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Abstract

In this article, we consider the following boundary-value problem of nonlinear
fractional differential equation with p-Laplacian operator:

D“((]ﬁp(Dau(t))) =f(t,u(), tel0, 1]y,
u(0) =u(o (1)) =D%u(0) =D%u(a (1)) =0,

where 1 < a < 2is a real number, the time scale T is a nonempty closed subset of R.
D™ is the conformable fractional derivative on time scales, ¢,(s) = s|P=2s, p> 1,

qﬁ; =¢q 1/p+1/g=1,and f:[0,0(1)] x [0,+00) = [0, +00) is continuous. By the use
of the approach method and fixed-point theorems on cone, some existence and
multiplicity results of positive solutions are acquired. Some examples are presented to
illustrate the main results.

MSC: 34B15
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1 Introduction
In this paper, the existence and multiplicity of positive solutions for the following fractional
differential boundary-value problem on time scales is studied:

D*(¢p(D*u(t))) =f (6, u(®)), te[0,1]7, (L1)
u(0) = u(o (1)) = D*u(0) = D*u(o (1)) =0, (1.2)

where 1 < <2, D is the conformable fractional derivative on time scales, ¢,(s) = |s|?~%s,
p>1, ‘7’1;1 =¢4 1/p+1/qg=1,and f :[0,0(1)] x [0, +00) — [0, +00) is continuous.

The existence of positive solutions for boundary-value problem on time scales has be-
come the focus in recent years; for details, see [1-6]. Due to the wide applications, many
researchers studied the existence of positive solutions for fractional derivatives boundary-
value problem [7-21] and the references therein. Meanwhile, the boundary-value prob-
lem with p-Laplacian operator have also been discussed extensively in the literature; for
example, see [4, 11, 22-27].
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For o = 2, problem (1.1), (1.2) is called a fourth order p-Laplacian boundary-value prob-
lem which has been studied in [4].

Dong et al. [22] investigated the boundary-value problem for a fractional differential
equation with the p-Laplacian operator

D* (¢ (D*u(t))) =f (Lu(t)), O<t<l, (1.3)

1#(0) = u(1) = D*u(0) = D*u(1) = 0, (1.4)

where 1 < o <2 is a real number, D* is the conformable fractional derivative, ¢,(s) =
51725, p> 1, ¢, = ¢, 1p + 1/q = 1,f : [0,1] x [0, +00) — [0, +00) is continuous. By the
use of the fixed-point theorems on cone, some existence and multiplicity results of positive
solutions are obtained.

Motivated by the work mentioned above, we investigate the existence and multiplicity
of positive solutions for (1.3), (1.4) on time scales. The rest of this paper is organized as
follows. In Sect. 2, we recall some concepts relative to the new conformable fractional
calculus and give some lemmas with respect to the corresponding Green’s function. In
Sect. 3, we investigate the existence and multiplicity of positive solution for boundary-
value problem (1.1), (1.2). In Sect. 4, we present some examples to illustrate our main
results, respectively.

2 Preliminaries and lemmas

In this section, we introduced notations and definitions of conformable fractional deriva-
tive on time scales and some lemmas. Let T be a time scale and denote [a, b]T =: [a,b]N T.
These results can be found in the recent literature; see [2, 3, 6].

Definition 2.1 A time scale 7T is a nonempty closed subset of R; assume that 7" has the
topology that it inherits from the standard topology on R. Define the forward and back-
ward jump operators o, p: T — T by

ot)=inf{r>t|1 €T}, p(t)=sup{t<t|teT}

In this definition we put inf@ = sup T, sup® = inf T. Set o%(¢) = o (c(2)), p2(¢) = p(p(t)).
The sets T* and Ty which are derived from the time scale T are as follows:

Tk = {t € T : t is not maximal or p(t) = t},

Ty := {t € T : t is not minimal or o () = t}.
Denote interval Ton T by Ir =INT.

Definition 2.2 If f : T — R is a function and ¢ € Ty, then the delta derivative of f at the
point ¢ is defined to be the number f2(¢) (provided it exists) with the property that, for
each € > 0, there is a neighborhood U of t such that

[f(0®) —f(s)=f2O) (@) —5)| < €|o() -]

for all s € U. The function f is called A-differentiable on T* if f*(¢) exists for all £ € T*.
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Definition 2.3 ([3]) Let « € (1,2] and f : T — R, ¢t € T*. For t > 0, we define D*f(¢) to
be the number (provided it exists) with the property that, given any ¢ > 0, there is a §-
neighborhood V; C T of £,8 > 0, such that

(@) —£ 6] - Df )]0 (1) =5]| < €|o (@) |-

We call D*f(t) the conformable fractional derivative of f of order « at £, and we define the
conformable fractional derivative at 0 as D*f(0) = lim,_, o+ D*f (¢).

Lemma 2.1 ([3]) Let a € (1,2] and f be two times delta differentiable at t € T*. The fol-
lowing relation holds: D¥f(t) = t2%f24(¢).

Definition 2.4 ([2]) A functionf:T — R is called regulated provided its right-sided lim-
its exist (and are finite) at all right-dense points in 7 and its left-sided limits exist (and are
finite) at all left-dense points in 7.

Definition 2.5 ([2]) A function f: T — R is called rd-continuous provided it is continu-
ous at right-dense points in T and its left-sided limit exist (finite) at all left-dense points
in T. The set of rd-continuous functions f : T — R will be denoted by C,;(T, R).

Lemma 2.2 ([2]) Assumef:T — R.
(i) Iff is continuous, then f is rd-continuous.
(ii) Iff is rd-continuous, then f is regulated.

Definition 2.6 ([3]) Let f: T — R be a regulated function and 1 < « < 2. Then the a-
fractional integral of f is defined by

FF) = P(£7F (1)) = /0 ¢ — 8)s*2f () As. (2.1)

Lemma 2.3 Lett >0, o € (1,2], and the function f : [0,00)7 — R be rd-continuous, then

DRIf () = £(2).

Proof Since f(t) is rd-continuous, then f(¢) is regulated, and I*f(¢) is twice times differen-
tiable. In view of Lemma 2.1, one has

t AA
D*(I*f)(t) = </ (t- s)s"“zf(s)As)
0
_ tZ—af(t)ta—Z

=f(®).
The proof is complete. 0

Lemma 2.4 (Mean value theorem [6]) Leta > 0 and f: T — R be a function continuous
on [a, blr which is conformable fractional differentiable of order with o on [a,b]r. Then
there exist &,T € [a, bt such that

eprfe) T ey,
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Lemma 2.5 Let a € (1,2],f be a a-differentiable function at t > 0, then D*f(t) =0 for t €
[0,1]7 if and only if f(t) = ao + a1t, where ay € R, for k =0, 1.

Proof The sufficiency follows by the definition of the delta derivative on time scales.
Next, given £, t; € [0, 1] with ; < £, by Lemma 2.4, there exists &, T € (¢1, £3)7 such that

SA ) —f2(8)

< 1% 1D (7).
bh-ti S0

EIDf(E) <

By means of D%f(£) = D*f(t) = 0, we have f2(t,) = f2(¢,), with the arbitrariness of #, £,
one has f2(¢) is a constant, so f(t) = ao + a1¢, for t € [0,1]7. O

With Lemma 2.3 and Lemma 2.5, the following lemma is immediate.

Lemma 2.6 Assume that u € C(0,+00)r with a fractional derivative of order o € (1,2].
Then

I°D%u(t) = u(t) + cg + c1t, (2.2)
forsomecreR, k=0,1.
We present below the Green’s function and its properties.
Lemma 2.7 Given y € C[0,0(1)]7, the unique solution of

Du(t) +y(t) =0, tel01]7 (2.3)

u(0) = u(o (1)) =0, (2.4)

o(1)
Mﬂ:/' G(t,9)y(5) s,
0
where

Gt.9) 1 Je@-s*t, forO<s<t 25)
,§) = —— .
o(1) | ts2(0(1) -s), fort<s<l.

Proof By the use of the Lemma 2.6, we can deduce from equation (2.3) an equivalent in-
tegral equation,

u(t) =-I1%y(t) + co + c1t

t
= —/ (t — 5)s"2y(s)As + o + 1t
0

for some ¢y, c; € R. By (2.4), there are

o(1)
¢ =0, = ﬁ / [0(1) - s]s"“zy(s)As.
0
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Therefore, the unique solution of Problem (2.3), (2.4) is

a(1)

u(t) = — /0 (6= 95 y(5) As + ﬁ [ o=t

% ‘/(;t[—o(l)tfso‘_2 + o(l)s""l]y(s)As
o(1)
+ ﬁ /0 [L‘U(l)s"“2 - ts“_Z]y(s)As
_ % /0 (0(1) = £)(5)* y(s) As
o(1)
+ ﬁ/ ts“_z(a(l) —s)y(s)As
(1)
= / G(z,5)y(s) As.
0
The proof is complete. g

We point out here that (2.5) becomes the usual Green’s function when « = 2 on time

scales.

Lemma 2.8 Lety € C[0,0(1)] and 1 < o < 2. Then the problem

D*(¢p(Du(0)) =y(®), tel0,1]r, (2.6)

u(0) = u(o (1)) = D*u(0) = D*u(o (1)) =0, (2.7)

has a unique solution

u(t) = /00(1) G(t,8)p, (/00(1) G(s, t)y(r)Ar)As. (2.8)
Proof Applying operator I* on both sides of (2.6), with Lemma 2.6,

¢p(D*u(t)) + Co + Cit = I¥(2).
So,

¢p(DuM(t)) = [a_)/(t) - CO - Clt

t
:/ (t—1)t* *y(r) AT - Co - Cit
0

for some Cy, C; € R. By the boundary conditions D*u(0) = D*u(o (1)) = 0, as a conse-

quence we have

o(1)
Co =0, C = ﬁ/ (c(1) - 1) *y(r)AT.
0

Page 5 of 15
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Therefore, the solution u(t) of fractional differential equation boundary-value problem
(2.6) and (2.7) satisfies

¢p(D*u(t)) :/(; (t—1)t**y(1)AT

o

a(l)
_ %t/o (c(1) - 1) *y(r)AT
a(1)
= _/ G(t, 1)y(T)Ar.
0

Thus, the fractional differential equation boundary-value problem (2.6) and (2.7) is equiv-
alent to the problem

o(1)
D"‘u(t)+¢’q</ G(t,t)y(r)At) =0, O<t<l,
0

u(0) = u(o(l)) =0.

Lemma 2.7 implies that fractional differential equation boundary-value problem (2.6),
(2.7) has a unique solution

o(1) o(1)
u(t)=/(; 1 G(t,s)¢q</0 1 G(s,r)y(t)Ar)As.

The proof is complete. g

Lemma 2.9 The function G(t,s) defined by (2.5) satisfies:
(i) G(t,s)=>0,forte[0,0(1)],s€[0,1], and G(¢,s) >0, for t € (0,0(1)), s € (0,1);
(i) G(t,s) <G(s,s), forte[0,0(1)],s€[0,1];
(iii) G(t,5) = ZG(s,9), for t €[22, 2] s € [0,1].
Proof Observing the expression of G(t,s), it is clear that G(¢,s) > 0 for t € [0,0(1)], s €
[0,1], and G(¢,s) > O, for t € (0,0(1)), s € (0, 1). Moreover, G(t,s) is decreasing with respect
to ¢t for s < ¢, and increasing for ¢ < s. By the fact

Gts) |5 t<s;
G(s,s) | c-t
(s,5) s S=t
We have

G(t,s) < G(s,s),

for t € [0,0(1)], s € [0, 1]. Furthermore, if ¢t € [%, 3”4(1)], s €[0,1], one has
G(t,s) o(1)
= —,
G(s,s) = 4

which implies the desired results. O
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Lemma 2.10 ([27]) The following relations hold:
(1) If1<q <2, then |¢,(u+v) — dg(u)| < 2% |v|77! for u,v € R.
(2) Ifq>2, then |¢y(u +v) — ¢y (w)| < (q — D) (|ul + [V])?2|v| for u,v € R.

Lemma 2.11 ([28]) Suppose E is a Banach spaceand T, : E — E, n = 3,4, ... are completely
continuous operators, T : E — E. If |T,u — Tu| uniformly to zero when n — oo for all

bounded set 2 C E, then T : E — E is completely continuous.

Definition 2.7 The map 6 is said to be a nonnegative continuous concave functional on

a cone P of a Banach space E provided that 6 : P — [0, c0) is continuous and
6 (tx + (1 - 0)y) = t0(x) + (1 - 1)0(y)
forallx,ye Pand 0 <t < 1.

The following fixed-point theorems are useful in our proofs.

Lemma 2.12 ([29]) Let E be a Banach space, P C E be a cone, and 21, Q2 be two bounded
open balls of E centered at the origin with Q1 C Q. Suppose that A: PN (Q\Q) — P is
a completely continuous operator such that either

(@) I Ax| < llxll, x € PN 321, and || Ax| > |lx|l, x € PN I, or

(il) [l A%l > llxll, x € PN 3y, and || Ax|| < [lx]l, x € PN Iy,
holds. Then A has a fixed point in PN (Q,\21).

Lemma 2.13 ([30]) Let P be a cone in a real Banach space E, P, = {x € P| ||x|| < c}, 6 be
a nonnegative continuous concave functional on P such that 6 (x) < |x|, for all x € P., and
PO,b,d)={x e P|b<0(x),|lx| <d}. Suppose A : P, — P, is a completely continuous and
there exist constants 0 <a < b < d < c such that

(C1) {x € P(O,b,d)|6(x)> b} is nonempty, and 6(Ax) > b, for x € P(9, b, d);

(C2) || Ax|| < a, forx < a;

(C3) 6(Ax) > b, for x € P, b, c) with || Ax| > d.
Then A has at least three fixed points x1, X3, X3 with

lleill < a, b < 6(xy), a< ||lxsll, 0(x3) < b.

Remark 2.1 ([30]) If we have d = ¢, then condition (C1) of Lemma 2.13 implies condition
(C3) of Lemma 2.13.

3 Existence results
Let E = {u:[0,0(1)] — R} be endowed with the ordering u < v if u(t) < v(¢) for all £ €

[0,0(1)], and the norm ||#|| = maXo<;<s(1) |#(¢)|. Define

P= {u €E|u(t) = 00n [0,0(1)],u(t) > %Huﬂ forte [%, 304(1)]}.
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Given a function f € C([0,0(1)] x [0,0), [0,00)), define T, T,,: P — E as
a(1) a(1)
(Tu)(t) ::/ G(Z,8)p, (/ G(S,T)f(l’,bt(l’))AT) As,
0 0

o(1) o(1)
(T,u)(®) ::‘/1 G(t,9)¢, (/1 G(s, r)f(r,u(t))At)As, n=3,4,....

n n

Lemma 3.1 T:P — P is completely continuous.

Proof Firstly, take the constant in the second member to be independent on n, Hence,
we show that T}, : P — P are completely continuous for n = 3,4,.... Given u € P, with
Lemma 2.9 and the nonnegativity of f(¢, u), one has

1

o(1) o(1)
5/1 G(s,s)qbq</ G(s,t)f(t,u(r))At) As,

a(1) a(1)
(Tu)(t) = /1 G(Z,8)P, (f G(s, t)f(r,u(t))At) As

1

n

)
o(1) o(1)

| Tl < / Gls5,9)9, ( f G(S,T)f(r,u(t))At> As.

Foru e P,
) ) a(1) a(1)
@ELHL(U(THM)(” = @Einsa(l) /1 G(Z,5)p, (fl G(s, r)f(r,u(r))Ar) As
4 =t="2 4 ="="14 n
O'(l) a(l) a(1)
> T/; G(s,8)d, /1 G(s,t)f(r,u(t))At As.
It follows that
1
min_ (T)(® = 22 7,

Hence, T,u € P, and so T, : P — P. Let Q2 C P be bounded, i.e., there exists a positive
constant M > 0 such that ||u|| < M for all u € Q. Let

o(1)
L= max [f(t, u)| +1, H-= / G(s,s)As + 1,
0

0<t<o(1),0<su<M

then, for u € Q, we have

1

a(l) a(1)
(Tu)(t)] = /1 G(t,9)p, (/ G(s, T)f (7, u(r))Ar) As
<LTTHY < +00.

Hence, T,,(R2) is bounded for n = 3,4, ....
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On the other hand, given € > 0, let

€
§=—
20 (1)L4-1Ha-1

then, foreach u € Q, £1,4, € [0,0(1)], &1 < t3, and £, — t; < §, one has

(Tuu)(82) = (Tuu) (11)] <€

That is to say T,(€2) has equicontinuity. In fact, we consider three situations.
(1)0<t1§t2<%.

() (82) = (T0) (1)

o(1) a(1)
= ‘/1 G(tg,s)¢>q(/1 G(S,‘L')f(l’,u(‘[))A‘L’) As

a(1) a(1)
- /1 G(t1,5)94 (/ G(s, T)f (7, u(r))Ar) As

1

n n

a(1)
< [t /1 |G(t2,s) - G(tl,s)|As

1 (1)
_ q-1prq-1 _ o—2 _
= —a(l)L H /% (& —1)s (a(l) s)As

I i1 oW
< qu HT (ty — tl)/o [0(1) —S]As
<LT'HT'(t, - ;)0 (1)

<E€.

2)0<Hh <<t <1

1
(Tu)(82) = (T0) (1))

ty a(1)
<[ttt (/1 |G(t2,s) - G(tl,s)|As + / |G(t2,s) - G(tl,s)|As)

12}

< [Tt % (/; [(tl —9)s"20(1) + (£ — tl)s""l]As

o(1)
[ e -s) As)

17}

1 a(1)
< — [ R — / 220 (1) +s* V) As
= o) (ta—t1) A ( o(1) )

1

< (g, g )‘/U(l)[o(l) +5s]As
~o(1) 2 0

1 a(1)
<2— LI HT (¢t — 1) / o(1)As
o(1) 0

<2LT'HT'o(1)(t, - 1)

<E€.

Page 9 of 15



Sheng et al. Boundary Value Problems (2018) 2018:70 Page 10 of 15

(3)%<t1§t2<1.

|(Tta)(£2) = (T) (1)

t1 2
< a1yl (/1 |G(t2,s) - G(tl,s)|As + / |G(t2,s) - G(tl,s)|As
n al

o(1)
+/ |G(t2,s) - G(tl,s)|As>

12}

_L -1779-1 2 _ a-1_ o -2 _
_a(l)Lq HY |:/t1 ((o(1) - 12)s (5" (o (1) - s))As

al o(1)
+ /1 (ty — tl)s"“l As + / ((t2 _ t1)Sa_20(1) _ Sa_l)As]

15}

1 a(1)
< —L[TIHT Yt - tl)/ 2720 (1) + s 1) As
a(1) 0 ( )

~o(1)

<E.

1 o(1)
< — [, - tl)/ [U(l) + s]As
0

By the means of the Arzela—Ascoli theorem, we see that T, : P — P are completely con-
tinuous operators.

Secondly, it is clear that T : P — P. We prove that T, : P — P have uniform convergence
to T and T : P — P is completely continuous too.

With the use of Lemma 2.10,

¢4(A + B) < py(A) +2¢,(B) + (g — 1)(A + B)TB.

Given € > 0, let

K= <a(1) -(2L9'H + qulqu))
E 7

then | T,u — Tu|| < €, for all n > N. In fact,

I Twue — Tul

= max_|(T,u)(t) - (Tu)(?)|
0<t<o(1)
o(1) o(1)
= osr?gaf(l) /0 G(t,5)p, (/(; G(s, 7)f (z, u(t))Ar) As

o(1) o(1)
_/1 G(t,s)<j>q</1 G(s,t)f(t,u(r))Ar) As

(1) a(l)
< osmrgaf(l)/o G(t,s) |:¢q (/1 G(s, r)f(r, u(t))Ar)

n

+ 20, </(;n G(s, ‘E)f(‘L', u(r))At)
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o(1) q-2 %
+(g- 1)(/0 G(s,r)f(r,u(t))Ar) /0 G(s,r)f(r,u(r))Ar:|As

a(l) a(1)
- /1 G(t,5)¢, (f G(s, T)f (s, u(s))Ar) As

1

n

1 o(1)
< maxl)/0 G(t,s)¢q(/ ' G(S,r)f(t,u(r))Ar)As

T 0<t<o( 1
n

a(1) i
+ 2L‘7’1/ G(s,8)Ase, (/ G(z, r)Ar)
0 0
o(1) o (1) q-2 1
+(g—1)L7! / G(s,s)As(/ G(‘L’,‘L’)A‘L’) / G(t,7)AT
0 0 0

1
<o(1)- (LT HT + 2T H + (g - LT HI) - (_)
n
<e.
By the use of Lemma 2.11, T': P — P is completely continuous. O

We take into account that the Green’s function satisfy G(t,s) > 0 for ¢ € [0,5(1)], s €
[0,1], and G(Z,s) > 0, for £ € (0,0 (1)), s € (0,1). The following constants are well defined:

o(1) o (1) -1
M = (/0 G(s,s)As¢q(/0 G(T,‘L’)At)) ,

30(1) 3001) .
T oW ¥ o)
N = (/rril) O'TG(S,S)AS(,bq(/Hg) OTG(T,‘L’)A‘[)) .

Theorem 3.1 Let f € C([0,0(1)] x [0,00),[0,00)). Assume that there exist two different
positive constants ry, ry, and ro # ry such that

(H1) £(t,10) < ¢, (M), for (t,u) € [0,0(1)] x [0,r];

(H2) f(t,u) = ¢p(Nro), for (t,u) € [2, 320 5 [2W ) ).
Then Problem (1.1), (1.2) has at least one positive solution u such that min{ry, i} < |u| <

max{ry, r}.

Proof By Lemma 3.1, T : P — P is completely continuous. Without loss of generality, sup-
pose 0 < ry <7y, and let

Qi={ueP|lul<n},  Q={uecP||ul<n}

For u € 921, we have 0 < u(t) < ry for all £ € [0,5(1)]. It follows from (H1) that
|| Tu|| = max

o) (1)
Jmax fo G(t,s)cb,,( /0 G(s,r)f(t,u(r))Ar)As

o(1) a(1)
5Mr1/ G(s,s)Asqu(/ G(‘L’,‘L’)AT) =r1 = |ul.
0 0

So,

| Tu|l < ||lull, foruedRy.
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For u € 325, by the definition of P, we have

o(1) o(1)

min t)> —- =—r.
u(t) > 2 flacl] 2 2

a() 30(1)
4

By assumption (H2), for ¢ € [, =~ ], we have

a(1) o(1)
(rio - | G(to,s)qsq( [ G(s,t)f(r,u(r))Ar)As

30(1)

a(1) 2
Zf ' ﬂG(s,s)dlq( ﬂG(r,t)f(r,u(r))Ar)As
0 4

o(1) 4
4
30(1) 30(1)
3 o(1) i (1)
> 7 _7
ftl Nr2 _/aﬂ 4 G(S’S)¢q<\/;ﬂ 4 G(T, T)AT As
4 4
=ry = |lull.
So,
|| Tu|| = ||u|l, forue dS2,.
Therefore, by Lemma 2.12, we complete the proof. O

Theorem 3.2 Suppose f € C([0,0(1)] x [0,00),[0,00)) and there exist constants 0 < a <
b < ¢ such that the following assumptions hold:

(A1) f(t,) < $,(Ma), for (t,14) € [0,5(1)] x [0,al;

(A2) f(t,u) = ¢, (Nb), for (t,u) € [Z3, 20] x [b,c];

(A3) f(t,u) < ¢,(Mc), for (t,u) € [0,0(1)] x [0,c].
Then the boundary-value problem (1.1), (1.2) has at least three positive solutions u,, uy, us
with

max |u1(t)| <a, b< min |u2(t)| < max |u2(t)| <g,
0<t<o(1) o(l) .4 30(1) 0<t<o(1)

=4

a < max |u3(t)| <g min }ug(t)| <b.
0<t<o(1) #S&SUT(])

Proof We show that all the conditions of Lemma 2.13 are satisfied. If u € P,, then ||u|| < c.
Assumption (A3) implies f (¢, u(t)) < ¢,(Mc) for 0 <t < o (1), consequently,
[|Tu|| = max

a(l) a(1)
onax /o G(t,5)dq (/(; G(s,r)f(t,u(r))Ar) As

(1) a(1)
5[0 G(s,s)q)q(/o G(t,r)f(t,u(r))Ar) As

a(1) a(1)
SMC/ G(s,5) Asey </ G(‘L’,‘L’)A‘L’) <c
0 0

Hence, T : P, — P.. Similarly, if u € P,, then assumption (A1) yields f (¢, u(t)) < ¢p(Ma),
0 <t <0(1). Therefore, condition (C2) of Lemma 2.13 is satisfied.
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Choose
b
u(t) = % 0<t<o(l).
Then u(t) € P(0,b,c), 0(u) = 0(%) > b, consequently,

{ueP®,b,c)|0(u) > b} #0.

Hence, if u € P(6,b,c), then b < u(t) < @ <t< 3”41). From assumption (A3), we

have f(¢, u(t)) > ¢,(Nb) for % f< 30 4(1). So

a(1) a(1)
0(Tu)= min / G(t,s)éq(/ G(S,‘E)f(‘lf,bl(l’))A‘E) As
20U Jo 0

EEh
30 (1) 30(1)
i o(1) i g(1)
> Nb o) TG(s,s)qﬁq(‘/ag) TG(r,r)At As

ie.,
0(Tu) > b, forallue P®,b,c).
This shows that condition (C1) of Lemma 2.13 is satisfied.

By Lemma 2.13 and Remark 2.1, Problem (1.1), (1.2) has at least three positive solutions

u1, Uy, Us, satisfying

max |u1 t)| <a, b< min |u2(t) ,
0<t<o(1) ol) _,30(1)
4 ="=4
a< max |u3(t)|, min |us(t)| <b.
0<t<o(1 w<t< 30(1)
4 == 4

The proof is complete. 0
4 Examples

Example4.1 LetT =R, a = 3, p = 3, consider the following fractional differential equation
boundary-value problem:

D> (¢3(D%M(t))) =1+t+siny, tel0,1]7, (4.1)

u(0) = u(1) = D2 u(0) = D2 u(1) = 0. (4.2)
By a simple computation, we obtain M = 3.75, N &~ 5.987. Chooser; =1, r, = %, then
f(tu) =1+t +sinu <3.5<¢,(Mr)=3.75 for (¢,u) €[0,1] x [0,1],

13 11
Ju) =1 inu>?2 ~1.1974, f |
ft,u) +t+sinu>2>¢,(Nry) 97 or (t,u) € [4 4] [20 5]
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With the use of Theorem 3.1, the fractional differential equation boundary-value problem
(4.1) and (4.2) has at least one positive solution « such that é <l <1.

Example 4.2 Let T =R, consider the following fractional differential equation boundary-
value problem:

D3 (¢5(D3u(t))) =f(t,w), te[01]r, (4.3)

u(0) = u(1) = D2 u(0) = D2 u(1) = 0, (4.4)
where

ftu) = 2u + 1—10t, u<l;

1
6+7(u—-1)"+ 5t u>1
We obtain M = 3.75, N ~ 5.987. Choose a = 0.1, b = 1, ¢ = 4, then
1
ft,u)=2u+ I—Ot <0.3 < ¢,(Ma) =0.375, for (¢,u) € [0,1] x [0,0.1],
t Nb 13
flt,u)=6+7(u—-1)>+ 0 >2> ¢p(?) ~ 1497, (t,u)e [4_17 Z_L] x [1,4],
t
flt,u)=6+7(u—-1)*+ 10 <91<¢,(Mc)=15, (t,u)e[0,1] x [0,4].

With the use of Theorem 3.2, the fractional differential equation boundary-value problem
(4.3) and (4.4) has at least three positive solutions u1, u, and u3 with

max |u1(t)| <0.1, 1< min |u2(t)| < max |u2(t)| <4,
0<t<1 iStS% 0<t<1
0.1 < max |uz(t)| <4, min_|uz(£)| < 1.

0<t<1 %stsg

Acknowledgements
Not applicable.

Funding
This work is supported by NSFC (11571207), the Taishan Scholar project and SDUST graduate innovation project
SDKDYC170343.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analyzed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Authors’ information

The corresponding author is a professor. He has worked on nonlinear functional analysis and fractional boundary-value
problems for many years. The first author and the second author are doctorate candidates. Their research field is the
solvability of fractional boundary-value problems.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 13 March 2018 Accepted: 25 April 2018 Published online: 08 May 2018



Sheng et al. Boundary Value Problems (2018) 2018:70 Page 15 of 15

References
1. Agarwal, R.: Triple solutions to boundary value problems on time scales. Appl. Math. Lett. 13, 7-11 (2000)
2. Agarwal, R, O'Regan, D.: Nonlinear boundary value problem on time scales. Nonlinear Anal. 44, 527-535 (2001)
3. Benkhettou, N,, Hassani, S., Torres, D.EM.: A conformable fractional calculus on arbitrary time scales. J. King Saud Univ.,
Sci. 28,93-98 (2016)
4. Ding, Y. Wei, Z: Multiple positive solutions for a fourth-order p-Laplacian Sturm-Liouville boundary value problems
on time scales. Acta Math. Appl. Sin. Engl. Ser. 2, 287-296 (2015)
5. Guo, M. Existence of positive solutions for p-Laplacian three-point boundary value problems on time scales. Math.
Comput. Model. 50, 248-253 (2009)
6. Wang, Y., Zhou, J, Li, Y. Fractional Sobolev's spaces on time scales via conformable fractional calculus and their
application to a fractional differential equation on time scales. Adv. Math. Phys. 2016, 1-22 (2016)
7. Bai, Z,Dong, X, Yin, C.: Existence results for impulsive nonlinear fractional differential equation with mixed boundary
conditions. Bound. Value Probl. 2016, Article ID 63 (2016). https://doi.org/10.1186//513661-016-0573-z
8. Bai, Z, Zhang, S, Sun, S, Yin, C.: Monotone iterative method for fractional differential equations. Electron. J. Differ. Equ.
2016, Article ID 06 (2016)
9. Bai, Z, Zhang, Y. Solvability of fractional three-point boundary value problems with nonlinear growth. Appl. Math.
Comput. 218, 1719-1725 (2011)
10. Cabada, A, Wang, G.: Positive solutions of nonlinear fractional differential equations with integral boundary value
conditions. Abstr. Appl. Anal. 2012, 403 (2012)
11. Cui, Y, Sun, J.: A generalization of Mahadevan's version of the Krein-Rutman theorem and applications to p-Laplacian
boundary value problems. Abstr. Appl. Anal. 2012, Article ID 305279 (2012)
12. Dong, H. Guo, B, Yin, B Generalized fractional supertrace identity for Hamiltonian structure of NLS-MKdV hierarchy
with self-consistent sources. Anal. Math. Phys. 6, 199-209 (2016)
13. Fu,C, Ly, C, Yang, H.: Time-space fractional (2 + 1) dimensional nonlinear Schrodinger equation for envelope gravity
waves in baroclinic atmosphere and conservation laws as well as exact solutions. Adv. Differ. Equ. 2018, 56 (2018)
14. Li, H, Sun, J: Positive solutions of superlinear semipositone nonlinear boundary value problems. Comput. Math. Appl.
61,2806-2815 (2011)
15. Liu, F: Continuity and approximate differentiability of multisublinear fractional maximal functions. Math. Inequal.
Appl. 21, 25-40 (2018)
16. Wang, G, Agarwal, R, Cabada, A.: Existence results and monotone iterative technique for systems of nonlinear
fractional differential equations. Appl. Math. Lett. 25(6), 1019-1024 (2012)
17. Song, Q, Dong, X, Bai, Z, Chen, B.: Existence for fractional Dirichlet boundary value problem under barrier strip
conditions. J. Nonlinear Sci. Appl. 10, 3592-3598 (2017)
18. Wang, Z.: A numerical method for delayed fractional-order differential equations. J. Appl. Math. 2013, Article ID
256071 (2013). https://doi.org/10.1155/2013/256071
19. Wang, Z, Wang, X, Li, Y, Huang, X.: Stability and Hopf bifurcation of fractional-order complex valued single neuron
model with time delay. Int. J. Bifurc. Chaos 27, Article ID 1750209 (2017).
https://doi.org/10.1142/50218127417502091
20. Zou, Y, Liu, L, Cui, Y. The existence of solutions for four-point coupled boundary value problems of fractional
differential equations at resonance. Abstr. Appl. Anal. 2014, Article ID 314083 (2014).
https://doi.org/10.1155/2014/314083
21. Zou, Y, Cui, Y: Existence results for a functional boundary value problem of fractional differential equations. Adv.
Differ. Equ. 2013, Article ID 233 (2013). https://doi.org/10.1186/1687-1847-2013-233
22. Dong, X, Bai, Z, Zhang, S.: Positive solutions to boundary value problems of p-Laplacian with fractional derivative.
Bound. Value Probl. 2017, 1 (2017)
23. Hao, X, Wang, H,, Liu, L., Cui, Y.: Positive solutions for a system of nonlinear fractional nonlocal boundary value
problems with parameters and p-Laplacian operator. Bound. Value Probl. 2017, Article ID 182 (2017)
24. Liy, X, Jia, M., Gao, G.: The method of lower and upper solutions for mixed fractional four-point boundary value
problem with p-Laplacian operator. Appl. Math. Lett. 145, 56-62 (2017)
25. Liy, X, Jia, M,, Ge, W.: Multiple solutions of a p-Laplacian model involving a fractional derivative. Adv. Differ. Equ. 2013,
Article ID 126 (2013). https://doi.org/10.1186/1687-1847-2013-126
26. Tian, Y, Sun, S, Bai, Z.: Positive solutions of fractional differential equations with p-Laplacian. J. Funct. Spaces 2017,
Article ID 3187492 (2017)
27. Yan, P: Nonresonance for one-dimensional p-Laplacian with regular restoring. J. Math. Anal. Appl. 285, 141-154
(2003)
28. Guo, D.: Nonlinear Functional Analysis. Shandong Science and Technology Publishing House, Jinan (2001) (in
Chinese)
29. Krasnosel'skii, M.. Positive Solutions of Operator Equations. Noordhoff, Groningen (1964)
30. Leggett, R, Williams, L.: Multiple positive fixed points of nonlinear operators on ordered Banach spaces. Indiana Univ.
Math. J. 30, 637-688 (1979)


https://doi.org/10.1186//s13661-016-0573-z
https://doi.org/10.1155/2013/256071
https://doi.org/10.1142/S0218127417502091
https://doi.org/10.1155/2014/314083
https://doi.org/10.1186/1687-1847-2013-233
https://doi.org/10.1186/1687-1847-2013-126

	Positive solutions to fractional boundary-value problems with p-Laplacian on time scales
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries and lemmas
	Existence results
	Examples
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Authors' information
	Publisher's Note
	References


