)t [ aln+s0, @)t
0 0
T T
— / b((ﬁyl,x + MQCDx, (D) dt + / (fl —fz, CD)(—LU dt. (33)
0 0
Using the fact y1,y, € W([0, T]; V) yields

1 2 r 2
SI@I% +e | 197 de
0

1 T
= gll%lliz + C/ IPIZ> (L + lyallp) dt
0
&
+ C”fl _f2||i2([O,T];V*) + E”cbx”iz (34')

Applying the Gronwall inequality, we obtain

T
)2, + / |01, dt < Do l12 + Iy ~falZao e (3.5)
0
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Using the first equation in (3.2) gives rise to

[Pell -1 SN Pxllz2 + Cllyral2 1912 + Cllfi = fallv=. (3.6)
Taking into account (3.5) and (3.6), we have

”q)t”iz([(),T];H‘l) S, ||q>0||]%2 + ”fl _fé||§,2([0,T];V*)' (37)
It follows that

@ llwio,1v) S N1 Pollz2 + Vi = fall2(o,135v%)- (3.8)
Applying Lemma 3.1 yields

lpllsor) S lluo — M20||H§ + A —f2||L2([o,T];v*)~ (3.9)

We prove the existence of optimal control v to the optimal control problem (1.3).

Let ] = inf,¢y;, J(v). We bear in mind that L/,q is not empty. Then there exists a sequence
{v,} C U such that

inf J(v) = lim J(v,) =]. (3.10)
vellyg n—>00
Hence {J(v,)} is bounded. We deduce that there exists a constant Ky > 0 such that
VIVallz; < NV, viu < J (V) < Ko, (3.11)
which derives that {v,} is bounded in U. Applying the property that U4 is closed and
convex, we choose a subsequence of {v,}, still denoted by {v,}, such that v, — v in U as

n— oQ.

Let the state u,, = u(v,) € S(0, T) corresponding to control v, be solution to problem

Yt + 2Ktk x — EYppx + (M — A — D)yl + ALy Yy + DULY s

=f+Bv,, (tx)el[0,T]x L,

(3.12)
Mn(ttx) = un,x(tvx) = un,xx(tvx) =0, (t,X) S [0, T] X 082,
In(0,%) = yuo(x), x€Q,
where y, = Uy, — Uy .. Using (3.12), we obtain
1BVall z2o,mv+) < 1Bl caa2qo,mvep 1 Vallu
< IBll 2o, ryvy v Kov . (3.13)

Bearing in mind (3.8) gives rise to the inequality

yallwo,rivy S Nttollg2 + I 2o,y + Ka- (3.14)
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Applying Lemma 3.1 yields
lunllso ) S luollge + 2o, 350+ + Ki- (3.15)

There exists a subsequence of {y,}, denoted by {y,,}, and a function y = u — u,, €
W ([0, T]; V) such that y,, — y in W([0, T]; V). Using the fact that Hj < L? is compact,
we deduce that there exists a subsequence of {y,}, denoted by {y,,}, such that y, — y
in L2([0, T]; L?). Since the embedding W ([0, T]; V') = C([0, T]; L?) is compact, we deduce
u, € C([0, T]; H3). Then there exists a subsequence of {u,}, denoted by {4, }, such that

Uy, — uin H3, for a.e. t € [0, T]. Hence

U, — Uxy,  in L*([0, TT;L?),
UngYmex — Wyxr 0 L*([0, T];L%), (3.16)
Upp by, —> Uxlhy,  iN Lz([O, T];Lz),

as k — 0o. We replace u,,y, by u,;,yy, in (3.12), respectively. Taking k — oo shows that
the limit function y satisfies

Ve + 2Kity — €Yxx + (M — a — D)uuy + au,y + buy, =f + By,
(t,x) € [0,T] x &,
u(t)x) = ux(t’x) = Mxx(t, x) =0, (tyx) € [01 T] X 89:

(3.17)
9(0,%) =yo(x), x€K,

in the weak solution sense.

From Theorem 2.1, we obtain the uniqueness of weak solutions to problem (3.17). Then
we deduce that u = u(vg) € S(0, T) and u(v,) — u(vy) in S(0, T). The operator C is contin-
uous on S(0, T) and || - ||ar is lower semicontinuous. Hence

|| Cu(vo) — z4 HM < lim nlilgo || Cu(v,) —z4 ||M (3.18)

It deduces from liminf,_, o ||N%v,,||u > ||N%V0||U that liminf,,_, oo (NV,;, v,) iz = (Nvo, vo)u-
Then J = liminf,_, o, J(v,) > J(vy). Meanwhile, from (3.10), we derive J(vy) > J. Hence

J(vo) = infyeqr,, J(v). This completes the proof of Theorem 2.1. O

4 The proof of Theorem 2.2
From Theorem 2.1, we define the unique solution map v — u(v) from U into S(0, T). Let
DJ(vo) be the Gateaux derivative of J(v) defined in (1.3) at v = vy. We intend to investigate

the necessity optimal condition of optimal control
DJ(vo)(v—19) >0, forallve Uy. (4.1)

We use the adjoint equation (5.2) of (1.4) to give detail expression for (4.1).

The definition of the Gateaux differentiability of solution mapping is presented.
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Definition 4.1 ([33]) For the control problem (1.4), the solution map v — u(v) from
U into S(0,T) is Gateaux differentiable at v = vy, if for all w € U, there exists Du(vy) €
L(U,S(0,T)) such that

u(vo + Aw) — u(vp)

-D
n u(vo)w

—0 asA—0. (4.2)
5(00,T)

The operator Du(vy) is the Gateaux derivative of u(v) at v = vy and the function Du(vo)w €
S(0, T') is the Gateaux direction derivative of u(v) at v = vq in direction w € U.

Proof of Theorem 2.2 Let A € (-1,0) U (0,1),w=v—vp and z; = M Using (1.4)
and (3.17), we deduce that z; satisfies

£A,t + 2kZA,x - S£A,xx + (Wl —-a— b)(z,\u;\,x + MZ)\,x)

+a(zy ) + usy) + b2y s + ufsx) =Bw,  (6,x) €[0,T] x ,

(4.3)
2z (6, %) = 2. (6,%) =z 4t x) =0,  (t,x) € [0, T] x 9L2,
£0,x)=0, x€Q,
where u; = u(vo + AW), 5 = U, — Uy xx and £, = 23 — Zj 4.
From Theorem 2.1, we have
[e(vo + 2w) - M(VO)HS(O'T) < CLIMIBWI 2(0,77,v%)- (4.4)
Hence
lzxllso,1) S 1BWI 1210, 17;v%) < OO (4.5)

We deduce that there exist z € S(0, T') and a sequence {1} C (-1,1) = Osuch thatz,, — z
in $(0, T) as k — oo. Using the Aubin compact lemma gives rise to z;, — z in H3, for a.e.
t € [0, T]. From the Lebesgue dominated convergence theorem, we obtain

Ty Ui —> ZUy,  in L*([0, TT;L?),

Zkk,xykk — Zx)s in LZ([O) T];LZ)r
(4.6)
2V = 2w inL*([0, TT;L?),

£, —~£ inL*([0,T1;Hy),

k

as k — oo, where y = u(vg) — uy(v0), £ = 2 — 2y
Therefore £, ; — £;in L*([0, T];H™Y). Then z), — z = Du(vo)win S(0, T) as A — 0, where
z is the solution to problem (2.2).
In what follows we present the derivation that z; — z = Du(vg)w in S(0, T') as A — 0.
Let ¢ =z, —z and ®;, = ¢ — @ 1. From (2.2) and (4.3), we derive

D; ; + 2k x — €Dy un + (M — a — D)ud;  + au, ®; + bud; , = 0(1),
(t,x) €[0,T] x €,

$.(6,%) = P1x(6,%) = Prax(£,%) = 0, (£,%) € [0, T] x 9L,

®,(0,x) =0, xeg,

(4.7)
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where 0(1) = ~[(m — a - b)(z,13,x — 2ux) + a(23,595. — 259) + b(23Y3,x — 29x)]-
Bearing in mind (4.6) shows that (1) — 0 in L2([0, T];L?) as A — O.
We need to establish the estimates for ¢;. Multiplying (4.7) by @, and using integration

by parts, we obtain

P57 + /0 ' 105,122 dt < Col| 00V 1200, 70, (4.8)
Then we have

®, >0 inC([0,T;L*) NL* ([0, T);H') asi— 0. (4.9)
Using (4.7) and (4.9) gives rise to

®,,—0 inL*([0,T;H ") as A — 0. (4.10)

Thus we obtain ®; — 0in W([0, T]; V). Applying Lemma 3.1 yields z, — zin §(0, T). We
complete the proof of Theorem 2.2. g

5 Necessity optimal condition of optimal control
We are in the position to present the necessity optimal condition of optimal control to the
optimal control problem (1.3).

Theorem 2.2 implies that the cost functional /(v) is Gateaux differentiable at v = v in

the direction v — vy. Using
- J(vo + kw) — ] (vo)
mo Tt IR

Ditvo)w = I!Lo k

and J(vo) = (Cu(vo) — za, Cu(vo) — za) s + (Nvo, vo)u, W = v — v, we have

DJj(vo)w

=lim ;[((Cu(vo + kw) — zg4, Cu(vg + kw) — zd)M

k—0 K

+ (N(vo + kw), vo + kw) )

= ((Cu(vo) - za Cu(vo) — za) ,, + (Nvo, vo)u) |

= lim %[(Cu(vo + kw) — Cu(vg), Cu(vy + kw) — zd)M]

k—0
1

+ %1_13}) I [(N(vo + kw) — Nvo, o) ]

+ /11_1)1(1) %[(Cu(vo), Cu(vg + kw) — Cu(vo))M]

1
+ llim x [(VO,N(VO + kw) — NVo)u]

—0

= 2[(Cu(vo) - za» C(Du(vo)(v — w))) ., + Nvo, v = vo)u -
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Let A be the isomorphism mapping from M onto M*. Applying (4.1), we rewrite the

necessity optimal condition of the optimal control as
(C”‘< (CM(VO) Zd) DM(V())(V VO)) (5%(0,7),5(0,T)) + (NVO;V - VO)L[ > Or (51)

for all v e Uy.
Similar to the methods in [20], we derive the necessity optimal condition via the adjoint

equation,

—P; — 2kpy — &Py + (m — a — b)[pu, — (up).)
[~(@y)x + (1= 32)(ap)]
+blpye - (1= D) up)l =fi, (6x)€[0,T] x ©, (5.2)
Po;t,x) = px(Vo; £, %) = prs(vos £,%) =0,  (t,x) € [0, T] x 02,
P(T,%)=0, x€Q,

where P = p(vo; t, %) — prx(Vo; £, %), f3 = C*A(Cu(vy) — z4).
The local well-posedness for problem (5.2) is given by the following lemma.

Lemma 5.1 Assume C*A(Cu(vo) — z4) € L*([0, T]; H%(2)) and reverse the direction of
timet — T —t in (5.2). Problem (5.2) admits a unique solution p(vy) satisfying

(1) p(vo) € W(H,L%);
(2) (bt — €Pax + (@ = b)urup — burp,, @)
+ (—2kpy + (m — a — b)puy . + bpy ., d)
+(0m—a—busp + apy1, ¢x)
= (C*A(Culvo) — 24),8) ) forall ¢ € Hy;

(3) P(0,x) =0,

where P = p(vo) — prx(vo)-

Proof of Lemma 5.1 Let p(vo) = p. By reversing the time ¢t — T — t, we change problem
(5.2) into

= 2kps — €Pyx + (m — a — D) [pu — (up)s]

+al~(py)x + (1 - 83) (usp)]

+blpyy — (1 =02 (up)sl =fa, (t,x)€[0,T] x Q, (5.3)
pt,x) = px(t,%) = pux(t, %) =0, (t,x) € [0, T] x <2,
P(0,x)=0, xeQ.

We use the Galerkin method as in [13, 32] to establish the local well-posedness for prob-

lem (5.3). We present the main derivations.
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Multiplying (5.3) by p and integrating by parts yield

T
P12 + Ipsl?s +/ (o172 + Ipxxll?2) dt
0

S L+ 1yellz2) (P + psll2) + 15117 (5.4)

Hence, the approximate solution sequence {p,} is uniformly bounded in L2([0, T]; HJ).
Using the property of operator (1 - 92)7!, (5.3) and (5.4), we deduce that {p,,;} is bounded
in L2([0, T]; L?). Thus {p,.} is bounded in W (HZ; L?). Applying the Aubin compact lemma,
we deduce that there exists a limit function p € W(Hg;Lz), which is the unique solution

to problem (5.3). This completes the proof of Lemma 5.1. d

For simplicity, we consider the observations in the following two cases.
(1) Let M = L*([0, T] x R2),C5 € £(S(0, T), M) and observation

z(v) = Gau(v) = u(v) € LZ([O, T];L2). (5.5)
(2) Assume M = L2([0, T] x ), Cs € L(S(0, T), M) and observation
2(v) = Cau(v) = (1 - 92)u(v) = y(v) € L*([0, T]; L?). (5.6)

Proof of Theorem 2.3 For the case of observation in (5.5), we consider the optimal control

problem
T 2
minJ(v) = / |u() - za|| 2 dt + (Nv,v)y,  forall v € Uy, (5.7)
0

where u(v) is the state in (1.4).
Let vy be the optimal control to the optimal control problem (5.7). Then the necessity

optimal condition (5.1) is rewritten into the form
T
/ (u(vo) - zd,z)2 dt + (Nvg,v—1)y >0, forallve Uyy. (5.8)
0

We consider the adjoint system

—P; — 2kpy — &Py + (m — a — b)[pu, — (up).)

+ a[-(py)x + (1= 07) (uxp)]

+blpy, — (1= 92)(up)e] = u(vo) —z4, (£,x) €[0,T] x 2, (5.9)
P(t,%) = px(t,%) = pa(t,x) = 0, (£,x) €[0,T] x 02,
P(T,x)=0, x€%,

where P = p(vo) — pax(vo), y(vo) = u(vo) — thx(vo).
Note that the observation u(vy) —z; € L*([0, T] x Q) C L*([0, T]; H2). Using Lemma 5.1
shows that problem (5.9) admits a unique solution p(vy) € W (H2,L?).
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Multiplying (5.9) by z(¢, x) and integrating over [0, T'] x €2, we have

T
|| P2k b s (- - )~ up)]
0
+ a[—(py)x + (l - 8§)(uxp)] + b[pyx - (1 - 83)(up)x],z) dt

T
:/ (u(vo) — za, ) dt. (5.10)
0

Applying (2.2) and (5.10) yields

T
/0 (u(vo) - 24, z) dt

T
= / (p(vo),;Et + 2kzy — e£x + (M — a — b)(uyz + uzy)
0

+a(yz, + uf) + b(yuz + u£x)) dt

T
= / (p(vo), B(v — vp)) dt. (5.11)
0
From (5.10) and (5.11), we see that (5.8) is equivalent to
T
/ (p(vo),B(v - vo))2 dt + (Nvog,v—vo)y >0, forallve Uyy. (5.12)
0

We complete the proof of case (i) in Theorem 2.3.
For the observation in (5.6), we consider the optimal control problem

T
minJ(v) = f Hy(v) -z ||i2 dt+ (Nv,v)y, forallve Uy, (5.13)
0

where y(v) = u(v) — uy,(v), u(v) is the state in (1.4).
Similar to (5.8), the necessity optimal condition (5.1) is rewritten as

T
/ (y(vo) - Y £)2 dt + (Nvg,v—vo)y >0, forallve Uy. (5.14)
0
We consider the adjoint system

—Py = 2kpy, — ePyx + (m — a — b)[pu, — (up)s]
+al-(py)x + (1= 87)(uap)] + blpyx — (1 - 87)(up),]
=(1-32)(y(vo) —za), (6,x)€[0,T] x K, (5.15)
pvos t,x) = px(vos £, %) = prx(vos t,%) =0, (¢,x) € [0, T] x <2,
P(T,x)=0, x€%,

where P =I9(V0) _pxx(VO);y(VO) = M(VO) - Z'txac(VO)'
Bearing in mind (1 - 92)(y(vo) — z4) € L*([0, T]; H~%), we deduce from Lemma 5.1 that
problem (5.15) admits a unique solution p(vo) € W (HZ, L?).
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Multiplying (5.15) by z(t, x) and integrating by parts, we obtain

T
/ (=P; — 2hpy — Py + (m — = b)[pity — (up)s]
0
+a[~(py)s + (1-07) wap)] + b[pys — (1 - 8) (up)s], 2) dt

T
=/0 (1= 92) (v(vo) - za),2) dit. (5.16)

Thus, the necessity optimal condition (5.14) is equivalent to
T
/ (p(vo),B(v - vo))2 dt + (Nvg,v—v)y >0, forallve Uy. (5.17)
0

We complete the proof of case (ii) in Theorem 2.3. d

6 Local uniqueness of optimal control
Firstly, we give a lemma on the local uniqueness of optimal control to the optimal control
problem (5.13).

Lemma 6.1 For the control problem (1.4), the mapping v — u(v) from U into S(0, T) is the
second order Gdteaux differentiable at v = vq. The second order Gdteaux direction deriva-
tive of u(v) at v = vy in the direction v — vy € U, say g = D*u(vo)(v — vo, v — vo) is the unique

solution to the problem

Gy +2kgy — €Gyx + (m — a — b)(gu, + 22z, + ug,)

+algyy + 2z,£ + u,G)

+b(gy, +22£, +uG,) =0, (t,x)€[0,T] x 2, (6.1)
gt x) = gu(t, %) = gu(t,x) =0, (t,x) €[0,T] x 0%2,
G0,x)=0, xe&,

where G(t,x) = g — g.x. And g satisfies the estimates

lgllso,m S v =vollZ (6.2)

Proof of Lemma 6.1 The proof of that g is the unique solution to problem (6.1) is similar
to the proof of Theorem 2.2. We omit the detail derivation. Using the fact that z is the
solution to problem (2.2) gives rise to

I€wio.rv) < BV =v0) | 20,70

Slv=wollu. (6.3)
Hence

lgllso,r) S NGllwo,r1v)

< |2[(m - a - b)zz, + az.£ + bzk,)] ||L2([0,T];v*)
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< 2[(m—a-b)z(1- 3?3)_1£x +az € + bzk, | ||L2([0’T];L2)

S 1€ o, r3- (6.4)
From (6.3) and (6.4), we obtain (6.2). O

Proof of Theorem 2.4 We only present the proof for the case of observation in (5.6). The
similar result holds for (5.5). We establish the local uniqueness of optimal control by prov-
ing the strict convexity of map v € U,q — J(v). Namely, for all v, v, € Uyg, let w = vy — vy,
then

DY (vi + 0w)(w,w) >0, 6 €(0,1). (6.5)

Let us denote u(vy + 6(vy — v1)),z(v1 + 0(va — 11)),g(v1 + 6(vy — v1)) by u(0),2(0),g(6),
respectively. It follows

Jvi + 0w+ iw)w = J(vi + Ow)w
n

DJj(v1 + Ow)w = lim
h1—0
T
= 2/ (9(0) — 24,£(0)), dt + 2(N(vy + 6w), W), (6.6)
0

where y(0) = u(0) — uy(0),£(6) = z(0) — 2, (0).
Using (6.6), we obtain

DJ(vi + Ow + how)w — DJ (v1 + Ow)w
hy

- lim 2/T (y(v1 + Ow + hyw) —hzd,£(v1 + 0w + haw)) at
0 2

D*J(vy + Ow)(w,w) = lim
hy—0

hy—0 0 h2

hy—0 h2

T T
=2 /0 (£6),£6)), dt +2 /0 ((6) — 24, G(6)),, dt + 2(Nw, w)yy

T
-2 [ ((1-2)010) - 20).0))
0
’ 2
+ 2/ H£(9) ”L2 dt + 2(N(V2 —V1),Vy — Vl)u‘
0
Applying Lemma 6.1, we have

D (vi + 6w)(w, w)

> 2[v = G5 T2 5(0) ~ 2 ooy JIV2 = 11

T
+2 fo |£©)]7, ds. (6.7)
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If T = T(v) is small, using (6.7) gives rise to (6.5). Hence, we obtain the strict convexity of
cost functional J(v), where v € U,q. This completes the proof of Theorem 2.4. O

7 Conclusions

In this work, we studied the optimal control problem for a shallow water equation with a
viscous term and viscous coefficient ¢ > 0. The existence of optimal control to the control
problem is investigated. The necessity condition of optimal control is derived by using
the first order Gateaux derivative of the cost functional and the adjoint equation. The
local uniqueness of optimal control is established by means of the second order Gateaux
derivative of the cost functional. Due to the independence of coefficients m, a and b in
(1.4), the nonlinear term uu, does not disappear after using the transformation y = u —
Uy, which leads to the difficulty of establishing the estimates for term uu,. This is the
major improvement in comparison with the results in the literature [5, 10, 17, 32], where
the problems studied are special cases of the optimal control problem (1.3) in this paper.
Moreover, we obtain the necessity condition and local uniqueness of optimal control to
the optimal control problem (1.3) by using the Gateaux derivative of cost functional. This
is another novelty of our paper.
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