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1 Introduction

In recent years, the study of fractional differential equations (FDEs for short) has been an
interesting and popular field of research as it plays an important role in many areas such
as control theory, electrical circuits, biology, physics, diffusion processes, finance, etc. (see
[1-8]). For example, the simplified financial model can be described by FDEs as the forms:

oD x(t) = z(t) + (y(t) —a)x(t), O<q1 <1,
oDPy(t) =1-by(t) -x*t), O<q2=<1,
oDPz(t) = —x(t) — cz(t), 0<qs <1,

where ODEA) is the Caputo fractional derivative of fractional order, 4, b, c are three non-
negative constants denoting the saving amount, cost per investment, and the elasticity of
demand of commercial market, respectively, the state variables x(t), y(£), z(¢) represent the
interest rate, investment demand, and the price index, respectively (see [2]).

As is well known, one of the interesting and important features of discussing FDEs is
focused on the research of the existence solutions for nonlinear fractional initial value
problems and fractional boundary value problems (BVPs for short). Some recent work
can be found in [9-33] and the references therein. It is worth mentioning that the study
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of the Hadamard-type fractional BVPs has attracted many scholars’ attention over the
past four years. Hadamard-type fractional calculus was introduced by Hadamard in 1892
(see [34]). The definition of this kind of fractional derivative contains logarithmic func-
tion of arbitrary exponent in the kernel of the integral, which is different from the frac-
tional derivatives of Riemann—-Liouville and Caputo types. “Hadamard’s construction is
invariant in relation to dilation and is well suited to the problems containing half axes”
(see [23]). Moreover, some classical methods and theories, such as fixed point theorems,
coincidence degree theory, and monotone iterative technique, have been widely used to
investigate Hadamard-type fractional BVPs (see [16-33]).

In [16], Benchohra, Bouriah, and Nieto investigated the following Hadamard-type FDE
with periodic condition:

HDey(t) = f(t,y(t), " D*y(t)), O<a<1,te[1,T],
y(1) = (T),

where T > 1, 1D* is the Hadamard-type fractional derivative of order «. The authors ob-
tained the existence of solutions by means of coincidence degree theory.

In [17], Ahmad and Ntouyas discussed the following coupled Hadamard-type FDEs with
Hadamard-type integral boundary conditions:

D*u(t) =f(t,u(®),v(t), l<a<2,1<t<e
DPu(t) = g(t,u(t),v(t)), 1<B<21<t<e,

o -1
w1)=0,  ule) =y [ (In %) 4 g,

v(1)=0,  ve) =gy [ (In )7 M g,
where y >0,1<01<e,1 <0y <e, DU is the Hadamard-type fractional derivative of frac-
tional order. By using Leray—Schauder’s alternative and Banach’s contraction principle, the
authors obtained the existence and uniqueness of solutions, respectively.
In [18], Pei, Wang, and Sun considered the following Hadamard-type fractional integro-
differential equations on infinite domain:

Hpey(t) + f(t, u(®), " Iu(t), "D*'u(¥) =0, 1<a<2,te(l,+o0),
u(1)=0, Hp*=ty(oo) = Y17 A IPiu(n),

where 1 € (1,00), r, Bi,A; > 0 (i = 1,2,...,m) are given constants, 7D is the Hadamard-
type fractional derivative of order «, and "I*) is the Hadamard-type fractional integral.
By employing the monotone iterative technique, the existence result on positive solutions
was obtained.

Motivated especially by the aforementioned work, we are concerned in this paper with
the existence of solutions for two types of Hadamard-type fractional integral BVP on an
infinite interval. First, by applying the monotone iterative method, we investigate the fol-
lowing FDE with conjugate type integral conditions on an infinite interval:

HpY x(t) + a(t)f (£,x(2) =0, n—1<a <nte(l,+00),

(1.1)
xM(1) =0, Hpe-1x(+00) = ffoog(t)x(t)%, m=0,1,...,n-2,
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where n € N, n > 3, D, is the Hadamard-type fractional derivative of order «, g(t) > 0
satisfies I' () — ffoo g(®)(In > % :=k > 0. We assume that the following conditions hold:
(A1) f € C([1,+00) x [0,+00),[0,+00)), f(£,0) £ 0 on any subinterval of [1,+00) and
f(t, (1 + (In£)*1)x) is bounded on [1, +00) when x is bounded;
(Az) af(t):[1,+00) — [0, +00) is not identically zero on any subinterval of [1, +o0) and

+00 dt
0< a(t)— < +o0.
1 t

Second, we also study the existence of solutions for the following Hadamard-type
FDE with integral boundary condition on an infinite interval at resonance by means of
Mawhin’s continuation theorem:

HDY x(t) + a(t)f (£, x(t), "D 2x(t), " DS x(t)) = 0, £ € (1, +00),

"
x(1)=#(1)=0, "Dy x(+00) = [ gt} DI x(0) %L, 12

where 2 < @ < 3, DY, is the Hadamard-type fractional derivative of order «, g(t) > 0,
(1/a(t)) > 0 on [1,+00), f : [1,+00) x R® — R satisfies a-Carathéodory condition, that is,
f satisfies the following three conditions:

e For each (u, v, w) € R3, the mapping ¢ — f(t, u, v, w) is Lebesgue measurable;

e Fora.e. t € [1, +00), the mapping (u, v, w) — f(t,u,v,w) is continuous on R?;

e For each [ > 0, there exists a function ¢; : [1,+00) — [0,+00) satisfying
A a(t)wl(t)% < +00 such that

|u] v]
tu,v,w)| < @t), .e.te[l,+00), ma , Swlp <L
If(t,u,v,w)| <@i(t), aetel ) X{1+(lnt)o‘_1 Y

And we also assume that the following condition holds:

(Hy) ffoog(t)% =1, [ a(t)% < +00.

In general, a boundary value problem is called resonance if the corresponding homoge-
neous BVP has a nontrivial solution. According to condition (H;), consider the homoge-
neous BVP of (1.2) as follows:

—L)HD‘Lx(t) =0, te(l,+00),

a(

3
x(1) =«'(1) =0, Hpy-lx(+00) = ffoog(t)HD‘f;lx(t)ﬂ.

t

(1.3)

By using Lemma 2.2 (see the next section), we can check that BVP (1.3) has a nontrivial
solution x() = c(In£)*~1, c € R. So, BVP (1.2) is a resonance problem.

In the present work, we are focused on establishing the existence theorems to deal with
two types of Hadamard-type fractional BVPs on an infinite interval. The new features of
this paper can be presented as follows. On the one hand, as far as we know, compared
with the fractional BVPs on a finite interval, the BVPs on an infinite interval of FDEs have
little been considered until now because the infinite interval lacks compactness. Thus,
our paper enriches some existing results. On the other hand, most of the recent papers
on Hadamard-type fractional BVPs discuss the non-resonance problems. In our work, we
not only study the non-resonance problem but also consider the resonance problem. The
main difficulties in this article are as follows. First, we have to construct suitable Banach
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spaces for problem (1.1) and (1.2). Second, we should give a new compactness judgment
theorem. Third, the estimates on a priori bounds are more complicated.

The rest of this paper is organized as follows. In Sect. 2, we recall some preliminary
definitions and lemmas. In Sect. 3, based on the monotone iterative method, we establish
a theorem on the existence of positive solutions for problem (1.1). In Sect. 4, by using
Mawhin’s continuation theorem, we give an existence theorem for problem (1.2). Finally,

the paper is concluded in Sect. 5.

2 Preliminaries
In this section, we recall some definitions and lemmas which are used throughout this
paper. First, we present here the basic knowledge about the Hadamard-type fractional

calculus. For more details, we refer the readers to [1, 28].

Definition 2.1 The Hadamard-type fractional integral of order « > 0 of a function f :
[1,+00) — R:

1 [t t\*, . ds
HI"‘t:—/l— —, (@>1),
V0=t | (7)) /05T @
provided the integral exists.

Definition 2.2 The Hadamard-type fractional derivative of order « > 0 of a function f :
[1,+00) — R:

. 1 d\" (L, t\" ds
HD1+f(t) = m (tE) '[l (ln ;) f(S)?, (t > 1),

where 7 = [«] + 1, [¢] is the integer part of «.
Lemma 2.1 Ifa,B >0, then

r'(B)
o+ B)

r'(B)

A8 (Ing)P ! = m

(Ing)*+#-1, DY (Int)P~ = (Inz)fo1,

in particular, "DY, (Int)*7 =0,j=1,2,..., [a] + 1.

Lemma2.2 Leta > 0.Assume thatx € C[1,00)NL[1,00), then the solution of Hadamard-

type fractional differential equation " DS x(t) = 0 can be denoted as
x(t) =) cilnt)*,
i=1
and the following formula holds:
Mg MDY () = x(8) + Y cilng)™™,

i=1

wherec;eR,i=1,2,...,m,n—1<a<n.
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Next, we recall the results of coincidence degree theory due to Mawhin which can be
found in [35, 36].

Let (X, | - lx) and (Y, | - ||y) be two real Banach spaces. Define L : domL C X — Y tobea
Fredholm operator with index zero, then there exist two continuous projectors P: X — X
and Q:Y — Y such that

ImP =Kerl, ImL =KerQ, X =KerL & KerP, Y=ImL®ImQ,

and L|gomznkerr : domL — Im L is invertible. We denote its inverse by Kj,. Let  be an open
bounded subset of X and dom L N Q #@. The map N : X — Y is called L-compact on &, if
QN(L) is bounded and KpoN =K,(I- Q)N : Q — X is compact.

Theorem 2.1 Let L:domL C X — Y be a Fredholm operator of index zeroand N : X — Y
be L-compact on Q. Assume that the following conditions are satisfied:
(i) Lu # ANu for any u € (domL\ KerL) N3, A € (0,1);
(i) Nu ¢ ImL for any u € KerL N 9;
(i) deg(QN|kerz, 2 N KerL,0) #0.

Then the equation Lx = Nx has at least one solution in dom L N Q.

3 The main result of (1.1)
Let

t
E-= {xe C([1,+00),R): sup L'g{_l < +oo},
tell+00) 1 + (Int)

endowed with the norm

lxllz=sup _ kOl
tell+o0) 1 + (In t)a_l ’

then (E, | - ||g) is a Banach space.

Lemma 3.1 Suppose that f;oog(t)(lnt)"‘_l% < I(«). Then, for any y € C[1,+00) with

ffooy(s)% < +00, the unique solution of the following BVP

HpY x@®) +y() =0, n—-1<a <nte(l,+00),
xm (1) = 0, Hpe-ly(+o0) = ff""g(t)x(t %, m=0,1,...,n-2,

can be given by
+00 ds
x(t) = / G(t, s)y(s)?, t € [1,+00),
1
where

G(t: S) = Gl(t)s) + GZ(tr S): (32)
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and

Gl(t’s) = AN

I'(x)

1 |(ng)* ' =i, 1<s<t<+oo,
(Ing)*1, 1<t<s<+00,

Ing)*t [+ dt
GZ(t:s) = ( ) / g(t)Gl(t’S)_
K 1 t
Proof According to Lemma 2.2, the solution of (3.1) is

t a-1
x(t) = c(nt)* L+ c(Ing)* 2 + -+ + ¢, (Int)*™" - ﬁ / <ln E) y(s)?,
1

wherecy,cy,...,¢, € R. Considering the boundary conditions 2M1)=0,m=0,1,...,n-2,

we obtain ¢y = ¢3 = --- = ¢, =0, that is,

~ w1 Lotgoe\" ds
x(t) = cl(ln t) - m /1 <ln ;) y(S)?.

By Lemma 2.1, one has

L ds
"Dt - ar@) - [ 65,
1
which shows

+00 d
Hpe-1y(+00) = e T(@) - / y(s):s.
1

Combining the boundary condition 7 D{;x(+00) = [ g(t)x(£)%, we have

1 00 dt 0 ds
€= m(/l g(t)x(t)7 +/1 y(S)?)

Therefore,

dt

mw*ﬁ HONOES (3.3)

1

+00 dS
x(t) =/1 Gl(t,s)y(s)? + )

and then

+00 dt +00 +00 ds d
ﬁ mmmTi[gmﬁ Gt T

T Lyt [ dt
i [ e [ g0,

which implies

+00 dt T(a) [*° +00 ds dt
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Substituting (3.4) into (3.3), we obtain

+00 d +00 d +00 d
#(0) = [ Gt sy() + f1 Galt,s)y(5)" = / Glt,)y(5)=.

N

The proof is completed. d

Lemma 3.2 The Green’s function G(t,s) defined by (3.2) satisfies the following properties:
(i) G(¢,s) is a continuous function for (t,s) € [1,+00) X [1,+00);
(i) G(t,s) is nonnegative on [1,+00) x [1, +00);

(iii) 1+(?,Et£)su)—l < %for all (t,s) € [1,+00) x [1,+00).

Proof Easily, we can check that (i) and (ii) hold. To prove (iii), for (¢,s) € [1, +00) x [1, +00),

it is clear that the following inequalities hold:

Gl(t,S) < 1
1+(np)* "' ~ D)’
Gat,s)  _ [ Gt s)gt) L B g (ng) 4

1+(ng)* !~ K (o)

Thus,

Gs) _ 1 [T g 1

1+(ng)* !~ I'a) ¥ [ (a)x 2

The proof is completed. O

Lemma 3.3 (see [25]) Let V ={x e E: x| <r,r >0} CE berelatively compact in E if the
following conditions hold:

(i) Foranyx(t)eV, 1+(19;(3“*1 is equicontinuous on any compact interval of [1, +00);

(i) Forany e > 0, there exists a constant R = R(g) > 0 such that, for all x(t) € V, t1,t, > R,
it holds

x(t1) x(t2)

a-1 a-1 L2
1+ (Inty) 1+ (Inty)

Let
P-= {x €E:x(t)>0,te [1,+oo)}.
Obviously, P C E is a cone. Define the operator T : P — E as follows:
+00 dS
Tx(t) = / G(t, s)als)f (s,%(s)) < te[1,+00).
1

Lemma 3.4 Assume that (A1) and (Ay) hold. Then T : P — P is completely continuous.

Proof For any x € P, it is obvious that Tx(t) > 0, i.e., T : P — P. Take {x,}2] C P, x € P,
such that x,, — x as n — +00, then there exists a constant r, > 0 such that sup, . %, l£ <
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ro. Set By, = sup{f (¢, (1 + (In£)*)x) : (t,x) € [1, +00) x [0,70]}. By (A1) and (A3), one has

+00 dS +0Q0 ds
/1 a(s)f(s,x(s))? <B, /1 a(s)? < +00.

It follows from Lebesgue’s dominated convergence and the continuity of f(¢, x(¢)) that

/1+<>° a(s)f(s,x,,(s))? — /1+°0 a(s)f(s,x(s)) ?, as 1 — +00.

Thus,

| Tx, — Tx|
ITx, — Txllg= sup ————=
te[1,+00) 1+ (ln t)

+00 d +00 d
/; a(s)f (s,(s)) ?S - /1 a(s)f (s, x(s)) ?S

1
< —
Tk

— 0, asun— +00,

which shows T : P — P is continuous. In the following, we let 2 be any bounded subset of
P and separate the proof into three steps to prove T is a compact operator. For simplicity
of presentation, we let

In(z/s))* -
o(f,t,s):L))_l’ 1<s<t<+00,1<7<+00, w::/ 0%
1+ (In7)* : :
S(T.5) = (lnt)"‘—l vy B ffoog(t)(lnt)“‘l%
(r,8) = Tt (no 1’ <T,t<+00, o = S e
1+(Int) F@)(T (@) - [ g(@)(Ing)* ")
_Gls) .
(T,8,8) = 1+(In7)* 1’ 1<7,t,s<+00,i=0,
pPi\T,1,8) = G;(t,s) 1< 19
1+(In7)*-1’ <7t,t,s<+00,i=1,2.

Step 1. T is uniformly bounded on Q. In fact, there exists a constant r > 0 such that
x|z < r for any x € Q. Set B, = sup{f (£, (1 + (In£)*)x) : (¢, x) € [1, +00) x [0,7]}. Then we
have

+00 d
|Txllg = sup /1 G(t,s)a(s)f(s,x(s))?s

t€[1,+oo) 1 + (lIl t)a71
o)
< — < +00.
K
Step 2. For any x € Q, Tx is equicontinuous on any compact intervals of [1, +00). In fact,
for any x € Q,L>1,and t;,t, € [1,L] with # < £, one has

Tx(t,) Tx(ty)
1+(Ing)*t 1+ (Ing) !

/rWMMWWMMé—/xWMMWWMMé
1 N 1 K

+00 d
5/ (01(62 2,5) = (61, 11, |als)f (5,%() 2
1 S
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+/ |/02(t2»t2;s)—pz(tlrt115)|ﬂ(5)f(5:x(5))§
1 N

ds
N

5[ 10112, 12,5) = P (b 21, 5)|a(5)f (5,%(6))
+/ L01(61,£1,8) = putas 1) ) (5,3(6)) &
1 S

+ w|8(t2,t2)—5(t1;f1)|/1 a(s)f(s,x(S))?.

Page 9 of 27

Since the functions §(z,£), o(t,t,s) are uniformly continuous on [#,%] X [1,%] and

[t1, 8] X [£1, 8] X [1, 4], respectively, we have
+00 dS
[ Iorten 9= a1, 5,590)
1
t1 d
5/ |01(t 205) = pa(tas 11,9 |als)f (5,%()) =
1 s
ty d
+ f |:01(t2: tZ!S) - pl(tZ: tl,S)|ﬂ(S)_f(S,x(S))?S

5]

+00 d
+ / |/01(t2, £y, ) — pi(ta, t1»5)|6l(s)f(s,x(s)) ?S
= % /1t1 [U(tzytz,S) +8(ta, t2) — o (ta, t1,8) — S(tz,ﬁ)]a(s)%

r t2 d
+ % /t1 [G(tz, £y,8) + 8(La, ta) — 8(2y, tl)]a(s):s

+

F?;) -/tz [8(t2¢ t) — (S(tz,tl)]a(s)%

— 0, ast; — by,

and

ds

@ |8(t2, 12) = 8(t1, 11)| / a(s)f(s,x(s))? —0, ast, — b.
1

Similarly, we can obtain

+00 dS
[ 1orten 09~ it .96 5.56) T 0 asti
1

Thus, from (3.5)—(3.7), we have

Tx(¢t Tx(t
‘ x(ta) x(t) — 0, ast; — .

1+ (Ing)* ! 1+ (Int;)* !

(3.5)

(3.6)

(3.7)

Step 3. For any x € Q, Tx is equiconvergent at infinity. In fact, for any & > 0, by (A,), there

exists a constant £ > 1 such that

+00 ds
0< / a(s)— <e.
Y S

(3.8)
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Because lim;_, oo 0 (¢, ,£) = 1, lim;_, ,o 8(£,£) = 1, then for above ¢ > 0, there exist con-

stants £1 > 1, £, > € > 1 such that for any £, £, > £; one has
|3(t2, %)) _S(tl;t1)| = il - 3(ta, f2)| + |1 —3(t1,t1)| <é&, (3.9)
and for any ¢, > £2, 1 <s < £ one gets

|0 (£, £2,8) — 0 (t1, 11,8)| < |1 = 0 (82, 12,5)| + |1 = o (b1, 11,5)

<[1-o(ttr, )| +|1-0(t1,t1,0)| <e. (3.10)

We choose 7 > max{¢1,£,}, Then, for any x € Q, t, b > 7 (without loss of generality we

assume that #, > t;), we have

‘ Tx(tz) _ Tx(tl)
1+(n&)*t 1+ (ng)*t
S| [ et 5.56) S - [ e 9ty (5x6)
1 S 1 s

+00 d
< / |01(62 2,5) = pa (61, 10,9 |als)f (5,%() 2
1 S
o 3(e 1) -5, 10)] [ a() (5,4(5)) &

1 S

It follows from (3.8)—(3.10) that

2 ds
/ 0(t2,12,9) - 701, 11,9)] a9
1
¢ ds 2! ds
- / 062129~ t,1,5)|alo)"; + / 0(t2,12,9) - 701,119 a9
1 14
+00 d
§a)8+2/ a(s)—sz(a)+2)s,
¢ S

+00 d
/1 |p1(t2, 12, 8) = p1(t1, 11, 9) | als)f (s, %(s)) :S

. (i ds
/ |5(t2, t) —o(ty, t,8) = 8(t1, 11) + o (1, t1,S)|tl(S)?
1

<
~ I'w)
r tz d
+ [‘B;a) / |5(t2, ty) — o (ty, ta,8) — 8(t1, t1)|a(s):S
t2’ L) — tl,t1)|a(‘g)é
0!)
B,¢e
< m(2w+28+3) (3.11)

and

|8(t2,t2) 8( tl,t1)|/ s)f 8, %( S))d? <B.wwe. (3.12)
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By (3.11) and (3.12), for any ¢ > 0, there exists a sufficiently large number R = R(¢) > 0 such
that, for any x € Q, t1,t >R,

Tx(t) Tx(t1)

a1 a1 <é&.
1+ (Inty) 1+ (Int)

Applying Lemma 3.3, T : P — P is completely continuous. O

Theorem 3.1 Assume that (A1)—(Az) and the following conditions hold:

(A3) f(t,x) is continuous and nondecreasing on x, x € P;

(Ag) f(&,(1+(Ine)* x) < 2 for all (t,x) € [1,+00) x [0,a],
where a is a positive constant. Then BVP (1.1) has the maximal positive solutions x* and
minimal positive solutions y* in (0,a(Int)*~1], which can be obtained by the following two
iterative sequences:

Xns1(8) = /+00 G(t,s)zz(s)f(s,xn(s))?, te[l,+00),n=0,1,2,...,
1

Vi1 (t) = /+OO G(t, s)a(s)f(s,yn(s))?, te[l,+00),n=0,1,2,...,
1

respectively, with the initial values xo(t) = a(Int)*7L, yo(¢) = 0, t € [1, +00), and they satisfy
Yoy = Sy <=y S =aT S Sx, < S <.

Proof By Lemma 3.4, T : P — P is completely continuous. For any x;,x, € P with x; < x5,
by condition (A3) and the definition of 7, we can see that Tx; < Tx,. Set

P, = {xeP: ||x||E§a}.

Then T : P, — P,. In fact, for any x € P,, then |lx| ¢ < a, by (A4), we have

Ka

f(t,%) :f(t, (1+ (lnt)“‘l)L> <

1+ (Ing)*! )

Thus,

ITxlle= sup ———==
te[l,+00) 1+ (ln t)a 1

(l t)a—l +00 d
< n )a—l)/; u(s)f(s,x(S))?S

< sup ————
tell,+00) D(@)(1 + (Int

a-1 +00
+ sup M a(s)f(s,x(s))?

te[1,+00) 1+ (11'1 t)a_l 1

+00 d
/1 G(t, S)a(s)f(s,x(s)) ?s ‘

which implies T : P, — P,. Let xo(t) = a(Int)*1, t € [1,+00), then xy(t) € P,. Define the
iterative sequence as follows:

X1 (8) = Tx,(t), te[l,+00),n=0,1,2,....
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Since T': P, — P, and T is completely continuous, we can derive

X1 () = Txn(t) €P,, te[l,+00),n=0,1,2,...,

and {x,}°; is a sequentially compact set. Then, by (A4), we have

+00 d
X (t) = /1 G(t,s)a(s)f(s,xo(s))f

- (11’1 t)a—l +00
')

a() (5,%0(6) = + e (n g™ / " a9 (06
1 N 1 S

1 [ d
<= / as) Z o2~ x0).
K J1 S w

Therefore,

x1(t) = Txo(t) <xo(f), te][l,+00).

On account of T is a nondecreasing operator, we can derive a fact

X1 (8) < x,(8), te[l,+00),n=0,1,2,....

Thus, there exists x* € P, such that x, — x* as n — oo and Tx*

=x*. Let yo(t) =0, t €
[1, +00). Define the iterative sequence as follows:

Y1) = Ty,(t), te[l,+o00),n=0,1,2,....

Similarly, we have {y,}%°, C P, is a sequentially compact set, and

Yur1 (&) = yu(8) > -+ > yo(¢) =0, te[l,+00),n=0,1,2,....

Furthermore, there exists y* € P, such that y, — y* as n — oo and Ty* = y*. Since
f(¢,0) £ 0 on any subinterval of [1, +00), it implies ¥* is a positive solution of BVP (1.1).

We now prove that x*(¢) and y*(¢) are the maximal and minimal solutions of BVP (1.1) in

(0,a(In £)*1], respectively. Let w(£) be any solution of BVP (1.1) with 0 < w(¢) < a(Int)*1,
that is,

yo(t) =0 <w(t) <a(lnt)* ' =xo(t), te[1,+00).
Noting that T is nondecreasing, we have

y1(8) = Tyo(t) < w(t) < Txo(t) =x1(2), te[l,+00),

and

V() S w(t) <x,(t), tell,+00),n=1,2,....



Zhang and Liu Boundary Value Problems (2018) 2018:134 Page 13 of 27

From lim,,_, o ¥, = ¥*, lim,_, »c %, = ¥, and the monotonicity of {x,(£)}, {y,(¢£)}, we obtain

* *
V=)= =Yypg=- =Yy ==X ==X = =X = Xo.

Therefore, y* and x* are respectively the minimal and maximal positive solutions of BVP
(1.1) in (0,a(ln)*']. O

Example 3.1 Consider the boundary value problem

Hy7/2
D] m)] ,  te(l,+00), (3.13)

x(1) =4/(1)=x"(1) =0, Hp22x(+00) = [ Az x(t) ‘”.

Cx(t) + m [1+sin(F -

2eln t

Corresponding to problem (1.1), where

7 1 1
}’124', azi) ﬂ(t)zm, g(t)zm,
(3.14)
b4 x(t)
t,x(t)) =1 + sin — .
f( ()) (2 1+ (n)°? + x(t)>
By calculating, we have
o] wadt 1 15
K=F(7/2)—/ W(lnt) 7=§F(7/2)=Eﬁ>0’
(3.15)
/+°° (t)dt /+°° 1 dt
w= L —
1 a t 1 elnt t
Let a = 2, then
t) 15 Ka
b1+ (ne2)x) =1 4sin( = D) oo 15 Z ke 3.16
f(& (1 +(ne)°?)x) +s1n(2 Tox) =25 8ﬁ - (3.16)

From (3.14)—(3.16), we can see that (A;)—(A4) hold. By Theorem 3.1, BVP (3.13) has the
positive maximal solution x* and the minimal solution y* in (0,2(In¢)>?], which can be

approximated by the following iterative sequences:

Xn+1 (t)

3 16 5/2 roe |: (7[ xn(s) ):| ds
- 15\/5(lrl 2 /1 L+ sin 2 1+ (lns)5/2 +%,(5)
e X (8) ds
(] t)m/ / n(e/s) " [ ’ Sm<5 1+ (ns)*? +xn(5))}s_2

_8 sof L (7 %al5) ds
_15ﬁ 1 (ln(t/s)) |:1+sm(5~m)i|s—2, t €[1,+00),
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yn+l(t)

_ 16 *”[ . (zy—ﬁ*))]é

15\/77(ln D ,/1 L+sin 1+ (Ins)>? + y,(s) /) ] 8
_ o4 s [0 [ 5124t ' <Z R 1) )}é
25 (Int) / / (ln(t/s)) 2 |:1 + sin 2 Temne1m®)) )5

e YVu($) ds
15\/_/ l (t/ ) |:1+Sln(5 . m)]s—z, te [1,+OO);

with the initial values xo(¢) = 2(In£)>2, y4(£) = 0, t € [1, +00), respectively. It is easy to check
that

\o}

25 [ - @ 16(2 +/3) 25 25
_15f(1nt) /1 [1+u(S)]S2 30\/_ ————~(Int)*” <2(In¢)

16 - Vs [T [T 25 4t ds
ne) = 15f( O™ = ape ) / / < s) 25

i/ (v )”fi

16 M dt ds 8
ne)%s _ 1 tz.s/ / Inp)>5 245 _ Inp>5 =
ISJ—( ) 257T(n) 1 1 (Inz) t? s% 15ﬁ(n)

X1 (t

and

x1(t) = 1(2)

— 16 2.5 +oo’: 25 25dt ds
_ISﬁ(lnt) /1 u()s—2 o5 (Int) f / (1;1;) i ()5_2

8 £ lnt "“(s)ds
157 Ji s) T

16 +oo ds 64 +oo t ds
lt2‘5f = ———1t25/ / (Int)? =
>15ﬁ(n) 1 (s) ()

"5 )

:O,

=) i (T 2(Ins)%>
where E(s) = sin(7 - T3(nsS

{x,} and {y,}, n=1,2,....

)- A tedious calculation can give two monotone sequences

4 The main result of (1.2)

Let
Hpna-2,, Hpnoe-1 |x(t)|
X ={x:[1,+00) = R|x, "D "%, " D{, w € C[1,400), sup ————— < +00,
te[1,+00) 1 + (1n t)
Hpo—2y
sup (el <+oo, sup |"D'x(8)] < +oo}
te[1,+00) 1+In¢ te[1,+00)

+00 d
:{y:[1,+oo)—>R‘/; a(t)|y(t)|7t<+oo}.
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It is easy to check that X and Y are two Banach spaces, respectively, with the norms

Hpyo-2
D%

1+Int

+

‘ x
1+ (ngp)*!

Ixlx = max{ "D x| }

’ ’
oo oo

+00 d
lly = /1 a0,

where [|[|oo = SUP,c[1,,00) [X(E)]-
Define the linear operator L : dom L C X — Y and the nonlinear operator N : X — Y as

follows:

Lx(t) = —LHD“ x(t), () edomlL

at) 7 ’

Nx(t) = f(t,%(t), "D x(8), "D (1)), x(8) € X,
where

domL = {x(t) eX |HD‘f+x(t) € Y, x(t) satisfies boundary conditions of (1.2)}.
Then problem (1.2) is equivalent to the operator equation Lx = Nx, x € dom L.
Lemma 4.1 Assume that (Hy) holds. Then the operator L :domL C X — Y satisfies

KerL = {x(t) e domL|x(t) = c(Int)* L, c e R}, (4.1)
ImL = { Yy ey| /1 e / h a(s)y(s)?% - 0}. (4.2)
t
Proof For Lx = —ﬁ”D‘ﬁx =0, by Lemma 2.2, we have
2@) = c;(In)* ! + cy(nd)* 2 + c3(Int)* 3, ¢1,¢0,¢3 €R.
Noting that x(1) = #’(1) = 0, we have
x(t) = c;(In)* 1.
So,
KerL C {x e domL|x(¢) = c(Int)* L, c e R}.

Conversely, take x(t) = c(In£)*!, ¢ € R. We can easily check that —ﬁHD‘ﬁx =0 and x(¢)
satisfies the boundary conditions of (1.2). Hence,

{x € domL|x(t) = c(Int)*"',c € R} C KerL.

That means (4.1) holds. For any y € Im L, there exists a function x € dom L such that Lx(¢) =
y(2). By Lemma 2.2 and the boundary conditions x(1) = x'(1) = 0, one has

x(t) = —Hlfia(t)y(t) +c(Inp)* L.



Zhang and Liu Boundary Value Problems (2018) 2018:134 Page 16 of 27

Using the fact that /D¢ 1x(+00) = ffoog(t)HD‘f;lx(t)%, we have

HD‘f;lx(+oo) =clN(a) - /+00 a(s)y(s)é
1

- /1 - (t)[cma) / (5)y(6) ]"”
:ch(ot)/ t)/ dsdt

that is,

+00 +00 ds dt
/1 o) / a2 % -0 (43)

Thus,

+00 +00 ds d
ImL C {y € Y’/l g(t)/ a(s)y(s)?STt :O}.

Conversely, let y € Y satisfy (4.3), take x(¢) = —I¢,a(t)y(t), we can check that x € domL
and Lx(t) = y(¢). Then we obtain

{yeyv / )()éﬂ—O}CImL.

The proof is completed. g

Let

A= /ng(t)ftma( il

Based on (H;) and the nonnegativity of g(¢), a(t), we get

0< A:/1+Oog(t)_/t+ooll(5)?7 </ g(t)/ zz(s)éﬂ

:/ a(t)ﬂ < +00.
1 t

Lemma 4.2 Assume that (H;) holds, then L : domL C X — Y is a Fredholm operator of
index zero. Set the linear operators P: X — X and Q:Y — Y defined as follows:

1 s d
(Px)(t) = (a)HDﬁlx(l)(lnt)“ Lo Q)= X /1 &) / a(s)y(s )——t

Proof According to the definition of P, we can check that P is a continuous linear projector
operator and satisfies ImP = Ker L, X = Ker P @ Ker L. By the definition of Q, we can see
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that Q is a continuous linear operator with dim Im Q = 1 and the following equations hold:

1 d d
(@)0 = Q@) = f a0 f a7

Qy(t)/ (t)/ a(s)_Sﬂ

= Qy(t).

That is, Q is a projector operator. Obviously, we have ImL = KerQ. For any y € Y,
then y can be expressed as y = (y — Qy) + Qy, i.e, Y =ImL + Im Q. In addition, for any
y € ImL NImQ, since ImL = KerQ, we get y = Qy =0, i.e., InQ N ImL = {0}. Thus,
Y =Im Q& ImL. Moreover, dimKer L = dimIm Q = codimIm L = 1. Therefore, L is a Fred-

holm operator with zero index. O
Lemma 4.3 Suppose that (Hi) holds. Define a linear operator K, : Im L — dom L N Ker P

by

t a-1 d
Ky)(t) = —ﬁ /1 (ln E) a(s)y(s)?s, yelmL.

Then K, is the inverse of L|gom1rkerr and |Kyyllx < |lylly for any y € ImL.

Proof For y € ImL, by the definition of K,,, we can check that pr € domL N KerP. Thus,
K, is well defined on Im L. Now we show that K}, = (L|dom rnKer p)~L. In fact, it is easy to get
(LK,)y(t) = y(t) for any y € Im L. For all x(¢) € dom L N Ker P, by Lemma 2.2, we have

(K,L)x(t) = H1f+HD‘i‘+x(t) =x(t) +c(In)*, ceR.

Because (K,L)x(t) € KerP and c(In¢)*~! € KerL = ImP, we have c(Int)* = —Px(t) = 0
Then, (K,L)x(t) = x(t). Therefore, K, = (L|dom 1nKerp) L. Also, we have the following in-

equalities:
H Kyy _ IKpyl
1+(In0)* s teftron) 1+ (INE)*!
1 (In(¢/s))*~
~ sup f " Nk iy < Iyl
te[1,4+00) F(O[) 1 1+ (1 t) !

Hpe—2K y " DY¥2K |  In(t/s) ds
—L P — A / a(s)y(s)—| < Iylly,

1+Int || tep+00) 1+Int tellro0)|J1 1+1nt s

"D Ky, = sup

te[1,+00)

¢ d.
/ d(S)y(S)—S‘ <Iylly.
1 S

So, IKpyllx < llylly forall y e ImL. O

Lemma 4.4 Let V={xeX:|x||x <r,r>0} CX. Then V is relatively compact in X if it
satisfies the following conditions:
(i) Foranyx(t)eV,

compact interval of 1, +00);

Hpa-2y(s)
1+ lnt)a 17 1+Int

, and "D x(t) are equicontinuous on any
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(i) For any e > 0, there exists a constant S = S(¢) > 0 such that, for all x(t) € V,
t1,t > S, it holds

x(t) x(t2)

1+(ng)*t 1+ (Ing) !

HD‘i‘;Zx(tl) 3 HD?;zx(tz)
1+Ilngy 1+Int

|HD‘f:1x(t1) - HD‘fjlx(tZ)| <e&.

Proof Since X is a Banach space and V' C X, it is sufficient to show that V is totally
bounded. In fact, for any S € (1, +00), take

Vins) = {x(@):x(0) e V,t € [LS]}, Vg ={"D{x(0) : () € Ving ),

Vil = {"D%x(0)  2(8) € Vingy ),

with the norms

loe(£)] H ~a—2 |HD(f72x(t)|
Itlloo = sup ———,  |"D{%x| = sup Tt
te[1,s) 1 + (In¢) te[1,8] +1n
|"Ds; xH = sup ['D§;'x(2)],
te[1,S]

respectively. It is clear that (Vis), [*llec), (Vi) 2, 1" DY %%l ), and (V¥ (L8]’ L IH DY ] o) are
Banach spaces. By using the Arzela—Ascoli theorem, we can obtain that Vg, Vﬁ’sz], and
Vi) are relatively compact under condition (i). Thus, Vi1,s), V[O{‘SZ], and V{{3] are totally
bounded, i.e., for any & > 0, there exist {x;}/.; C Vj1,9] {yj}i”il C Vﬁ L and {zk}k=1 cvy s%

such that
n 1
Vi € JBe), Vg c UB (DS %y, Vi < UB:("D5 2, (a4)
i=1 k=1
where

Be(xi) ={x e Vg : lx—xilloo <€}
B ("Diy) = {"D7x(0) € Vg« | DI - DTy < 2

B.("D{ ') = | Tpeix) e v G |0 =D | < €}
Set
Vi = {%(t) € Vi xp1,5) € Be (), "D x1,5) € B (DS %), DY s € Be (DS 2 ).

Obviously, V1,51 C Ulgign,lggm,lgkglVi/‘k[LS]- Take xx € Vi, then we claim that V' can be
covered by the balls By, (xyx), i = 1,2,...,m,j=1,2,...,m, k=1,2,...,], where

Bue (i) = {x(t) € V2 ||l — syl x < 4e}.
Indeed, for x(t) € V, by (4.4), there exist i,j, k such that

X[1,5] € B, (x;), HDTIZQC[LS] € B, (HD?;Zyj), HD(fIIx[LS] € B, (HD?;IZ/().
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Then, for ¢ € [1,S], we have

‘ x)  xp(e) - ‘ x@)  x()
1+t 1+Wn)* | |1+ @nd)*t 1+ @Inp)* !
‘ xi(2) xiji(£)
+ p—
1+(np)* ! 1+ (np)*!
< 2¢,

DR DR PaO)| | D) D0

1+lnt  1+Int 1+Int 1+Int
HDY2y(t) HDTIin;‘k(L‘)
1+Int 1+Int

< 2¢,
DS a(e) = DY (0] < PO (e) - T DS (1)
+ M DS () =M DS 1) |

< 2e.

Combining this with condition (ii), we have

‘ x(t) B xiji(£)
1+(np)* ' 1+(np)*!
< ‘ s ) ’ XS )
11+ n)*!t 1+ (nS)*! 1+nS)*t 1+(@InS)*!
Xk (S) B Xij(2)

1+nS)*! 1+ (@ng)*?
<4e, t>8.

Using similar arguments as above, we can also get

HD(fzzx(t) HDa xl]k( )
1+Int 1+Int

‘ < 4e, |HD‘{‘;1x(t) - HD‘{‘leljk(t)‘ <de, t>8.

Thus, || — %k ||lx < 4¢. Therefore, V is totally bounded. a

Lemma4.5 Suppose that (H;) holds, @ C X is an open bounded subset with dom LNQ # (.
Then N is L-compact on Q2.

Proof Since Q C X is bounded, there exists a constant / > 0 such that ||x||x <, Vx € Q.

Then, by f : [1, +00) x R® — R satisfies an a-Carathéodory condition, one has
ds dt
o= [ o0 [ o) T

< _/ g(t)/ a(s)g(s) ? , S |</’1||Y
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Thus,

1QNaly = /1 T awionw < 100 f1 a0 <o
+00 d
IRt - QN = 1 - Qs = [ at]r - QN
< / et f T awione
1 1

+00 dt ~
< lguly + 120 [ a0 =i<se (45)
1

A

Therefore, QN(2) and K,(I-QN () are uniformly bounded. Now, we separate the proof

into two steps. For simplicity of presentation, we let

h(t) = (I - QNx(t), tel[l,+00),x(t) €,

1, nw=11<s<t<+00,

(In(¢/s))1
1+(Ing*17?

hyu(t,s) =

u>1,1<s<t<+oo.
¢ ds
H,(t) = / hu(t,s)a(s)h(s)—, tel[l,+o0),u>1.
1 N
Then we have
Ihlly = |- QNx|, <I<+oo, 0<h(ts) <1,
and

t d +00 d
IH,(1)] < /1 halt,5)a)[6)|; < /1 a9 = Il

Step 1. Forany x € Q, K,(I- Q)Nx is equicontinuous on any compact interval of [1, +00).
In fact, for any T € (1,+00) and 1 < ¢ < £, < T. It follows from the uniform continuity of
hu(t,s) on [1, T] x [1, T] and the absolute continuity of integral that

ty d t d
|H,L(t2)—Hu<t1>|=‘ /1 It Jals)hs) - /1 hu(tl,s>a(s>h(s)§’

/zh#(tz,s)a(s)h(s)?+/ 1 [hﬂ(tz,s)—hﬂ(tl,s)]a(s)h(s)?’

t 1
< /tlza(s)}h(S)‘?+/ll’hu(h»s)—hu(thS)\a(s)\h(s)‘?

— 0, ast; — L.

Then, as t; — £, we get

1

Kp(I — Q)Nx(t2) ~ Kp(I - QNx(t1) | _
" T(«)

1+ (Ing)* ! 1+ (Ing)* !

|Hy(t2) = Ho(t1)| — 0,
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Hpe-2K (I — Q)Nx(t,) HDY2K,(I — Q)Nx(t
1+ p( Q) x( 2) _ 1+ p( Q) x( 1) _ |H2(t2) —Hg(t1)| N O,
1+Int 1+Infy

1"DY K, (I - QNi(ty) — DS K, (I - QINx(t1)| = |Hi(t2) — Hi(t1)| — 0.

Step 2. For any x € Q, K,(I - Q)Nx is equiconvergent at infinity. In fact, for any x € Q
and ¢ > 0, by (4.5), there exists a positive constant L > 1 such that

/+00 tz(s)|h(s)| é <E.
L S

Since

, (@)t
tl_l)IgohM(t,L) = tl—l>Igo W = 1, ([,L > 1)

For above ¢ > 0, there exists a constant L(¢) > L such that 1 — h,(t,L)<e, t> L(g). Then,
for any £, > L(g) (without loss of generality we assume that £, > ¢;), we obtain

ty d t d
|Hﬂ(tz)—H,L(t1>|=‘ /1 (b, a9 - /1 hﬂ(n,s)a(s)h(s)f‘

ds

/ Ity s)a(o)h(s) ™ - / (b, )a(s)h(e)
L L

N

N

ds
s

L
. / [ (6205) — B0, 9)]als)h(s)
1

L d +00 d
5/1 |hu(t2,s)—hu(tl,s)|a(s)]h(s)]?5+2/L a(s)|h(s)}?s

L
: /1 [Pt 5)) + (1~ hu(tl»s))]d(5)|h(s)|? +2e

<2e(1+ |Ally).

Thus, for any ¢, > £; > L(g), we have

Ky(I - QNx(ty)  K,(I - Q)Nx(t)| 1 ) 2
1+ (11’1 tg)a_l 1+ (11’1 tl)a—l - F(O[) |H0t(t2) Ha(t1)| = F(Ol) (1 + ”h”y),
HDY 2K, (I - QNx(ty) " DY2K,(I - QNx(ty) |
1+1Int, - 1+Int = [Ha(ts) - Ha(tr)| < 26(1 + IIAlly),

1"DY K, (I - QNx(t2) — DS K, (I - QNx(t1)| = [Hi(t2) — Hi(t)| < 2e.
By Lemma 4.4, K,(I - Q)N : Q — X is compact. O

Theorem 4.1 Suppose that (Hy) and the following conditions hold.
(Hy) There exist nonnegative functions b(t), c(t), d(t), e(t) € Y such that, forall t € [1,+00)
and (u,v,w) € R3,
|u] vl

1+ (Ing)*! +elt) T+nz T d(t)|w| + e(t).

f(t’ u,v, W) =< b(t)
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(H3) There exists a constant G > 0 such that, for all t € [1,+00) and x € domL, if
1D x(2)| > G, then

[ o0 [ om0, 0, 105 0) S 0.
1 t st

(Ha) Forany c € R, there exists a constant M > 0 such that, for |c| > M,

c/wog(t) /+°0 a(s)f(s, c(Ins)* L, eI () 1ns, cF(a)) ?? >0, (4.6)
1 t
or
c/wog(t) /+00 a(s)f(s, c(Ins)* L, cl(@) Ins, cF(a)) ?? <0. (4.7)
1 t

Then BVP (1.2) has at least one solution in X provided that
B+ (/T @))(Iblly + llclly + 1dlly) < 1.
To prove Theorem 4.1, we establish the following lemmas.
Lemma 4.6 Assume that (H1)—(H3) hold, set
Q= {x € domZL\KerL: Lx = ANx, ) € (0, 1)}.
Then Q2 is bounded in X.

Proof Forx e Q1,then Nx € ImL = Ker Q. Thatis, QNx = 0. By (Hs), there exists a constant
to € [1,+00) such that [TD¥1x(£y)| < G. Since Lx = ANx, we obtain

t a-1
x(t) = —ﬁ /; (ln 2) a(s)f(s,x(s),HD‘{‘;Zx(s),HD‘ffx(s))% +c(Int)* L,
and so
HD‘{‘jlx(t) =—A /ta(s)f(s,x(s),HD‘fIZx(s),HD‘filx(s))? + ().
1

Then

HD‘{‘:lx(t) =-A /ta(s)f(s, x(s),HD‘fzzx(s),HD‘f;lx(s))? + HD‘fjlx(to).

to

Therefore,

|HD‘f+’1x| < / a(s)[f(s,x(s),HD‘{‘sz(s),HD‘fjlx(s))|? + |HD°1‘:1x(t0)|
1

< [Nx|ly + G.
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On the other hand, by (H;), we have

+00 d
INx|ly = /1 af(s) [f(s, x(s), D %x(s), HD‘{‘jlx(s)) | ?S

< (IBly + llclly + Idlly) Ixlx + llelly,

and from the definition of P, we get

H Px DY x(1)] - INx|ly + G

1+(ne)* e~ T@ ~ T

HDa—ZP

R <MD a(1)] < Nl + G,
1+1Int

D5 P = D5 (0)] < [Ny + G.

So,
Px Hpe=2py
IPxllx = max{ ~ H By |7 D5 P }
1+(In)* s | 1+1Ing e
Px Hpe-2py
o Pt i i R
1+ (Int)* " oo 1+Int | ol

< 2+ (Ur(@))(INxlly + G).

By Lemma 4.3, one has

|- P)x|, = | KLU - P)x|, < | LU -P)x|, = |Lx]ly < [INx]ly.

Then we obtain from (4.8)—(4.10)

Ixllx = [|Px+ (I - P)x|), < IPxlx + | (- P,
= (2+ (1/T(@)) (INx]ly + G) + [INx|ly
< 3+ (1T @))(Iblly + llclly + Idlly)llxlx
+(3+ (/T (@))llelly + (2 + (1/T()))G.

It follows that

el < B+ @/T@))lelly + 2+ 1/T(@)G
Z 1= @+ W @)Bly + lly + Idly)

Consequently, 2; is bounded in X.

Lemma 4.7 Assume that (Hy) and (Hy) hold, set

Q) ={xeKerL:NxelmlL}.

Then Q0 is bounded in X.
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(4.8)

(4.9)

(4.10)
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Proof For x € Q,, then x can be rewritten as x = ¢(In 1)1, ¢ € R. Because Nx € ImL =
Ker Q, then QNx = 0, that is,

/ t)/ a(s)f s, c(lns)"‘ L eM(@)Ins, cl"(a))é? =0.
By (Ha), we get |c| < M. Thus, ||x||x < I'(¢)M, that is, €2, is bounded in X. a
Lemma 4.8 Assume that (H,) and (Hy) hold, set

Q3 ={xeKerL:9A/x+(1-1)QNx=0,1 € [0,1]}.

Then Q3 is bounded in X, where O = %1 is such that ¥ = 1 for (4.6) holds and ¥ = -1 for
(4.7) holds, ] : Ker L — Im Q is the linear isomorphism defined by

](c(ln t)“_l) =¢, VYceR.

Proof Without loss of generality, we suppose that (4.7) holds, then for any x € Q3, there ex-
ist constants ¢ € R, A € [0,1] such that x(¢) = c(In£)*~* and —AJx + (1 — )QNx = 0. Namely,

ds dt

For A =1, then ¢ = 0. Otherwise, if |c| > M, by (Ha4) one gets

0<ic= a _A)‘)C /l-+oog(t)/t+oo a(s)f (s, c(lns)*™", cI' (@) Ins, cl"(oz))%T <0.

It is a contradiction. So, Q3 is bounded in X. If (4.6) holds, by a similar method, we can
see that Q3 is bounded. O

Proof of Theorem 4.1 Set 2 to be a bounded open subset of X such that U?=1 Q; C Q. By
Lemma 4.5, N is L-compact on Q. According to Lemmas 4.6 and 4.7, we have

(i) Lx #ANx for any (x,A) € [(dom L\ KerL) N 9<2] x (0, 1);

(i) NxeImL for any x € KerL N 9<2.
Next, we show that (iii) of Theorem 2.1 is satisfied. Therefore, we define

H(x,A) = 9AJx + (1 — A)QNx,

where ¥ is defined as before. By the preceding lemma, we derive H(x,1) # 0, x € KerL N
9. According to the homotopy property of degree, it follows that
deg{QN |ker, 2 N Ker L, 0} = deg{H(-,0), 2 N KerL,0}
=deg{H(-,1),2NKerL,0}
=deg{v/,Q2NKerL,0} #0.

Then we conclude from Theorem 2.1 that the operator function Lx = Nx has at least one
solution in dom L N ©, thus, problem (1.2) has at least one solution in X. O
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Example 4.1 Consider the following fractional boundary value problem:

. < H 0.5
Hpn25 171 sinx(¢) 1 sin th(z)
Dyyx() + elnt [Sel‘” 1+(np)l> t 10em? — 1+lns

4 DE5x(r)|
T 120, te(l,+00), (4.11)
#(1)=x(1)=0,  "DiPx(ro0) = [ 7 Da(t) %

Corresponding to BVP (1.2), where

@2, al)=g)-

T elnt’

_ 1 sinx(¢) N 1 sin“D%%x(t)
5e"t 1+ (In)t®  10e™t 1 +Int

£ (&%), DY2x(t), " D12 x(t))

4[H DY5x (1)) 1

Jogint + =t t e (1, +00).

Let

b(t) = ’0) () e(?)

PN = T = T =~
5elnt loelnt 25elnt 5elnt

and choose G = M =7, we can check that (H;)—(H4) hold. Then, by Theorem 4.1, BVP

(4.11) has at least one solution.

5 Conclusion

In this paper, by means of the monotone iterative technique and Mawhin’s continua-
tion theorem, we have proved the existence of solutions for two types of higher-order
Hadamard-type FDEs with integral boundary conditions on an infinite interval. There are
relatively few articles which study the existence of solutions for Hadamard-type fractional
BVPs on an infinite interval. It is a very interesting topic and there is some work to be
done in the future such as: investigating the existence and uniqueness of solutions for
Hadamard-type fractional BVPs with p-Laplacian operator on an infinite interval; study-
ing the Hyers—Ulam stability for Hadamard-type fractional non-resonance BVPs with p-

Laplacian operator, and so on.
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