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Abstract
In this paper, we examine thermal radiation effect of the nonlinear form on the
dissipative nanofluids containing carbon nanotubes past a moving horizontal thin
needle. We also perform a second law analysis with viscous dissipation. Single-wall
carbon nanotube and multiple-wall carbon nanotube drop in H2O base fluid.
Introducing suitable dimensionless variables, we reduce the governing equations to
self-similar nonlinear differential equations. Matlab in-built boundary value solver
bvp4c and shooting method are applied for the solution of the reduced set of
self-similar differential equations. The numerical results thus obtained are compared,
which agree well with respect to desired accuracy. Various graphs are depicted and
illustrate qualitatively the influence of flow controlling parameters such as Eckert
number, heating parameter, radiation parameters, nanoparticles solid volume
fraction, and size of thin needle on entropy generation, temperature distribution, and
Bejan number.

Keywords: Entropy generation number; Thin needle CNTs; H2O; Viscous dissipation;
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1 Introduction
The innovative idea of reducing the entropy generation in convective heat transfer phe-
nomenon is introduced by Bejan [1]. Basically, entropy generation is a measure of molec-
ular disorder or randomness generated in a thermodynamic system. In the light of the
second law of thermodynamics, the quality of energy reduces with increasing molecular
disorderness. Bejan [2] reported that heat transfer due to temperature difference and en-
ergy dissipation are the key sources of entropy generation. Later on, numerous researchers
performed a second law analysis in the presence of different geometries and physical con-
ditions. For example, Afridi et al. [3] reported entropy generation in a viscous fluid flow
past over an inclined stretching sheet under the influence of Lorentz force. The analy-
sis reveals that more entropy is generated in the presence of magnetic field due to non-
conservative nature of the applied magnetic field. The impacts of variable viscosity and
Newtonian heating on entropy generation are investigated by Makinde [4]. Gul et al. [5]
reported the influence of mixed convection on entropy generation in the Poiselle flow
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of Jeffry nanofluid. Recently, Butt et al. [6] examined the entropy generation in a second-
grade nanofluid with effects of porous medium. Besides all these mentioned studies, some
of the recent investigations on entropy generation are reported in [7–11].

In heat transfer and entropy generation analysis, energy dissipation is very significant,
especially in boundary layer flows where the velocity gradients are significantly high. His-
torically, for the first time, Gebhart [12] studied the viscous dissipation effects on natural
convection flow of Newtonian fluid. Gebhart [12] reported a significant rise in tempera-
ture due to dissipation effect. The rise in temperature is because of the work done against
the viscous forces, which irreversibly convert the kinetic energy of the fluid into internal
energy. Mohamed et al. [13] examined the impact of viscous dissipation on heat transfer in
mixed convection flow past over a circular cylinder. Recently, Afridi and Qasim [14] per-
formed the irreversibility analysis in a three- dimensional flow with viscous dissipation.
Saritha et al. [15] performed the heat transfer analysis of boundary layer flow of power
law fluid with viscous dissipation. Mohamed et al. [16] numerically studied the effects of
viscous dissipation on a flow of nanofluid over a moving flat plate. Some recent studies
on the heat transfer analysis with and without viscous dissipation effects are reported in
[17–27].

Boundary layer flow with heat transfer over different body shapes, such as a horizontal
cylinder, stretching sheet, stretching disk, flat plate, a sphere, an elastic sheet with variable
thickness, Riga plat, and stretching cylinder, is investigated by numerous researchers. His-
torically, Lee [28] introduced the boundary layer flow over a thin needle moving horizon-
tally in a parallel free stream. Ishak et al. [29] extended the work of Lee [28] and performed
the heat transfer analysis under constant wall temperature. They found that temperature
rises with increasing size of the thin needle. Soid et al. [30] studied the flow of nanofluid
over a thin needle with heat transfer effects by taking the Tiwari and Dass model. Liu and
Chan [31] investigated a mixed convection flow over a thin axisymmetric body. The im-
pacts of mass transfer and mixed convection on heat transfer and fluid flow over a thin
needle are reported by Kafoussias [32]. Some very interesting studies on boundary layer
flow over a thin needle with different effects and imposed boundary conditions are re-
ported in [33–36].

Working fluids such as water, engine oil, kerosene oil, and so on have low thermal
conductivity. To enhance the thermal conductivity of working fluids, different types of
nanoparticles such as copper, silver, Graphene, gold, and CNTs are added in the working
fluids. Historically, the term nanofluid was introduced by Choi [37], who reported that the
addition of nanoparticles in base fluids enhances the thermal conductivity to great extent.
For the very first time, Khan and Pop [38] reported a boundary layer flow of nanofluid. In
1991, Lijima [39] introduced carbon nanotubes. Xue [40] proposed a model for the effec-
tive thermal conductivity of CNTs suspended nanofluids. CNTs have tube-shape nanos-
tructure and are composed of carbon allotropes. Two types of CNTs are reported in the
literature [41, 42]; one is a single-walled carbon nanotube (SWCNT), and the second one is
a multiple-walled carbon nanotube (MWCNT). The impacts of CNTs on boundary layer
flow and heat transfer are studied in [43–45].

After a careful review of the literature, we have come to conclusion that heat transfer
and entropy generation of CNTs suspended nanofluids over a thin needle in the pres-
ence of viscous dissipation and nonlinear thermal radiation is important but has never
been reported. Therefore, to fill this gap, in this study, we perform heat transfer and ir-
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reversibility (second law) analysis by taking the effects of nonlinear Rosseland thermal
radiation and viscous dissipation. A thin needle is supposed to be moving in a parallel free
stream. We utilize Matlab bvp4c solver to obtain the numerical solutions of a reduced set
of self-similar equations. Variations of temperature distribution θ (ξ ), entropy generation
number Ns, and irreversibility ratio (Bejan number Be) with physical flow parameters are
depicted graphically and discussed physically in detail.

2 Mathematical formulation
Consider the two-dimensional (2D) flow of water-based CNTs over a moving horizontal
thin needle of thickness a. The surface of the thin needle is maintained at constant tem-
perature Tw. The velocities of moving thin needle and fluid outside the boundary layer are
denoted by uw and u∞, respectively, and supposed to be constant. We also assume that
the thermophysical properties of nanofluids are constant. In addition, the terms corre-
sponding to nonlinear thermal radiation and viscous dissipation are incorporated into the
energy equation. The axial coordinate x̄ of cylindrical coordinates is parallel to the moving
thin needle, whereas the radial coordinate r̄ is normal to the flow direction as shown in
Fig. 1.

By taking the assumptions mentioned alongside the usual boundary layer approxima-
tions, the governing flow equations can be written as

∂
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Figure 1 Schematic representation of the flow problem
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The subjected boundary conditions are

ū
(
x̄, r̄ = R(x̄)

)
= ūw, T̄

(
x̄, r̄ = R(x̄)

)
= T̄w, v̄

(
x, r̄ = R(x̄)

)
= 0, (4)

ū → ū∞, T̄ → T̄∞ as r̄ → ∞, (5)

where ū and v̄ are the velocity components in increasing directions of x̄ and r̄, respectively,
R(x) shows the shape of the surface of the thin needle, T̄ is the dimensional temperature of
the nanofluids, μnf , ρnf , (ρcp)nf , and knf represent effective dynamic viscosity, the density
of nanofluids, effective heat capacitance, and effective thermal conductivity of nanofluids
and are defined as follows:

μnf =
μbf

(1 – φ)2.5 , (ρcp)nf = (ρcp)bf (1 – φ) + (ρcp)CNTφ, (6)

(ρ)nf = ρbf (1 – φ) + ρCNTφ, knf =
(1 – φ) + 2φ( kCNT

kCNT –kbf
) ln( kCNT +kbf

2kbf
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kbf . (7)

Introduce the variables

ξ =
Ūr̄2

νbf x̄
, ψ = νbf x̄g(ξ ), θ =
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T̄w – T̄∞

, (8)

where ψ stands for the stream function defined so that ū = 1
r̄
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∂ r̄ and v̄ = – 1
r̄

∂ψ

∂ x̄ , g(ξ ) denotes
the dimensionless stream function, ξ is the similarity variable, θ represents the dimension-
less temperature distribution, the subscripts nf and bf respectively denote nanofluid and
base fluid, Ū = ūw + ū∞ �= 0 indicates the composite velocity. By setting ξ = a in Eq. (8) we
get R(x̄) = ( aνbf x̄

Ū ).
Equation (1) is identically satisfied by Eq. (8), whereas Eqs. (2)–(5) yield
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. (11)

Here ε stands for the velocity ratio parameter, Ec is the Eckert number, θr is the heating
parameter, Pr is the Prandtl number, φ is the solid volume fraction of nanoparticles, and
Nr is the radiation parameter. These physical parameters are defined as

ε =
ūw

Ū
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Ū2
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.

(12)
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The expressions for the local skin friction coefficients (Cfx) and the local Nusselt number
(Nux) are given by

Cfx(Rex)0.5 =
8a0.5g ′′(a)
(1 – φ)5/2 and

Nux(Rex)– 5
2 = –2a0.5

(
knf

kf

)(
1 +

4
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θ3
r

)
θ ′(a),

where Rex = Ūx
νbf

is the local Reynold number.

3 Second law analysis
The rate of entropy generation inside the 2D boundary layer flow of nanofluid in the pres-
ence of viscous dissipation and nonlinear thermal radiation is given by
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. (13)

Entropy generation has two sources: (i) thermal irreversibility (TI) represented by the
first term of Eq. (13) and (ii) viscous irreversibility (VI) represented by the second term of
Eq. (13). The characteristic entropy generation (Ṡ′′′

Gen)o is defined as

(
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. (14)

With the help of similarity transformations and Eq. (14), the entropy generation number
Ns takes the form
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The irreversibility parameter known as the Bejan number (Be) is defined as
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By Eq. (8) the Bejan number takes the following form:

Be =
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(
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4 Results and discussions
In the present work, we investigate theoretically the heat transfer and entropy genera-
tion in carbon nanotubes suspended nanofluids flow over a horizontally moving thin nee-
dle. Interesting aspects of viscous dissipation and nonlinear Rosseland thermal radiations
are also incorporated in the expression for entropy generation and energy equation. The
modeled equations are reduced to a system of self-similar nonlinear ordinary differen-
tial equations by utilization of conventional similarity transformations. Shooting method
and bvp4c (Matlab built-in boundary value solver) are used to solve the reduced system
for selected values of physical flow parameters. The numerical values of thermophysical
properties of nanoparticles and base fluid used in the numerical simulation are tabulated
in Table 1. Numerical values of g ′′(0) and –θ ′(0) are tabulated in Table 2. It is observed
that the obtained numerical values are close to each other and hence validate our solution
procedure. Table 3 shows a comparison of present results with the results in the literature
and found to be in good agreement. This is a second validation test of the numerical pro-
cedure. The numerical values of skin friction coefficient against the different values of a,
φ, and ε are tabulated in Table 4. It can be seen that the skin friction coefficient enhances
with decreasing size of thin needle for both types of SWCNT and MWCNT suspended
nanofluids. By increasing the solid volume fraction of nanoparticles the numerical val-

Table 1 Thermophysical properties of nanoparticles and base fluid

Properties Base fluid

water SWCNT MWCNT

cp [J/Kg·K] 4179 425 796
k [W/Km] 0.613 6600 300
ρ [Kg m–3] 997.1 2600 1600
Pr 6.8

Table 2 Comparison of numerical values of g′′(0) and –θ ′(0) for validation of numerical codes
corresponding to the different values of a when θr = 2.0, Nr = 10, ε = 0.3, φ = 0.04, and Ec = 0.3

a Shooting Method bvp4c

g′′(0) –θ ′(0) g′′(0) –θ ′(0)
SWCNT
0.2 0.297233 1.310988 0.297243 1.310988
0.1 0.502498 2.026587 0.502496 2.026588
0.01 3.259774 9.999569 3.259778 9.999570
0.001 23.895819 56.449154 23.895820 56.449157

MWCNT
0.2 0.297359 1.309687 0.297357 1.309688
0.1 0.502686 2.019083 0.502689 2.019081
0.01 3.260616 9.876561 3.260614 9.876565
0.001 23.900446 55.257994 23.900444 55.257991
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Table 3 Numerical values of g′′(a) when ε = 0.0

a Ishak et al. [29] Chen and Smith [35] Present Results Shooting Scheme Present Results Bvp4c

0.1 1.2888 1.28881 1.28872 1.28881
0.01 8.4924 8.49244 8.49127 8.49233
0.001 62.1637 62.16372 62.16369 62.16370

Table 4 Numerical values of skin friction coefficient Cfx(Rex)1/2 for different values of a, φ , and ε

a ε φ SWCNT MWCNT

Cfx (Rex )1/2 Cfx (Rex )1/2

0.2 0.3 0.01 1.118923 1.119043
0.1 1.333363 1.333487
0.01 2.716088 2.716263
0.01 0.2 0.1 4.969901 4.972249

0.4 1.629730 1.630798
0.6 –1.598538 –1.599574

0.01 0.1 0.05 5.984571 5.986487
0.1 6.673508 6.677828
0.2 8.487619 8.498633

Table 5 Numerical values of local Nusselt number Nux(Rex)–0.5 for different values of physical flow
parameters when Pr = 6.8

a ε φ Ec θr Nr SWCNT MWCNT

Nux (Rex )–0.5 Nux (Rex )–0.5

0.2 0.3 0.01 0.2 2.0 8.0 2.943883 2.784078
0.1 3.119112 2.946959
0.01 4.352717 4.099008
0.01 0.1 0.1 0.2 2.0 8.0 12.583547 11.54771

0.2 13.578897 12.52149
0.4 14.624973 13.55412

0.01 0.3 0.05 0.2 2.0 8.0 8.345254 8.222671
0.1 14.257931 14.03552
0.2 28.520924 28.22232

0.01 0.3 0.1 0.3 2.0 8.0 13.961114 13.72888
0.5 13.367821 13.11598
0.7 12.774984 12.50358

0.01 0.3 0.1 0.2 3.0 8.0 15.409649 14.00310
5.0 15.722904 14.42210
7.0 19.602963 18.21462

0.01 0.3 0.1 0.2 2.0 5.0 14.924475 13.70168
10 13.873075 12.87780
15 13.152421 12.27827

ues of the skin friction coefficient increase for both types of nanofluids. The decreasing
behavior of the skin friction coefficient is observed with increasing values of the veloc-
ity ratio parameter ε. The local Nusselt number increases with decreasing size of a thin
needle, increasing the velocity ratio parameter, the solid volume fraction of nanoparticles,
and the heating parameter for both types of nanofluids as shown in Table 5. Further, it is
observed that the Nusselt number decreases with increasing values of the Eckert number
and thermal radiation parameter.

The present section is devoted to examining the variations in temperature distribution
θ (ξ ), the entropy generation number Ns, and the Bejan number Be with embedding flow
parameters. Figures 2–6 are plotted for the said purpose. Figure 2(a) is depicted to ex-
plore the influences of the Eckert number on the temperature distribution of nanofluid
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Figure 2 (a) Effects of Ec on θ (ξ ). (b) Effects of Ec on Ns. (c) Effects of Ec on Be

containing carbon nanotubes. We noticed that the temperature of both SWCNT-water
nanofluid and MWCNT-water nanofluid increases with enhancing values of the Eckert
number. This is because the thermal energy is stored in the fluid due to the frictional
heating and consequently enhances the fluid temperature in the flow region. The anal-
ysis further reveals that the temperature profile of SWCNT-water nanofluid is high as
compared to MWCNT-water nanofluid. This is in fact because of the high thermal con-
ductivity of SWCNT. Figure 2(b) is plotted to see the impacts of the number Ec on the en-
tropy generation number Ns. As the kinetic energy is converted into the heat energy due
to viscous dissipation, which in turn increases the molecular disorder of the system, Ns
increases with increasing values of the number Ec. In addition, more entropy is generated
in the flow region of nanofluid containing SWCNT as compared to nanofluid contain-
ing MWCNT. The influence of the Eckert number on the Bejan number Be is displayed
in Fig. 2(c). Increasing the Eckert number reduces the Bejan number, which means that
the influence of fluid friction on entropy generation increases. For large values of the Eck-
ert number, the fluid friction irreversibility is dominant over the heat transfer effects on
the surface of thin needle and the region near the edge of the boundary layer. Further, it
is clearly seen that frictional irreversibility is high in MWCNT suspended nanofluid as
compared to SWCNT. In addition, due to highly thermal conductivity of SWCNT, the
contribution of thermal effects in entropy generation is high as compared to MWCNT
suspended nanofluid. Figure 3(a) shows the influence of the size of a thin needle (a) on
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Figure 3 (a) Effects of a on θ (ξ ). (b) Effects of a on Ns. (c) Effects of a on Be

the temperature distribution θ (ξ ) of SWCNT and MWCNT suspended nanofluids. The
decreasing value of a depreciates the magnitude of temperature θ (ξ ) and results in a thin-
ner thermal boundary layer for both CNTs. Physically speaking, a nanofluid containing
MWCNT has lower temperature as compared to a nanofluid containing SWCNT, and
this is due to the low thermal conductivity of MWCNT. With the decreasing size of a thin
needle, the entropy generation number Ns reduces as shown in Fig. 3(b). It is also clear
from Fig. 3(b) that Ns attains its maximum value at the surface of a thin needle and goes
to zero asymptotically toward the edge of the boundary layer. Further, it is noticed that,
for fixed size of a thin needle, entropy generation in MWCNTs suspended nanofluid is
less as compared to SWCNT suspended nanofluid. Figure 3(c) is plotted to observe the
influence of the size of a thin needle on the Bejan number Be. It seems that Be reduces
with decrement in the size of a thin needle. The core reason is that the thermal gradient
reduces with decreasing size of a thin needle and hence reduces the Bejan number.

The variation of temperature profile θ (ξ ) with increment in radiation parameter Nr is
exhibited in Fig. 4(a). We noticed that θ (ξ ) attains its maximum value (i.e., one) at the sur-
face of the needle and approaches to zero asymptotically at a certain distance away from
the solid boundary. The temperature of both types of nanofluid drops and thermal bound-
ary layer gets thinner when Nr is increased. Figure 4(b) indicates a decrement in Ns with
increasing values of Nr . This analysis implies that to reduce Ns inside the boundary layer
flow over a horizontally moving needle, the value of Nr should be high. Figure 4(c) shows
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Figure 4 (a) Effects of Nr on θ (ξ ). (b) Effects of Nr on Ns. (c) Effects of Nr on Be

the behavior of the Bejan number with different values of Nr . The results indicate that
the Bejan number reduces with increment in the radiation parameter Nr for both types
of nanofluids. Thus it can be deduced that the impact of the fluid friction irreversibility
increases with increasing values of Nr . Figure 5(a) indicates the variations of the temper-
ature distribution for different values of nanoparticles solid volume fraction φ. It is ob-
served that the thermal boundary layer and temperature distribution both decrease for
increasing values of φ. From physical point of view, by adding more nanoparticles the ef-
fective thermal conductivity of nanofluid enhances and hence rises the fluid temperature.
In addition, the thermal boundary layer of the nanofluid containing SWCNT is thicker
than that of the nanofluid containing MWCNT. In Figs. 5(a), (b) the entropy generation
number Ns and the Bejan number Be are intended for different values of φ. Both Ns and
Be are found to be increasing functions of φ. Figure 6(a) relates the temperature distribu-
tion θ (ξ ) to the heating parameter θr . Increase in the fluid temperature is observed with
increasing heating parameter. Physically, as θr increases, there is an increase in the operat-
ing temperature T̄w – T̄∞, and consequently the temperature increases. According to the
Fig. 6(b), entropy generation increases with increasing values of θr , and this is because of
increasing temperature difference between the boundary and fluid outside the boundary
layer. From Fig. 6(c) it is observed that as heating parameter increases θr , the Bejan num-
ber I increases. Further, it is noticed that fluid friction irreversibility is dominant over the
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Figure 5 (a) Effects of φ on θ (ξ ). (b) Effects of φ on Ns. (c) Effects of φ on Be

thermal irreversibility at the surface and away from the surface of a needle. In addition,
thermal effects are prominent near the boundary due to high thermal gradients.

5 Concluding remarks
Entropy generation in CNTs (single- and multi-wall carbon nanotubes) suspended
nanofluids is performed with energy dissipation and nonlinear thermal radiation effects.
The main outcomes of the study are summarized as follows:

* The temperature distribution enhances with increasing values of the Eckert number,
heating parameter, and nanoparticle solid volume fraction for both SWCNT
suspended nanofluid and MWCNT suspended nanofluid.

* High temperature profile is observed for SWCNT suspended nanofluid.
* Increasing values of the thermal radiation parameter and decreasing the size of a thin

needle result in reducing the temperature for both SWCNT and MWCNT suspended
nanofluids.

* Increasing values of the heating parameter, the Eckert number and nanoparticle solid
volume fraction enhances entropy generation number, but it is higher for SWCNT
suspended nanofluid as compared to MWCNT suspended nanofluids.

* The quality of energy increases by reducing the size of a thin needle and increasing
the thermal radiation parameter.
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Figure 6 (a) Effects of θr on θ (ξ ). (b) Effects of θr on Ns. (c) Effects of θr on Be

* The contribution of fluid friction in the entropy generation enhances with increasing
values of the thermal radiation parameter and the Eckert number and decreasing the
size of a needle.

* The Bejan number increases with heating parameter and nanoparticle solid volume
fraction for both SWCNT and MWCNT suspended nanofluids.
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