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1 Introduction and main results
In this paper, we consider the following p-Kirchhoff equation:

[M(||u||")]p71(—Apu + V(x)|u|1’_2u) =f(x,u), xeRN, (1.1)

|r—2

where M, V are continuous functions, f(x, «) = Ag(x)|u|?2u + h(x)|u|2u (1<q<p<r<

p*) is concave and convex, and
lue)|? = f (|Du|p + V(x)|u|p) dx (l<p<N).
RN

Since the pioneering work of Lions [1], much attention has been paid to the existence
of nontrivial solutions, multiplicity of solutions, ground state solutions, sign-changing so-
lutions, and concentration of solutions for problem (1.1). For example, for the following
Kirchhoff equation:

—<a+b |Vu|2dx>Au+ V®)u=f(xu), xeRN, (1.2)
RN

Liand Ye [2] and Guo [3] showed the existence of a ground state solution for problem (1.2)
with N = 3, where the potential V(x) € C(R?) and it satisfies V(x) < lim infly .00 V() £
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Voo < +00. Sun and Wu [4] investigated the existence and non-existence of nontrivial so-
lutions with the following assumption: V(x) > 0 and there exists ¢ > 0 such that meas{x €
RN : V(x) < ¢} is nonempty and has finite measure. Wu [5] proved that problem (1.2) has
a nontrivial solution and a sequence of high energy solutions where V(x) is continuous
and satisfies inf V(x) > a; > 0 and for each M > 0, meas{x € RN : V(x) < M} < +oo. Nie
and Wu [6] treated (1.2) where the potential is a radial symmetric function. Chen et al. [7]
considered equation (1.2) when f(x, 1) = Aa(x)|u|92u + b(x)|u| 2u (1< g<p =2 <r<2*).
Moreover, for p-Kirchhoff-type problem of the following form:

~[a+ AM(llullP)][-Apu + blul?u] = f(u) inRY, (1.3)

Cheng and Dai [8] proved the existence and non-existence of positive solutions, where
M(t) satisfies

(M) There exists o € (0, 1) such that M(¢) > o [M(¢)]t, here M(¢) = fOtM(S) ds.

Furthermore, the authors in [9] dealt with problem (1.3) for the special case M(¢) =t
and p = 2. Recently, Chen and Zhu [10] considered problem (1.3) for M(£) = t* and f(«) =
lt|" 21 + p|u|9%u. Similar consideration can be found in [11-13].

However, p-Kirchhoff problem in the following form:

M) A =fxu) inQ  u=0 ondg, (1.4)

or p-Kirchhoff problem like (1.1) seems to be considered by few researchers as far as we
know. Alves et al. [14] and Corréa and Figueiredo [15] established the existence of a posi-
tive solution for problem (1.4) by the mountain pass lemma, where M is assumed to satisfy
the following conditions:

(Hy) M(t) > mg forall £ > 0.

(Hy) M(t) > [M()7""t for all £ > 0, where M(¢) = [y [M(s)]?~" ds.

In [16], Liu established the existence of infinitely many solutions to a Kirchhoft-type
equation like (1.1). They treated the problem with M satisfying (H;) and

(H3) M(t) <m; forall £>0.
Very recently, Figueiredo and Nascimento [17] and Santos Junior [18] considered solutions
of problem (1.1) by minimization argument and minimax method, respectively, where
p =2 and M satisfies (H;) and

(H4) The function t + M(¢) is increasing and the function ¢ — @

Subsequently, Li et al. [19] investigated the existence, multiplicity, and asymptotic behav-

is decreasing.

ior of solutions for problem (1.4), where M could be zero at zero, i.e., the problem is de-
generate.

Note that M(t) = a + bt does not satisfy (Hy) for p =2 and (Hj) for all 1 < p < N. More-
over, M(t) = a+ bt* fails to satisfy (H,), (Hz) for all k > 0, and (Hy) for all k > 1. In this paper,
we will assume proper conditions on M, which cover the typical case M(¢) = a + bt* and the
degenerate case. Furthermore, our assumption on the potential V is totally different from
all the previous works which were concerned with Kirchhoff-type problems to the best of
our knowledge. The assumption on V is related to the functions g, # in the nonlinearity
f. The potential V is not necessarily radial and can be unbounded or decaying to zero as
|x| = +oo according to different functions g and 4. See assumptions (V) and (M;)—(Ms)
below.
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Before stating our main results, we introduce some function spaces and then present
two embedding theorems, which is important to investigating our problem. For any s €
(1, +00) and any continuous function K(x) : RN — R, K(x) > 0, % 0, we define the weighted
Lebesgue space L*(RY, K) equipped with the norm

1/s
IIullLs(RN,1<)=</ K(x)lulsdx) . (1.5)
RN

Throughout the article we assume V(x) satisfies

(V) V(x) € C(RN), V(x) > 0,and {x € RN : V(x) = 0} C Bg, for some R, > 0, where Bg, =
{x]|x] < Ro,x € RN}

The natural functional space to study problem (1.1) is X with respect to the norm

IIMII”=/RN(|DMIP+ V(@) |ul?) dx. (1.6)

The following theorem is due to Lyberopoulos [20]. Denote By = {x|x € RY, |x| < R} and
BS =RN\B
R~ R

Theorem 1.1 Let p < r < p*, V(x) satisfies (V), h(x) € C(RN), and h(x) > 0, 0 such that

M= Rl_i)rJ{l@m(R) < 400, (1.7)
where
P*-p
m(R) = sup (h(x))

" esg (VP

Then the embedding X — L'(RN, h) is continuous. Furthermore, if M = 0, then the em-
bedding is compact.

Theorem 1.2 Let 1< g < p, V(x) satisfies (V), g(x) € C(RN), g(x) > 0, 0 such that

L= Rlim I(R) < +00, (1.8)

—+00

where

b4

I(R) := / graV i dx.
BY

Then the embedding X < L1(RN,g) is continuous. Furthermore, if L = 0, then the embed-
ding is compact.

Proof This theorem can be seen as a corollary of Theorem 2.3 in [21]. Here we give a
detailed proof for the readers convenience. Let ¢r € C§° (RN) be a cut-off function such
that 0 < gr <1, gr(x) = 0 for |x| < R, gr(x) = 1 for |x| > R + 1, and |Dgg(x)| < C. For any
fixed R > Ry, we write u = ggru + (1 — @g)u. Then it follows from Hoélder’s inequality that

1 r—q
oy an o < | glutfde< (| vierdx) (| gfavitiax)”
PRUN Lq N g) = Bcgu r= BE s Bcg x

R R R
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< (l(R))!% (/Bc(wuv’ + Vlul?) dx) g (19)

Furthermore, by the Sobolev embedding theorem, we have

||(1—¢R)u||§q(RN,g) 5/ glulfdx < C/ |9 dx
Bry1

Br+1

q/p
< C(/ |Dul? dx)
Br+1
alp
< C(/ (|Du|p + V(x)|u|p) dx) . (1.10)
Bpry1

Combining (1.9) with (1.10), we obtain the continuity of the embedding X < LI(RY,g).

In the following, we prove the embedding X < L(RY,g) is compact. Let £ = 0 and
suppose that u, — 0 weakly in X. Then ||z, x is bounded. Hence it follows from (1.9) that
for any ¢ > 0, there exists R > 0 sufficiently large such that

€
lorttnll e (RN,g) = 2

Moreover, by the Rellich—-Kondrachov theorem, [[(1 — @g)u,|| La@N g — 0, and so there
exists #n(e) € N such that, for all # > n(¢),

€
” (1 QOR)MVI ||L4(RN = 5

Hence, for any € > 0, there exist R and # sufficiently large such that

llutll Lo gy < Il @RUn | Lagen gy + || (1 = @R) 1t HLq(RNyg) <e
which implies the embedding X < L4(RY, g) is compact. O

In the rest of the paper, we assume
(A) The function V satisfies (V) and the functions M, g, i are continuous and nonnegative
such that M = £ =0, where M and £ are defined by (1.7) and (1.8), respectively.
By Theorems 1.1 and 1.2, if M = £ = 0, then the embedding X «— L4(RY,g) and X —
L"(RN, h) is compact for 1 < g < p < r < p*. Let S, and S, be the best embedding constants,
then

[ ety <o, [ it de < (L.11)
RN RN

Since X is a reflexive and separable Banach space, it is well known that there exist ¢; € X
and e; GX* (j: 1,2,...) such that

(1) ¢ e,, = 8;, where 8;; = 1 for i = jand §;; = 0 for i #j.
(2) X= span{el,ez,...}, X* =span{ej, €,...}.
Set
k 00
X; = span{e;}, ve=Px, z=-Px. (1.12)
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Motivated by [8, 19], we make the following assumptions on M:
(M) There exists o > 0 such that

M) > o[M@6)] 't

holds for all £ > 0, where M(¢) = fot [M(s)]P L ds.
(My) M(t) > mg >0 forall £ > 0.
(M3) M(t) is nonnegative and increasing for all £ > 0.
(M) There exists p > 0 such that

T > 15,

where S, is the best embedding constant of X < L"(R", k).
(M5) There exists y; > 0 such that

o - Bivi
o) v =
where

1/r
B1= sup < hlulrdx) .
RN

ueZy,|lull=1

The main results of our paper read as follows.

Theorem 1.3 Assume (A), (M;) and (M) or (M3), (My). Suppose alsop <orand 1< q <
p <r<p*. Then there exists Lo > 0 such that problem (1.1) has a solution for all A € [0, Ao).

Theorem 1.4 Assume (A), (M;) and (My) or (M3), (My). Suppose also p <orand 1< q<
p <r<p*. Then there exists A > 0 such that problem (1.1) has a sequence {u,} of solutions
in X with J(u,) — 00 as n — oo for all A € [0,A1).

Remark 1.5 Set M(t) = a + bt* (a, b,k > 0). Then we can easily deduce that M satisfies (M)
forallp>1landO0<o < m
Remark 1.6 Let M(¢) =a + bIn(1 +¢) (a,b > 0,t > 0). Assume p > 1,b(p — 1) < a, then by

direct calculation, one has

M(t) = / t[M(t)]p_l dt > t[M(t)]p_l(l - 1)).
0

a
Consequently, M satisfies (M;) forO<o <1 - @.

Remark 1.7 Clearly, assumptions (M;), (M3), (M) or (M;), (M3), (Ms) cover the degen-

erate case.
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2 Proofs of the main results
The associated energy functional to equation (1.1) is

1. A 1
J(u) = —M(||u||”)——f g|u|qu——f h|u|” dx. (2.1)
p q JrN 7 JRrN
For any v € C{°(RYN), we have

(7' w),v) = [/v[(||u||"’)]p_1 /RN(IVMIP’ZW Vv + VIulP?uv) dx

- )»[ glu|"uvdx - / hlu|"2uv dx. (2.2)
RN RN
We say that {u,} is a (PS). sequence for the functional J if
J@w,)—c and J(u,)— 0 inX¥, (2.3)

where X* denotes the dual space of X. If every (PS). sequence of ] has a strong convergent
subsequence, then we say that J satisfies the (PS) condition.

The proof of Theorem 1.3 mainly relies on the following mountain pass lemma in [22]
(see also [23]).

Lemma 2.1 Let E be a real Banach space and ] € C*(E,R) with J(0) = 0. Suppose
(Hy) there are p, o > 0 such that J(u) > o for ||\ul|g = p;
(Hy) thereis e € E, ||le|| g > p such that ] (e) < 0. Define

I'={y eC'([0,1LE)|y(0)=0,7(1) =e}.
Then

¢ = inf max ](y(t)) >

yel 0<t<1

is finite and J(-) possesses a (PS). sequence at level c. Furthermore, if ] satisfies the (PS)
condition, then c is a critical value of ].

In the following, we shall verify J satisfies all conditions of the mountain pass lemma.

Lemma 2.2 Assume (A), (M;) and (M) or (Ms). Suppose also p < or. Then any (PS),
sequence of ] is bounded.

Proof Let {u,} be any (PS), sequence of ] and satisfy (2.3).
By (M;) and (A), we have

1
c+ 1+ |luyll = J(uy) - ;(]’(un), Un)
1. 1 -1 1 1
i )2 r\1? r_H(Z_Z q
() = L[ e =25 ) [ et

> (% - %)[M(nunn")]"‘1 latall? ~ A(é - %)S;q/pnunnq. (24)
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Case 1. If (M;) holds. Then we deduce from (2.4) that
1 1 1
c+ 1+ |Juyll = (z - _>m€_1”un”p —)»<— - —>Sqq/p||un||q- (2.5)
p r q r

Hence {u,} is bounded.
Case 2. If (M3) holds. Let 79 > 0 be fixed. If ||, ||? > 1o, then

1 _ 1 1
c+ 1+ fluyll > (3 - —)[M(ro)]’” oaall? ~ x(— - —)S;q’pnunnq, (2.6)
p r q r

which implies {u,} is bounded. O

Lemma 2.3 Assume (A), (M1) and (M3) or (My). Then there are p,a > 0 such that J(u) > o
Jor llull = p.

Proof Case 1. (M,) is satisfied. It follows from (1.11), (2.1), and (M;)—(My) that
o, A 1
J) = =™ ull? = =S 4P ull - =S |u|”
p q r
_ A 1
= ||u||q(3m’5 a1 - =59 —S;’/Pnun’-q). (27)
p q r
Denote ¢(t) = AtP~7 — BA — Ct""7 with
A=oml'lp, B=SS"lq,  C=5""r. (2.8)

Obviously, ¢(¢) attains its maximum

v —

P At~ _ By,
r-q

o(to) =

at

/(r—p)
o (A(p—q)>1 ?
C(r—q)

Let A = 2((::{3 7, p = ty, and a = t1¢(ty). Then J(u) > o > 0 for ||u|| = p and A € [0, Ao).

Case 2. (M) is fulfilled. Let |lu| = p. Then, by (1.11), (2.1), and (M,), there hold

_ A 1
J) = = [M(ull?) P el? - 5$;”||u||q = =S lull”

T | Q

= p?(A(p)p?™1 - Br—Cp'™), (2.9)

where A(p) = ;’—7[M(,01”)]1"1 and B, C is defined by (2.8). In view of (M), J(#) > « > 0 for all
O<A<ho= %[A(,o),o"‘q—Cp"q]. O

Lemma 2.4 Assume (A), (M) and p < or. Then there is e € X with |e|| > p such that
J(e) <O.
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Proof By integrating (M;), we obtain

1/o

. . t

M(t) < M(tl)(t—) forallt >t >0. (2.10)
1

Hence, for ||tu||? > t,

1. P\ A 1
J(tu) < —M(tl)(”u” ) to —tq—/ g|u|qu—t’—/ hlu|” dx. (2.11)
4 tl q JRN r JRN
Consequently, J(tu) < 0 if t > R for some R > 0 sufficiently large. O

Lemma 2.5 Assume (A), (M;) and (My) or (M3). Then any (PS), sequence of ] has a strong

convergent subsequence.

Proof Let {u,} be any (PS). sequence of J and satisfy (2.3). By Lemma 2.2, {1, } is bounded.

Passing to a subsequence if necessary, we have

u,—u inX,
u, —~u inLY(RY,g) and in L"(RN, h),

u, — u almost everywhere in R,
Denote P, = {J'(u,,), u,, — u) and
Q.= [M(||u,1||1’)]p_1 / (IVulP2VuN (u, — u) + VIul>u(u, — u)) dx.
RN

We can easily obtain that

lim P, =0, lim Q, =0,
n—00 n—00
lim &) T 1, (1t — 1) dix = 0,

n—>o0 [pN

lim h(x) || 21 (0 — 16) dx = 0.
n—>o0 [pN

Since

Py - Q= [M(lual?) /

(IVtu P>Vt — |VulP >V u) V (4, — u) dx
RN

+ [M(llunllp)]pflv/ V(lunl? >t = |l 1) (s — ) A
RN
[ el — iz [ b, - 0
RN RN
we can deduce that

lingo{[M(Hu,,H”)]p_l/ (IVuu P2V, — [VulP>Vu) V (u, — u) dx
n— RN
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+ [M(Ilunllp)]p_1 /RN V(lnl? 1t — |0l us) (4, — 00) dx} =0. (2.12)

Case 1. (M,) holds. Using the standard inequality in RY given by

(Il 22— [yP?y,2—y) = Cylx -yl ifp=2 (2.13)
or
_ . Colx—y> .
[xP2x — [y 2y x—y) > — < if2>p>1, (2.14)
( W32

we obtain from (2.12) that ||u, — u|| — 0 as n — co.

Case 2. If (M3) holds, then due to the degenerate nature of (1.1), two situations must be
considered: either inf, ||u,|| > 0 or inf, ||u,|| = 0.

Case 2-1: inf,, ||u,|| > 0. Then we can deduce from (2.12)—(2.14) that ||u, — || — 0 as
Case 1.

Case 2-2: inf,, |u,|| = 0. If 0 is an accumulation point for the sequence {||u,||}, then there
is a subsequence of {u,,} (not relabelled) such that u,, — 0. Hence 0 = J(0) = lim,,_, o J(1,,) =
¢. By Lemma 2.3, ¢ > 0. This is impossible. Consequently, 0 is an isolated point of {||u,||}.
Therefore, there is a subsequence of {u,} (not relabelled) such that inf}, ||«,| > 0, and we
can proceed as before.

This completes the proof. d

Proof of Theorem 1.3 The conclusion follows by Lemmas 2.2—-2.5 immediately. 0
To get multiplicity result of problem (1.1), we need the following fountain theorem.

Lemma 2.6 (Fountain theorem [24]) Let X be a Banach space with the norm || - ||, and let

X; be a sequence of subspace of X with dim X; < oo for each i € N. Further, set

o0 k o0
x=px, e=Px, z=-Px
i=1 i=1 i=k

Consider an even functional ® € C1(X,R). Assume, for each k € N, there exist py > yx >0
such that

(®1) ax = maxy,ey,,juj-p, Pu) <0;

(®2) by :=infuezy juj=y, P(u) = +00,k — +00;

(®3) O satisfies the (PS). condition for every ¢ > 0.
Then ® has an unbounded sequence of critical values.

Proof of Theorem 1.4 Obviously the functional J is even. It remains to verify that ] satisfies

(®1)-(®3) in Lemma 2.6.
It follows from (2.10) that

M(t) < Cltlla +Cy
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for positive constants C;, C; and for all £ > 0. Hence
1 A 1
J() < —(Cillull7 + Cy) - —/ glulfdx - —/ hlul" dx. (2.15)
V4 q JRN r JRN
Since all norms are equivalent on the finite dimensional space Y, we have, for all u € Y%,

J() < = (Cullull 7 + Co) = ACs |l - Callul”, (2.16)

SR

where C3, Cy are positive constants. Therefore ay := max,cy, juj=p, /(%) < O for |lu|| = px
sufficiently large. This gives (®1).

Denote By = SupueZk,HuH:l(f]RN hlu|" dx)V". Since Zy,1 C Zk, we deduce that 0 < B, <
Bi. Hence B — Bo > 0 as k — +oo. By the definition of By, there exists u; € Z; with
[luk]] = 1 such that

1 1/r
——sﬂk—(f hlukl’dx> <0
k RN

for all k > 1. Therefore there exists a subsequence of {u} (not relabelled) such that u; — u
in X and (u, €}) = limi—, oo (1x, €;) = 0 for all j > 1. Consequently, u = 0. This implies 1 — 0
in X and so ux — 0in L (RN, k). Thus B, = 0. The proof of (®,) is divided into the following
two cases.

Case 1: (M) holds. For any u € Zy, there holds

)= 7y - %S;q/f’nunq Bl (2.17)
Set

" (04poﬁ,;r> V-p’ A = qun;g_l p—qsz/p'
Then

J(u) > %m‘o"lyf (2.18)

for all A € (0,A1) and ||| = yx. Hence (®,) is fulfilled.
Case 2: (M3), (M5) hold. For ||| = p, we have

_ A 1
Jw) = Z[M(0?) [P o - =S, pT — =S p", (2.19)
p q r
Set
P\Ip-1,.\ 75 Py1p-1
5 = oM@yl 'r TR oqM(y))l prasin,
4pp; 2p 1
Then by (M5s)
g ~p\1p-1_p
J(u) > @[M O vt (2.20)

forall A € (o,il) and | «|| = Y. Hence (®,) is fulfilled.
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By Lemma 2.5, we obtain (®3). Consequently, the conclusion follows by the fountain

theorem. O
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