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1 Introduction
This paper is devoted to studying the dynamics of solutions to the following attraction—

repulsion chemotaxis system with a free boundary:

U — Uy + X1(UV1,0)x — X2(UV2)x = ula — bu), £>0,0<x <h(2),

“Vixx = —AV1 + U1l £>0,0<x < +00,

—Voux = —AaVa + Ul t>0,0<x< +00,

Ux(£,0) = v1 4(£,0) = v2,(£,0) = 0, u(t,x) =0, t>0,x>h(t), (1.1)
W (t) = —puy(t, h(2)), t>0,

u(0,x) = (), 0 <x < hy = h(0),

1(0,%) = (x), 2(0,x) = v9(x), 0<x< +00,

where u(t, x) represents the population density of mobile species, v1(Z,x) represents the
population density of a chemoattractant, v,(¢,x) represents the population density of a
chemorepulsion. The right-hand side of the first equation in (1.1) is a logistic reaction term
u(a — bu). The coeflicient a represents the intrinsic growth rate of the cells, b measures its
intraspecific competition, x; > 0 and x3 > O represent the chemotaxis, and the positive
constants A1, Ay, ;41 and pu, are related to growth rate of the chemical substances. The
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e . 0 .
initial functions uo(x), v; (x) satisfy

Uy € CZ([O, ho]), Lto(]’lo) = M6(0) = 0, Ug > 0 in [0, ho),
10 € Cy([0, +00)), 12(0) =0, (1.2)
W(x) 0, W(x) >0 in[0,+00),i=1,2,

here C,([0, +00)) is the space of continuous and bounded functions in [0, +00).

The free boundary x = /(¢) represents the spreading front, the homogeneous Neumann
boundary condition at x = 0 indicates that the left boundary is fixed and no species cross
the left boundary, while the species only spreads to the right-hand side. The equation gov-
erning the free boundary, //'(t) = —uu,(t, h(t)), is a special case of the well-known Stefan
condition arising from the investigation of the melting of ice in contact with water [26].
At present, it was used to describe the invasion of species [22, 23].

When h(t) = const. and x2 = pg = Ay = 0, system (1.1) is a classical model of chemo-
taxis in one dimension # = 1, which was first introduced by Keller and Segel in [16, 17]. In
the case a = b = 0, this system is proved to have finite time blowing up solutions for large
enough initial conditions in dimensions # > 2 (see [24, 25]), but for # = 1 there is no blow
up. Since the works by Keller and Segel, a rich variety of mathematical models for studying
chemotaxis have appeared (see [1, 24, 25, 27-29, 45] and the references therein). In [28],
Salako and Shen considered an attraction—repulsion chemotaxis systems with prolifera-
tion and death of cells and assumed that chemicals diffuse very quickly. They investigated
the global existence of classical solutions, stability of constant equilibria and spreading
speed of attraction—repulsion chemotaxis systems with a logistic source on R¥. Salako
and Shen [29] have further studied traveling wave solutions of the attraction—repulsion
chemotaxis system. Moreover, attraction—repulsion chemotaxis systems on bounded do-
mains have been studied in many papers (see [14, 20, 21, 43, 44, 50] and the references
therein).

In many realistic modeling situations, species have a tendency to emigrate from the
boundary, to obtain their new habitat and improve the living environment. Hence, it is
more reasonable to consider the domain with a free boundary. Motivated by the work
of Du and Lin [7], there have been many theoretical developments on the free boundary
problem in various environments (see [2,4—6, 8, 10-13, 18, 19, 30-32, 34, 35, 40, 41, 46,47,
49, 51]). For example, the authors of [5, 35] dealt with the equation with a free boundary in
time-periodic environment. The authors of [4, 6] considered the higher dimensions’ and
heterogeneous environment case, while the authors of [31, 32, 34, 41, 46, 51] have studied
two species predator—prey models with a free boundary. Wang and Wang [31] considered
the diffusive Beddington—DeAngelis predator—prey model with nonlinear prey-taxis and
free boundary. To the best of our knowledge, this is the first work concerning the free
boundary problem of chemotaxis systems. Other works for various species competition
systems with free boundaries can be found in [8, 10, 12, 13, 40, 47, 49]. The authors of [11,
18, 19, 30] considered the transmission of viruses and diseases by using a free boundary.
For the study of free boundary problems for other biological models, please refer to [3-7,
9, 15, 33, 35, 36, 48, 52] and the references therein.

The main intention of this paper is to analyze the dynamical behavior of model (1.1)
when both chemo-attraction and chemo-repulsion are present. Compared with [28], due
to the influence of the free boundary, we derive different dynamic behaviors of species.
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Precisely, we prove a spreading—vanishing dichotomy for this model, that is, the species
either fails to establish and vanishes eventually (called vanishing) or the species success-
fully spreads to infinity as ¢ — oo and stabilizes at a constant equilibrium state under
some sufficient conditions (called spreading). In other words, the solution (u, v, v, 1) of
(1.1) exhibits the following behavior:
(i) Vanishing: if lim,_, . h(£) < 00, then we have lim;_, . [|24(2, %) || c(jo,u()) = 0>
limy_, 400 vi(%,%) = 0, i = 1,2, uniformly in [0, +00).

(i) Spreading: if lim;_, .o h(2) = 00,
b> xip1 — xam2 + K, (1.3)

where

|1
K:= mm{ )L_z(’)(lﬂl)hl — Xataha| + xaipa A - Aal),

1

(bard = xonats| +quz|k1—>»z|)}, (1.4)
1

then we have

tlilgou(t,x) = Z, [liToVi(t’x) = &jz, i=1,2,
uniformly in any bounded subset of [0, +00).

For the spreading case, condition (1.3) is similar to that in [28]; however, we use different
approaches compared to [28] to obtain this convergence result, due to different boundary
conditions. In mathematics, it is difficult to find a pair of upper and lower solutions at once
to squeeze the solution of problem (1.1). To overcome the difficulty, we first prove Lem-
mas 3.4—3.5 which will be used to establish the main Theorem 3.6. Second, we construct
a super/sub-solution to compare with the solution of (1.1). Using an iterative method, we
construct more suitable upper and lower solution sequences {#;} and {x;}. Finally, by the
monotone convergence theorem, we derive the exact long time behavior of the solution.
We also prove that the limits of sequences {,} and {#;} both converge to a/b, which in-
volves applying some new ideas and techniques (see Theorem 3.6).

The organization of this paper is as follows. In Sect. 2, we give the proof of the global
existence, uniqueness and estimates of (1, v1, va, i). Section 3 is devoted to the long time
behavior of (, vy, v,). In Sect. 4, we give some sufficient conditions of spreading and van-

ishing. The paper ends with a brief conclusion.

2 Global existence, uniqueness and estimates of the solution
In this section, we give the existence and uniqueness results. The proof of the local exis-
tence and uniqueness can be done by modifying the arguments of [36]. Define the kernel

function

e VRl 21,0, (2.1)
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If (1, v1, Vv, h) is a solution of (1.1), then
Vit ) = () (x)
) 0 +00
= ’;— [/ Gilx - y)ult,—y) dy + fo il = y)ult,y) dy]» xeR" (22)

Thus equation (1.1) is equivalent to the following problem:

Uy = U + XL (Dr o 1)t — 2202 (o o 1) s
=ula—(b+ xop2 — X1 01U
= xip1(dr * u) + xapa(d2 * u)], t>0,0<x <h(t), 2.3)
ux(t: 0) = O: u(t,x) = 0; t> O)x = h(t)’
h/(t) = _/’Lux(ti h(t))$ t> 01
u(0,x) = up(x), 0<x<hy = h(0).
Lemma 2.1 For any given 6 € (0,1), p > 3/(1 - 60) and
b> i1 — xap2 + H, (2.4)
where
H:= mil’l{Hl,Hz} (2.5)
with
H; = ﬁ[(XzMzkz — X1M1A)+ + Xata(Ay — A2)i ], 2.6)
H = %[(Xzﬂz)nz — Xit1Ar)+ + xapr (A — A2l
the following is true:
(i) There existsa T > 0 such that problem (1.1) admits a unique solution
(Lt, v, Vz,h) c Wpl,Z(DT) ) C(1+9)/2,1+9(l_)T) % [C(1+€)/2,1+9 (DZ")]Z
x C™*2([0, T1), (2.7)

where Dy :={(t,x) e R?:t € (0, T),x € [0, h(2)]},
DI :={(t,x) e R?:£t € (0, T),x € [0,00)}, and C is independent of T.

(ii) Let 0 <t <00 and (u,v1,va, h) € Wy*(D;) N CHO21 (D) 5 [CHOV2I+0(DE)]2
CY92([0, 7)) be the unique solution of (1.1). Then we have

0 < u(t,x)

a
b+ xapo — xaip1 —H

< max{

,IluoIILoo}

LR forte(0,7),x€[0,h(r)), (2.8)
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0 < v(t,x)
Mi a
< max ||u I oo}
{)\ b+ yatts— xip —H 2Ot
forte(0,t), x€]l0,+00), (2.9)
0<H(@t)<C forte(0,7), (2.10)

where the positive constant C is independent of T.
Proof As in [36], we first straighten the free boundary and define
ye—— w(t,y) =u(t,h(®)y),  ¢i(h(®)y) = ®:i(9), i=1,2.
Then it follows from (2.3) that (w(¢, y), h(t)) satisfies

Wr — ;(t)wyy - 5(75))/Wy
+ LB (£) (D 5 w)ywy — LE21(2)(Dy % w),w,

=wla—(b+ xapa2 — x1b2)Ww

(2.11)
= X111 (P1 x W) + x2p2(P2 % W), £t>0,0<y<1,
wy(t,0) =0, w(t,y) =0, t>0,y>1,
w(0,y) = uo(hoy) = wo(y), 0<y<l,
and
, 1
h (t) = _mey(tr 1)1 t> 01 h(o) = hO) (212)

where ¢ (t) = h™%(t), £(¢t) = % Now problem (2.11) is an initial-boundary value problem
with a fixed boundary. We shall use the fixed point theorem to prove the existence of
solution (w, /) to (2.11) and (2.12). Let /1 = —puj(ho), Ty = . (ggﬁ) }.For0< T < Ty,

we set

={h e C!([0,T1) : h(0) = ho, W

W - i’”a[o,T]) <1}.

Clearly, Hr is a bounded and closed convex set of C1([0, T]). For the given & € Hy, we can
extend / to a new function, still denoted by 4, such that #z € Hr,, where

={he C([0,T1]) : h(0) = ho, '

Hc[o ) = <2}.

Therefore, when /1 € Hr, we have 1 € Hy, and

|1(t) —ho| < Tu || <T12+h)<—°, vt € [0, T1],

which yields

h 3h
7" <h@t) < 7" vt e [0, T1].
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Thus, for the given & € Hr, the functions ¢(¢) and &(¢) are well defined on [0, 77]. Let
R & max{m, |0l 2o} where H is given by (2.5). Define Ar, = [0, T1] x [0,1]

and
Wr, = {we C(Ar): w(0,y) = uo(hoy), w(t, 1) = 0,0 < w(t,y) <Ry }.

Obviously, Wr, is a bounded and closed convex set of C(Ar, ). For the given w € Wy, we

have the following initial-boundary value problem

W[ - g(t)wyy - f(t)ywy + Xi_l:lg(t)(q)l * W)ywy
- Xi_l;z{(t)(d)Z * W)ywy

=wla—(b+ xap2 — x1pu1)W

(2.13)
— X101 (@1 * w) + xopa(Pa *x w)l, 0<t<T,0<y<]1,
Wy(tr 0) =0, W(try) =0, 0<t =< Tl)y > 1,
W(Ory) = Wo()’), 0< y= 1.
For the given w € Wr,, we obtain
0
(D, xw)(y) := / D;(y —s)w(t,—s)ds
-1
1
+/ D;(y—s)w(t,s)ds, yel[0,1],i=1,2. (2.14)
0

In order to prove that 0 < w(¢,y) < R;, we need the following estimate. Using (2.14), we
have
Xam2(Po * w) — x1p1(P1 * w)

VA VA
= Xal2 [/ Tze’m‘y’s‘w(t, -s)ds +/ Tze’m‘“'w(t, s) ds]
-1 0

OV VAN
= X111 [/ Tle’ﬁ'y’s'w(t, -s)ds +f Tle’m‘“‘w(t,s) dsi|
— 0

1

0 i .
:/ (XZMZ%GN/EWH _ Xlﬂlgemysl)w(t; —S) ds

1

1 e e
+ / (XZMZ Tze—\/ﬁly—sl — X1 Tle_my_sl)W(t, s)ds
0

0
1
= (X2Aatta2 — x1A1p1) / ﬁe’m'ﬂ'w(u -s)ds
-1 2

0/ 1 1
+ X1 eVialysl _ —e_*/my_s)w t,—s)ds
X1 1M1f1(2 Tz 2 71 (

1
1
+ (XxeAapta — Xl)hllul)/ — e VR =shw(t, 5) ds
0 24/A2

lr1 1
A f( emysl——emlys)w(t,s)ds
X1A1M1 b, \2v%, SN
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0

1
< (¥x9A Y R = eVR2lsl g
< (radrama — x1hiitn)+ 1/:1 2\/)\—2

0
1 1
+ XlMMlRl/ ( e V2l _e—v)qu—s) ds
-1 2\/ )\2 2«/)»1

1
2/ Ao

1
+ (XaAap2 = x1hip)+ R / eVl g
0

lr1 1
+ X1K1M1R1/ ( e Vbl _ e—\/ﬂly—s> ds
0 2\/ )\2 2«/%1

1

1
=(X)»M—X)LM)R/ VRl g
2haz = ada) Ry | o=
A1 R /1( L ! JHIys)d
+ ——e - ——e¢ s
X1A1 M1 \ovn SWen
1
< (Xahatta = x1h101):+R / ——e VRl gs
e W
1 1
iR Vb5l _ e—my—q) ds
X1A 1M1 1/1;{(2 S SN
Ry
= )\—[(Xz)\zliz = xihpa)s + (A — Aa)i - (2.15)
2

Similarly, we have

Koo (Do * w) — x1p1( Py * w)

LV LA
= X2 /Lo |:/ T2e—JE\y—s\W(t, -s) a’s+/ Tze_“/’wy_s'w(t,s) ds]
-1 0
O VA VA
— X1 |:/ _1€—~/Ely—8|w(t’ —s)ds + / —le_“/my"s‘w(t,s) ds:|
-1 2 0 2
0 N N
= / <X2M2 e le‘m“'>w(t, —s)ds
-1

1
7 x
s f <X2 s _*/22 RS _Vzl e—my—q)W(t, §ds
0

0
1
:(X2A2M2_Xl)\1ﬂl)/ 2\/)L_e_*/my_s'w(t,—s)afs
-1 1
A /0( 1 V22 ly-s| 1 —\/Hly—S) (t,—s)d
+ X2A2/M4 e - —€ w(t,—s)ds
et 1\ 24/ A2 24/ M

1
1
+ (xZAz/Lz—xmm)/ ———e VMU lw(t,5) ds
0 24/

o1 1
+ szzﬂzf ( Vil _ —e’m'y‘s)w(t,s) ds
0

24/ Ao 2/ M1
0
1
< (x9hallo — XA R Y Mbsl g
< (tarapa — x1hip1)+ 1/_1 2\/A—1

o/ 1 1
+ Yoh R e*«/)h_z\yfsl _ e\/ﬂlys> ds
X2A242 1/_1<2 T Win
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1
1
+ (x2hapta — X1X1M1)+R1f VRl gg
0

2/
+X2)»2,U«2R1/1( 1 e-«/@y—SI_Le—\/ﬂly—S>dS
0 2«/}\.2 2 /)\1
1
1
= (X2A2it2 — X1A R e~ Vly=sl g
(X2hata = x1hip1)+ 1/_1 5 —)»1
Ao paR /1< 1 i 1 —mly—s>d
+ X n e — e s
L \avh 2VM
1
< (xahapta — 1r Ry | ———e VAl gg
< (radrapa — x1hip1)+ 1/]1%2 T‘-l
1 1
+X2)\2M2R1/( e Vil _ _e—«/ﬂy—sl> ds
R 2\/)"2 2/\/)\.1
R
= A—l[(xﬂwzuz = Xthip)s + Xala(h — Aa). ] (2.16)
1

Thus, it follows from (2.15) and (2.16) that for every w € Wy, we have
Xop2 (P2 * w) — x1pu1(P1 % w) < HRy, (2.17)
where H is given by (2.5). Thus in view of (2.13) and (2.17), we have

L (0)(1 5 ),y — 2522 (0)( s % ), 7,
1 2

Wi = L(O)wyy —E()ywy +
<w[a+HRy - (xapa + b - x111)w|.
Note that
L(Ry) = Ri[a— (b + xapa = x1p01 — H)R, | < 0.
Hence, using the comparison principle for parabolic equations, we obtain that
W(t,y) <Ry, te(0,Thl,y<[0,1],Ywe Wr,. (2.18)

Applying the maximum principle, we infer that w > 0 in (0, 77] x [0,1). Hence w is a

bounded function. Straightforward calculation yields
(q)i * W)y
Ry Y i
= / Sl VRO (¢, —s) ds + / Sl VRO (e, 5) ds
o 2 0o 2
+00 )
+ / ﬁe“/ms_y)w(t,s) ds
y 2
0 A VAN
= \/)»_1|:/ —%e"/fi(y’”w(t, —s)ds + f —\/—z—e"/ri(y’s)w(t,s) ds
—o0 0

+00 /3~
+ / %e’m (e, s) ds:|.
¥

Page 8 of 38
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Thus,

(@i % w)y| < Vi@ xw) < VAilwlie < /ARy (2.19)

By the standard method (the upper and lower solutions method, or the contraction map-
ping theory, for example), we can show that there exists 0 < T, < T1, depending only on
A =A{R1, Xi» fbir iy ho, B, 1o | w2p ((0,n0)), © = 1,2}, such that problem (2.13) admits a unique
solution w € W)*(Ar,) — CU+21+0( A 1 ), which satisfies

”w“W;’Z(AT*) + ||W||C(1+9)/2,1+9(AT*) < (A, T, T*_l),
where
Ar, =[0,T.] x [0,1].

It follows from (2.18) and (2.19) that the bound of the right-hand side of the first equa-
tion in (2.13) depends only on A. We may think that 7, depends only on A and write
Ci(A, Ty, T ') as Ci(A). That is,

”W”W,}’Z(Am + ”W”C(”‘?VZHQ(AT*) =< CI(A) (220)
Therefore, when 0 < T' < T*, the unique solution w(t, y) of (2.13) satisfies
||W||W;,2(AT) + Wl casorioa,y < I|W||W;,2(AT*) + Wl caronaion,, ) < Ci(A).  (2.21)

We now define F : Wy — C(Ar) by

It follows from (2.18) and (2.20) that / maps W7 into itself.
Next, we prove that F is a contraction mapping on Wr for T > 0 sufficiently small. In-
deed, let w; € Wr (i=1,2) and denote w; = F (w;). Then it follows from (2.21) that

”wl” W[f,l(AT) = CI(A)'

Setting U = w; — w,, we find that U(t, y) satisfies

Ut_;(t)uyy_S(t)yuy_au
+[BE @)D % wr)y — B2 (P2 xwn)y U, =B, 0<t=<T,0<y<l,

U,(t,0) =0, Ut,y) =0, 0<t<T,y>1,
U(O,y)=0, OS}/S 1,

where £(£) = ¢ (h(£)) and §(2) = £ (h(2), K (1)),

a=a—(b+ xapz — x1u) (Wi + W) — x1 1 (D1 * wa) + xaua (P2 * wy),
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X242
A2

1

B = [x;m E(®1 5 (w1 = wa)) = 20 (8)(@ % (i Wz))y]wzy

+ W[ x1m1 (@1 % (w2 — w1)) + xapa (P2 * (w1 —ws)) |-

Applying the classical L” estimates for parabolic equations and (2.19), we obtain
W1 =Wally21(n,) < CoT, D)lIwr = walle(ag) (222)

Using Holder’s inequality and (2.22), we have

T prl
”Wl _WZH?};(AT) - / / |W1 —W2|p dydt
0 0

:/OT/: /Ot[wl(r,y)—WZ(t,y)]T dt
< /OT/()l(/Ot[Wl(r,y) —Wg(r,y)]fdt)t”_l dy dt

T pl pT
§Tp‘1/0 /0/0[Wl(r,y)—wz(r,y)]fdrdydt

< T?| (w1 - Wa):

p
dydt

p
”l}’(AT)

< T?|wy - wa®
<T?|wm 2||W[3,1(AT)

< G(T, NP w1 = Wall} a1
where C, is a constant independent on 7-!. We choose T small enough such that C, 77 < 1.
This shows that for this T, F is a contraction mapping on Wr. It now follows from the
contraction mapping theorem that F has a unique fixed point w € Wr. Therefore, (2.11)
has a unique solution w(t, y).

By the continuous dependence on the given data, in the space C1+9/21+9(A 1), w depends
continuously on /1 € Hy. For such a defined function w, the initial value problem (2.12) has
a unique solution, denoted by k(t) = h(t; h). Then h(0) = hy, E/(O) =hand

H@©>0,  H@©)eC”(0,T)), |1 | < Cs(A), VheHr. (2.23)

Clearly, in the space C*([0,T]), / continuously depends on w € C1*?/21+9(A 1), and
hence on /1 € Hy. Now we define F : Hy — C([0, T]) by

F(h)=h.

Obviously, F is continuous in Hr, and 4 € Hr is a fixed point of F if and only if (w, /)
solves (2.11) and (2.12).
According to (2.23), we know that F is compact and

“E/ - il”a D= HE/ Hc9/2<[o,T])T0/2 < G(A) T2

[0,
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Hence F maps Hy into itself if

h
0< Tfmin{l, L ,C;W(A)}.
2(2+h)

Consequently, F has at least one fixed point # € Hr by Schauder’s fixed point theorem,
and then (2.11) and (2.12) have at least one solution (w, &) defined in [0, T]. Moreover, as
w(t,y) > 0 and w(¢, 1) = 0, we deduce by Hopf’s boundary lemma that w,(t, 1) < 0, which
implies #/'(t) > 0 for t > 0.

Obviously, the function u(,x) = w(t, h~'x) satisfies
ue WA (Dr) N CHO21(Dr),  0<u <Ry inDr, (2.24)
(u, h) solves (1.1) and
heC"([0,T1).

Let (w;, h;) with i = 1,2, be two local solutions of (2.11), which are defined for ¢ € [0, T]
and 0 < T « 1. Notice /#(t) > 0. We may assume that /1y < #;(£) < hy+1in [0,T], i =
1,2.

Setting U = wy — wy and h = hy — hy, we have

ut - CZ(t)uyy - 52(t)3’uy - AU
+ w12 (P2 % U) — x1p1((P1 * U)]
+ [0 ()(P1 # wa)y = BL255(8)(Pa % wa)y Uy =B, 0<t=<T,0<y<1,

U,(t,0) =0, U(t,y) =0, 0<t<T,y>1
U(O,y) :0; OSJ/S 11
and
) 1 1
o) = u(h—m,y(t, D= Lyt 1)), 0<t<T;  h(0)=0, (225)
2 1

where £;(£) = ¢ (h:(¢)) and &(2) = § (h(2), H(2)), i = 1,2,

A=a—(b+ xapa — xim1)(w1 + wa) — x1p1(P1 % wa) + Yoo (P2 % wy),

B=(£1(t) = 52(0)) Wiy + (£1(8) — £2(8))ywiy

¥ [cl(t)()‘;‘fl (@1 % wy)y — Xi‘: 2 (@, * wl)y>

X1H X2
—@(t)( L (@) 5wy), - 22 2<<1>2*wZ>y)}wl,y.
A Ay
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By (2.19), ||| w2 < Ci(A), 0 < Ki(t) < C3(A) and o < h(t) < ho + 1. Applying the clas-
sical L? estimates for parabolic equations, we obtain
”u”\v,l'z(AT) < C(A)([| (1 = 1) wiyy HLP(AT) + ||y /- h/2/h2>ywlly”u7(AT)

+ ” (hfz - hgz)wl,y HLP(AT))

< G(M)lAll o, ry- (2.26)
By similar arguments as in the proof of Theorem 1.1 of [36], we can obtain that

[U]Ce/z,e(AT), [Uy]ce/z,e(AT) < CHMHWJ’Z(AT)

for some positive constant C independent of 7, here [-]co126(, ) is a Holder seminorm.
Thus,

(U] coroapy < CCs(M) Al o,1)-

This, combined with (2.25), yields

[h,]celz([o,n) < u[h' Uy, 1)]c9/2([o,r]> +uf (" =1 )way(t, 1)]C9/2([O,T])

< Gs(M) Al 1o,y (2.27)
Because of 1(0) = //(0) = 0, we deduce

Il crgo,ry < 2T ||| con o,y < 2C6(M T2kl 1 go,17)- (2.28)

0,T]
We can choose 0 < T(A) <« 1 such that, when 0 < T < T(A), h; = hy, and consequently
w1 = wy. Hence, (1.1) has a unique local classical solution (i, vy, v,, k), i.e., (2.7) holds.

Let 0 < 7 < 00 and (u,v1,v9,h) € W,*(Dr) N CHORI0(Dry x [CU+210(DT)]2
C'92([0, T]) be the unique solution of (1.1). It follows from the maximum principle that
u,v;>0,i=1,2in [0, 7] x [0, 4(¢)). Thus, u,(t, h(t)) <0 for t € (0, 7], and we see from (1.1)
that 7/(¢) > 0 in (0, ].

According to (2.24), we have

a
b+ xopa — xip1 —H

0<u(tx) < max{ , ||uo||Loo} =Ry, (t,x)e(0,7) x [O,h(t)).

Applying the maximum principle to the second and third equations in (1.1), we obtain

@ i

0<vi(t,x) < max{ Hi

» — ol }, (t,x) € (0,7) x [0, +00).
Aib+ xoua — xapr —H A;

Aswe all know, the proof of (2.10) is standard. The proofis the same as that of Lemma 2.2
in [7], thus we omit the details. O

Similar to the proofs of Theorem 2.1, Lemma 2.2 and Theorem 2.3 in [7], we can obtain
the following global existence result.
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Theorem 2.2 Suppose that (2.4) holds. For all t € (0, 00), problem (1.1) possesses a unique
solution (u,v1,vq, h), and for any 0 € (0,1),

ue C1+9/2,2+9 ((0, OO) % (O,h(t))), he C1+(1+0)/2((0, OO)), ( )
2.29
v; € CM*2249((0,00) x (0,00)), i=1,2.

Moreover, there exists some constant C dependent on x;, i, Li, a, b, hy and ||up|| s such
that

|| u(t’ ) || CL([0,h(8)]) =< C) || Vi(tr ) ||C1([0,OO)) =< C} vt = 1; i= 1’ 2;

(2.30)
<C, Vn=0.

1704 1oy

The proof of Theorem 2.2 in essence follows similar arguments as in [37-39, 42]. For
the regularity results and estimates of (1, v, va, 1), please refer to Theorem 2.2 of [39]. The
details are omitted here. We remark that the uniform estimate (2.30) allows us to deduce
that /'(t) — 0 when lim,_, » /4(t) < oo, which plays a key role in determining the vanishing

phenomenon.

3 Long time behavior of (u, v)

This section is devoted to proving the asymptotic behavior when ¢ — oco. It follows from
Lemma 2.1 that () is monotonically increasing. Therefore, there exists an /i, € (0, 00]
such that lim;_, o /#(t) = Hso.

3.1 Vanishing case (ho, < 00)
In this subsection, we study the asymptotic behavior of solution to problem (1.1) when
vanishing occurs (/15 < 00). Our approaches here are mainly following the lines of [32,

41]. First, we state a general result.

Theorem 3.1 Suppose that (2.4) holds. Let (u, v1,va, h) be the solution of (1.1). If hy < 00,

then there exists a constant C > 0 such that

lutt, ) crjopey =€ VE> 1. (3.1)
Moreover,
lim #'(¢) =0. (3.2)
t—>+00
Proof The proof is similar to that of Theorem 4.1 in [41]. We omit the details. d

Similar to Proposition 3.2 in [52], we can prove the following general proposition.

Proposition3.2 Let i > 0,c € R. Assumethat s € C*([0,00)) and w € C+"/204)([0, 00) x
[0,s(2)]) satisfy s(£) > 0, w(t,x) > 0, for all t > 0, 0 < x < s(£). We further suppose that s«

limy_, o 5(£) < 00, lim;_, o0 §'(t) = 0 and there exists a constant C such that |w(t, )|l c1jos)

IA
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C for t > 1. If (w, s) satisfies

Wy — Way + MWy > CW, t>0,0<x<s(t),
wy(t,0) =0, t>0, (3.3)
w(t,s(t)) =0, §'(t) = —uwy(t,s(t)), t>0,

then limy_, o MaXg<y<s(r) W(t, %) = 0.

Theorem 3.3 Suppose that (2.4) holds. Let (u,v1, v, h) be any solution of problem (1.1). If

hoo < 00, then

Jim Jutz, )| conen =9 (34)
tlim vi(t,x) =0, i=1,2 uniformly in [0, +00). (3.5)

Proof First, we can easily obtain that u satisfies

Uy — Uy + (X1V1x — X2Vou e = ctt,  £>0,0<x < h(t),
u,(t,0) =0, u(t,h(t)) =0, t>0, (3.6)

M(O,x) = M()(x), 0 =x= hO:

where ¢ < mingepoo0)[@ — (b + x2pt2 — xat1)u — x1A1v1]. Note that /#/(£) > 0 and /1 < 00, in

view of Theorem 3.1 we get lim;_, , #/'(¢) = 0. Using Proposition 3.2, we have

Am 48, | oy = O

Combining (2.1), (2.2) and lim;_,  [|u4(%, )l c(qo,n(z)]) = 0, we deduce
tlim vi(t,x) =0, i=1,2,uniformly in [0, +00).
—00
The proof is complete. 0

3.2 Spreading case (hy, = 00)
In this subsection, we discuss the spreading case /1o, = co. We provide a sufficient con-
dition (1.3) to prove that system (1.1) has a unique positive equilibrium (a/b, pt1a/11b,
Waalryb). This condition is more stringent than (2.4). The proofis inspired by Theorem 4.3
in [41].

Next, to discuss the asymptotic behavior of the solution to problem (1.1), we intend to
control the bounds of v; and v, by using those of u. Thus, we provide two lemmas, which

will be used in the main theorem in this subsection.

Lemma 3.4 Let (4, v1, Vs, h) be a solution of problem (1.1). If (2.4) holds and u satisfies

limsupu(t,x) <A uniformly in any bounded subset of [0, +00) (3.7)

t—>00
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with some constant A > 0, then we have

lim sup v;(¢, %) < ';I:—Z, i = 1,2, uniformly in any bounded subset of [0, +00).

t—>00 i

Proof For any given L > 0 and 0 < ¢ < 1, we can choose a small positive constant § and

n > 0 large enough such that

S JTL
—§+ —— (1 i , 3.8
» +s —A,-e (1+e"t)<e (3.8)

where R; is defined in Lemma 2.1. For nL > 0 and 0 < § « 1, in view of (3.7), there exists a
T > 0 such that

ult,x) <A+8, forallt>T andx e [0,nL]. (3.9)
According to (3.8), (3.9), direct calculations show that

v(t,x)

0 +00
_ M —v/Ailx—y] / —/Ailx-yl :|
= e u(t,—y)dy + e u(t,y) d
Wiw [/ (t,—y)dy A (t,y)dy

0 x
M —VTi(x—y) / ~Vi(x-9)
= e u(t,—y)dy + e u(t,y)d
2\/)\.1 |:./:oo e 0 ne
nlL +00
i / VTl / VTl
+ e VMY y(t,y)dy + e VMY yl(t,y)d
2N/A«i|: x s nL ne

. +00 X
_ 2% |:/0 e—«/K_i(x+y)u(t,y)dy+/(; e—\/k_f(x—wu(t’y) dy]

wi [ ™ srien )
L, e VHUTx u(t,y)dy+[ e VU u(t,y)dy]
2/ [/x p

L

. nL +00 x
= 2% |:/0 e VAE (¢, y)dy+/nL e“/rl'(’“y)u(t,y)dy+/0 e‘“/r"("_y)u(t,y)dy]

. nlL +00

[/ «/_(x+ydy+/ «/_(x;vdy+/ «/_(yxdy]

o0 +00
|:/ e“/k_"(y_x)u(t,y)dy+/ e VAl u(t,y) dy:|
nL n

L

<

2«/—

L M

2V

< ;LT[(Z+ 8)[2 _ e—\/)T,v(ernL) _ e—\/)T,'(x—nL)]
i

MiRl /+00 /i) /Jroo T i|
+ e VYV dy + eV d
2«/A.—l[ ‘ nL ) Y

Mi 7 iRy VT / " V)
<—(A+6 i d i d
_)\i( +)+2f[/ e ve | e )dy

Mi — MiRl —/ A (x+nL) —/Ai(nL—x)
= Z(A+8)+ ——=[eVH —e
A8 o] ]
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Sl g PRy o
i i

i
<M
i
forall £ > T and x € [0, L]. The arbitrariness of ¢ and L implies that
limsup v;(¢,x) < A_A i = 1,2, uniformly in any bounded subset of [0, +00). N
t— 00
Lemma 3.5 Let (4, v1, v, h) be a solution of problem (1.1). If u satisfies
litm infu(t,x) > A uniformly in any bounded subset of [0, +00) (3.10)
—00
with some constant A > 0, then we have

litm infv;(z,x) > %é, i = 1,2, uniformly in any bounded subset of [0, +00).
—00 i

Proof For any given L >0 and 0 < ¢ < 1, we can choose a small positive constant § and k
large enough such that

i

Hi [8 + %Ae‘mﬂ (e_*/A—iL + emL)] <eé. (3.11)
For these kL and §, in view of (3.10), there exists a T > 0 such that

u(t,x) >A-38, forallt>T andx € [0,kL]. (3.12)
According to (3.11), (3.12), direct calculations show that

v;(t,x)

e Vilx-y| _ " —V/Ailx-yl
ZJ_ |:/ u(t, y)dy+/0 e u(t,y)dy:|

kL
2f[ TNy 1,y dy+/ ) (ty)dy+fx e-m-”u(t,y)dy}

o[ e [ [l

> %(ﬂ - 8)[1 - ie"/r"kL (eVhil + e‘/r"L)]

> &A— % [8 + %Ae“/’\—’“ (e"/TiL + e‘/’\_"L)]
>4 (3.13)
forall £ > T and x € [0, L]. The arbitrariness of ¢ and L implies that

litm infv;(t,x) > %A, i = 1,2, uniformly in any bounded subset of [0, +00). 0
—00 i
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Theorem 3.6 Let (u,v1,vy,h) is a solution of problem (1.1). If hoo = 00 and b > x1p41 —
Xa2ia + K, where K is defined in (1.4), then we have

. a . Hia .
t]l:’lgo u(t;x) = E’ t]l)rgo Vi(t’x) = )\‘_lzy L= 1y2

uniformly in any bounded subset of [0, +00).

Proof We will divide our proof into two cases.
Case 1. Assume that

1
b+ xopa — x1p1 - )\—[|X2)L2M2 = XiApal + xapalrn = Aal] > 0. (3.14)
2

Step 1. We construct sequences by the iteration method. It follows from Lemma 2.1 that

u 20 <ult,x) < 4 £, fort>0,x€[0,h()), (3.15)

T b+ xapa — xap — Hy

where H, is defined in (2.6).

. a _ a a
(i) If 21 <Az and xapads = x1p1h1, then et = om0 > 7.
.. a _ a a

(if) If 21 <22 and Xaptada < X1p4121, then boaia—xp-H ~ brxanaxial = b

a a

(iii) If A1 > Xy and xap2ls > x1i1)1, then Prara-xm—H — b

(iv) If A1 = A and xapahs < x1p1hy, then et 2

v
SIa

= *
bexama-X1i1 5%

By (i)—(iv), we have

(3.16)

U >

S

Obviously, #; and u, is a pair of upper and lower solution of (2.3).
Combining this with Lemmas 3.4 and 3.5, we get that

limsup v;(¢,x) < %ﬁl 27,1 uniformly on any bounded subset of [0, +00),
t—00 i

S

igl £v,, uniformly on any bounded subset of [0, +00).

liminfv;(¢,x) >
t—00 i

>

For every ¢ > 0 and x € [0, /(¢)],

X2A2V2 — X1A1V1

o 1
= (X2Aapt2 — Xl)um)/
—h(e) 24/ A2

0 1 1
+ XA / < e—vlzlx—yl _ e—vkllx—yl)u(t’_ )d
T e \2vk, 2vh 7

V2P u(t, —y) dy

h(t) 1
+ (Xohapo — Xl)hlﬂl)/ e—«/Elx—y\u(t,y) dy
0o 2V

Mool 1
VY M_/ ( em"y——e‘/)‘_lxy)u(t, )d
sl \aum 2V ne
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1 _
<y [(xarapta = xahaper)s + xapa (M = A2), | (@1 + 8)
1
- [(xarapa = xakapen)- + X1 (A — A2)-] (g — 6)
2
and

X2A2Va — X1A1V1

(e, —y) dy

= (XaAapo — xl)\lm)/

\/_

0 1
A e~ Vr2leyl _ —v/*1lx-yl t,—y)d
+X1 1M1/ <2 =1 5 —)»16 u(t,—y) dy

h@) 1
+ (Xahatts = il )f ———e VRt y) d
2A2 U2 1A1 M1 A 2\/)»_2 y)ay

"ol 1
Y e Vil _ e—«/ﬂx—y)u ty)d
X1 1/1«1/0 (2 T SWin (t,y)dy

1
A—[(Xz)»z/tz = x1hm1)s + xapr (A = A2). (g, - 8)

1 _
Y —[(xarama = xahrpn)- + xapa (A — A2)-] (@ + ).
2

(3.17)

(3.18)

For any given L >0,0< 8 <« 1 and 0 < ¢ < 1, let /; be given by Proposition B.1 in [41]. B

(3.17) and since k4, = 00, there exists a 77 > 1 such that 4(¢) > [,

X2A2Va — X1A1V1

1 _
k_ [(Xahama = xihapn)s + x1pa(ha — A2) | (51 +6)

- A—[(szzﬂz = Xihpn)- + xapa (M — Ao)_|(uy = 8), V&= Ty,x€[0,L].
2

Hence, u satisfies

U — Uxx + lel,xux - X2V2,xux
<ufa—(b+ xai2 — X101)u
+ ﬁ [(raAapa — xaAipn)+ + xai1 (A — A2), 1 (@1 + 8)

u,(£,0) =0, u(t,l,) <Ry, t>Ti.
Asuy > 7 and u(T1,%) > 0in [0, /], in view of Proposition B.2 in [41], this yields

lim sup u(t, x)
t—00

1 1 _
< ———a+ —[Oerama — xahiia)s + xipa(hg — Aa), (@1 +6)
b+ xop2 — X111 Ao

1
- A—[(lezﬂz - xihpn)- + xpr (e — Ao)- ]y — 5)} +te
2

- %[(Xz)»zm — xihp1)- + xaipr(d —A2) -1y, = 8)}, t>Ti,x€[0,],

Page 18 of 38
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1

1 _
=————da+ —[(xohata — xaripr)s + xaip1(Ar = A2), ] (@ +6)
b+ xap2 = x1p1 Az

1
+ A_[(X2A2M2 = X1hpa)- + xippa (A = )»2)]5} +e
2

uniformly on [0, L].
The arbitrariness of §, ¢ and L imply that

lim sup u(t, x)

t—>00

1
b+ xaua — xap1
Us (3.19)

IA

1 _
@+ [(xarama = xahipn)s + x1pa(he — A2)s |t
2

(1>

uniformly on any bounded subset of [0, +00).
Combining this with Lemma 3.4, we have that

limsup v;(t,x) < %ﬁz £7,, uniformly on any bounded subset of [0, +00).

t—00

By (3.15) and (3.19), we obtain

o 1 1 ~
Uy —Up=Up—————————— {61 + —[Oerama = xakpa)s + X1 (A — )»2)+]M1}
b+ xapa — X111 Ao

1
b+ xata — X111

+ X1 (A — )Lz)+]> —ﬂ}

_ 1
{Ml (b + Xolb2 — X1M1 — )L—[(Xz)»zﬂz — X1h1p1)+
2

U
b+ xapa — x1/01
> 0. (3.20)

1
{Hz - [(Xahamz = xihipn)s + xipa(h — )»2)+]}
2

For any given L >0,0< 8§ <« 1 and 0 < ¢ < 1, let [, be given by Proposition B.1 in [41]. In
view of (3.18) and since /i, = 00, there exists a T > T; such that a(¢) > [,

X2A2Va — X1A V1

1
z [(Xahapa = xidapn)s + xapa (A — A2) ] (g — 8)
2

1 _
- }L—[(Xz)vzliz = Xihma)- + xapr (= A2)- (@ +8),  Ve=Th,x € [0,1].
2

Thus, u satisfies

Ut — Uxx + X1V1xUx — X2V2,xlx
= ufa—(b+ xopa2 — X114
+ i [(araps — xadipn)+ + xap1 (A — A2)1(m; —6)
= 55 [Oerapa = xidap)- + xip (= 22)- 1@ +8)), ¢ To,x € [0,1],
u,(t,0) =0, u(t, ;) >0, t>T,.

Page 19 of 38
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Asuy > 3 and u(T,x) >0 in [0, /], in view of Proposition B.1 in [41], this yields

litm inf u(t,x)

1

1
z {61 + —[Orams = xiham)s + X1 (A = A2)s (g = 8)
b+ xaua — xap1 A2

aw [(Xahama = xaidapn)- + xipa (A — Ao)-] (@ + 5)} -¢
2
1

1
BTN L —[(X2hama = x1h1p1)s + xap (M — A2).]8
+ Xol2 — X1M1 Az

1 _
oW [(xarapa = xahapen)- + xapa (A — Ao)-] (51 + 3)} -¢
2

uniformly on [0, L].
The arbitrariness of §, ¢ and L imply that

liminf u(t, x)
t—00

1 1 _
> ——————Ja- —[(erams — xihipa)- + xipua(ha — Ao)- ]
b+ xapa = 111 Az

2 u, (3:21)
uniformly on any bounded subset of [0, +00).
Combining this with Lemma 3.5, we obtain
litm infv;(t,x) > &22 & v;, uniformly on any bounded subset of [0, +00).
— 00 i ’
Since u; > %, we have
1 1 _
Uy = ——————ja— —[(xehapa — xahip)- + xapr(ry — A2)-ia
b+ xapa — x1p1 Az
1 1 a
< ————a+ —[(erapa — xabipn)s + xaua(ha — A2) | =
b+ Xam2 = X111 A2 b
1 _
- )L—[(Xz)»zﬂz = xihp)- + xapr(ry = A2)- i
2
1 1 a
< ——————da+ —[(xerama — xahipn)s + xaua(hn — A2)s ] =
b+ xapa — X111 A2 b
1 a
- —[OeAama = x1hipua)- + xapr (A — Aa)- ]
A2 b
_a+ 5 (Xata = x1p1) _a (3.22)

b+ xaa — X1t b

Using inequality (3.14), we obtain

1 1 _
Uy=——"— {61 = —[(arama = xadim)- + x1ma (A — )»2)-]”1}
b+ xap2 — x111 A2

1
(b + xoma2 = xip1) (b + xapta — X141 — Ho)

Page 20 of 38
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1
x {a(b + Xala — X1p1 — Ha) — a/\—[(szzuz = XiA )=+ xap (A - /\z)]}
2

a
(bt xoma2 — i) (b + xakta — X141 — Ho)

1
X b+ xapa — xip1 —Ha — ~ [(Xahamta = xahapn)- + xipa (A = A2)-]
2

a
(bt xom2 — i) (b + xakts — X141 — Ho)

1
X 1D+ xapa — X101 ™ [(X2dopta — xadipt1)s + X1 (A1 = Ao)y
2

1
+ A—[(lezﬂz = x1hipa)- + xipa (A = )»2)]) }
2

a
(b + xoma2 — xip1) (b + xapta — X141 — Ho)

1
X {b + X2 = X1H1 — A—[|XM2M2 = xifpal + xapa i - Kzl]}
2
s0=u, (3.23)
For any given L >0,0< 3§ <« 1 and 0 < ¢ « 1, let /; be given by Proposition B.2 in [41]. By
(3.17) and since k4, = 00, there exists a T3 > T5 such that 4(t) > [,
X2AaVa — X121

1 _
= [(arapa = xakapen)s + xapa (A = Ao), | (@ + 8)
2

1
- )L—[(Xz)»zliz = Xihp)- + xapa (M = Ao)_(w, —8), V&= Ts,x€[0,L].
2

Hence, u satisfies

Ut — Uxx + X1V1xUx — X2V2,xls
<ufa—(b+ xapma - x101)u
+ 55 [Orats = xikipa)s + xapa (= 12),1(@2 + 6)
- i[(Xz)»zliz = xihp1)- + xaipi(d = A2)-1(u, — 8)}, £ > Ts,x € [0, /],
u,(£,0) =0, u(t,l) <Ry, t>Ts.

Asuy > 3, uy < 7 and u(T3,x) > 0 in [0, ], in view of Proposition B.2 in [41], this yields

lim sup u(t, x)

—>00

1

1 _
< — {61 + —[Orams = xiham)s + X1 (M = A2)y | (2 + 8)
b+ xapa = x1m1 e

. [(xahama = xaidapn)- + xapn (A — Aa)-](uy — 5)} +e
2

uniformly on [0, L].

Page 21 of 38
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The arbitrariness of §, ¢ and L imply that

lim sup u(t, x)
t—00

1 1 _
< —————Ja+ —[Oerapa — xihm)s + i (A = Ao, i
b+ xap2 — X1t Az

- [(Xahapa — xaidapr)- + x1pa (A1 — Az)]zz}
2

AL

us (3.24)

uniformly on any bounded subset of [0, +00).

Combining this with Lemma 3.4, we have

limsup v;(¢,x) < %ﬁg £79,3 uniformly on any bounded subset of [0, +00).
t—00 i

Since u, > ”Z‘ and u, < %, we find that

_ 1 1 _
Uz = ——— {a + —[(x2hapa = x1h1p1)s + xapa (A — A2), Ji2
b+ xapa — x1p1 e
1
- A—[(Xz)»zﬂz = x1hipa)- + 11 (A — A2)—]22}
2
1 1 a
> ———————a+ —[(xehata — xahrpn)s + X1 (hr = A2) |
b+ Xapa = X111 Az b

1 a
- )L—[(Xz)\z,uz = xidp)- + xapr (A - Az)f]z
2

61—X1M1% + XzMz%

Xal2 + b — 11
a

b

Using inequality (3.20), we obtain

o 1 1 ~
Uy — U3 = ———————a+ —[(xahatt2 — xahipr)s + xipr(ry — A2), i
b+ xap2 = x1p1 Aa

1

1 _
- {ﬂ + —[(raps — xarpa)s + X1 (Ar = A2), |12
b+ xam2 — X111 Ao

1
oW [(Xahapa = xihapn)- + xapa (A — )»2)]22}
2

1 1 _ _
——————— 1 —[(eAama — Xx1hip1)s + xap1 (M — Aa)y | (@ — %)
b+ xapa = xipa | A2

1
+ )L—[(Xz)hzl/«z = xidpa)- + xapa (A = Ao)-|u,
2

> 0. (3.25)
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For any given L >0,0< 8§ <« 1 and 0 < ¢ <« 1, let [; be given by Proposition B.1 in [41]. In
view of (3.18) and since /i, = 00, there exists a Ty > T3 such that k(¢) > [,

X2A2V2 — X1A V1

1
= — [(arama = xakapn)s + xapa (A = Aa), | (w, — )
2

1 _
w [(ahama = xidapn)- + xaipr (M — Ao)-| (@2 +8), V&> Ta,x € [0, 1]
2

Thus, u satisfies

Ut — Uxx + X1V1,xUx — X2V2,xUx
>ufa— (b + xap2 — X101)u
+ ﬁ [(2Aapa — xadipn)+ + xap1 (A — o) 1(u, — 6)

- %[(Xz)\z,uz —xilip1)- + xapr (A — A)_1(@2 + 8)}), t=> Tu,x€[0,1],
t>Ty.

u,(t,0) =0, u(t,ly) >0,

Asuy > 3, uy < % and u(Ty,x) > 0 in [0, ], in view of Proposition B.1 in [41], this yields

lim inf (¢, x)
t—00

1 1
>z {ﬂ + )L—[(szzllz = xihipn)s + xapn(ry = A2) ] (y — )
2

T b+ xapo — X141

1 _
- A—[(lezﬂz = Xthapn)— + xapn (A — Ao)_ (@ + 5)} -¢
2

uniformly on [0, L].
The arbitrariness of §, ¢ and L imply that

.. 1 1
liminfu(t,x) > ————— {ﬂ + —[Oerama = xahama)s + ximr (A — Aa)s |y
=00 b+ Xxapa — x1t1 Az

1 —
. [(xarama = xahapn)- + xapa(ha - )»2)—]“2} £ uy (3.26)
2
uniformly on any bounded subset of [0, +00).
Combining this with Lemma 3.5, we have

|=

iZB £v,, uniformly on any bounded subset of [0, +0c).

liminfv;(¢,x) >
t—0o0 i

>

Since u, > % and u, < %, we obtain that

1

C b+ xala — X1l

1
Ug {fl e [OGAama = xadipn)s + xipn(hy = A2)y Ju,
2

1 —
- )L—[(Xz)xz.lw = Xihin)- + X1 (A — Ao)- %
2

1

1 a
< ———{a+ —[Oeramz — x1him)s + X1 (A — A2) |~
b+ xouz— x| A b
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1 a
- )L—[(Xz)xz,uz = X1hp1)- + x1p1 (A = )Lz)f]z
2

a-ximy + X2y a

Xal2 +b— 11 b

Using inequality (3.20), we have

L { 1 [(x22 A1) (M —A)_u }
Uy —Uz = 7— 14— —|[X2A2l2 — X1AL1M1) - + X1 1AL — A2)— UL
27 bt o — i A2
1 1
-——————da+ —[(xehapma — xaripn)s + xipr(hr = Ao)y Ju,
b+ xapa = x1p1 e
1 _
. [(X2hama = xidipa)- + xapr (M — Ao)- ],
2
1 1 _ _
= ———————— 1 ——[Orapa — xahip)- + xapa(ry = o) (@1 — %)
b+ xapa—xip1 | A2
BEw [(Xz)nzﬂz - X1t + xapr (g — )\2)+]22}
2
<o. (3.27)

Repeating the above procedure, we can find six sequences {u,}, {#1,4}, {v;,,}, {Vi} such that

for all n,
u, <liminfu(z,x) < limsup u(t,x) < u,, (3.28)
t—00 £—00
A Mi .. . Mi_ A — .
v, = —u, <liminfv;(t,x) <limsupv;(t,x) < —u, =V, i=1,2 (3.29)
’ )"i t—00 f—00 )\i

uniformly on any bounded subset of [0, +00).

Moreover, these sequences can be determined by the following iterative formulas:

_ 1
"7 bt xopa-x141

- i[(Xz)»zMz — xidpr)- + xapn(d —A2)-lu, ), n=23,...,

1
u = —
=N btxopa—X1141

- %[(szzﬂz —xihip)- + xap (A = A)_4,1), m=2,3,....

i {a+ 55 [(ahams = xadattn)s + Xapa (ha = 22) Vit

. (3.30)
la+s; [(2Aapa — XA p)+ + X1 (A — Ao)lu,

Step 2. We prove the convergence of sequences {x,} and {,} by the monotone conver-
gence theorem.

(i) First, we prove that {x,} and {%,} are bounded sequences by induction.

The trivial case is # = 1 since u; < 7 <u; by (3.15) and (3.16). Assume that it is true for
some # > 1, namely,

<u, j=12,...,n (3.31)
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Next we will prove that for n + 1, u,,, < 7 < 1. According to (3.30) and (3.31), we have

_ 1 1 _
Upy1 = —————————— {61 + —[(x2hama = x1hipa)s + x1p1 (M — A2). |,
b+ xapa = x1m1 e

1
. [(X2hama = xaidapn)- + xapa (M — A2)-]u,,
2

_A- gt xely A
b+ xapo— i1 b (3.32)
! { ! [OeA A1ft1) (A1 —22), ] .
U1 = 77— 12+ —[XeA2M2 — X1A 1M1 )+ + X1 M1(AL — A2) 4+ (U
bt g — X1 A2 ' =
1 _
- A—[(Xz)tzllz = x1hipa)- + xipa (A = )»2)—]%4}
2

- a—xi1y + XaM2j

a
b+ xaua — x1p1 b

Thus, by induction, for all #, we have that », < % <u,.

(ii) Second, using a similar argument as above, we can prove that sequence {x, } is in-
creasing and {#,} is decreasing in 7.

In the same way, by (3.20) and (3.23), we have

Uy = U, U, =< Uy.

Suppose that it is true for some 7 > 2, that is,

U =W, U <u, j=23,..,1 (3.33)

We will prove that for n + 1, 4, > %,,; and 4, < u
establish

From (3.30) and (3.33) we finally

n+l*

_ 1

1 —
Uy= ————————— {ﬂ + —[(tarama = xakapn)s + xapn (g = Ao), |
b+ xap2 — 111 Ao

1
BN [(Xz)nzﬂz - xihpn)- + xapa (g - )»2)7]2,,_1

1 1 _
>z {ﬂ + —[O2rames = xihamn)s + X1 (Mg = A2)s |3y
b+ xap2 — X111 e
1 _
W [(xarapta = xahipen)- + xipn (= A)-u, ¢ = Tt 1=2,3,...,
2

(3.34)
1

1
u,= ——1a+ —|(xehapta — xaAip1)s + xrpt1 (A — Ao)s |1,
8 b+X2M2—X1M1{ )\2[ " s

oW [(Xahapa = xidapn)- + xipa (A — 7»2)]%1}
2
1 1
e L —[(arama = xad1per)s + xapa (M = A2). |,
+ XoM2 — X1M1 Az

1 _
- A—Z[(szzﬂz - xihipn)- + i = Ao =,y m=2,3,..

Therefore, by induction, for all #, we obtain that %,_, >, and u, ; <u,.
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Combining (i) and (ii), we derive that sequences {x,} and {u,} are monotonic and
bounded. It is well known that sequences {x,,} and {#,} converge. Thus there exist positive

constants # and H such that

lim u, = A, lim %, = H. (3.35)

n—oo n—00

Step 3. We complete the proof. Passing to limits in equations (3.30), it is easy to see that
h and H satisfy the following equation:

1 1
H=————1a+—[(xehapta — xah1pt1)s + X1 (A1 — Aa) JH
b+ xap2 — X1H1 Az

1
- )\—[(lezﬂz = xihipa)- + xipa (A = )\2)]1’1},
2
) , (3.36)
= {ﬂ +— [(Xz?»zltz = xiAp)s + xapr (A - k2)+]h
b+ Xapa — x1t1 Ay
1
- )L—[(Xz)»z,uz = xihm)- + xapr (= A2)-]H ¢
2
By a straightforward calculation, we obtain that both % and H satisfy
h-H-2 (3.37)
b
Therefore, we conclude that
tlim u(t,x) = g uniformly in any bounded subset of [0, +00).
—00
Combining (3.29), (3.35) and (3.37), we have
. i a . .
thm vi(t,x) = 7 uniformly in any bounded subset of [0, +00).
—00 i
This completes the first case.
Case II. Assume that
1
b+ Xapa — x1p1 — o [Ix2ram2 = xarapal| + xapalis = A2|] > 0. (3.38)
1
It follows from Lemma 2.1 that
u, 20 <ult,x) < 4 2% fort>0,x e [0h(t), (3.39)

b+ xapa — x1p1 — Hy

where H; is defined in (2.6).

. a _ a a
(i) If Ay <Xz and xopakrs > x1M1r1, then ey b+x2u2(1—i—f) >z
(i) If Ay <Az and xapads < x1p1hs, then gt = 78 >

(ili) If)\1 > A and X2M2)\2 = Xl,ul)‘-ly then m = %.
(iv) If A1 = 22 and xopuahs < x1p1hs, then gt = & > 7.

A
bixaua T2 =X1/41
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By (i)—(iv), we have

(3.40)

Sl
v

SR

Rewrite xaAavy — x1A1vy in the form

X2A2V2 — X1A1V1

= (X2Aapt2 —xlhm)/ ﬁ eVt —y) dy

0 1 1
ey / < e Vil _ e—\/ﬂlx—yl)w(t,_ )d
2 —h(e) \ 24/ A2 24/ A1 e

e~ Vlayl w(t,y) dy

h(e)
+ (Xahapo — Xl)»l,ul)/
0 2/ A

h(t) 1
+ YoM —vA2lx=yl _ e"‘“lx—y>wt, d
Xzzuz/O (2J_ Win (¢,y)dy

1

= [(xarapa = Xakiper)s + xamta(Ay = Ao). | (@1 + 8)
1

1
3 —[Oerama = xik1p1)- + Xap2 (A — Aa)-](uy — 8) (3.41)
1

and

X2A2V2 — X1A1V1

0
= (x2ha2pt2 — Xl)ul,ul)/ eVl -y)dy
h(

—h(t) 2\/ )\,1

0 1
A —VAalx=yl _ w\llxyl> t,—y)d
+ X2 2M2/ (2\/— 2\/)\—18 w(t,—y)dy

h(e)
+ (X2Aapta — 1)\1M1)/ «/)»_ eV (2, ) dy
1

(O R 1
+ X2A A L — ’\lx_y)w t,y)d
X22M2/(; (2\/)\—2 SWin (t,y)dy

1
A_ [(lezﬂz — XiA 1)+ + Xabo (A1 — )L2)+](21 -9)

1 _
v [(Xahama = xihipr)- + xapa(h — A2)-] (@1 + ). (3.42)
1

It follows from similar arguments used in the proof of inequalities (3.19) and (3.21) that

t—00 b+ xapa — xapt1 A

Y

. 1 1 _
limsupu(t,x) < —————— {ﬂ + —[(x2hatta — x1h1p1)s + Xop2 (A1 — )»2)+]M1}

i) (3.43)
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uniformly on any bounded subset of [0, +o0) and

. 1 1 ~
liminfu(t,x) > ————————{a— —[(x2hamtz — Xx1h1p1)- + Xapa (A — A2)_ ]t
t>o0 b+ xapa — X141 Al

Lu, (3.44)

uniformly on any bounded subset of [0, +00).
By (3.39) and (3.43), we find that

Uy — Uy
_ 1 1 _
=t - —————a+ —[(xarata — xirpn)s + xap1 (A = A2), [y
b+ Xapa — x1H1 Al
1 _ 1
=———————— b+ xom2 — xamr — —[(xehama — xaripr)s
b+ xap — x1p1 A

+ xipa(Ar = )»2)+]) - 61}

uy 1
=—————— T Hy - —[(xehapa — x1r1m1)s + x1pe1(hy = Aa): ]
b+ Xxapa — X111 Al
> 0. (3.45)
Since u; > %,
1 1 _
Uy = —————ja— —[(xehapa — x1rip)- + xapr(ry — A2)-Jia
b+ xapa — x1p1 A1
1

1 a
<—————a+ —[Oerams — xihim)s + X1 (A = A2)i |-
b+ Xapa — x1t1 A b

1 _
- —[OAama = xihipa)- + xapma (A = Aa)- ]

Al
1 1 a
<—————a+ —[(ras — xihim)s + x11 (A1 = 22) | =
b+ xapa = x1p1 A b
1 a
- —[OeAame = x1hipua)- + xipr (A — Aa)- ]
M b
a+% -
_ b(XzMz X1141) _ g. (3.46)
b+ xop2—xim1 b
Using inequality (3.38), we have
1 1 _
Uy = ———————da— — (i — xikip1)- + X1 (h — A2)-]i
b+ xap2 — x1m1 A

1
(b + xoma2 = xip1) (B + xapts — X1t1 — Ho)

1
X {ﬂ(b + Xala — X141 — Ha) - ﬂ)\—[(Xz)»zﬂz = xihipa)- + xipa (A = Kz)]}
1

a
(b + xopa2 — xip1) (b + xakta — X141 — Ho)
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1
X b+ xapa — xip1 —Ha — o [(arapa = xadapen)- + xapa(Ay — Ao)-]
1

a
(bt xoma2 — i) (b + xakta — X141 — Ho)

1
X 1b+ xapa — X141 — )L—[(Xz)\z,u«z — xiA ) + xaia (A — Ag)s
1

1
+ )L—[(Xz)nzﬂz = x1hipa)- + xipa (A = )»2)]) }
1

a
(b + xoma2 — xip1) (B + xakts — X141 — Ho)

1
X {b + X2t — X1H1 — A—[|XM2M2 = X1l l + xapalie - kzl]}
1
>0=u,.
Repeating the procedure of Case I, we obtain

: _a T _Hia
t]_l)IgloM(t,x)— W tl_l)rglovl(t,x)— b i=1,2

uniformly on any bounded subset of [0, +00).

Therefore, it follows from the results of Cases I and II that if

. 1
b+ xapa — X141 > mlﬂ{ — (Ix1p1r1 = xamahal + xapals = Aal),
2

A_(|X1M1M = Xalaha| + Xat2|A1 — )»2|)},
1
then
. a . Hia .
tl_l)I(I)loM(t,x) = tl_l)IIolon(t,x) = A_lZ' i=1,2
uniformly on any bounded subset of [0, +00). d

4 Criteria governing spreading and vanishing
To discuss the criteria for spreading and vanishing as well as later application, we present

a comparison principle which is similar to Lemma 3.5 of [7]. We omit the details here.

Lemma 4.1 (Comparison principle) Let (w(t,x),&(t)) be a solution of the following prob-

lem:

Wy — Wax + X1V1xWs — X2VoxWx = (A — Bw), £t>0,0<x<&(),
w=0, E'(t) = —puwy(t,£(1)), t>0,x=£&(t), (4.1)
wi(t,0) =0, t>0,
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where A and B are positive constants. Assume & (t) € C1([0,00]), w € C(D;) N CY*(D,) with
Dy = {(t,x) e R%,£>0,0 <x < £(t)}, £(0) = & and w(0,x) = wy(x). Moreover, let (W, ) satisfy

Wt - Wxx + lel,xwx - X2V2,xwx 2 W(A - BW), t> 0, O<x< g(t):
w=0, E(t)=-puwtE0), t>0,x=E(),
wx(t: 0) =< 0; t>0.
If
£ <&(0) and wo(x) <Ww(0,x) in0,&],
then
E(t) <&(t) in[0,00), w(t,x) <w(t,x) forte[0,00)andx € (0,&(t)).
Then, we first give a necessary condition for vanishing.

Theorem 4.2 Suppose that (2.4) holds. Let (u,v1,va, h) be any solution of (1.1). If hoo < 00
then hyo < %\/g Hence, hg > %\/g implies hoo = 00 due to W' (t) > 0 for ¢t > 0.

Proof By Theorem 3.3, if /15, < 00 then

tlirglo [, )| cionen =% tlilgo vi(t,x) =0, i=1,2,uniformlyon [0, +c0).  (4.2)
We assume /1o, > %\/g to get a contradiction. Let

a’=a- y1Me<a.
It is clear that a® — a as ¢ — 0. Thus there exists a positive constant gy such that

i T |1
oo>§ et Ve < .

For any ¢ < &y, due to (4.2), there exists a T >> 1 such that

vi(t,x) <e, ult,x) <e, Vt=rt,x2€[0,hl,
M1
h(t) > max{ho, T/ }
2V at

Set [ =h(t). Then [ > %\/azg Therefore, we have

Uy = Uy + X1V1ialhx — X2Voulhs > t]a — x1h18 = (b + Xalta — x1p01)ut)-
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Let w be the positive solution of the following initial boundary value problem with a
fixed boundary:

Wy — Wyy + XlVl,xa)x - X2V2,xa)x
=owla- xitie = (b + xou2 — ap)o), t>71,0<x<l,
w,(,0) =0, o(t,1) =0, t>1,

CU(T,JC) ZM(‘L',.XJ), O<x<l.
By the comparison principle,
o(t,x) <u(t,x) fort>1,0<x<Il.

Since a° > (%)2, it is well known that w(t, x) — 6(x) as £ — oo uniformly on any compact
subset of (0, ), where 0 is the unique positive solution of

—0" =0[a’ — (b + xop2 — xa1)60], O<x<l,
6'(0) = 0, () =0.

Hence, liminf;_, o u(t,x) > lim;_, o w(t,x) = 6(x) > 0 in (0,/). This is a contradiction to
(4.2). Thus, hs < %\/g Due to #'(¢) >0 for t > 0, hg > %\/g implies /1, = 00. O

Now we discuss the case /sy < % %

Theorem 4.3 Suppose b > x1i41 — xolbo + H and hy < %\/g Then there exists a it > 0
depending only on uy(x) such that ho, = +00 when > Jt.

Proof The proof here is inspired by Lemma 3.2 in [40]. By Lemma 2.1, we have 0 < & < R;
and so there exists a constant §* > 0 satisfying

ula—(xapa +b— xap)u — xirivi + xahova| = =8*u.
Now, we consider the auxiliary free boundary problem

Wi — Wax + X1V1xWs — X2VouxWx = =8*w, t>0,0<x<r(t),
Wx(t’ 0) = O’ W(tr r(t)) = 01 t> 0; (4'3)

w(0,x) = up(x), 0 <x <r(0) = hy.

It is easy to see that (4.3) admits a unique solution (w(t,x), r(¢)) which is well defined for
all £ > 0. Moreover, r'(£) > 0 for ¢ > 0. Similar to the proof of Lemma 4.1 in [32], we have

u(t,x) > w(t,x), h(t)>r(t), Vt>0,x¢ [0, r(t)]. (4.4)

In what follows, we are going to prove that for all large p,

r(2) > n\/z (4.5)
a
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To this end, we first choose a smooth function r(¢) with r(0) = %0, r'(t) >0and r(2) = n\/g .
We then consider the following initial-boundary value problem:

W, — W + X1ViaW, — XoVouW, = =8*w, t>0,0<x<r(),

w,(¢,0) =0, w(t, r(t)) =0, t>0, (4.6)

ho

w(0,%) = uy(x), 0<x<%

Here, for a smooth initial value u,, we require

0 < uy(x) <wuo(x) forxe |:0, %:|, wy(0) = m,(%) =0, y@(%) <0. (4.7)

The standard theory for parabolic equations ensures that (4.6) has a unique positive solu-
tion w and w, (¢, r(t)) < O for all ¢ € [0, 2] due to Hopf’s Lemma. According to our choice of
r(t) and w,(x), there is a constant z > 0 such that for all © > 1z,

r'(t) < —uw,(t,r(t)), VO<t<2. (4.8)
Note that r(0) = % < r(0), so it follows from (4.3), (4.6), (4.7) and (4.8) that

w(t,x) > wtx),  r()=r@), Veel0,2],x€[0,r()],

which particularly implies 7(2) > r(2) = n\/g , and so (4.5) holds. Hence, in view of (4.4)
and (4.5), we have

1
Noo = tlim h(t)>h2)>m,/—.
—00 a
Theorem 4.2 now yields the desired result. O

Lemma 4.4 For every | > 0, let A}(I) and V(y) be the first eigenvalue and corresponding
eigenfunction of the problem

=Yy + QY = A, 0<y<l,
I;ny(o) =0, l/f(l) =0

with Q a positive constant and ||\V|| 2o = 1. Then we have the following conclusions:
() ¥(@») >0and W,(y)<0for0<y<l.
(i) Al is a strictly decreasing and continuous function in I, and
QZ
lim A'(0) = +00, lim AY()) = T

1—0* [—>+00

Thus, there exists an unique constant L > 0 such that

2

Q
ML) = a+ xauaRy + i
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and

2 2
)\,l(l)<6l+)(2pL2R1+% forl>L and A1(1)>a+X2M2R1+% forl<L,

where Ry is defined in Lemma 2.1.
(i) The constant L satisfies L < %\/g

Proof First, a general solution of the ODE —,, + Qy, = Ay has the form
VA - Q? VA - Q?
v(y) = exp(%y) |:C1 cos(%y) +Cy sin(TQy>i|

with 41 — Q* > 0. Note that 1,(0) = 0 and (/) = 0, direct calculations yield

C§ + &Y <o, (4.9)

C cos(—vﬁl';_Qzl) +Cy sin(—vll';_Qzl) =0.
From (4.9), it is easy to see that, either C; = C; =0 or C; #0, C; #0.If C; = C; = 0, we have
¥ (y) = 0, which is impossible for the eigenfunction. From (4.9), C; # 0 and C; # 0 imply
that

VA —Q? 45 — Q2
7Ql=arctan<7Q

)+n7r forn=0,1,2,....
2 Q

Thus the first eigenvalue A!(/) satisfies

o L[ 5 4 Var—Q3\\*
A(l) = Z[Q + l—z(arctan(iQ )) :|
1[5, 4(7x\] @ =?
ale(G) -5 10

Hence the corresponding eigenfunction satisfies

\P(Y)zCeXp<§y)|: 4)LIQ_Q2COS( M;_sz)—sin(#_@y)}

where C is a positive constant to guarantee ||W(y)|l;2(z) = 1. Form (4.10), it is easy to

deduce that

41 — Q2 < /4)1 — QZ
Q

0 < —————y<arctan

for 0 I8
5 or0<y<

which implies W(y) > 0 for 0 < y < [. Direct calculation gives

Q 2 2 2

V- Q - Sin(My)

Q 2 2

w0)-Ceno(37)| 5 Vi -Q (V CEEE Sm(@y)
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2 2

1 2
:—Cexp(%;;) |:9 Sin(\/my> N 40 -Q Sln<\/my>i|

2 2 2Q 2

AR COS(V‘W —QZy)]

<0 forO<y<l

Thus (i) is satisfied. With the help of (4.10), the proof of (ii) is similar to that of Theorem 3.1

in [52], and we omit it here. Using (ii) and (4.10) again, we have

QZ 7.[2 QZ

ANL) = Ri+—<—+—,

(L) at fohaRy+ - <+
which implies L < %\/g immediately. Thus (iii) is satisfied. O

Theorem 4.5 Suppose b > 1141 — xolbo + H and hg < L, where L < %\/g is a constant
defined in Lemma 4.4. Then there exists a 1 > 0, depending on uo(x), such that h < 00
when L < .

Proof Inspired by [7], we are going to construct a suitable upper solution to (1.1) and then

apply the comparison principe.

For any given T > 0, in view of (2.29), there exists a positive constant Q such that
IX1V1x — XoVoxl <Q forO<t<T,xeR". (4.11)
Let A!(ho) and W(y) be the eigenvalue and corresponding eigenfunction of the problem

W, + QW = A o)W, 0<y<hy,
W,0)=0,  W(h)=0

with | W]|;2(g) = 1. Due to Lemma 4.4(i), we also obtain
¥(y)>0 and W, (y)<0 for0<y<ho. (4.12)

Using /4y < L and Lemma 4.4(ii), we obtain

2
M (ho) > a + xapaRy + % (4.13)

for t > 0, and define

1)
O'(t):ho<1+8—§€_yt>, tZO,

o

u(t, x) = Pe‘”lll(a(t)

> fort>0and 0 <x <o (),
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in which §, y, P are positive constants that will be determined later. It is easy to see that
u(t,o(t)) =0 and

_ x
u(0,x) = P\I/<
1+

) > |luolloo = to(x)

el
2

provided P > 0 is sufficiently large. Note that

ho(l + %) <o(t)<hy(l1+8) and o'(t)= h%S

ye VL,

Then, direct calculations yield

Uy — Ty + X1V10hx — X2Vaulhe — W[ + XapaR1 — (b + X212 — X1/41)E]

_ yhoo! (t) h(z) X1Vixho
= Pe V| —pw - -
‘ [ T T Y e
Vol _
S0y (at popaR)W |+ (b+ Haptz — xap)i
o(t)
I3 (ho(ho)W — QW) x1vi,4ho X2Vaxho
> Pe |~y + 2 Y a - Dy R)W
= I'e [V + o2(0) o (0) y o () y (a+ xap2Ry)
_ ro(ho) 1\ Yyho
Pt —yw —a— Ry | W - —Q——
= e [ 14 +<(1+8)2 a— XaMala + | X1V1x — X2V2ux Q1+8 o ()

forall0<¢< T and 0 <x <o (t). By (4.11) and (4.13), we choose § > 0 small such that

1
X1Vix — XaVox — Q—— <0 and

1+6
Xo(ho)
(1 +6)2

(4.14)

1
—a— Yap2Ry > E[Ko(ho) —a— yapaRy].
Choosing y = i[ko(ho) —a — xai2R1], in view of (4.14), we have

Uy — Ty + X1V1a0hx — X2Vaulhy = H[@ + XaptaRy — (b + xapta — x1p1)4].
We calculate

1)
o'(t)= h%ye"’t,
h W, (h
itk (t,0(2)) = _Mpe_yt<_0"py(ho)) = MPe‘yt—I A ;))-|.

o(t) 1+3

Hence, if we take

» hody(2+9)

B 4P 1w, ()]

’

then for any 0 < p < My

o'(t) = —uiy(t,0(¢)).
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Therefore, for our choice of §, y, P and u, (u(t,x), o (t)) satisfies

Uy — Upx + X1V1xUx — X2V2xlx

>ula+ xapaRi = (b + xapz2 — xapm1)ul, 0<t<T,0<x<o(t),
u(t,x) =0, O0<t<T,x>0o(t),
u,(t,0) =0, o'(t) > —uuy(t, o (¢)), 0<t<T,
u(0,x) > ug(x), o (0) =ho(1 + %)>h0, 0<x=<0(0).

Thus, we can apply Lemma 4.1 to conclude that 4(¢) < o (t) and u(t,x) <u(t,x) forO<t< T
and 0 < x < k(t). Since T can be arbitrarily large, we deduce that s < lim, 0 (t) =
ho(1 +6) < oo forall u < p. O

5 Conclusion

In summary, we considered an attraction—repulsion chemotaxis system with a free bound-
ary in one space dimension. In model (1.1), the so-called free boundary x = 4(t) character-
izes the change of the expanding front for the mobile species. Our conclusions not only
provide sufficient conditions for species spreading success and spreading failure, but also
the long time behavior of the mobile species, chemo-attraction and chemo-repulsion. Pre-
cisely, we prove a spreading—vanishing dichotomy for this model, that is, either the species
fails to establish and vanishes eventually, or the species successfully spreads to infinity as
t — oo and stabilizes at a constant equilibrium state under some sufficient conditions.
Not only that, we also discuss the criteria for spreading and vanishing. These analytical
findings disclose that the change of invasion region to species can determine whether the
invasion is successful or not.

The free boundary in model (1.1) describes a one-dimensional environment. We realize
that the two- or three-dimensional case better matches reality. However, there will be more
challenges in both mathematical analysis and numerical simulation for models with multi-
dimensional free boundary. A promising extension is to explicitly consider the asymptotic

spreading speed of the invasion species.
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