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Abstract

In this paper, we study the topological properties to a C%-solution set of impulsive
evolution inclusions. The definition of C%-solutions for impulsive functional evolution
inclusions is introduced. The Rs-property of C%-solution set is studied for compact as
well as noncompact semigroups on compact intervals. Applying the inverse limit
method, the Rs-structure on noncompact intervals is obtained.
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1 Introduction

Impulsive differential equations and inclusions act as excellent tools to model the real
world phenomena exhibiting instantaneous change in state variables. Examples include
real-time software verification [2], chemical process plants [19], mobile robotics [8], au-
tomotive control [7], nerve impulse transmission [24], etc. For some recent works on the
topic, we refer the reader to [1, 13, 20, 34] and the references therein.

For the last few decades, many researchers contributed to the development of the sub-
ject by producing significant works on initial and boundary value problems of impulsive
differential equations and inclusions. The study of topological properties of solution sets
of differential inclusions also gained significant importance. Bothe et al. [11] discussed the
existence of integral solutions on a compact interval for the differential inclusions involv-
ing equicontinuous (not compact) semigroups. Cardinali et al. [12] proved the existence
of local and global mild solutions of semilinear evolution differential inclusions and then
studied the compactness of the set of all global mild solutions in the case of a noncompact
semigroup. In [13], Cardinali et al. focused on the compactness of the set of mild solu-
tions to semilinear impulsive evolution differential inclusions and obtained the existence
of mild solutions for semilinear impulsive evolution differential inclusion on noncompact
domains in the case of a noncompact semigroup. Gabor et al. [20, 21] showed that the so-
lution set of impulsive functional differential inclusions is an R;s-set on compact intervals,
and then extended their work to the half-line by using the inverse limit method, when the
semigroup is noncompact. Chen et al. [15] considered nonlinear delay evolution differen-
tial inclusions and studied the Rs-structure of C°-solution set on noncompact intervals in
the presence of a compact semigroup. For more results on topological properties of solu-
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tion sets, we refer the reader to the monographs [10, 14, 18, 23, 26, 30, 31, 39] and a series
of articles [3, 5, 6, 22, 28, 29, 32, 33, 35—38], and the references cited therein.

A strong motivation for this paper is mainly due to two reasons: there is no definition of
C%-solutions for impulsive nonlinear evolution inclusions in the related literature at the
moment. Secondly, the topological structure of C°-solutions is yet to be developed when
the semigroup is noncompact.

Our aim is to investigate topological properties of the C°-solution set to the impulsive
differential inclusions on noncompact intervals. For a preset T > 0 and a piecewise con-

tinuous function ¢ : [-7,0] — E, where E is the Banach space, we study the following

problem:
u'(t) € Aul(t) +f(2), a.a. (almost all) £ € R*, ¢ # ¢, m € N*,
f(t) € F(t, u(t), uy), aa.te R t#t,,meN*, (L1)
u(t) = p(t), tel-1,0], '

u(t)) = ulty) + Ln(u,), meN,

where A : D(A) C E — 2F is an m-dissipative operator, F : R* x E x C([-,0};E) —
P.,(E) is a multivalued function (P.,(-) is defined in the next section), ¢ € C([-t,0]; E),
u; € C([-7,0];E) is defined by u,(s) = u(t + s) (s € [-7,0]) for every u € PC([-7,00);E),
I, : C([-7,0];E) — E are impulse functions, m € N, u(t*) = lim,_,;+ u(s), and the time
sequence (£,,)meN i an increasing sequence of given points in [0, 00) without repeated
points.

This paper is organized as follows. Section 2 contains some notations, definitions, and
preliminary facts from multivalued analysis, while Sect. 3 describes the concept of a C°-
solution for impulsive evolution inclusions. In Sect. 4.1, we prove that the solution set
for inclusions (1.1) is a nonempty compact R;s-set in a compact interval, when the semi-
group is compact. Then we proceed to discussing the Rs-set on a noncompact interval by
the inverse limit method. Section 4.2 deals with the solution set for inclusions (1.1) in a
compact interval as a nonempty compact Rs-set in the case when the semigroup is non-
compact. Then we switch onto studying the R;-structure of the solution set of (1.1) on a

noncompact interval.

2 Preliminaries

In this paper, the topological dual of Banach space E is denoted by E*. For a multivalued
operator A : D(A) C E — 2F with the domain D(A), we write the range of A as R(A) =
Usenia) A%-

Denote by L([a,b]; E) the Banach space consisting of all Bochner integrable func-
tions from [a,b] to E equipped with the norm | ulli((ap;E) = fablu(t)|dt. Denote by
C([-7,0];E) the space of piecewise continuous functions x : [-7,0] — E with a finite
number of discontinuity points {¢} such that  # 0 and all values x(*) = lim,,_, o+ x(t+1n)
and x(¢7) = lim,_o- x(f + 1) are finite. We equip the space C([-7,0];E) with the norm
[lxlle = f_or |x(£)| dt. Let PC([0, b]; E) denote the space of piecewise continuous functions
x: [0,b] — E with a finite number of discontinuity points {#} and x is continuous from
left and has right-hand limits at {#}. Note that the space PC([0,b]; E) is a Banach space
equipped with the norm |x||p¢ = sup{|x(¢)| : ¢ € [0, b]}. It is easy to see that C([0,b]; E) is
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a closed subspace of it. Denote by PC([0, 00); E) the space of piecewise continuous func-
tions x : [0,00) — E with an infinite number of discontinuity points ¢;,,... such that
limy,;, oo £y = 00. x is continuous from left and has right-hand limits at ¢;, i = 1,2, ....

Let Y and Z be metric spaces. P(Y) stands for the collection of all nonempty subsets of Y.
As usual, we define P (Y) = {£2 € P(Y), 2 is closed}, Pep(Y) = {£2 € Py(Y), £2 is compact},
Poy(Y) = {2 € Pa(Y), 2 is convex}, Pepy(Y) = {2 € Pa(Y), 2 is compact and convex},
co(£2) (resp., co($2)) be the convex hull (resp., convex closed hull in £2) of the subset £2.

For the multimap F : Y — P(Z), we denote the graph of F as Gra(F). If §2 is a subset
of Z, then F1(2) = {y € Y : F(y) N 2 # @} defines the complete preimage of £2 under F.
We call F to be closed if Gra(F) is closed in Y x Z; quasi-compact if F(£2) is relatively
compact for any compact subset £2 C Y; upper semi-continuous (u.s.c.) if 7 1(§2) is closed
for any closed subset 2 C Z; and weakly upper semi-continuous (weakly u.s.c.) if 7~1(£2)

is closed for any weakly closed subset 2 C Z.

Theorem 2.1 ([27, p. 278]) Let (X, X) be a measure space and E be a separable Banach
space. Then a function f : X — E is measurable if and only if, for every x' € E*, the function
x'of : X — R is measurable with respect to X and the Borel o -algebra in R.

Lemma 2.1 ([17]) Let E be reflexive. A subset K C L([0, b]; E) is weakly relatively sequen-
tially compact if and only if it is uniformly integrable.

Lemma 2.2 ([25]) Let Y and Z be metric spaces and F : Y — P.,(Z) be a closed quasi-

compact multimap. Then F is u.s.c.

Lemma 2.3 ([11]) Let F:D C Y — P(Z) be a multimap with weakly compact and convex
values. Then F is weakly u.s.c. if and only if {x,} C D with x,, — xo € D and y,, € F(x,)

implies y, — yo € F(x0), up to a subsequence.

Lemma 2.4 ([23]) Let F :Y — Py(Z) be an u.s.c. multimap. If D C Y is a compact set,
then its image F (D) is a compact subset of Z.

Recall that X is an absolute retract (AR) space if, for each metric space Y and each
2 C Py(Y), there exists a continuous function /4 : £2 — X, which can be extended to a
continuous function /1 : Y — X. X is an absolute neighborhood retract (ANR) space if, for
each metric space Y, each £2 C Py(Y), and a continuous function % : 2 — X, there exist a

neighborhood U D §2 and a continuous extension h:U— X ofh.

Definition 2.1 A nonempty subset §2 of a metric space is said to be contractible if there
exist a point yy € £2 and a continuous function % : [0,1] x £ — £2 such that /4(0,y) = y,
and /(1,y) = y for every y € £2.

Definition 2.2 A subset £2 of a metric space is called an R;s-set if there exists a decreasing

sequence {£2,} of compact and contractible sets such that
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Define the Hausdorff measure of noncompactness 8 on each bounded subset £2 of X by
n
B(2)=inflr>0:2 C UB,(xi) where x; € 2 ¢,
i=1

where B,(x;) is a ball of radius < r centered at x;, j = 1,2,...,m. It is easy to see that the
Hausdorff measure of noncompactness is monotone, nonsingular, and regular.

The following B-estimate, which is similar to that of [25, Theorem 4.2.3], will be used in
the sequel.

Lemma 2.5 Assume that E is a separable Banach space. Let F : [0,b] — P(E) bean L? (p >
1)-integrable bounded multifunction such that

B(F(©) <¢()

fora.e. t €[0,b], where ¢(t) € LP([0, b]; RY). Then

ﬁ(/otf(r)dr>§/0t§(r)dr

Sor all t € [0,b]. In particular, if the multifunction F : [0,b] — Pcp(E) is measurable and
L?-integrably bounded, then the function B(F(-)) is integrable and, moreover,

ﬁ(/o F(r)dr)sfo B(F(x))dt

forallte[0,b].
Now we state the classical Gronwall inequality, which can be found in [16].

Lemma 2.6 If
u(t) < h(t) + /tk(s)u(s) ds, telt,T),

to

where all the functions involved are continuous on [ty, T), T < oo, and k(t) > 0, then x(t)
satisfies

u(t) < h(t) + /th(s)k(s) exp(/tk(e)dé’)u(s) ds, telt,T).

to

If, in addition, h(t) is nondecreasing, then

u(t) < h(t)exp (/tk(s) ds), telto, T).

Theorem 2.2 ([11]) Let E be a complete metric space, and ) # 2 C E. Then the following
results are equivalent:
(i) £2 is an Rs-set;
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(i) $2 is an intersection of a decreasing sequence {§2,,} of closed contractible spaces with
IB(Qn) — 0;

(iii) $2 is compact and absolutely neighborhood contractible, i.e., §2 is contractible in
each neighborhood in Y € ANR.

Definition 2.3 A multimap F : X — P, (E) is said to be condensing with respect to an
MNC B (B-condensing) if, for every bounded set §2 C E that is not relatively compact, we
have

B(F(2)) £ B(£2).

Let 2 C P.,(E), U C £2 be abounded (relatively) open set, 8 be a monotone nonsingular
MNC in E, and F : Ug — P.,(£2) be an u.s.c. B-condensing multimap such that x ¢ JF (x)
for all x € 3 U, where Uy and 3, U denote the relative closure and the relative boundary
of the set U.

In the proof of the subsequent results, we shall also use the following fixed point theorem
for a multimap.

Theorem 2.3 ([15, Theorem 2.2]) Let E be a Banach space and 2 C E be a nonempty
compact convex subset. If the multimap F : 2 — Pcy(82) is u.s.c. with contractible values,
then F has a fixed point.

3 Evolution inclusions governed by m-dissipative operators
Letx,y € Eand h € R\ {0}. Set

x+ hy| - |x
eyl = P,

Notice that the limit of [x, y];, exists for # — 0. Then we write

X, = lim
7 h—0*[x,])
and
xy]l-= lim .
[ y] h—0~[xy]),

For any x,7,z € E and A > 0, [x,y], and [x, y]_ satisfy the following properties:
@) [ yls =[x 9]
(i) [l ylel < Iyls

(iii) [ y]s = =[x, —y]- = =[-x,9];

(iv) [xy+2z]ls <[x9]s + % 2], and [x,y + z]- > [x,9]- + [x,2]_.

Definition 3.1 A : D(A) C E — E is m-dissipative if R(I — AA) = E for all > >0 and A is

dissipative, that is,

[¥1 —%2,92 —y1]+ = 0 forall (x;,;) € G(A),j = 1,2.
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Consider the following impulsive functional differential inclusions:

u'(t) € Au(t) +f(t), tel0,T],T € (ty-1, )t #t;i=1,2,...,N -1,
u(t) = p(t), te[-1,0], (3.1)
u(th) = ultm) + Ln(uy,), m=1,...,N-1.

Let us refer to (3.1) by (IFDI; ¢, f).
Since A is dissipative, we have [u(t) — x,y — Au(t)], > 0 for x € D(A), y € Ax. Then

[u(t) —x,y - Au(t)], = [u(t) -,y —u'(t) + ()], = 0.
So
[w(t) — 2,/ (1)], < [u(®)-xy+f@)],.

By the property of [, -],

d
- |u®) x| < [ut) - x5 +f0)],.

When ¢, <s <t <t, integrating over s, t, we have

’u(t) —x| - ’u(s) —x| 5/ [u(r) - %,y +f(t)]+dr.

When t;_; <5<t <t,n (N € N*), integrating over s, ¢, we have

t d ¢
/5 E|u(r) —x!dr =< ‘/; [u(‘[) — %,y +f(1-)]+d7’-'
Then
lyu(t) — x| = |u(tf, ) — x| + [utin2) — x| = |u(t,) - x|
+oo ot |u(l) — x| = |uls) — x|

< / [u(t) - %,y +f(7)], dr.

Therefore,

J+N-1

’u(t) —x‘ - ’u(s) —x’ < / [u(r)—x,y+f(t)]+dr + Z (‘u(tl*) —x’ - ’u(ti) —x’)
s i=j

5/ [u(r) —x,y+f(1)], dr + Z(|u(ti+)_x|_|u(ti)—x|)

s<ti<t

5/ [u(r)—x,y+f(t)]+dr + Z ’L-(utl,)’.

s<ti<t

Page 6 of 28
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k.
Let A; = {¢,},/1,j=0,1,2,...,N, be partitions of the interval J;, j = 0,1,...,N, where

]0:[Oxtl]) ]j:(tj’tj-}_]‘]l j=1)"'1N_1) ]Nz[tN;T]
and

0=1200 <o <+ <loky-1< Lok =t
® _ i=1,...,N-1
tj<tj,0<tj,1<"'<l}',kj—l<tj =Ljy1s J=L4L.. -1,

In < tN,O < lfN,l <00 < tN,kN—l < tN,kN =T.
Letu;; € Eandfj; €E,j=0,1,2,...,N,i=0,1,2,...,nj, satisfy the difference inclusion

Xii—xi i
ol —Xjpi—1 . "
tj,i_tj,i—l € Ax],l + ]t

%0 = %j-1k;_y +1(G-1k,)s

j=0,1,2,...,N,i=1,2,..., k. Let A > 0 and suppose further that the following conditions
hold:
(i) maxo<j<n maxi<i<k(§; = ti-1) <A;
(i) llgo—ell <25
(i) S0 Yo S Vi~ f (@)l de <.

Define a function u, : [0, T] — E as follows:

u (t) _ (/7, te [_1—10]1
3 =
Xjis te (tj,i—l)tj,i) n (tj, t/‘+1),j= 1,...,N,i = 1,...,kj,

and call it a A-approximate solution of problem (IFDI; ¢, f) on the interval [-7, T].

Definition 3.2 Let A be m-dissipative. If there exists a sequence A, > 0 and a A,-
approximate solution such that A, — 0 and u,(t) — u(¢) uniformly on [0, T] as n — oo,
then u is said to be a limit solution of (3.1).

In the following, we seek the definition of C°-solution of (3.1) on [0, T]. To this aim, let
us observe that: whenever u is a strong solution of (3.1) on [0, T'], we have

u'(t) - f(t) € Au(t), tel0,T), T € (tny_1,tn), t #t;,i=1,2,...,N -1,
u(t) = p(t), te[-1,0],
uth) = ultm) + Ln(uy,), m=1,...,N-1.

Since A is dissipative, therefore
[u(r) —x,u/(2) - f(z) -y], <O
foreachx € D(A),y € Axand for t #¢;,i=1,2,...,N — 1. By the property of [, -], we have

[u(r) -, u/(r)]_ < [u(r) —x,f(7) +y]4r

Page 7 of 28



Zhang et al. Boundary Value Problems (2018) 2018:182 Page 8 of 28

for each x € D(A), y € Ax and for t #¢;, i =1,2,...,N — 1. Obviously, T — |u(zr) — x| is
piecewise absolutely continuous on [0, 7], and hence it is almost everywhere differentiable
on [0, T]. Then, for each x € D(A), y € Ax and for T #¢;,i=1,2,...,N — 1, we have

_d7
- drt

d

[u(t) — X, u’(r)] =

(Jute) = =l) = (|u(®) = ])-

Integrating both sides of the above inequality over [s,£] C [0, T], we get

(t) = x| < |uls) — x| + / [1(0) - x,f(0) +9], do
+ Z (|u(ty,) — x| = [u(tm) — %]). (3.2)

s<ty<t

Definition 3.3 Let A be m-dissipative. By a C°-solution of (3.1) on [0, T], we mean that

an element u# € PC([0, T); E), u(t) = ¢(¢t), t € [-1,0], ¢(0) € D(A), u(t) € D(A) for each ¢ €
[0, T], and satisfies (3.2) for any (x,y) € G(A) and 0 <s<t<T.

Remark 3.1 In particular, a C°-solution also satisfies the inequality

’u(t) —x| < |u(s) —x| +f [u(o)—x,f(a) +y]+do + Z ’Im(utm)’ (3.3)

s<ty<t
for any (x,y) € G(A)and 0 <s<¢<T.

Now we are in a position to present an important theorem which relates a limit solution

and a C°-solution.

Theorem 3.1 Let A bedissipative. Letf € L([0, T; E), u(t) be a limit solution of (IFDL; ¢, f),
and v(t) be a C°-solution of (IFDL ¢, g). Then
t
|u(t) = v(t)| < |u(s) - v(s)| + / [u(o) - v(0),f(0) - g(0)], do

+ Z ‘Im(utm) _Im(Vtm)| (34')

s<ty<t
forany s, t €[0,T] withs <t.

Proof Let u(t) be a limit solution of (IFDI; ¢, f) and v() be a C°-solution of (IFDI; ¢, g).
By Definition 3.2, there exist a sequence A, > 0 and a A,,-approximate solution such that

An — 0 and u,(¢£) — u(t) uniformly on [0, T] as n — oo. Let u,(¢) satisfy the difference

equation
n M
DT a1 for e (6l = 0,12, N i= 1,2, K
me xj’i+j,i, or ]»'Z-E i liv1, ) =0, L, 24, ., NG L= 1, 4,00, K.
7, Ji—

We set n;’i=t;fi—t;fifl,jzo,l,l...,N,i= 1,2,...,k.
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Let 0 <s<t<T.Since xl”l € D(A) and (n“) 1(x —x! i ) -flie Ax]’fl., the definition of
C%-solutions yields

|V(t) - xl”l| - |V(s) - x]”l|
< / [v(o) - xpg(0) + (n;’i)_l (x]"l - xl’fl-_l) ‘]7:]4, do
+ > (vlen) =] = () = 274

s<ty<t

< [ 101~ ator 7] o + [ Toto) 5 7)™ ()], o
+ Z tr) = x| = |v(tw) — 2,]).-

s<ty<t
By the property of [, -], we have
[v(o) - X (’lfi)fl (x;nz - x}fl’-1)]+

< ()" (o) =+ (xlfs =2y | = [v(0) — 24

]l)
(1)~ (Vo) = iy | = [W(0) = 1)),

In consequence, we obtain
t
n;’i(lv(t) —xfi| - ’V(S) —xfi|) +f (|v(o) —xjf’i| - ‘v(a) x 1})
S

t
< nfil [v(a) —x;fi,g(a) - /flf]+do + ’7;,’1' Z (‘v(t;’n) —xz‘i| - |v(tm) —xj’fi )

s<typ<t

Adding the above inequalities for j = «,x + 1,...,1,i=1,2,...,k;, we get

S (40—~ 9 ) [ (o)== o) -] o

j=k i=1

- /f(|v(cr) —u(t),)| - |v(0) - u(ty)|) do

n n s
tK 0<£m<ﬂ K

Y Y [ o) - ugto)-11), do
j=k+1 i=1
. ki
w20 2 o ([vlen) — | = [vew) ~ 234)).
j=k+1 i=1 S<ty<t
Thus

[ (9000 = ) -, 0]

«,0

' / (400 - (8] - ) - () do

Page 9 of 28
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t

= X [ o) ule) - o) - ute) ) do

n n s
tK 0<tm<tl k.

/ﬂ« f — u(0),8(0) ~ f,(1)], do dr

/f’ X (b))

where f,,(-) is an integrable function defined almost everywhere on (0, T) by setting

Su(r)=f); forTe (¢

fotha)andj=0,1,2,...,N,i=0,1,2,...,k - L.

Considering the first part of the right-hand side of the above inequality, we obtain
L [t
/ / [v(a)—un(r),g(o)—fn(t)Ldo dt
tio Is
t:‘kL t szl t
5/ / [V(CF)—u,,(l'),g(d)—f(‘()]+d(f dt+/ / [f,,(r)—f(r)|d0 dt
t;l,o s t/’;.O s

t" t !
< /k / [V(0) ~ a(t).8l0) ~f ()] dodr + T /0 ul®) ~f (@) dr.

We suppose that ¢/, — o and ¢, — B as n — 00. Then, in the limit 7 — 0o, we have

/ﬁ(! ‘—’ (8) —u,(z ‘)dr+/(’v(o)—un(a)‘—’v(o)—u,,(ﬁ)|)da
- Z / ‘V(a)—u(tm)|)da

B<tm<a

< /ﬂ / [W(0) - a(t),gl0) —f(1)], do d

o

() — ()] = [Vtw) — ua(D)])

B S<tyy<t

where we have used the Lebesgue dominated convergence theorem and the u.s.c. of the

functional [-,-],.
Define

@((T,l')=‘

T(o,7)= [V(O’) —u(t),g(0) —f(r)]+.
We now consider the regularizations @, and 7,, given by
T T
@n(t,s):/ / ou(t—o0,s—1)P(0,1)do dr,
o Jo

T T
Tn(t,s):/ / on(t—0,s—1)Y(0,7)do dr,
o Jo

Page 10 of 28
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where p(t,s) = n?p(nt)p(ns), p € DR), p > 0, supp p € [-1,+1], [ p(§)dé =1, and p(¢) =
o(=t) for all £.

Let % <B<a<Tand % <s <t <T.Then the above inequality implies that
a t
/ (Pu(t,T) = Puls, 7)) dT + / (Pulo,a) = Py(0, B)) do
B s

- Z /t(¢”(a’t:n)_¢n(axtm))d0

B<tm<a VS

“ir [ ydodes [ (@u(t7) - Bl ) dr.
5/}3 r/s (or)or+/ Z( (th:7) (tm> 7)) dT

B s<ty<t

@,,(t,r)—@,,(s,t):/t%(o,r)do+ D (PultyT) = Pultms 7)),

s<ty<t

Yo,
@n(O',Ol) - an(UnB) = /ﬁ 97 (U’ ‘L’)d‘L’ + Z (an(o'rt;,) - @n(O', tm))r
B<tm<a

we have

0D,
filed

I 1 1
(o,r)+8—”(o,r)§Tn(o,t), for = <o <T,-<t<T,
T n

=

and

d
—@,(t,1) < Yt t).
Z0,(60) < T(6)

Integrating over s, £, we get

t
1
<1>n(t,t)—<1>n(s,s)§/ Tuo,0)do + Y (Pultysty) = Pl tm)), — <s<t<T,
s n

s<tm<t

which, in the limit # — oo, yields

@(t,t)—q)(s,s)§/tT(a,a)dG+ Z (@(t),t0) — P(tms b)), O0<s<t<T.

$ s<tp<t

Consequently, we get
[v(e) —u(®)] = [v(s) - uls)| + f [v(0) - u(o),g(0) ~f(0)], do
+ 3 (Iv(e) = ulty,)] = [v(En) — witn)])

< |v(s) — u(s)| + / [v(0) —u(0),g(o) - f(0)], do
+0(v(E) ~ view) - (u(E,) ~ ulen)|

s<ty<t
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= |v(s)—u(s)| +/ [v(o)—u(o),g(o) —f(a)]+do
+ > | nuas,,) = Ly,

s<ty<t

O
Inview of Theorem 3.1, we have the following type of uniqueness result for C°-solutions.

Corollary 3.1 Let A be dissipative. Let f € L([0, T); E), and u(t) be a limit solution of
(IEDL @, f) on [0, T). Then u(t) is the unique C°-solution of (IFDL ¢,f) on [0, T].

Proof Let v e D(A) and v € Av. We set v(t) = v and g(t) = —v for ¢ € [0, T]. Then we can
easily check that v(¢) is a C-solution of (IFDI; ¢, g) since A is dissipative.
Therefore inequality (3.4) with u(¢) and v(¢) implies that

|u(t)—v|—|u(s)—v| 5/ [v—u(o),—f/—f(a)]+do+ Z |1m(th)—1m(Vzm)|

S<tyy<t

:/ (o) - v.f(0) +7],do + > |Lnuy,) — Ln(v,)]

s<ty<t

for 0 <s <t < T. Thus u(¢) is an integral solution of (IFDI; u, f).
Let v(¢) be a Cy-solution of (IFDI; ug,f) on [0, T]. Then, by (3.4), we have

|u(t) = v(®)] < |u(0) =v(O)| + Y |Ln(uas,,) — Ln(ws,)]

O<ty<t

= Z |Im(utm) —Im(V!m)|'

O<tyy<t

When 0 <t <1, itis easy to deduce that |u(t) — v(£)| = 0, that is, u(f) = v(t); when t; <t <
£, we also obtain u(t) = v(¢). In view of the foregoing arguments, it follows that u(¢) = v(t)
for t € [0, T]. This completes the proof of the corollary. O

Let x € Ey := D(A), ¢ € [a,b), and f € L([a,b]; E). We denote by u(-,¢,x,f) the unique
C%-solution u : [c, b] — E, of the equation

u'(t) € Au(t) +f(t)

on [c, b] with u(c) = x. We also define the unique C-solution u : [, T] — E, of (3.1) by
u(-, [0, T], ,f) which satisfies u(t) = ¢(¢) for ¢ € [-7,0]. Let

S:Ey— Ey with S(¢)x = u(t,0,x,0) for each ¢ > 0,x € E.

Then {S(¢)}:>0 is a contraction semigroup on E, (see Barbu [9]) and is generated by A.
The semigroup {S(£)};>0 is called compact if S(¢) is a compact operator for each ¢ > 0.

Definition 3.4 An m-dissipative operator A : D(A) C E — P(E) is called of compact type
if for each a < b and each sequence {f,;, u,} in L([a, b]; E) x C([a,D];E) such that u, is a
CP-solution on [a, b] of the evolution inclusion

u, (t) € Auy,(8) +f(8), n=12,...,

Page 12 of 28
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f, —fin L([a, b];E) and u,, — u in C([a, b); E), then u is a C°-solution on [a, b] of the limit
problem

W' (t) e Au(t) +f(t), n=12,....

Lemma 3.1 (see [31, Corollary 2.3.1]) Let X* be uniformly convex and A be an m-

dissipative operator generating a compact semigroup. Then A is of compact type.

The following compactness criterion is an immediate consequence of Theorem 2.3.3 of
[31].

Lemma 3.2 Let A be an m-dissipative operator generating a compact semigroup. In ad-
dition, it is assumed that B is a bounded set in Ey and ¥ is uniformly integrable in
L([tm-1,tm); E). Then, for each c € [t,_1, L], the CO-solution set

{u(~,tm_1,x,f) :x€B,f€ ﬁ}

is relatively compact in C([c,t,,);E). Moreover, if B is relatively compact, then the C°-
solution set is relatively compact in C([ty-1,tm]; E).

Next, for each & € C([~7,t-1]; Eo) and f € L([£y-1, t]; E), we define the mapping S7" :
L([ty-1, tm); E) = PC([~7, t]; Eo) by

S(t)x te [_T» tm—l];

SE()@) =
M(t, t:n_l’S(tm—l) + Im—l (%-tm,l)’f): te [tm—l) tm]~

Clearly, S'(f) is the unique CP-solution for the evolution inclusion

u'(t) € Au(t) +£(2), t € (tm-1,tml,
u(t) = g(t)r te [_7:: tm—l]’
u(ty,_1) =&Wm-1) + Ln-1(&,,_,)-

The following result is an immediate consequence of Lemmas 3.1 and 3.2.

Lemma 3.3 Let E* be uniformly convex and A be an m-dissipative operator generating a
compact semigroup. Then the following results hold.
(i) If F is uniformly integrable in L([t,,_1,t,]; E) and B € C([-t, t,,); Eo) is relatively
compact, then SE(F) is relatively compact in PC([-, t,,]; E).
(i) For each sequence {(fu, un)}oo1 in L([ty-1, tul; E) X PC([—7, til; Eo) such that
Uy =S¢ (fu), n > 1, f — f and u, — u, we have that u = S{'(f).

Lemma 3.4 ([11]) Let E be a real Banach space and A be an m-dissipative operator gen-
erating an equicontinuous semigroup. Then the following results are valid.
(i) If F is uniformly integrable in L([t,;,_1,t,]; E), then S?(ﬂ) is equicontinuous in
PC([-7,tm); E).
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(i) If X* is uniformly convex and for each sequence {f,} C L([ty-1, tw]; E) such that
fu@®)] < Y (t) a.e. on ] for all n > 1 with some ¢ € L([t,_1,t]), then

BU{SE(f)(s) :n=1}) < / B({fu(s) :n=1})ds  on [ty1,tm). (3.5)
In addition, if f, — f in L([t-1, tm); E) and Sg"(f,,) — g in PC([-7,tu]; E), then
g =S¢ (fn).

Lemma 3.5 (see [31, Theorem 2.3.3]) Let E be a real Banach space and A be an m-
dissipative operator. If F is uniformly integrable in L([t,,_1, t,); E), then the following con-
ditions are equivalent:
(i) Theset Si'(:F) is relatively compact in PC([~7,t,]; E).
(ii) There exists a dense subset D in [t -1, t,] such that, for Vt € D, the set S"({f,})(¢) is
relatively compact in E.

From Lemmas 3.3 and 3.5, we deduce the following statement.

Lemma 3.6 Let E* be uniformly convex and A be an m-dissipative operator gener-
ating an equicontinuous semigroup. For each sequence {(f,, u,)}oo in L([ty-1,tm]; E) X
PC([-7, tl; Eo), we have that u,, = Sg”(ﬂ), n>1,f, —f and u, — u. If {f,} is uniformly
integrable and there exists a dense subset D in [t,,_1,t,,] such that, for each t € D, the set
S ({fu})(¢) is relatively compact in E, then u = S'(f).

4 Topological properties of solution sets
This section is concerned with the study of existence of C°-solution and R;-structure of
solution sets for problem (1.1) on compact intervals, and R;-structure of solution sets for
problem (1.1) on noncompact intervals.
In the sequel, we need the following assumptions.
(A1) A:D(A) C E — 2F is an m-dissipative operator with 0 € A0. In addition, E; is
convex and E* is uniformly convex.
(A2) The semigroup {S(£)}:>0 is a compact semigroup.
(A3) The semigroup {S(£)};>0 is immediately norm continuous, i.e., it is norm
continuous for ¢ > 0.
(F1) F(¢-,-): E x C([-7,0]; E) = P.y(E) is weakly u.s.c. for a.e. £ € R* and
F(-,%,v) : R* — P.,(E) has a strongly measurable selection for each
(x,v) € Ey x C([-7,0]; Eyp).
(F2) There exists a function o € L, (R*; R*) such that

|F(t,%,v)| <a@®)(1+|x] +[IvIlc)

for a.e. t € R* and each (x,v) € Ey x C([-7,0]; Ep).
(F3) For each € > 0 and each bounded set Y x D C Ey x C([-7,0]; Ep), there exist § >0
and a function p € L. (R*;R*) such that

loc

B(F(t,U,05(D))) < /L(t)(ﬂ(“) + sup B(O (D(@)))) fora.e.t >0,

—-7<6<0
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where Os(D) denotes a §-neighborhood of D defined as
O5(D) := {z € C([-7,0]; E) : dist(z, D) < 8}.
For a fixed m > 0, we first consider the inclusion problem

x'(t) € Ax(t) + f(¢), a.e. t€[0,t,],t#tr, k<m,
f(t) € F(t,x(t), %), a.e te(0,t,],t#t,k<m,
x(t) = Q(t), te [_T: 0])

(4.1)
x(tg) = x(te) + Ie(xy), k<meN".

For z € PC([0, t,,,]; Eo), we can define z; € C([¢;, tiz1];Eo), i = 0,1,...,m — 1, with z;(¢) =
z(t) on (t;, t;1] and z;(t;) = z(¢]). For every set K C PC([0,t,,]; E), we denote by K, i =
0,1,...,m—1, the set K; = {z; : z € K}. The following result is obvious.

Proposition 4.1 A set K € PC([0,t,]; Eo) is relatively compact in PC([0,t,,]; Eo) if and
only ifeach set K;, i = 0,1,...,m — 1 is relatively compact in C([¢;, t;11]; Eo)-

For any z € C([tx_1, &]; E), we define the function z[&] : [-7,%] — E as

el = {5 Portelmbial, 42)
z(t), fort e [ti_1,t],

where & € C([-7,_1]; E) is a fixed function. Letting C([tx_1, t]; E)[§] = {z[&] : z € C([tk-1,
tx]; E)}, we define a multivalued operator

P C([tior, e E) €] — P(L([tior, 15 E))
by
P (21€)) = {f € L([ter, te); E) : (5) € F(s,2[€], 2[€]5) ae. s € [, 1] ).
The following lemma will be used later.

Lemma 4.1 ([15, Lemma 3.1]) Let E be reflexive, and let the multimap F satisfy (F1) and

(F2). Then Pﬁ’g is weakly u.s.c. with nonempty, convex, and weakly compact values.

4.1 Compact operator case
Lemma 4.2 ([15, Lemma 3.3]) Let D = Ey x C([-7,0]; Ey) and hypotheses (F2) and (F4) be
satisfied. Then there exists a sequence {F,} : [0,b] x D — P.,(E) such that
(i) F(t,u,v)C--- C Fp1(t,u,v) C Fy(t,u,v) C --- CCo(F(t, Bgi-n(us,v))), n > 1, for each
t € [0,b] and x € E;
(i) |Fut,u,v)] <a(®)B+ |ul +|vllc), n=>1, fora.e. t € [0,t,] and each (u,v) € D;
(ili) there exists X C [0, t,,] with mes(X) = 0 such that, for each x* € E*, € >0 and
(u,v) € D, we can find N > 0 such that, for all n > N,

x* (F,,(t, u, v)) cx* (F(t, u, v)) + (—€,¢€);
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(iv) Fu(t,,-): D — P, (E) is continuous for a.e. t € [0, t,,,] with respect to Hausdorff
metric for each n > 1;

(v) foreach n> 1, there exists a selection g, : [0,b] x D — E of F,, such that g,(-,u,v) is
measurable for each (u,v) € D, and for any compact subset D' C D, there exist

constants Cy >0 and & > 0 such that the estimate
|gn (8, 11, v1) = gu(t, 12, v2)| < Cre(6) (w1 — 2] + lvi = vallc)
holds for a.e. t € [0,b] and each (u1,v1), (uz,v2) € V with V := (D' + B5(0)) N D;
(vi) F, satisfies condition (F2) with F, instead of F for each n > 1 provided that E is
reflexive.
We denote by @ (p) the set of all C°-solutions of inclusion (4.1).
Theorem 4.1 Assume that (Al), (A2), (F1), and (F2) are satisfied. If Iy : E — Ey, k =
1,...,m—1, are continuous, then for every ¢ € C([-7,0]; E), ©®"(¢) is a nonempty and com-

pact subset of PC([-7, t,,]; E). Moreover, it is an Rs-set.

Proof We complete the proof in four steps.
Step 1. Let us consider the non-impulsive inclusion problem

u'(t) € Au(t) + F(t, u(t), u;), ae.tel0,t],
(P)lnp
u(t) = (2), for t € [-7,0].

Set

K = {u IS PC([—r,tl];Eo) cu(t) = p(t) for t € [-1,0],

and ‘u(t)| < Y,(t) for t € [0, tl]},

where v, € C([0, £;];R*) is the unique solution of the integral equation

bO=loler [ @12l @)ds telol
Define a multivalued mapping I"! on K; by setting
) =SL(PF* (W), ueki.
Observe that P}"”(u) # ¢ for every u € K; by Lemma 4.1 and hence I''(u) ¢ PC([-7,4];

Ey). Also, {z[_r,0) : 2 € 'Y (u)} = {g} for all u € K7. Moreover, taking f € P}"p(x) with u € K3,
for every t € [0, #1], it follows from (F2) that

ISL)0)] < |00)] + fo 1F(s)| ds

< [0(0)] +/0 w(s)(1 + u(s)] + luslic) ds

Page 16 of 28
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<lglle + /0 () (1 + 20, (s)) ds
= %(t),

where we have used the condition 0 € A0 and the fact ||u;|lc < v,(t) for every t € [0,#]
and u € K;. Hence we deduce that I''(x) C K; for every u € K.

Next we proceed to verifying that I"! is u.s.c. on Kj. In view of Lemma 2.2, it suffices to
show that I'! is quasi-compact and closed. For all f € P};“’ (K1), using (F2), we obtain

[f(t)’ < a(t)(l + 21/f¢,(t1)) forae.t€[0,4],

which implies that P};“’ (K1) is integrably bounded and thus uniformly integrable. In con-
sequence, we obtain by Lemma 3.3(i) that I"'(K) (= S}, (P};‘”(Kl))) is relatively compact in
PC([-7,t1];E). This implies that I'! is quasi-compact.

Let {(z,,v,)} be a sequence in G(I'!) such that (u,,v,) — (&,v) in PC([-t,4,];E) x
PC([-t,t1];E). Since v, € I''(u,), there exists a sequence {f,} € L([0,#];E) satisfying
fu € P (u,) and v, = S, (fu). Noticing that Py’ is weakly w.s.c. with convex, weakly com-
pact values due to Lemma 4.1, we deduce by Lemma 2.3 that there exist f € P}r’w(u) and
a subsequence of {f,}, also denoted by {f,}, such that f, — f in L([0, £1]; E). From this and
Lemma 3.3(ii), it follows that v = S} (f) and hence v € I'* (). This shows that I"! is closed.

Consider the closed convex hull of I"'}(K;) given by

Ky =co (I (Ky)).

Clearly K; is a compact, convex set in PC([-,£]; E) and I''(K;) C K.

Next, we show that I'! has a fixed point in K;. By Theorem 2.3, it suffices to show that
I'! has compact and contractible values. Given u € K, we can easily get that I'*(u) is
compact in as much as the closedness and quasi-compactness of I'!. Set f* € P}"p(u) and
u* = S(})(f*), and define a function /: [0,1] x I''(x) — I''(u) as follows:

v(t), te[-t,rt1],
h(r,v)(t) =
u(t, rty, vrtr),f*), te(rty, ],

for each (r,v) € [0,1] x I''(x), where u(-,rt;, v(rt;),f*), as prescribed in Sect. 3, is the
unique C°-solution of the evolution inclusion problem

u'(t) € Au(t) + f*(t), te(rty,t),
u(rty) = v(rty).

It is easy to see that / is well defined since v = S}ﬂf for some f € P}g’w(u); hence h(t,v) = Flf
withf =f X+ X0 € P}"p(u). Also, it is clear that

h(0,y) = u*, h(1,y)=y, on I'(x).

Moreover, it follows readily that / is continuous. Thus, we obtain that "1 (x) is contractible.
An application of Theorem 2.3 yields that I'! has a fixed point.
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We claim that the fixed point set of I'! is compact. We define a mapping I'' on
PC([-7,1];E0) by

) =SL(PF*w), uePC([-7,u);E),

which is regarded as an extension of I'!. Let (;; := Fix I'Y(C([0, 1]; Eo)). Then it will be
sufficient to show that u € K; whenever u € (5(}) Taking u € Fix FYC([0, 4,]; Ey)), it follows
that there exists f € Pp*(u) such that u = S,(f). Then, by (F2) and the condition 0 € A0,
and using the earlier arguments, we have

(o) < |0) +/0 1F(s)|ds

t
< ||§0||c+/ a()(1+2usllc)ds, te[0,n],
0

which implies that

t
luclie < llelle +f a()(1+2usllc)ds, te[0,n].
0

Then, for each ¢ € [0, 1], an application of Lemma 2.6 yields

lacle < llolle + fo w(s)ds +2 fo a(S)(II¢|Ic+ /0 a(o)do)exp(z / a(a)da)ds

< Y, (8),

which implies that u € K;. Based on the foregoing argument, we get @; =Fix '
Moreover, as in the above proof, K; is compact in PC([-7,#]; Eo) and I'! is closed. in
consequence, we deduce that Fix I'! is a compact set in PC([-7,]; Ey) and so is @; (in
fact, @;} =0,).
Step 2. Let us fix z! € (5; and consider the non-impulsive inclusion problem

u'(t) € Ax(¢) + f(¢), a.e t € (t, ],

f(8) € F(¢, u(t), uy), ae. t € (t, ],
u(t) = z'(1), fort e [-1,4],
u(ty) =z'(t) + hi(zy).

(P)Z;zl

Set

K = {u € PC([—‘L’, tz];Eo) cu(t) =24 for t € [-1, 4]

and }u(t)’ <y(t)forte [tl,tz]},

where ¥,1 € C([t1,£2]; R) is the unique solution of the integral equation

a0 = 2], + |1(2)] + / a@)(L+2)ya())ds, L€l

Page 18 of 28
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Define a multivalued mapping I"? on K by setting
r’w) =84 (P W), ueks.

For every u € K, observe that P%’Zl(u) # @ due to Lemma 4.1 and hence I''(x) C
PC([-7, &); Eo). Also, {z|(_r) : z € T'*(u)} = {z'} for all u € K,. Moreover, taking f €
Pf;zl (1) with u € K3, it follows from (F2) that, for every ¢ € [t1, 2],

2000 < |20 + (1) + / 1£()| ds

<|z'@)| +|L(z,)| + / a(s)(1 + |u(s)| + sl perr.y) ds

1

t
<[ pog oy + 1G]+ [ @@ s 20a6)ds

5]

= (t),

where we have used the condition 0 € A0 and the fact that |ju;||¢ < ¥, (¢) for every t €
[t1,%,] and u € K. Hence I'*(u) C K, for every u € K.

Since I; is continuous, proceeding in the same way as in Step 1, we can claim that prob-
lem (P),.1 has at least one Cy-solution and the solution set is a compact set, say @31

Continuing this iterative process till problem (P),,.1 _,m-1, we obtain that there exist
solutions for this problem, which form a compact set, say C;;'f
set of inclusion problem (4.1) is nonempty.

Step 3. We prove that the set of all solutions of (4.1), that is,

.......

is compact.
First of all, we define the multifunction H' : (:)J(; — P(C([-7,t];Ey)) as

H'\(Z) = &7,
From Step 2, we know hat (5(/1) is compact and H! has compact values.

By Lemma 2.4, it suffices to prove that H! is u.s.c. On the contrary, we assume that there
existsz! € (5(}) such that H! is not u.s.c. in z!. Therefore there exist £ > 0 and two sequences
{21122, 2z — Z' in PC([-7,t1]; Eo), and {22)32,,22 € (53; such that

zﬁ ¢ Oz (@31), n>1. (4.4)

Since {z2}°°, is a sequence of solutions, we have

Z;Zq(t) = Silq (fnz)(t)’ te [_T’ t2]’ (45)

where f2 € L([t:, t2]; Eo), f2(s) € F(s,Z%(s), z2,) for almost every s € [t1,£].
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Using similar arguments as in the proof of Step 1, it can be shown that the set {z2}%2; is
relatively compact in PC([-7, t]; Eo). Therefore, without loss of generality, we can assume
that there exists z2 € PC([-7, t,]; Eo) such that z2 — z* in PC([-7, £]; Eo).

Now we show that z> € H!(z!). For every n > 1, we consider z2 € @;21 and the corre-
sponding function f? from (4.5).

Asin Step 1, we show that there existsf2 € L([t1, &2]; Eo) such that f? —>f2 € L([t1, t2]; Eo).
Now, by using Lemma 2.3, we have

fAt) e F(t,7%(8),2)), aetelt, bl

From the fact that the function ; is continuous, taking the limit of both sides of (4.5), we
get

20 =S4, tel-t.tl

where f2 € L([t1, &:]; Eo), f2(s) € F(s,%(s),72) for almost every s € [t;,¢], that is, z° € (5221 =
H'(zY).

The fact that z2 — z? € H'(z!) leads to the contradiction of (4.4). Therefore, H' is u.s.c.

By iterating this process, we can obtain the compactness of the solution set ®"(¢) on
[T, ],

Step 4. Consider the inclusion problem

u'(t) € Au(t) +£(2), t €[0,t,],
f(t) € Fy(t, u(t), uy), t € [0,t,],
u(t) = (t), te[-1,0],
u(ty) = ulty) + Ii(uy), keNT,

(4.6)

where ¢ € C([-7,0]; Ep) and multivalued functions F, : [0,£,] x X — P.,(X) are estab-
lished in Lemma 4.2. Let ©"(¢) denote the set of all C°-solutions of the inclusion problem
(4.6). Then we show that the set ©(¢p) is an R;s-set.

From Lemma 4.2(ii) and (vi), it follows that {F,} satisfies conditions (F1) and (F2) for
each n > 1. Then, using the above arguments, we deduce that each set ©)"(¢) is nonempty
and compact in C([-7, ¢,]; Eo) for each n > 1. In view of Lemma 4.2(i), it is easy to verify
that @™ (p) C--- C O (p) C--- C OF(¢) C O (p). Using the method similar to the one
employed in [15, Theorem 3.2], we can show that ®"(¢) = ﬂnzl O ().

Finally, in order to show that ®"(¢) is an R;-set, it suffices to verify that ®"(¢) is con-
tractible for each n > 1.

Fix # € ] (¢) and divide the interval [0, 1] into m parts: 0 < % < % <hen< ’”7‘1 < 1. For

r € (0, 1], consider the following problem:

u'(t) € Au(t) + g,(t, u(t), u;), fora.e. tel[t, —mr(ty —tu-1) tul, 47)
u(t) = i(t), for ¢ € [T, ty — mr(ty — t_1)], '

where g, is a measurable locally Lipschitz selection of F,, by Lemma 4.2.
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Let i), stand for the unique solution of this problem. Then u};’, can be defined as:

m Ijt(t)! forte [—T, b — mr(tm - tm—l)]!
u,.(t)=1 _
u;yzr(t); for t € [ty — mr(ty — tiu-1), tm],

with u!, € ©)"(p).
Next, for r € (%, %], we consider the following problem:

u'(t) € Au(t) + g,(t, u(t),u;), fora.e.te[t, 1 —m(r- %)(tm_l —tu2)s bl
u(t) = u(t), for t € [~7, -1 — m(r — 2)(tm-1 — tm-2)], (4.8)
u(ty) = ulty) + Ii(uy), k=m-1.

Let iz/;;* stand for the unique solution of this problem. Then we obtain that 1) € ©"(¢),

where

1) ),  forte[-t, by —mlr—L)tn1—tm)),
un,r = -
u;’f;l(t), for t € [t,,_1 —m(r— %)(tm—l = tw-2), b

Now we consider the following problem for r € (’”7‘1, 1]:

u'(t) = Au(t) + g,(¢, u(t),u,), forae.te [ty —m@r— ’"T_I)tl,tm],
u(t) = u(t), fort € [-1,t1 —m(r— "=1)t], (4.9)
u(ty) = ulty) + I(uy), k=1{2,3,...,m—-1}.

Let iz}, . stand for the unique solution of the above problem. Then u},, can be defined as:

P -1
20 = u(t), forte[-t,t1 —m(r- V”T)tl],

nr -
e (0), forte [ty —m(r—"=1)ty, by,

which belongs to @ ().
Finally, we define /4, : [0,1] x ®]"(¢) — O (p) by

u(t), r=0,
uzr, re (07 % ’

ho(r, i) = Yt re(s, 2], (4.10)
ur,, re(=L1]

m-1
nr ?°*

Here the functions u);,, u .,y are determined by the choice of i € ©"(¢). We can
show that /,, is continuous by applying a standard method, based on the continuous de-
pendence on initial conditions and the fact that the maps I are continuous, we can establish

the continuity forr € {% ;i=1,...,m}. By the above definition, we have that /1,,(0, ) = x and
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h,(1,u) = u}q,l, so @ (yp) is a contractible set for each n € N. Consequently, we conclude
that ©(¢) is an R;-set. O

We denote by @ () the set of all C°-solutions of inclusion (1.1).
Theorem 4.2 Assume that (Al), (A2), (F1), and (F2) are satisfied. If Iy : E — Ey, k =
1,...,m—1, are continuous, then O (p) is a nonempty and compact subset of PC([—1, 00); E)

for every ¢ € C([-7,0], Ey). Moreover, it is an Rs-set.

Proof We divide the proof in two steps.

Step 1. Besides (1.1), for each m € N*, we study problem (4.1) on the compact interval
[0, £

For any u € PC([0, ,,]; E) with u(0) = ¢(0), define u[¢p]* : [-7,t,,] — E as

W] (6) = o(t), fortel[-1,0], (@11)
u(t), fortel0,t,].

We denote PC,,, = PC([0, t,,]; E)[¢]* (= {ule]* : u € PC([0,t,,]; E)}) and consider the mul-
tivalued operator

Py PCyy — P(L([0,t);E))
defined by
P (ull*) = {f € L([0, tn); E) : £ (5) € F(s, ulo]*, ulg]?) a.e.s € [0,2,]}.

Next, for ¢ € C([-7,0];Ep) and f € L([0,¢t,,]; E), we define the mapping 3;,” : L([0, t,,,];
E)— PC,, as

SZ'(f)(t) =u(t,[0,6ul,0.f),  tE€[-T,tml.

Clearly, 5';” (f) is the unique C°-solution for the evolution inclusion with time delay of the

form

u'(t) € Au(t) + f(t), te[0,t,],t £tk <m,
I/l(t) = @(t)r te [—T,O],

u(ty) = ulty) + Ii(uy), k<m.
Consider the sequence of multivalued maps . PC,, — P(PC,,) defined by
Fu(2) = 87 (PF (2le]*))

for t € [~1,t,]. Now we consider the projection p”*! : PC,,,; — PC,, given by p"*(z) =
Z|[—r,tm]-
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Observe that I"p”*! = p*1['"*1 5o {id, "} is the map of the inverse system
{PC.,pi'}. The map {id, I} induces the limit map I" : PCo — P(PCy) defined by

FOO(Z) = {V €PCx: V|[7r,tm] = S;n(f|[0,tm]),f € Lloc([o; OO);E)

and f(¢) € F(t, u(t), ut) fora.e. t €0, oo)}
for each u € PC,, where
PCoo = PC([0,00);E) 9] = im{PC,,p}, }.

Note that O () := Fix(I"*) = lim.. ®"(g) is the solution set of problem (1.1). By The-
orem 4.1, for every m > 1, the solution set ®"(¢) to (4.1) is a nonempty compact subset
of PC([0,t,]; Eo). By [20, Proposition 2.3], it follows that the set ®(¢) is nonempty and
compact.

Step 2. It has been established in Theorem 4.1 that the solution sets on compact intervals
are Rs-sets (that is, for problem (4.1)). Next, we consider an inverse system similar to the
one in Step 1. Applying [4, Proposition 4.1], we deduce that the solution set for problem
(1.1) is a compact Rs-set as claimed. a

4.2 Noncompact operator case
Theorem 4.3 Suppose that assumptions (Al), (A3), (F1), (F2), and (F3) are satisfied. If
Ii:E— Eg, k=1,...,m—1, are continuous and there exist constants ry > 0 such that

B(I(D)) <rx sup B(D(H))

—-71<6<0

forevery bounded D C E, then for every ¢ € C([-7,0]; E), ©,,(¢) is a nonempty and compact
subset of PC([—7,t,u); E). Moreover, it is an Rs-set.

Proof We complete the proof in four steps.
Step 1. For the same Kj, as argued in Theorem 4.1, we note that Kj is a closed and convex
subset of PC([-7,t]; Ep). Let K,i11 := ol Y(K,,) forall n > 1, and K := ()., K,.. We show

that /C is compact convex when K is relatively compact.

n>1

By Lemma 3.4(i), we know that /C is an equicontinuous subset of C([-7, ;1]; Ep), hence K
is relatively compactif B(/C(£)) = 0 on [0, 1], since B(KC(¢)) = B({¢(2)}) = 0for t € [-7,0]. Let
pa(t) = B(K,(2) for n > 1 and p(t) = B(K(®)). Then p,.1(£) < BUSLIE) - f € PF*(K,)}).
In order to apply (3.5), suppose that there is a sequence {f,}52, C P}"p(lC,,) for given € >0
such that

B({S,N@):f € P (Cn)}) <2B({T1 ()(D)),2,) + e
t
< 2/ B9, ds +e.
0
Taking ¢ to be large enough for the above € > 0, by (F3), there exists §(< €) > 0 such that

BH@)) = BULOG)S,) < BEE(ls) x {Ka@)],2, x Os({(K)s}7,)))
= u)(B{KO)2,) + _sup (s +O)L7) + ¢)
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= u(s)(2 sup B{KAO))7,) +e)

0<6<s

< ,U«(S)(Z sup pn(6) + e),

0<6<s

which implies that

t t
puni(t) <4 f 1(s) sup pu(0) ds + 2¢ ] u(s)ds + <.
0 0

0<b<s

Since this is true for every € > 0 and p,(£) \( p(£), therefore

p(t) < 4 fo uls) sup p(®)ds,  p(0)=0.

0<6<s

Evidently, it implies that p(¢) = 0 on [0, #;].

Next we show that I'! is u.s.c. on K. By Lemma 2.2, it suffices to show that I is quasi-
compact and closed. First, we prove that the multimap I'! = S;P;’w has a closed graph. Let
{v.} € K with v, — v and u, € I''(v,) with u,, — u. We first prove that u € I''(v). By the
definition of I'%, there exist f, € Py (v,) such that

wn(t) = S, (£)(0).

In view of (F2), {f,} is bounded in L([0,¢]; Ep), and that f, — f in L([0,£1]; Eo) (see
Lemma 2.1). Since P}g‘p is weakly u.s.c. with weakly compact and convex values (see
Lemma 4.1), from Lemma 2.3, we have that f € P}p"p(v).

Moreover, for any € > 0, by (F3), there exists § (< €) > 0 such that

Al ®},5) = BE(s) < {va(o)},5y x Os({a}2y))
=n@(B(m®)) + s B0Y,) +e)

-7<0<0

<2 sup B({(©)]7,) +e)

0<6O<t

for almost every t € [0,¢;]. Thus the set {f,,(£)}52; is relatively compact for almost every
t € [0,41]. By Lemma 3.4, we obtain

BUSIEION) < [ AUROEZ)ds=o. (412)

Hence the set {S;,(ﬁ,)(t)}ﬁil is relatively compact. Using Lemma 3.6, we find that u = S;, ),
thatis, u € S, (Pr?(v) = I''(v), demonstrating that the multimap I"! is closed.

It is easy to see that I'! is quasi-compact. In fact, I''(K) is compact as K is closed and
compact. By Lemma 2.2, it follows that I'! is w.s.c. on K.

By Theorem 2.3, we deduce that I"! has at least one fixed point since I'! : K — P(K) has
contractible values, which follows as in the proof of Theorem 4.1.

The following result is similar to Step 1 in Theorem 4.1 and leads to the fact that the
solution set of problem (P)y,, is a nonempty compact set.
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Step 2. Following the proof in Steps 2 and 3 of Theorem 4.1, one can easily infer that the
solution set of problem (4.1) is a nonempty compact set as argued Step 1.

Step 3. As in the proof of [20], we can obtain that all solutions to (4.1) are point-
wise uniformly bounded by some constant K,,. Let K,, = max{1,7}K,,. Then |u(f)| < K,
and |ullc < K,y for every solution x to (4.1). We define a mapping F:[0,t,] x E x
C([~7,01:E) = Pepes(E) by

2O I RACL if ¢ € [0, £,,] and max{Jul, |Vllc} < K,
YU, v) = ~ ~ ~
F(t, i, (), if t € [0,,,) and max{lul, [Vllc} = K,

which is integrably bounded and generates the same set of solutions on replacing F by F
in (4.1). Without any loss of generality, instead of (F2), we assume that
(F2) |F(t,u,v)| < wm(2) for every ¢ € [0, t,,], where w,, € L([0, £,,]).
Then, similar to Step 2 in Theorem 3.5 of [20], we construct a sequence of multivalued
maps {F,}:[0,b] x D — P.,(E) such that
(i) F(t,u,v) C--- CFp1(t,u,v) C F,(t,u,v) C --- C co(F(t, Bgi-»(u,v))), n > 1, for each
t €[0,b] and x € E;
(ii) |Fu(t,u,v)| < wu(t), n>1,forae. t €[0,t,] and each (u,v) € D;
(iii) there exists X C [0, t,,,] with mes(X) = 0 such that, for each x* € E*, € > 0 and
(u,v) € D, there exists N > 0 such that, for all # > N,

x* (F,,(t, u, v)) cx* (F(t, u, v)) + (—€,¢€);

(iv) F,(t,-,-): D — P.,(E) is continuous for a.e. t € [0, t,,,] with respect to Hausdorff
metric for each n > 1;
(v) for each n > 1, there exists a selection g, : [0,b] x D — E of F,, such that g,(-, u,v) is
measurable for each (#,v) € D and g,(¢, -, -) is locally Lipschitz.
We first consider problem (4.6). Let ©"(¢) denote the set of all C°-solutions of inclusion
(4.6), which is obviously nonempty in PC([-7,t,]; Eo). Moreover, by Lemma 4.2(i), we
have

O"(p)C---C O (p) C--- COf(p) C O ().

Next we prove that each sequence {u,} is such that u, € () for all n > 1 and has
a convergent subsequence u,, — u € ©"(p). Notice that u,(t) = ¢(t) = u(t) for all ¢ €
[-7,0]. Now let us consider the sequence u,, on [0,#]. Then

u,(t) = Sz’(f,,) = S;(f,,) fort € [0,4,],

where f, € LY([0,t,]; E), f,,(£) € F,,(t, u(£), (u,);) for a.e. t € [0,£,].
For £ to be large enough with € > 0, using (F3), there exists § (< €) > 0 such that
B{H©)},21) = BUUao)},2,) = BE(ish x {unls)},., x Os({(a)s},2,)))
=@ (B({n9)},) + sup B{uals+0)},..,) +e)

—-7<6<0
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SM(S)<2 sup ﬂ({”"(e)}nze) +5>

0<6<s

< u()(20(s) + €),

where p(s) := supy<g<; B({14,(0)}4>-). Since

llnt0],..) = B0, = [ BUAOLT ) s

it follows that
t
)< [ w250 + ) .
0

Since it holds for every € > 0, we have

() <2 /0 1u(5)5(s) ds.

By Gronwall’s inequality, we have p(t) = 0 for ¢ € [0,¢;]. Then B({u,(£)}n>1) =0 for t €
[0,#]. Hence B({f,(t)},>1) =0 for £ € [0, £].
For ¢ = t;, we have

B({un(tr) + L ((wn)y)},_,) = B({un(t) + L ((wn)yy)},_,)
= ﬁ({”"(tl)}n:e) + ﬂ({ll((””)tl)}n:e)
<rmax( sup ({g@)}). sup p({u6)rr}))

7<0<0

=0.
Thus every solution u, has the form

wnt) = 3P0 = 82, (RO forte [1,0],
where f;, € L([ty, ];E), f,(t) € Fu(t, un(t), (u,);) for ace. t € [t1,t,]. Analogously as be-
fore, we can show that S({u,(t)},>1) = 0 and B({f.(¢)},>1) = O for t € [#1,t2]. Repeating
this progress, we find that 8({u,(t)},>1) = 0 and B({f,(¢)},>1) = O for t € [¢,,_1,t,,]. Hence
B{14a(t)}=1) = 0 and B({(6)} 1) = O for £ € [0, ).

Since 0 € A0 and |F(t, u,v)| < w,(t) for every t € [0, t,,], therefore, for t <t' in (0,t;), we
have

t/
t

|un(t/)—un(t)|§||un(t/)|—|u,,(t)||§/ Lfn(s)|ds§f o(s) ds.

Then {u,} is equicontinuous in (0,¢;) as w,, € L([0, t,]). Similarly, it can be shown that
{u,} is equicontinuous in (¢, tx+1), k = 1,2,...,m — 1. By a PC-type Arzela—Ascoli theo-
rem, {u,} has a convergent subsequence on [0, £,,], denoted by {u,, }, such that u,, — u.
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We know that B({fy, (£)},=1) = 0. Then, from (F2)" and the Dunford—Pettis theorem, it fol-
lows that, up to a subsequence, still denoted by {f,, }, f», — f € L*([0,t,]; E). By the con-
tinuity of impulse functions I;, we have u(t) = 5';" (f)(®). To prove that f(¢t) € F(t, u(t), u;)
for a.e. t € [0,£,], it is sufficient to use the closed and convex values of F, a weakly upper
semicontinuity of F(¢, -, -), and some standard procedures based on the Mazur lemma.

Step 4. From Step 3, it follows that sup{dist(v, ") : v € ©"} — 0 and that sup{dist(v,
@™):v € ®} — 0. This together with the fact that ©™ is compact and @/, C @, im-
plies that B(©) = B(O) \, 0,as n — co and O™ = (o2, O".

Step 5. Using the method employed in Step 4 of the proof to Theorem 4.1, it can be
shown that ©"(¢) is a contractible set for each # € N. Consequently, we deduce that the
solution set of problem (4.1) is an Rs-set. a

Theorem 4.4 Assume that conditions (A1), (A3), (F1), (F2), and (F3) hold. If I} : E — Ey,
k=1,...,m—1, are continuous and there exist constants ry > 0 such that

B(I(D)) <rx sup B(D(H))

-7<6<0

for every bounded D C E, then ®(p) is a nonempty and compact subset of PC([-t, 00); E)
for every ¢ € C([-t,0]; E). Moreover, it is an Rs-set.

Proof In Theorem 4.3, it has been shown that solution sets for problem (4.1) on compact
intervals are R;-sets. Next we consider an inverse system as in the proof of Theorem 4.2
and obtain that the solution set of problem (1.1) is an Rs-set. O
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