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1 Introduction
In this paper, we are concerned with the following a quasi-nonlinear viscoelastic wave
equation with acoustic boundary conditions:

|ue(8)|” e (£) — Au(t) + /0 tg(t — $)Au(s)ds

+ u ] P ue(e) = )P ule)  in Q x (0,00), (1)
u(t)=0 onTy x (0,00), (2)
ag‘ff) - /0 et—s) 8;‘]()5) ds + & (u,(6)) = h(x)y(£) on T} x (0,00), 3)
u(t) +f(x%)y:(£) + qlx)y(¢) =0 on Ty x (0,00), (4)
u(x,0) = to(x), s (x,0) = 1 (x)  in &, 5)
¥(x,0) =y(x) onl}, (6)

where Q is a regular and bounded domain of R” (n > 1), and Q2 = 'y UT';. Here 'y, I'; are
closed and disjoint and - denotes the unit outer normal derivative to I'. The function g :
R, — R, is a positive nonincreasing function, the function ® : R — R is a monotone and
continuous, and the functions f, g, 4 : I'; — R, are essentially bounded and g(x) > g, > 0.

System (1)—(6) is a model of a quasilinear viscoelastic wave equation with acoustic
boundary conditions. The acoustic boundary conditions were introduced by Morse and
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Ingard [14] in 1968 and developed by Beale and Rosencrans in [1], where the authors
proved the global existence and regularity of the nonlinear problem. When |u,(¢)|” is not
a constant, system (1)—(6) can model materials whose density depends on the velocity u;.
The physical application of the above system is the problem of noise suppression in struc-
tural acoustic systems, which is one of great interests in physics and engineering. Also
reducing the level of pressure in a helicopter’s cabin and suppressing the noise in the in-
terior of an acoustic chamber are based on some special type of boundary conditions like
those described in system (1)—(6), (see [4, 5] and another case [9]).

Boukhatem and Benabderrahmane [2, 3] studied the existence, blow-up, and decay of
solutions for viscoelastic wave equations with acoustic boundary conditions. Recently,
many authors have treated wave/beam equations with acoustic boundary conditions, see
[7, 8, 10, 12, 13, 15, 16] and the references therein. Graber and Haid-Houari [5] studied
the blow-up solutions for a nonlinear wave equation with porous acoustic boundary con-
ditions:

un () = Au(t) + a(X)u(?) + ¢(ur) = j1(u(?))  in Q x (0,00),
u(t)=0 onTy x (0,00),

u(t) + f(x)z,(t) + g(x)z(t) =0 on T x (0,00),

ou(t)
ov

= hx)n(z.(2)) + p(:(2)) = jo (u(t)) on Ty x (0,00),
u(x,0) = uo(x), us(x,0) = u1(x) in £,

Z(x, O) = Z()(x) on Fl:

where o : @ — Rand f,g,h: T} — R are given functions. Also the functions j; and j, are

s|*~2sk, p > 2, the functions p

of a polynomial structure as follows: j1(s) = |s|P~2s, ja(s) =
and ¢ are monotone, continuous, and there exist four positive constants m,, M, c,, and
C, such that mg|s|? < p(s)s < My|s|?, c,|s|" < ¢(s)s < C,|s|". In addition, Di et al. [4] studied

a viscoelastic wave equation with nonlinear boundary source term:

|ut(t)|putt(t) — Au(t) + /tg(t —s)Au(s)ds=0 in Q x (0,00),
0

ulx,t)=0 onTy x (0,00),

Z—Z(t) - /o gt - s)g—z(s) ds :f(u(t)) onT'; x (0,00),

u(x,0) = uo(x), us(x,0) = u1(x) in €2,

where p > 1 and Q is a bounded domain of R” (n > 1) with smooth boundary T := 9.
Let {I'g,I"1} be a partition of its boundary I" such that I" =T U I'y, ToNT; =@, and
meas([g) > 0. Here, v is the unit outward normal to I, and g, f are given functions sat-
isfying suitable conditions. They introduced a family of potential wells and proved the
invariance of some sets. Then they established the existence and nonexistence of a global
weak solution with small initial energy under suitable assumptions on g(-), f(-), initial data,
and the parameters in the equation. Also they showed the global existence of a weak so-
lution for the problem with critical initial conditions (u() > 0 and e(0) = d. Furthermore,
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Song [17] studied the nonlinear viscoelastic wave equation

00)| s (0) = Ault) + / - ) Au()dr

"2 u() = [u(@)|"ule) inQx [0,T],

+ |ue(t)
ulx,t)=0 onaQ2 x[0,T7],
u(x,0) = uo(x), us(x,0) = u1(x) in Q,

where Q isabounded domain of R” (n > 1) with smooth boundary 92, m > 2,¢g : R* — R*
a positive nonincreasing function, and

. 2(n-1)
2<p,p<oo, ifn=1,2, 2<p,p§72 ifn>3.
’/1_

The author proved the global nonexistence of positive initial energy solutions for a vis-
coelastic wave equation. Recently Jeong et al. [6] investigated the quasilinear wave equa-
tion with acoustic boundary conditions

() — Au(2) — div(| Va(e) |* > V@) — div(| Vi (8)| "> Vase (8)) + | (0)]" s 2)
= |u(t) |P_2u(t) in  x (0,00),
u(t)=0 onTy x (0,00),

)
aut ae 28u() .|V

|,3 23%( )
v

+ | Vu(y)| u(t) = h(x)y:(t) onTy x (0,00),

u(£) +f(x)y:(£) + g(x)y(t) =0 on I'y x (0,00),
u(x,0) = up(x), us(x,0) = u1(x) in €,

y(x,0) =yo(x) onT4,

where a,b >0, o, B,m, p > 2, Q is a regular and bounded domain of R” (n > 1) and 9Q(=
I') = Ty UT;. The functions f,q,/# : ' — R, are essentially bounded. They studied the
global nonexistence of solutions for a quasilinear wave equation with acoustic boundary
conditions. Motivated by the previous works [5, 17], we consider problem (1)—(6). Under
suitable assumptions on the relaxation function g, the nonlinear function ®(-), p > max{p +
2,m, q,2}, the initial data, and the parameters in the system, we prove the nonexistence of
a weak solution with small positive initial energy.

2 Blow-up result
In this section, we present some material which will be used throughout this work. First,
we introduce the set

H} () = {u e H'(Q)|u=0o0on Ty},

and endow H{ (2) with the Hilbert structure induced by H'(2). We have that H}, () is

a Hilbert space. For simplicity, we denote || - ||, = || - Iz, | - |pr = 1l - lzery, 1 < p < o0.
We present some assumptions and preliminaries needed in the proof of our main result.
We make the following assumptions:
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(H1) g:R, — R, is a differentiable function such that

1- / g&)ds=1>0, gt)>0, g <0, Vt>0. )
0

(H2) For the nonlinear terms, we have

20n—-1
2ep< (n 2)

ifn>3 and p>2 ifn=1,2, (8)

2<p< ifn>3 and p>0 ifn=1,2. 9)

n—2

(H3) & :R — R is monotone, continuous, and there exist positive constants nz, and M,
such that

mgls|? < ®(s)s < Myls|?, VseR. (10)
(H4) The functions f, g, & are essentially bounded such that
fx) >0, qx)>0 and h(x)>0, VxeTl;.

We state, without a proof, a local existence which can be established by combining ar-
guments of [4, 5].
Let assumptions (H1)—-(H4) hold, uo € Hf, (2), u1 € L*(R2), and yo € L*(T";). Then prob-
lem (1)-(6) admits a weak local solution (i, y) such that, for some T > 0,
u e L*([0, T); Hy, (),
u, € L%([0, T); L*(Q)) N L™ ([0, T); ) N L([0, T); T),

y e L*([0,T);T).
To obtain the global nonexistence result, we need the following lemmas.

Lemma 2.1 Assume that (H1)—(H4) hold. Let u(t) be a solution of problem (1)—(6). Then
the energy functional E(t) of problem (1)—(6) is nonincreasing. Moreover, the following en-
ergy inequality holds:

E@)= 3 (¢ 0 Vi) )~ 2@ Vi) | - [uto)]

- Ifz(x)f(x)yf(i,‘)afF—/r D (1,(2)) e (£) AT

I

<0, (11)

where

1 + 1 ¢ 1
E0)=—m )] + 5 (1 - /0 2(s) ds) IVu@)| + 5@ o vu)(®)

—]%Hu(t>||§+ % /F h(x)q(@)y*(0)dT, (12)
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and
(go Vu)(t) = /0 g(t =) Vu(t) - Vuls)|| ds. (13)

Lemma 2.2 Suppose that (H1)—(H4) hold. Let u(t) be the solution of problem (1)—(6). Fur-
thermore, assume that

1 1\ -2
E(0)<E; = (- - —)Bl‘"z
2. p

and
_r
2

Vuoll = B

where By = BJ/1 and B is the best constant of the Sobolev embedding H} (2) — LF(S2). Then

17
there exists a constant > B, P such that

(1 - /tg(s) ds> ||Vu(t)||2 >B% V>0 (14)
0

and
|u®],= BB, VE>o0. (15)

Proof From (6) and the embedding theorem, we have

2 1 t 1
p+2Ht 225 (1- [ ewds) vuto) + Seo vt

-y [ naeyoar

t , 1
(1_ /o g(s)ds) [vuto* - Juto

(1 - /0 o) ds) |Vu@)|? - }93‘;1’% |Vu@|”

1 t 1 t %
5(1— /0 g(s)ds) HVu(t)HZ—;BIf<<1— fo g(s)ds) ”w(r)”z)

1 By
=6 - jsp = G(8), (16)

where & = ((1 — fotg(s) ds)IIVu(t)IIZ)%. It is easy to see that G(§) takes its maximum for
b

E=¢*= BIm , which is strictly increasing for 0 < & < &%, strictly decreasing for & > &%,
G(§) »> —oo as & — 00, and
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Since E(0) < E;, there exists 8 > £* such that G(B) = E(0). Set & = || Vu(0)||, by (16), we see
that

G(&o) = E(0) = G(B),
which implies that
Vuoll =50 > B.

To prove (14), we suppose on the contrary that

((1 - /0 40 ds) 20 ||2>% <p

for some ¢ = £y > 0. By the continuity of (1 — fotg(s) ds)||Vu(t)||?, we may choose t, such

that
B> ((1 —/ 0g(s)ds) ||Vu(t0) ||2) ’ > E*
0

Then it follows from (16) that

E(to) = G<(<1 _ /0 " o) ds) || w(to)||2) ) > G(B) = E(O),

which contradicts Lemma 2.1. Hence (14) is proved. Now we will prove (15). From (12),
(13), (14), and Lemma 2.1, we deduce that

1 1 2 1 t 1
Sl [y =575 1@ 03+ 5 (1 —/0 g(s) ds) [vut)|* + 5@ o va(e

h(x)q(x)y* () dT — E(t)

+
N =
S5~

1 t
> 5(1‘ / g(s)ds> |Vu@)|” - E©0)
0
Lo Lo
> — —E O = — - G
> S~ E0)= 35 - G(p)
1 1 By By
=-p*- (—,32 - —1,31") =—Lpr vr>o.
2 2 p p
Thus the proof of Lemma 2.2 is complete. 0

Theorem 2.1 Let 2 < m < p, 2 < q < p and assume that (H1)-(H4) hold. Suppose that
p<p-2,0<e9<t—1,and

S L_CcMA —1-¢
/ gls)ds < 24 ’ (17)
0

Lol CM A L
E—1-CM,% +
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are satisfied, then there exists no global solution of problem (1)—(6) if

E(0) < (1—CM A—qi—;l—_l> (1—1)33’2@, (18)

Vuol >B, " (19)
Proof Assume that the solution u(¢) of (1)—(6) is global. We set
H(t) = E, - E2), (20)

where the constant E; € (E(0), E1) shall be chosen later. By Lemma 2.1, the function H(¢)
is increasing. Then, for £ > s> 0,

0<H(0) <H(s) <H()

1 o 1 ¢ 1
=Ex= 5 [0 03 (1 - /0 ¢(s) ds) [vuo|* - g Vi
1 1
t [« -5 /n h(x)q(x)y*(t)dT . (21)

Thus from (14) we get
1 t ) 1 »
HO<E- (1 - /0 ¢ ds) [vuto)”+ 3 Juco]

<=5 (1- [e0ds) 7ol + ol

1 -2 1
<E- 357 o)),

1
< lu® - (22)

Now, we define

&

L) =H"™(£) + / |u4e(0)| e (D)ua(2) dx
Q

po+1

e 20
: /F M )T e /F Heup ey, (23)

where the constants 0 < o < 1, € > 0 shall be chosen later.
Taking a derivative of (23), using (7)—(10) and Lemma 2.1, we have

i - leae(t)]|°7 + e /Q |0 (8)| s (Out) i

L) =(1-0)H (OH () + .

0

—& | hx)f@y@)y(0)dl —e | h(x)u,(t)y(t) dT

' I
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—e | hx)u(t)y(t)dr

I

&
ol

=(1-o)H °()H'(t) +
0

i f u(t)[Au(t)- / tg(t—s)Au(s)ds—\ut(t)|m_2u;(t)+ |u(t)|”‘2u(t)] dx
Q 0

e / h)f )y (E)ye) dT — e / H@)u(E)y(e) dT
r I

—-¢ /Fl h(x)u(t)y.(¢) dT

&

=(1-0)H (t)H'(£) + |uete) |12

p+1 P+

2 t
—sz|Vu(t)| dx+e/QVu(t)f0 gt —s)Vul(s)dsdx

e /Q (O] (eyut) i + 0|

+ 8/F u(t)(agl()t) - /O‘tg(t—s)algl()s) ds) dar

iy / YO (f@:(0) + us(0)) dT
r;

_8/1‘1 h(x)u(t)y,(t) dT

(1= o)HCOH () + — )] ~ & Vuto) |

p+1

t m-2
+s/QVu(t)‘/(; g(t—s)Vu(s)dsdx—8/Q|ut(t)| u:(H)u(t) dx

+ 8Hu(t)||§ —¢ /1“1 CD(ut(t))u(t) dar + 8/ h(x)q(x)y*(t) dT . (24)

rp

Exploiting Holder’s and Young’s inequalities, for any &; (0 < €; < 1), we obtain

/ Vu(t) /tg(t —s)Vu(s)dsdx
Q 0
= /tg(t —s)f Vu(t)(Vu(s) - Vu(t)) dxds + (/tg(s) ds) ||Vu(t) ||2
0 Q 0

p(1-¢1) 1 ! 2
> —T(go Vu)(t) + <1 - m) (/(; g(S) dS) HVu(t)” . (25)

Thus from (24) and (25), we arrive at

e pr2 ep(l—g1)

L)z A-o)H OH )+ — |u®)]], - ———€Vu)®

0

1 t 2
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m-2
—8/Q|ut(t)| ut(l,‘)u(t)abc—é?/rl dD(ut(t))u(t)dl"

+s||u(t)||§ +s/ h(x)q(x)y*(t) dr.
Iy
Consequently, from (11), (12), (20), and (26), we deduce that

L= (- o)H"”(t)[%g(t) [Vu®|* - & ¢ o Vi) + )]

m

2
+‘/1:1 h(x)f (x)y; (t)dT’ +f

I

+

_SP(12— 81)(govu)(t)_8/‘ut(t)’m—2ut(t)u(t)dx
Q

+& ||u(t) ||Z - S/F dJ(ut(t))u(t)dF +e [ hx)gx)y*(t)dr.

1 Iy

From this relation and using

ep(l —gq) +
61— eD)pH(®) = (1 - s1)pEs - L1y, (0)| 7
o+2 p

(1-¢1) !
_tp 5 b1 (1—/0 g(s)ds) ||VM(L‘)||2

ep(1—¢1)
2

(go Vu)(t) + e(1 - 1) | u(?) ||ﬁ

ep(1-¢e7)

- h(x)q(x)y*(t) dT,
r

it follows that

L'(t)=1-0)H @) |u0)]] +(1-0)H(2) /F 1 D (e (£) )1y (£) AT
+&(1—e1)pH(t) — (1 - 1)pE,
re( o+ ol
veer|u@)|) - /Q | (0", (Ou(t) dix

1-—
e /F e(u0)utar +e(¥ ¥ 1) /F 1h(x)q(x)yz(,:) dr

(1-¢1) ‘
+£( 28“”—1)(1—/0 g(s)ds) |Vu@)|

&

_ 2p(1_81)/0 g(s)dsHVu(t)H2

> (1=0)H (@) |u(®)|], + pH(£)e(1 - &1)

e 042 1 ! 2
. ||ut(t)|p+2—s|:1— (1_ m) /0 g(s)ds] V)|

Page 9 of 19

(26)

(27)
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1 p(l—¢1) 042
+8<,0+1+ T2 )Hut(t)|p+2

(1-é1) ‘
+8< 281 L4 —1) (1—/0 g(s)ds) ||Vu(t) ||2

£ £ 5 )
_ mfo 2(s) ds || Vu(@)]|” - e(1 - e1)pEs + 81 |u(®) |

. /Q )" u(O)u(@) dT — & / & (14,(8))u(t) AT

I

+(1-0)H () | P (uelt))uss(t)dT

I

‘e (@ . 1> /F 1 (x)q(x)y2(¢) dT. (28)

From Holder’s and Young’s inequalities, the condition m < p, (22), and the embedding
theorem (LP(2) — L™(2)), we obtain

/Q|ut(t)|m_2ut(t)u(t)dl"§ (/Q|ut(t){’”dx)m</{u )" dx)

I

N

< w2 Jueo],,

< Clu@] " |u@),
< Cllue@) |2 )| |ute)]
< Clu@) " (1w + Cen|m ] 2)

< CH(©)» ™7 (e2|u(®)|” + Cleo) | 0)] ), (29)

where C is a generic positive constant which might change from line to line and &, >

glpl/p—l/m'
Here we choose
. 1 11 11 1
0<o <min S, s (30)
p+2 pm p2 p
and take o = p—nf +0=-— % - I%) + 0 < 0. Then the properties (21) of the function H(¢)
show that
1_1
H(t)p™m = H(t) " H(t)* < H(¢t)"° H(0)*.

Thus from inequality (30) it follows
[ w0 utmoydr = cro- HOY (o ], + Ceuo)]}) (31)
Moreover, from (10), it is clear that

/r & (1 (®)u(©)dT = my (@) (32)
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and the following Young’s inequality

AYXY  APYP

XY < +
4 B

’

X, Y>0,1>0,y,8BeR, suchthat—+%—l,thenfrom(IO),weget

/ & (u,(t))ult) dT” < M, / |4, ()| " |ule)| dT
I

q

<M —||u(t)||qu +M Tlx @7 - (33)
Thus from (28) and (31)—(33), we deduce
L0 = (1 -)H O] u @] +¢| — ~E) 0|72 + (1 - e0)pH0)
= ), o+ 1 o+ 1 u(t 042 p
+ g[((l —281)19 _ 1) <1 - /Otg(s)ds) 2p(1 - / g(s)ds] V)|
—&(1 - &1)pE; + g1 | u(t) ||§
—eCH(t)"H(0)" (82 ”u(t) Hp + C(sz)H u(t) ”Z)
+(1-0)H™ mq”"‘t ) “qu
ey 02, ey 0 a0,
+ %@ + 1) h(x)q(x)y*(¢) dT
I
=H°()[1 -0 —eCH*(0)C(e) ]| ue(®)|], + s|:p 1 T p(p ) ] Ju)]
+e(1—e1)pH(t) — e(1 - e1)pE,
(1-¢1) t L
+ 8[( 281 P _ 1) (1 —/0 g(s)ds) - m/() g(s)ds] HVu(t)”2
q
+&[e1 — &2CH ™ ())H*(0)] || u(2) ||§ - qu% |u(t) HZ'FI
+ [(1 - o)H  (t)ymy — qu%l)f%] ||ut ||q r
‘e ((1 2l ) / h)qx)y* () dT, V> To. (34)
2 I

We also use the embedding theorem. Let us recall the inequality (C denotes a generic

positive constant)

|41, = Clu@] 150

a1
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whereg>1land0<s<1,s> I;[ —¥=1 5 0and the interpolation and Poincaré’s inequality
q
(see [11])
[ (0 = Clu@ [ Vu@|’ < Clu@)],” [ Vu@)].

Ifs< %, using again Young’s inequality, we obtain

o2, < cl(u@)" 7" + (|vu@ )]

1, 1_ _2 -
forﬁ+§-1. Herewechoose@-%togetu—

o2y, = <[ () + (1- [ g as) vuca)’ | 65)

Now, choosing s such that

2y —
0cs< 2=
qlp-2)
we get
2g(1 -
q(1-5) (36)
2-gslp
Once inequality (36) is satisfied, we use the classical algebraic inequality
1
X“f(x+1)§<1+—>(x+w), Vx>0,0<v<1,w>0, (37)
w
with x = [[u(®)|), d =1+ H(O oW = H(0),and v = (2 s ) to get the following estimate:
(@] 7 < d(luto]! + HO) < d(u] + H@), vezo, (38)
From (35) and (38), we have
! 2
Ju@],. < C(”u(t) 7+ (1 [ e ds) [vu)| + 2H(t)). (39)
0

Inserting estimate (39) into (34) and using (14), we arrive at

L'(t)>H(t)[1-0 -eCH*(0)C(e2) ]| ue(t)|

1 (-ea)p
el L ) eoprtn

p(l-e1)
+s[< 5 1)( / (s)ds) 2p(1—1)/ (s)dS:|

X ”Vu(t) ||2 —&(l-¢&)pEs + 8[81 — & CH°(t)H” (O)] Hu(t)”i
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—eCM, = [||u(t)||" ( / g(s)ds)||Vu(t)||2+2H(t):|

q-

+|:(1—0)H”(t)mq—8M : Ml}Hur Mo,

|:(1—81)P
+¢&
2

: 1} [ Horarpar

5 o m 1 1 .
_H(O[1-0 - eCH (O)C(sg)]Hut(t)||m+8|:p+1+ pflz }” )7

+8|:(1 e1)p —2CM, q:|H(t) e(1-&1)pE,

(1-e1)p M !
+ 8|:<T - CMq? - l) (1 —/0 g(s)ds)

1 ! 2

+ 8[81 —&,CH™? (t)H*(0) - CMq)L—q:| ||u(t) ||§

T

+|:(1—c7) ?(t)my - eM, qux ql:|||u(t)||
+a[(1_281)” + 1] /F ] h(x)q(x)y2(¢) dT

> H ()1 - 0 — eCH*(0)C(e2)] | (8)[| " + ¢ 1 +(1 81)” |22
" P

+1 p+2

+ 8|:(1 —e1)p— 2CMq%q]H(t) —&e(1-¢e1)pE,

€ (l—sl)p_ ﬁ_)_# ~ i|2
+1—f(fg(5)ds[< 2 M L) 2(1—81)19(1 h)P

+e [81 —&,CH™ ()H"(0) - CM,,’\—q] |u®];

; |:(1—0')H (t)m, — M, quk T }Ilu(t)ﬂqu

+ s[m + 1i| / h(x)q(x)y*(t) dT. (40)
2 r

Since

E_1-cME + L

00 £-1 —CMﬂ—so
/ gls)ds < T P>2,
0 2 7q *2p

we have

q o0 00
<IZ—1—CMq)\—> <1—/ g(s)ds)—i/ g(s)ds>ep>0.
2 q 0 2p Jo



Kang et al. Boundary Value Problems (2018) 2018:139

It is easy to see that there exist ¢} > 0 and T, > 0 such that, for 0 < &; < &} :=

O<eo<t—1,and t> Ty,

[((1—51)17 _ CMq% -1)I- TeTp <°1 (1 n1p?
1- fotg(s) ds

Page 14 of 19

1_ 2(1+¢&g)
p )

(d-e)p _ M
. (52 - CM,2 l)l _1 it I)BI‘%.
1 —fo
Now, we may choose ¢; > 0 sufficiently small and E; € (E(0), E) sufficiently near E(0) such
that
(= — opp 2 - 1)1 - a-0 _»
: i B,"" - p(1-&)E; >0, (41)
l—fo g(s)ds
since
1 M1 1 1 1-1/ —1%
EO)<Ey<|--CM;—=---—— B,
2 qp p 20 1
A2 1 1-0\(1 1\ -2 (1 1\ -2
:<1_CM ———7—)<— )31”‘2 (—__)311’-2
gp-2 pp-2) 1 2 p 2 p

From (40) and (41), we arrive at

L’(t)zH—“(t)[l—a—eCH“(O)C(sz)]||ut(t>||Z+e[p11 - 81)”]||m<t>||p+2

o+2

+ s[(l —e1)p-2CM, ); :|H(f)
+g[81 — &,CH™ ())H*(0 }II D1,
a1

[(1 o )H™" (t)ym, — eM, quk T 1]||u(t)||

+ e[@ . 1} h(x)q(x)y2(¢) dT.
It

p+2

(42)

At this point, for e,CH° (£)H*(0) < &; < min{1, &,p'/""~1/7}, we may take A sufficiently small

such that
P
(1-&)p-2CM;— >0,
q
WY
g1 —&CH ™ (t)H*(0) - CM,— > 0.
q
Once again, we choose ¢ small enough such that

1-0-sCH“(0)C(gy) >0,

1.4
(1 - 0)H ™ (Om, — eM, L2771 5 0.
q
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Then from (42) there exists a positive constant Kj > 0 such that following inequality holds:

L'(t) > ek, (H(t) Hu@ |25+ |u@ |+ | Vu@)]” + /F h(x)q(x)y* () dr). (43)

p+2

On the other hand, from definition (23) and since f, /4 > 0, we have

£
+1

Lty <HY™ () + / |ut(t)|put(t)u(t) dxKy — 8/ h(x)g(x)y(¢)dT.
1Y Q I

Consequently, the above estimate leads to

LT (f) < C(e,o,p)|:H(t) + (/ |ut(t)|ﬂ’m(t)u(t)dx>m
Q

+ (/ h(x)q(x)y(t) dF) 1”:| (44)
I

We now estimate (see [17])

p+l
=

( /Q }ut(t)\”ut(wu(t)dx) T <o) Jue]

p+l 1
< Clw 0] 5" w7,

+ é = 1. Choose p = 1=2+2) 5 1 then

where
p+1

1
m

0 B p+2
-0 (I-0)p+2)-(p+1)

From (30), we know

0

<p. (45)
l1-0

Then from (22) we deduce

@7 = @] " = uo)]} |u@)],f

< Clluto)|2H(0) 7, (46)

where k =p — % is a positive constant. Thus from (46) we obtain

p+2

1
T _k
( [l et dx) < |22 + |0 2H(0) . @)
Q
On the other hand, by the same method as in [13], we obtain

/ h(x)q(x) (O dr‘
I q(x)

< el ([ ygwpoar) ([ wwar)
90 I "

/r h(x)u(t)y(t) dU ‘ =
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Using the embedding L7(I";) < L2(I";) and Young’s inequality, we get

[ M) dr‘
I Q(x)

~||h||§w||q||§w< : )( ) );
<C 2 /1‘1 h(x)g(x)y“(t)dT frl ul(t)dr ) .

Consequently, there exists a positive constant Ci = G (||| oo, llgllz, g0, o) such that

h(x)u(t)y(z) dF‘ =

'

< h(oe)u(t)y(t) dF> ﬁ
Iy

<C ( /F h(x)q(x)y*(t) dF) o ( /F ul(t) dr) w

Applying Young’s inequality to the right-hand side of the preceding inequality, there exists

a positive constant, also denoted by Cs, such that

</; h(x)u(t)y(t)dl”)lg
~ q 1 —0)
§C2<fr1 h(x)q(x)y*(t) dr) (/ |u(t)| dF) (48)

for % + é =1. We take 6 = 2(1 — o), hence 7 = 21(:(‘;) to get

( h(oe)u(t)y(t) dF) m
I

< c[(f |u( t)|qu> / h(x)q(x)y (t)dFi| (49)

By using (30) and the algebraic inequality (37) with x = fr lu(t)|Pdl’, d =1 +
H(0),and v =

H(O) w=

1—20), condition (30) on ¢ ensures that 0 < v < 1, and we get

x" <d(x +H(0)) <d(x +H(t)).

Therefore from (49) there exists a positive constant C such that, for all £ > 0,

</F h(oe)u(t)y(t) dF) ﬁ

< C(H(t)+ Ju)]?,, + /F h(x)q(x)y2 () dr). (50)
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Thus from (39) and (50) we get

(./r h(oe)u(e)y(t) dF> m

< C(H(t) + Hu(t)”i + (1 _/o g(s) ds) || Vu(t)”2 +/F h(x)q(x)y*(t) dl")

5C(H(t)+ [u@ + | vuo]? + /1_ h(x)q(x)yzmdr), (51)

where C is a positive constant. Therefore, from (44), (47), and (51), we arrive at

1

Lﬁ(t) < E[H(t) + (/Q|ut(t)|put(t)u(t) dx) = + </r h(x)q(x)y(t) dF) M]

EE[H(t)+}}ut(t)yg:§+|]u(t)H§+||w(t)H2+ /F h(x)q(x)yz(t)dI‘:|, (52)

where C is a constant depending on ¢, 7, p, C,C. Consequently, combining (43) and (52),

for some & > 0, we get
1
L'(t)>&LT7(t), Vt>0.

For ¢ sufficiently small, there exists some constant 7; such that

£
p+1

L(T) = H(T)) + / (T s (T (T
Q

- % hE)f)YA(T)dl —¢ | hx)u(t)y(Ty) dT

I I

> 0.

Hence we get
1
L'(t)= &L () >0, Ve=Ti. (53)

A simple integration of (53) over (71, t) yields

1

Lﬁ(t) Z =
LT5(Ty) - £2

Vt>1T;.

Hence L(t) blows up in finite time

" l-0

T &0l (Th)

Thus the proof of Theorem 2.1 is complete. O
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3 Conclusion

In this paper, we consider a quasilinear viscoelastic wave equation with acoustic bound-
ary condition. Under some appropriate assumption on the relaxation function g, the
function®, p > max{p + 2,m,q,2}, and the initial data, we prove a global nonexistence
of solutions for a quasilinear viscoelastic wave equation with positive initial energy. Ac-
tually, the principle result of the paper, Theorem 2.1, is a global nonexistence result in
the case where the interior source term |«|’~2u dominates both the interior and boundary
damping terms, |us|"2u; and ®(u;) ~ |us|72u;, in an appropriate sense under the added
assumption that the initial total energy is sufficiently small.

4 Abbreviations

A quasilinear viscoelastic wave equation with acoustic boundary condition is considered;
Some assumptions and needed lemmas are presented; The nonexistence of the weak solu-
tion with small positive initial energy is proved by suitable assumptions on the relaxation
function g, the nonlinear function ®(-), p > max{p + 2,m,q,2}, the initial data, and the
parameters in the system.

Acknowledgements
The authors are thankful to the honorable reviewers and editors for their valuable reviewing of the manuscript.

Funding

The first author’s work was supported by the National Research Foundation of Korea (Grant #
NRF-2016R1D1A1B03930361). The corresponding author’s work was supported by the National Research Foundation of
Korea (Grant # NRF-2016R1C1B1016288).

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the manuscript.

Author details

TInstitute of Basic Liberal Educations, Catholic University of Daegu, Gyeongsan, Republic of Korea. ?Department of
Mathematics, Pusan National University, Busan, Republic of Korea. 3Department of Mathematics and Education, Seowon
University, Cheongju, Republic of Korea.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 4 June 2018 Accepted: 31 August 2018 Published online: 14 September 2018

References

1. Beale, JT, Rosencrans, S.I: Acoustic boundary conditions. Bull. Am. Math. Soc. 80, 1276-1278 (1974)

2. Boukhatem, Y, Benabderrahmane, B.: Existence and decay of solutions for a viscoelastic wave equation with acoustic
boundary conditions. Nonlinear Anal. 97, 191-209 (2014)

3. Boukhatem, Y, Benabderrahmane, B.: Polynomial decay and blow up of solutions for variable coefficients viscoelastic
wave equation with acoustic boundary conditions. Acta Math. Sin. Engl. Ser. 32(2), 153-174 (2016)

4. Di, H, Shang, Y, Peng, X.: Global existence and nonexistence of solutions for a viscoelastic wave equation with
nonlinear boundary source term. Math. Nachr. 289(11-12), 1408-1432 (2016)

5. Graber, PJ, Said-Houari, B On the wave equation with semilinear porous acoustic boundary conditions. J. Differ. Equ.
252,4898-4941 (2012)

6. Jeong, JM, Park, JY, Kang, Y.H.: Global nonexistence of solutions for a quasilinear wave equation with acoustic
boundary conditions. Bound. Value Probl. 2017, 42 (2017). https://doi.org/10.1186/513661-017-0773-1

7. Jeong, JM, Park, J.Y, Kang, YH.: Energy decay rates for the semilinear wave equation with memory boundary
condition and acoustic boundary conditionds. Comput. Math. Appl. 73, 1975-1986 (2017)

8. Kang, Y.H. Energy decay rate for the Kelvin-Voigt type wave equation with Balakrishnan—Taylor damping and
acoustic boundary. East Asian Math. J. 32(3), 355-364 (2016)


https://doi.org/10.1186/s13661-017-0773-1

Kang et al. Boundary Value Problems (2018) 2018:139 Page 19 of 19

. Kumar, S, Kumar, D,, Singh, J.: Fractional modelling arising in unidirectional propagation of long waves in dispersive

media. Adv. Nonlinear Anal. 5(4), 383-394 (2016)
Lee, MJ, Park, J.Y, Kang, YH.: Exponential decay rate for a quasilinear von Karman equation of memory type with
acoustic boundary conditions. Bound. Value Probl. 2015, 122 (2015). https://doi.org/10.1186/513661-015-0381-x

. Lions, J.L, Magenes, E.: Probeléms aux limits non homogénes et applications, vols. 1, 2. Dunod, Paris (1968)

Liu, W, Sun, Y.: General decay of solutions for a weak viscoelastic equation with acoustic boundary conditions. Z.
Angew. Math. Phys. 65(1), 125-134 (2013)

. Messaoudi, S.A: Blow up and global existence in a nonlinear viscoelastic wave equation. Math. Nachr. 260, 58-66

(2003)

. Morse, PM,, Ingard, K.U.: Theoretical Acoustics. McGraw-Hill, New York (1968)
. Park, J.Y, Park, S.H.: General decay for quasilinear viscoelastic equations with nonlinear weak damping. J. Math. Phys.

50, 1-10 (2009)

. Park, J.Y, Park, S.H.: Decay rate estimates for wave equations of memory type with acoustic boundary conditions.

Nonlinear Anal. 74(3), 993-998 (2011)

. Song, H.: Global nonexistence of positive initial energy solutions for a viscoelastic wave equation nonlinear analysis.

Nonlinear Anal. 125, 260-269 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/s13661-015-0381-x

	A global nonexistence of solutions for a quasilinear viscoelastic wave equation with acoustic boundary conditions
	Abstract
	MSC
	Keywords

	Introduction
	Blow-up result
	Conclusion
	Abbreviations
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


