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1 Introduction

In recent years, many authors began to consider Hilfer fractional differential equations,
see [1-7]. Presently, Hilfer fractional evolution equations have also been widely dealt with
by many scholars. In [2], Gu and Trujillo investigated a class of Hilfer fractional evolution
equations and established the existence results of mild solutions to such issues, and then
Furati et al. [8] considered an initial value problem for a class of Hilfer fractional differential
equations.

Later, the nonlocal problems have had better effects in applications than the initial prob-
lem, many contributions have been made in applications of fractional evolution equations
with nonlocal conditions, see [7, 9, 10] and the references therein. For example, Liang and
Yang [11] investigated the exact controllability of the nonlocal Cauchy problem for the
fractional integro differential evolution equations in Banach spaces E:

Dix(t) + Ax(t) = f(t,x(t), Gx(t)) + Bu(t), te],
x(0) = 3ty cxx(ti),s

where D7 denotes the Caputo fractional derivative of order g € (0,1), —A: D(A) CE — E
is the infinitesimal generator of a Cp-semigroup T'(¢) (¢ > 0) of uniformly bounded linear
operators, B is a linear bounded operator; f is a given function and the operator is given
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by

Gx(t) = /tl((t, s)x(s) ds.
0

Over the past year, some recent papers investigated the existence of mild solutions for
Hilfer fractional evolution equations with nonlocal conditions. In [3], Min Yang et al. stud-
ied the existence and uniqueness of mild solutions to the following Hilfer fractional evo-
lution equations:

Dyl Tu(t) — h(t, u(®))] = Au(t) + f(t, u(t)), te] =(0,b],
17 114(0) - h(0, (0))] — g(w) = uo,

with the associated Cy-semigroup being compact or not, where Dy" denotes the Hilfer
fractional derivative of order p and type v, 0 <v <1, 0 < u < 1. In [5], Ahmed et al.
studied the existence of mild solutions for Hilfer fractional stochastic integro-differential
equations of the form

Dy [u(®) + F(t,v(0)] + Aule) = [ G(s,n(s)) dw(s), te]:=(0,b],

LY 5(0) - g(u) = uo,

where (2, v(t)) = (¢, u(t), u(b1(2))), . .., u(bm(t))) and (¢, 1(¢)) = (£, u(t), u(ar(9)), ..., ulan(t))),
D;f denotes the Hilfer fractional derivative 0 < v <1, 0 < u < 1, —A is the infinitesimal
generator of an analytic semigroup of bounded linear operators S(£), £ > 0 on a separable
Hilbert space.

In [6], Ahmed et al. studied the existence and controllability results for nonlinear delay
Hilfer fractional differential equation with impulsive condition of the form

Dyt u(t) = Au(t) + f(t, u(n (t)), [ h(t,s)g(s, ulys(s)) ds), t€]=(0,bl,t #t,
Aut) = (u(t)), k=1,2,...,m,

Iéi—u)(l—l/«)u(o) = uy,

where Dy"* is the Hilfer fractional derivative, A is the infinitesimal generator of a Co-
semigroup T'(¢) on E.

On the other hand, by employing the method of lower and upper solutions to study the
existence of an extremal mild solution for a class of fractional evolution equation is an
interesting issue, which has been the focus of attention in [9, 10, 12—14]. In [14], Chen
and Li used the monotone iterative method and lower and upper solutions method to
discuss the existence and uniqueness of mild solutions for a class of semilinear evolution
equations with nonlocal conditions in an ordered Banach space E:

u'(6) + Au(®) =f (@, u(®)), t€]=10,b],
u(0) = Y%_, cxulty) + uo,
where A : D(A) C E — E is a closed linear operator and —A generates a Cp-semigroup

Tt)(t>0)onE,feC(J XE,E),J=1[0,b],b>0isaconstant,0<t; <ty <---<tp,peN, ¢
are real numbers, ¢y #0,k=1,2,...,p,up € E.
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In [15], Vikram Singh et al. investigated the existence and uniqueness of mild solutions
for Sobolev type fractional impulsive differential systems with nonlocal conditions

°DP[Bu(t)] = Au(t) + f(t, u(t), fot K(t,s,u(s))ds), te]=1[0,al,t#t,
Autlpey = Li(u(g), j=1,2,...,mmeN,
LD Tu(0)] = uo + g(u(t)),

where °D?, L D7 denote Caputo and Riemann—Liouville fractional order derivatives of or-
der g € (0, 1), respectively, by applying the monotone iterative technique coupled with the
method of lower and upper solutions.

However, as far as we know, there have been few applicable results on the existence
and uniqueness of solutions to the Hilfer fractional evolution equations by applying the
monotone iterative technique and the method of upper and lower solutions. So far we
have not seen relevant papers that study Hilfer fractional evolution equations with nonlo-
cal problems by applying the monotone iterative technique and the method of lower and
upper solutions. Motivated by these facts, in this work, we use the fixed point theorem
combined with monotone iterative technique to discuss the existence of extremal mild
solutions for Hilfer fractional evolution equations with nonlocal conditions

Dyt u(t) + Au(t) = f (¢, u(t), Gu(t)), te(0,b], w1

L1 5(0) = o+ Y ulz), T € (0], '
where Dy" denotes the Hilfer fractional derivative of order u and type v, which will be
given in the next section, 0 <v <1, % < i < 1, the state u(-) takes value in a Banach space
E with norm || - || and —A : D(A) C E — E is the infinitesimal generator of a Cy-semigroup
{T(t)};>0 of uniformly bounded linear operatorsin E.J = [0,b](b > 0),]' = (0,b],f : J' X E x
E — E are given functions satisfying some assumptions, uy € E and 7;(i = 1,2,...,m) are
prefixed points satisfying 0 < 7; < --- < 1,, < b, and }; are real numbers. Here the nonlocal
condition Ié:yu(O) =up + Y - Mu(t;) can be applied in a physical problem with better
effect than the initial condition Ié:yu(O) = uy. The operator G is given by

Gu(t) = /tl((t,s)u(s) ds (1.2)
0

is a Volterra integral operator with integral kernel K € C(V,R*), V = {(t,s): 0 <s <t < b}.
Throughout this paper, we always assume that

t
Ky = sup/ K(t,s)ds.
0

te]

As far as we know, the nonlocal condition can have a better effect than the initial condi-
tion #(0) = u in physics application. In this article, the nonlocal function g(#) can be given
by g(u) = >_"; Au(z;), we only assume that A;(i = 1,2,...,m) satisfy condition (F1) (see in
Sect. 2) without the compactness of nonlocal function. Firstly, we introduce the defini-
tion of mild solutions of problem (1.1), and then we prove the existence of extremal mild
solutions of problem (1.1) by employing Sadovskii’s fixed point theorem. What is more,
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an existence result without using the noncompactness measure condition is obtained in
ordered and weakly sequentially complete Banach spaces, which is very useful in applica-
tion.

Our work is organized as follows: In Sect. 2, we review some essential facts and introduce
some notations. In Sect. 3, we state and prove the existence of mild solutions for Hilfer
fractional differential system (1.1). Finally, in Sect. 4, an example is given to illustrate the

effectiveness of the abstract results.

2 Preliminaries

Throughout this paper, by C(/, E) and C(J', E) we denote the spaces of all continuous func-
tions from J to E and J' to E, respectively. Let E be an ordered Banach space with the norm
|l - || and partial order <, whose positive cone P = {x € E: x > 0} is normal with normal
constant N.

Lety =v+pu—vu, then1-y = (1-v)(1-u), define Ci_, (J,E) = {u € C(J,E) : "V u(t) €
C(J,E)}. Clearly, Cy_, (J, E) is a Banach space with the norm ||u||, = sup, |27 u(t)|. And
Ci-,(J,E) is also an ordered Banach space with the partial order < induced by the posi-
tive cone P’ = {u € Ci_, (J, E)|u(t) > 0,t € J}, which is also normal with the same normal
constant N.

For the convenience of discussion, we recall some definitions and basic results on frac-
tional calculus; for more details, see [2—4, 8, 16].

Definition 2.1 The Riemann-Liouville fractional integral of order « of a function f :
[0,00) — R is defined as

1 t
Lf@t)=—— | (t-5)*"f(s)ds, t>0,a>0,
< (0 F(a)/o( 9 s ds, t>0,a>
provided the right-hand side is point-wise defined on [0, co).

Definition 2.2 The Riemann—Liouville derivative of order « with the lower limit zero for
a function f : [0,00) — R can be written as

LAt S

Dg+f(t):mdtn N s, t>0n-l<a<n.

Definition 2.3 The Caputo fractional derivative of order « for a function f : [0,00) — R
can be written as

n-1

k
Dy f (£) = DG+ |:f(t) - Z%f(k)(O)], t>0,n-1l<a<n,

k=0

where 7 = [«] + 1 and [«] denotes the integer part of a.

Definition 2.4 (Hilfer fractional derivative see [1]) The generalized Riemann—Liouville
fractional derivative of order 0 < v <1 and 0 < < 1 with lower limit a is defined as

d
Df(e) = L = 1001 ()

for functions such that the expression on the right-hand side exists.
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Remark 2.1
(i) Ifv=0,0<u<1,and a =0, the Hilfer fractional derivative corresponds to the
classical Riemann—Liouville fractional derivative

d
Dylf(e) = Elél“f (£) = Do f(®).

(i) Ifv=1,0<p <1,and a =0, the Hilfer fractional derivative corresponds to the
classical Caputo fractional derivative

d
DGLf(0) = 1o, —f(®) =Dy f ().

Remark 2.2 The Hilfer fractional derivative is considered as an interpolator between the
Riemann-Liouville and Caputo derivatives.

Remark 2.3 For 0 < u < 1, the Laplace transformation of Hilfer fractional derivatives is
given by

L[DLF®)] () = M L[fx)] () = 2" E D150 F) 04),

where (I(()lf")(lfM )f)(0+) is the Riemann-Liouville fractional integral of order (1 — v)(1 — )

in the limits as ¢ — 0+, and
/3[f(x)](k) = / e f (x) dx. (2.1)
0

The symbol «(-) is the Kuratowski noncompactness measure defined on a bounded sub-
set 2 of E. For any 2 C C(J,E) and t € /, set £2(¢) = {u(¢) : u € B} C E. If B is bounded in
C(J,E), then £2(¢) is bounded in E, and «(£2(¢)) < a(£2). As is well known, the Kuratowski
measure of noncompactness has the following properties.

Lemma 2.1 ([17]) Let B C C(J,E) be bounded and equicontinuous, then coB C C(J,E) is
also bounded and equicontinuous.

Lemma 2.2 ([18]) Let E be a Banach space, and let D C E be bounded. Then there exists
a countable set Dy C D such that a(D) < 2a(Dy).

Lemma 2.3 ([19]) Let E be a Banach space, and let 2 C C(J,E) be equicontinuous and
bounded, then a(§2(t)) is continuous on J, and o (§2) = max,c; o (£2(2)).

Lemma 2.4 ([20]) Let 2 = {u,}2; C C(,E) be a bounded and countable set, and there
exists a function m € L*(J, R*) such that, for every n € N,

||u,,(t)|| <m(t), aete].

Then a(§2(t)) is Lebesgue integral on J, and

a<{/]un(t)dt:neN}) 52/}a(9(t))dt.
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Based on Lemma 2.12 in paper [2], we give the following the lemma.
Lemma 2.5 Assume that —A is the infinitesimal generator of a Cy-semigroup {T(t)}s>0 of

uniformly bounded linear operators in E. If f € C1_,(J, E) for any u € Ci_, (J, E), a function
u is a solution of the equation

Dyt u(t) + Au(t) =f(t, u(t), Gu(t)), te],

(2.2)
Iy, u(0) = uo,
if and only if u satisfies the following integral equation:
t
u(t) =Sy, (Huy + / K, (t- s)f(s, u(s), Gu(s)) ds,
0

where

Suu®) =LKL (10, K@) =pn / ot" e, (0)T (t"0 ugdo, (2.3)

0

the function &, is the function of Wright type

£.(0) = L Z(—U)”_IF(L‘JFI) sin(nrp), o €(0,00).
T = n!

Lemma 2.6 ([2]) Assume that A generates a Cy-semigroup {T(t)}s>0 of uniformly bounded
linear operators in E and T (t) is continuous in the uniform operator topology for t > 0. That
is, there exists M > 1 such that sup, (g ., | T(t)| < M. Then the operators S,,,,(t) and K, (¢)
have the following properties.
(i) Forany fixed t > 0, {S, ,,(t)}rs0 and {K,,(t)} >0 are linear operators, and for any
uek,

Mt -1

y-1
flull,
r'(y)

"
K] < 72

”SV»M(t)u” = 1"(,u)

[zl

(i) The operators S,,,,(t) and K, (t) are strongly continuous for all t > 0.
(iii) If T(t)(t = 0) is an equicontinuous semigroup, then S, ,,(t) and K, (t) are

equicontinuous in E for t > 0.

In view of [2], from Lemma 2.6, we adopt the following definition of mild solution of
system (2.2).

Definition 2.5 A function u € C,_, (J, E) is said to be a mild solution of (2.2) if u#, € E, the
integral equation

u(t) =Sy, (Ouo + /Otl(u(t - s)f(s, u(s), Gu(s)) ds

is satisfied for all t € J'.



Gou and Li Boundary Value Problems (2019) 2019:187 Page 7 of 25

Next, we present a useful lemma that plays an important role in our main results.

Lemma 2.7 Suppose that A is the infinitesimal generator of a Cy-semigroup {T(t)};>0 of
uniformly bounded linear operators in E for 0 <v <1,0< u < 1, then

Dgf (Sv,;t (t)uo) =A (SU'H (t)Mo)

and

Dyt (/Otl(,t(t —8)f (s, u(s), Gu(s)) ds)

A/t (= $)f (s, u(s), Gu(s)) ds + f (, u(t), Gu(t)). (2.4)

Proof Let A >0, we consider the one-sided stable probability density as follows:

1 Inp+1
w,(o) = - Z(—l)”‘la_“”_l% sin(nrw), o €(0,00),
n=1 :

whose Laplace transform is given by

f e w,(0)do =e™, we(01). (2.5)
0

Then, using (2.5), we have

oo o0
(A1 - A)_lu = / e M ST ()ugds = / ptt e 30" T(t")udt
0 0

:/ / e‘(“")ut“‘lwu(U)W(t")udadt

_M/ / —wﬂ(o)T(9M>ud0d0
—AT OO T '
/0 e [u/ﬂ g ZZTM(O‘)T< )uda]dt
oo [ed] tu—l tH
:/O e—u[M/O qu(g)T(g—ﬂ)udd] dt
:/we‘“[u /wat“‘léﬂ(o)T(t“o)udo] dt
0 0

B} / MK (Dudt, (2.6)
0

where £, is a probability density function defined on (0, 00) such that
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Since the Laplace inverse transform of A"~V is

tv(l—u)—l

E—I(AV(H—U) _ [m’

5(¢), v =0,

O<v<l,

where §(¢) is the delta function.
From (2.6), (2.7), and the Laplace transform, it is obvious to see that

L(Suu®)uo) = L™ K, (D)uo)

_ g(—tvu_“)_l " Ku(t)uo>

I(v(1-p))
= L(L7 (WD) % K, ()uo)
= WD (R = A) g,
where * denotes the convolution of functions. By Remark 2.2, we obtain
LG [Sun@uo]) = 2 L (S0, Euo) = 2" Vg

= WD (AT = A) g — 27 Vg
= RV~ A) A = (= A) Juo
= AMED (- A) AR - A+ Auo
= 2D (G — A) 7 Aug
= ANVED (I - A)

Combining (2.8) and (2.9) yields

Dgf [Sv# (t)uo] =A [SVYH (t)bto].

Similarly, we have

E(/(;tl(ﬂ(t—s)]’(s, u(s),Gu(s)) ds) = ( t)) - C(f(t u(t), Gu( t)))

and

E(Dvu[/ K, (¢t - )f(s,u(s),Gu(s))ds:D

=AML (/ K, (t- s)f(s, u(s), Gu(s)) > =1
= ALK, (1) - L(f (£ u(t), Gu(t)))

= A=A L(F (8 u), Gu(®)))

= (M I-A+A)(AFT-A) - L(F (2 u(0), Gu)))

=A()J‘I—A) L(f (& u(t), Gu(0))) + L(f (£ u(?), Gu(t))).

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Page 8 of 25
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Thus, it follows from (2.10) and (2.11) that

Dyt |:/t1<ﬂ(t = 8)f (s, u(s), Gu(s)) dsi|
0
=A /tl(ﬂ(t = 8)f (s, u(s), Gul(s)) ds + f (¢, u(t), Gu(?)), (2.12)
0

which completes the proof of Lemma 2.7. O

For the convenience of discussion, we assume the following:

(HO) Assume that A generates a Cy-semigroup {7'(£)};>0 of uniformly bounded linear
operators in E and T'(¢) is continuous in the uniform operator topology for ¢ > 0.
That is, there exists M > 1 such that sup,c(o ,o0) I T(€)[| < M.

(H1) A;>0(i=1,2,...,m) and 37", A; < s

In view of [14] and [11], we present the following lemma.

Lemma 2.8 Assume that (HO) and (H1) hold. For any u € Cy_,(J) such that f(-,u, Gu) €
Ci-, (), problem (1.1) has a unique mild solution u € C,_, (J) given by

u(t) = SV,,L(t)@uo + ZAiSV,M(t)gfri K, (ti - S)f(s,u(s), Gu(s)) ds
0

i=1
t
+ / K, (t = s)f (s, u(s), Gu(s)) ds, (2.13)
0
where © = [1 - " 1S, (1)L

Proof By assumption (HO), we have

m

" Mbpr-1
< ;m )80, 0] < ;'A"'Tm <l

Z )“l'SV,[L (t)
i=1

By operator spectrum theorem, the operator @ := (I — > AiSuu(Ti))) 7! exists and is

bounded. Furthermore, by Neumann’s expression, we obtain

n

1 1

= T < = .
1- ” Zi:l )\'iSV,M(Ti)|| 1- A/Ilf)(};) Zznil )\i

[o¢]
I
i=0

Z )\iSv,;t(Ti)
i=1

According to Definition 2.5, a solution of system (2.2) can be expressed by
t
u(t) = SV,M(t)Ié:V u(0) + / K, (t- s)f(s, u(s), Gu(s)) ds. (2.14)
0
Next, we substitute ¢ = 7; into (2.13), and by applying A; to both sides of (2.13), we have

Au(t;) = )»iS\,,M(ri)Ié;Vu(O) + A /Ti K, (ti - s)f(s,u(s), Gu(s)) ds. (2.15)
0
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Thus, we have

= Uy + ZMM(T:')
i=1
=uy+ ZA S, M(r,)]é)f” 0) + ZA / K, (ti - s)f(s, u(s), Gu(s)) ds
0

_u0+ZASUM Wiy fo (T = 8)f (s, u(s), Gu(s)) ds.

i=1

Since I - Zl’zl AiSy,.(7;) has a bounded inverse operator O, it implies
Iy u(0)
m -1 m T
= |:I - Z)“S"'“(Tf)} (uo + Z)\i/ K, (7 - s)f(s, u(s), Gu(s)) ds)
i=1 i=1 0

=Oug + ZA / ()I( )f(s, u(s), Gu(s)) ds. (2.16)

Submitting (2.1) to (2.14), we obtain that (2.13). It implies that « is also a solution of the
integral of Eq. (2.13) when u is a solution of system (2.12).

The necessity has been proved. Next, we will prove its sufficiency. Applying Ié:y to both
sides of (2.12), and by Lemma 2.7, we have

Ju(t) = I(L" ( o ()Oug + ZA Suu(t)O / K, (7 - s)f(s,u(s), Gu(s)) ds

i=1

+ /t K, (t- S)f(s, u(s), Gu(s)) ds).
0

Therefore, we have

. 1-
}1_r)r(1)10+ "u(t)

. 1- — . 1- t
= }1_13(1)10+VSV,M(t)@uo + ZI: A }g%loerSv,u(t)@ /(; K, (ti - s)f(s, u(s), Gu(s)) ds

1— . — 1— . -
:IO+V(}£%SV,#(t)(@uO)+IO+V}£1(1)SV,M(L‘)ZA,-@/O K, (t; = s)f (s, u(s), Gu(s)) ds

i=1

_ ]é:)’(%ty—l)_'_ [ (Zl V1O [y Kt = s)f (su (s),Gu(s))dsty_1>
I'(y) I'(y)

=Oug + Z kigfti K, (ti = s)f (s, u(s), Gu(s)) dis. (2.17)
0

i=1

Page 10 of 25
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Substituting ¢ = ; into (2.12), we have

u(t;) = Sv,u(fi)guo + Z)\iSv,M(ri)g‘/ri K (t - s)f(s, u(s), Gu(s)) ds

i=1 0
+ ‘/.ti K, (i - s)f(s, u(s), Gu(s)) ds.
0

Then we obtain

m
Uy + Z)»iu(fi)
i1

m m m 2
=uy + Z XSy, (1)Oug + Z Ai Z AiSV,,L(ri)@/ Ky (t - s)f(s, u(s), Gu(s)) ds
i=1 0

i=1 i=1

Y N / ! K, (ti - 8)f (s, u(s), Gu(s)) ds
i=1 0
= (1 + ZMS\,,M(Q)E) (uo + Z)‘i /Ii K, (7 - s)f(s, u(s), Gu(s)) ds)
i=1 i=1 0
= (@—1 + Z)\isv,u(fi)) (@uo + Z)\;@/Zi K, (ti — S)f(s,u(s), Gu(s)) a’s)
0

i=1 i=1

=Oup + Z )Li@/Ti K, (t; = 8)f (s, u(s), Gul(s)) ds. (2.18)

i=1 0

It follows from (2.16) and (2.17) that Ié:y u(0) =uo + Yoy Aiu(Ts).
Next, by using Dy”* to both sides of (2.12) and Lemma 2.9, we have

Dyt u(t) = Dy [Sw(t)guo £ MiS, ()0 / ’ K, (t; = s)f (s, uls), Gul(s)) ds
0

-1
+ /[K,L(t - s)f(s, u(s), Gu(s)) ds:|
0
=Dyt |:Sv,u(t)§u0 £y 2iSuu(t)® f k K, (v = s)f (s, uls), Gu(s)) ds:|
i=1 0
+ Dyt |:/t K, (t = s)f (s, u(s), Gu(s)) ds]
0
= |:@uo + Z 10 /ti K, (t; = s)f (s, u(s), Gu(s)) dsi|D;f [Suu(®)]
i=1 0
+ Dy |:/t K, (t = 9)f (s, u(s), Gu(s))]
0
= |:§u0 + Z Aigfri K, (ti = $)f (s, u(s), Guls)) dsi|AS,,'ﬂ(t)
0

i=1

+A /tK,L(t - s)f(s, u(s), Gu(s)) ds +f(t, u(t), Gu(t))
0
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=A (sw (O)Oug + Y 1iS,, ()0 f ! K, (t; = s)f (s, u(s), Gul(s)) ds

o 0
+ fo tK#(t — $)f (s, u(s), Guls)) ds) +f (8, u(z), Gu(r))
= Au(t) + £ (&, u(®), Gu(®)).
Hence,
Dyt u(t) = Au(t) + f (s, u(), Gu(r)).
This proof is completed. O

From Lemma 2.8, we adopt the following definition of a mild solution of problem (1.1).

Definition 2.6 A function u € C,_, (J, E) is said to be a mild solution of problem (1.1) if it
satisfies the operator equation

u(t) = SV,,L(t)@uo + ZAiSV,M(t)§/Zi K, (ti - s)f(s,u(s), Gu(s)) ds
i=1 0

+ /tl(#(t —8)f (s, uls), Gul(s)) ds, te], (2.19)
0

where the operators S, ,(¢) and K, (¢) are given by (2.3).

Definition 2.7 A Cy-semigroup {T'(¢)};>0 in E is said to be positive if the order inequality
T(t)x > 6 holds for eachx >0, x € E, and ¢t > 0.

Remark 2.4 Forany C > 0, —(A + CI) also generates a Cy-semigroup S(t) = e"“* T(£)(t > 0)
on E. And S(¢)(¢ > 0) is a positive Cy-semigroup if T'(¢)(t > 0) is a positive Cy-semigroup.
For details, see [18, 21].

For u € E, we define two families {S; , (¢)};> and {K;(¢)}:>0 of operators by
[o¢]
Sy, () = Igil_”)l(;(t)u, K (t)u = M/o ot '€, (0)S(t o )udo,

where £, (o) is given by (2.3).

Since T'(¢)(t > 0) is positive, by Remark 2.4, it is easy to know that S(¢)(¢ > 0) is also
positive. And by the definition of £, (o), the operators S} |, (¢) and K (¢) are also positive
forall £ > 0.

To prove our main result, for any C > 0, we consider the following system:

Dyt u(t) + (A + CDu(t) = f(t, u(t), Gu(t)) + Cu(t), te(0,b],

(2.20)
IS0 500) = wg + 37 hw(zy), 1 €(0,b).

First, we assume the following:
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(FO) Forany C > 0, —(A + CI) also generates a Co-semigroup S(t) = e"“* T(t)(t > 0) on E
and S(¢) is continuous in the uniform operator topology for ¢ > 0. That is, there
exists M* > 1 such that sup,c(g o) [S(£)| < M*.

(F1) 2;>0(i=1,2,...,m) and Y7 &; < sor.

By assumption (F 1), we have

_ “

)u[ <1.
T(y)

i=1

By operator spectrum theorem, the operator 7 — )", A;S% (7)) has a bounded inverse
operator

= (1 -3 )»,Sl’j,u(ri)> )t
i=1

Furthermore, by Neumann’s expression, © can be expressed by

00 m n
O = Z (Z )LiSfj,M(ri)) .
i=0 \i=1

By the positivity of Co-semigroup S(£)(¢ > 0), it is easy to know that S} () is positive, we
have

oo m n
@u:Z(ZA;S:,M(‘L})) u>u>60, Yu>0.
i=0 \ i=1

So, O is a positive operator, and
n
1 - 1
L= || 307 AaSh ()l — 1 — vt o

I'(y) i=1

ZA Sy ()

||@||<Z
i=0

In view of Lemma 2.8, we present the following lemma.

Lemma 2.9 Assume that (FO) and (F1) hold. For any u € Ci_,(J) such that f(-,u, Gu) €
Ci-, (), problem (2.20) has a unique mild solution u € C,_, (J) given by

u(t) = Sl’j’ O)Oug + ZA iS5, t)@/ K* —s)[f(s,u(s Gu(s)) + Cu(s )] ds

i=1
+ ftl(l’j(t—s)[f(s,u(s), Gu(s)) + Culs)] ds, (2.21)
0
where © = [[- Y L ASy (t)]™?

From Lemma 2.9 and Definition 2.7, we state the following definition of a mild solution
of problem (2.20).

Page 13 of 25
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Definition 2.8 A function u € C;_, (J, E) is said to be a mild solution of problem (2.20) if,
for any u € Ci_, (J, E), the integral equation

u(t) = S:,M(t)guo + Z)\iSl’j,ﬂ(t)E/n K (v - s)[f(s,u(s), Gu(s)) + Cu(s)] ds
i=1 0

+ /tl(z(t - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

is satisfied.

In the following, we will state some lemmas whose proofs are similar to those of the

paper [2]. Here, we omit it.

Lemma 2.10 Under assumption (F0), the operators S (t) and K} (¢) have the following
properties:
(i) Forany fixedt >0, {K}(t)}»0 and {S}; ,(¢)}1-0 are linear operators, and for any u € E,

y M*tu—l . M*ty—l
”I<M(t)” = r'(p)’ ”Svu(t)H = Ty)

(i) The operators {K;(t)}ts0 and (S}, ,(£)}es0 are strongly continuous for t > 0.
(iti) IfS(2)(t = 0) is an equicontinuous semigroup, then S:"M(t) and K;‘;(t) are

equicontinuous in E for t > 0.

To end this section, we state a fixed point theorem, which plays a major role in the proof

of our main results.

Lemma 2.11 (Sadovskii’s fixed point theorem) Let D be a convex, closed, and bounded
subset of a Banach space E and Q : D — D be a condensing map. Then Q has one fixed
point in D.

Lemma 2.12 ([22]) Let a > 0, u > 0, c(t), and u(t) be the nonnegative locally integrable

Sfunctions on 0 <t < T < +00 such that

u(t) <c(t) +a ft(t — )" Lu(s)ds,
0
then

u(t) <c(t) + /Ot |:Z %(t —s)”"_lc(s)j| ds, 0<t<T.
n=1

3 Main results
In this section, we discuss the existence of extremal mild solutions for problem (1.1).

Definition 3.1 An abstract function u € C,_, (J, E) is called a solution of problem (1.1) if
u(t) satisfies all the equalities of (1.1).
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Definition 3.2 If the function vy € C;_, (/, E) satisfies

Dyt vo(t) + Avo(e) < f(t,v0(2), Gvo(2)), €],

1- (3.1)
I, " vo(0) < uo + Y10y Aivo(Ty),

then vy is said to be a lower solution of problem (1.1). If all the inequalities in (3.1) are

reversed, then vy is called an upper solution of problem (1.1).

Theorem 3.1 Assume that E is an ordered Banach space, its positive cone P is normal,
and —A generates a positive Cy-semigroup {T (t)};>o on E, f € C(J X E x E,E), and u, € E.
If problem (1.1) has a lower solution vy € Ci_, (J, E) and an upper solution wy € Cy_,,(J,E)
with vy < wy. Suppose also that conditions (FO), (F1) and the following conditions are sat-
isfied:

(F2) There exists a constant C > 0 satisfying

St uz,va) — f(t,u1,v1) = —Clup — 1)

JorY e ], and vo(t) < u1 < uy < wo(t), Gro(t) < vi < vy < Gwo(l).

(E3) There exists a constant L > 0 satisfying

a({f& unvi)}) < L(a({un}) + a({va}))

forVt € ], and increasing or decreasing monotonic sequences {u,} C [vo(£), wo(£)]
and {v,} C [Gvy(2), Gwo(t)].
(F4) Letv,=Qvu_1, wy=Qw,_1,n=1,2,..., such that the sequences v,(0) and w,(0)
are convergent.
Then problem (1.1) has minimal and maximal mild solutions u and u between vy and wy,
which can be obtained by using the monotone iterative procedure starting from vy and wq
respectively.

Proof Since C > 0, problem (1.1) can be written as system (2.20). By (2.21), we can define
operator Q: [vo, wo] = Ci_, (J, E) as follows:

(Qu)(t) =Sy, ()Oug + Z 7S, (56 /0 iKZ(ti - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
i=1

+ /Otl(;(t - s)[f(s,u(s), Gu(s)) + Cu(s)] ds, te]. (3.2)

Since f is continuous, it is easily seen that the map Q : [vo, wo] — Ci_, (/, E) is continuous.
And by Lemma 2.9, the mild solutions of problem (1.1) are equivalent to the fixed points
of the operator Q. We will divide the proof in the following steps.

Step 1. We show that Q: [vo, wo] = Ci_, (J, E) is an increasing monotone operator.

In fact, for Vi € J', vo(t) < u < v < wy, by assumptions (F2) and (F3), we have

f(s, vo(s), Gvo(s)) + Cvp(s) ff(s, wo(s), Gwo(s)) + Cwy(s).
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So
fo tKl’j(t —5)[f (s, u(s), Gu(s)) + Culs)] ds
< fo K= ) [F(s,1(5) Gule) + (o)) .
Thus, from (3.2) we have Qu < Qv.
Step 2. We show that vy < Qvp and Qwy < wy. Let h(£) = Dy vo(t) + Avo(£) + Cro(2),

he C_,(J,E), and h(t) < f(t,vo(t), Gvo(t)) + Cvo(¢), t € J'. By Definitions 2.7 and 3.2, we
have

t
vo(t) = S, (H)vo(0) + f K (¢~ s)h(s)ds
0
m T
<S8, (0Oug + Zki‘s]’f,u(t)@ /(; K (ti— s)[f(s, vo(s), Gvo(s)) + Cvo(s)] ds
i=1
t
+ /0 K (£ = 9)[f (s, vo(s), Gvo(s)) + Cvo(s)] ds
= QVO(t)’ t E],.
It implies that vy < Qvy. Similarly, it can prove that Qwy < wy. Thus, Q : [v, wo] — [vo, Wo]
is a continuous increasing monotone operator.
Now, we define two sequences {v,} and {w,} in [vo, wo] by the iterative scheme
Vn = Qvn—l; Wp = an—l) n=12,.... (33)
Then, from the monotonicity of Q, we have
VoSV SV < <V, <  Sw, <o <wy Swyp < wp. (34)
Step 3. We prove that {v,,} and {w,} are convergent in J'.
Let B={v,:neN}and By = {v,,_1 : n € N}. Then B = Q(By). From By = BU {1} it follows

that a(By(t)) = a(B(t)) for t € J'. Let (t) := a(B(t)), t € J', we will show that ¢(£) =0in /.
For ¢t € J/, by (1.2) and Lemma 2.4, we get

a(G(Bo)(t)) = a({/OtK(t,s)v,,_l(s) ds:ne N})
< ZI(O/toc(Bo(s)) ds
0
=) (o) ds,
0

therefore

t

/ta(G(Bo)(s)) ds < 2191(0/ (s) ds.
0 0
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For t € J', from (3.2), using Lemma 2.2, assumptions (F3) and (F4), we have

o(t) = a(B(t)) = 2(QB)(®))

= ({S:M(t)@uo

+ Z)L,«S’:,M(t)@ /(; iKZ(ri = 9)[f (5 vi-1(5), Gvp1(5)) + Cvpr(s) ] dis
i-1

+ /0 K(t- s)[f(s, Vu1(8), Gvn_l(s)) +Cv,q (s)] ds})

M*by—l
<
I'(y)

X o (:@uo + Z el /ri KZ(Q - s)[f(s, Vu1(8), Gv,,_l(s)) + Cvn_l(s)] ds})
0

i=1

* -1 t
" MI/{W/O a({f (5, vu-1(5), GV (5)) + Cvia(5)}) ds
*py-1 *H(L bLKo + C ‘
3 1\/;(7/) () + oM (F:/f) Ko+ C) /0 o (Bo(s)) ds

2M*b* (L + 2bLK t
< b* (L +2b (0+C)/ o(s) ds.
I'(w) 0

Hence, by Lemma 2.12, ¢(¢) =0inJ. So, for any ¢ € ], {v,,(¢)} is precompact and {v,(¢)} has
a convergent subsequence. And by the monotonicity of (3.3), we prove that {v,(¢)} itself is

convergent, i.e., lim,_, oo v, (£) = u(?), t € J. Similarly, lim,,_, oo w,(£) = u(t), t €J.
Evidently, {v,(t)} € Ci-, (J, E), so u(t) is bounded integrable on /. For any ¢ € J,

Vn(t) = Q(Vn—l)

= S:"M(t)@uo + Z kiS:"M(t)@ /0 I(Z(ri - S)U(S, Vu1(8), Gv,,_l(s)) + Cv,,_l(s)] ds
i=1

t
+ /(; K (£ = 9)[f (5 V-1 (5), Gviur (5)) + Cvea (s) ] dis. (3.5)
If n — o0 in (3.5), by the Lebesgue dominated convergence theorem, we obtain
u(t) = Q(u(?))

=8, (6)Oug + Z)LiS:‘M(t)@ /Ti K (7 - s)[f(s,g(s), Gg(s)) + Cg(s)] ds
i=1 0

+ /Otl(l’j(t - s)[f(s, u(s), Gg(s)) + Cg(s)] ds.

Thus, we have u(t) € Ci_, (J,E) and u = Qu. In a similar way, we can prove that there ex-
ists u(t) € C1_, (J, E) such that # = Qu. Combining this with the monotonicity of (3.4), we
see that vy < u < u < wy, which implies that u and z are the minimal and maximal mild

solutions of problem (1.1) in [vg, wy]. O
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Remark 3.1 If we replace positive cone P is normal by positive cone P is regular, then the
conclusion in Theorem 3.1 is also valid. For more details, see [14].

As a supplement to Theorem 3.1, we further discuss the existence of mild solutions for
problem (1.1) in a weakly sequentially complete Banach space, we only need to verify that
conditions (F1) and (F2) are satisfied.

Corollary 3.1 Assume that E is an ordered and weakly sequentially complete Banach
space, its positive cone P is normal, and —A generates a positive Cy-semigroup {T(£)}i>0
onE, f e C(J x EXxE,E), and uy € E. If problem (1.1) has a lower solution vy € C,_, (J,E)
and an upper solution wy € Ci_,(J,E) with vy < wy. Suppose also that conditions (FO)—
(F4) are satisfied. Then problem (1.1) has minimal and maximal mild solutions u and u
between vy and wy, which can be obtained by a monotone iterative procedure starting from
vo and wy, respectively.

Proof In view of Theorem 3.1, if E is weakly sequentially complete, then conditions (F3)
and (F4) hold automatically. And by Theorem 2.2 in [23], any monotonic and order
bounded sequence is precompact. By the monotonicity of (3.4), it is easy to see that v,(¢)
and w,(t) are convergent on J. Thus, v,(0) and w,(0) are convergent, i.e., condition (F4)
holds. For ¢ € ], let {u,} C [vo(2), wo(¢)] and {v,} C [Gvy, Gwy(t)] be two increasing or
decreasing sequences. By (F2), {f(¢, u,,v,) + Cx,} is an ordered monotonic and ordered
bounded sequence in E. Then a({f (¢, #,, v,) + Cx,}) = 0, (F3) holds, and by Theorem 3.1
our conclusion is valid. a

Theorem 3.2 Assume that E is an ordered Banach space, its positive cone P is normal,
and —A generates a positive and equicontinuous Cy-semigroup {T(t)}=0 on E, f € C(J x
E x E,E), and uy € E. If problem (1.1) has a lower solution vy € Ci_,(J,E) and an upper
solution wy € Ci_, (J, E) with vy < wy. Suppose also that conditions (FO)—(F3) are satisfied
and

(E5) There exists a nonnegative constant Ly with

2M*b*(L; + 2bL1 Ky + C) [(by—1 ~Ty))M* Y7 h+ F(y)] -1
() Fy)A-M=3"7"0A)

such that
a({f @ umva)}) < Li(a({un}) + o ({va}))
forNt €], and an equicontinuous countable set {u,} C [vo(£), wo(t)],
{vu} C [Gwo(2), Gwo(8)].
Then problem (1.1) has a minimal mild solution u and maximal mild solution u in [vy, wo],
and
v (£) = u(t), wu(t) = u(t), (n— +o0),te],

where v, (t) = Qv,_1(t), w,(t) = Qw,_1(t), which satisfy

vo() =vi(t) -+ vu(t) - u(t) u(t) < --- < wy(t) <---wit) =wo(t), VEe].
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Proof From the proof of Theorem 3.1, we know that Q : [vo, wo] — [vo, wo] is continu-
ous. First, we will prove that Q : [vg, wg] — C(J,E) is an equicontinuous operator. Since
T(t)(¢ > 0) is an equicontinuous Cyp-semigroup, and S(¢)(¢ > 0) is also an equicontinuous
Co-semigroup, by the normality of the cone P, there exists M > 0 such that

Hf(t, u(t), Gu(t)) + Cu(t) || <M, ue[vy,wol
Forany u € C_,(J,E), let y(¢) = 7 u(t), for t; =0, 0 < £ < b, we get
ly(t2) - (0)
m 2
<678, )| (Ou) + Y 10|t,7S; (1) / K (1)
i=1 0
X [f(s,u(s), Gu(s)) + Cu(s)] ds

1-y
+1,

/tz 1(;(1’2 - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

m 7
<678, (0| (Gu) + MY " 1,0|t,7S; (1) / K (t;—s)ds
0

i=1

J— 7}
+MH / t, Kty —s)ds
0

— 0, ast,—>1t; =0.
For 0 < t; < £, < b, by (3.2), we get that

”J’(tz) —J’(fl)“
< |67 (Qu®) -7 (Qu®)|

<67 () -1 SE, @) (Ou) + |67 SE () - 177 (1))

v,

X Z)Li@ /Ti K (7 - S)[f(s,u(s), Gu(s)) + Cu(s)] ds
i=1 0

+ /tz t;_yK;(tg = 9)[f (s, u(s), Gu(s)) + Cu(s)] ds
0

- /tl ti_yl(;‘;(tl = 8)[f (s, uls), Gu(s)) + Cu(s)] ds
0

< (|78, k) - 677S:,0))|

v,

|67, 0) - 67 S0, @)])©uo) + | 157S;, (82) - 17 S (1)

X Z)Li@ ‘/Ori K (7 - s)[f(s,u(s), Gu(s)) + Cu(s)] ds
i=1

+

/ttz t;_yK;(tz = 8)[f (s, u(s), Gu(s)) + Cu(s)] ds

+

/tl t;_yK:(tz —9)[f (s, u(s), Gu(s)) + Culs)] ds
0
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- /tl t;_yl(;(tz - s)[f(s,u(s), Gu(s)) + Cu(s)] ds
0

+

/Otl K (b2 - 5)[f (s, uls), Gu(s)) + Cus)] ds

- /tl ti_yl(;(tl —9)[f (s, u(s), Gu(s)) + Culs)] ds
0

=h+h+l+Ja+]s+)6
where

1= (|78 0) - 677 Sk (1)) (Ouo),

2= (|67S; () - 477 SE ()] (Ouo),

Js= 6785 () — 177 S5 tl)”ZA 0 f K (ti = 8)[f (s, u(s), Gu(s)) + Cu(s)] s,

/tz t;VK;(tz —8)[f (s, u(s), Gu(s)) + Cu(s)] ds

t1

Ja=

’

J5 = H/.tl té_yl(:(tz - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

’

- /tl tfyl(;(tz - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

Js = H‘/‘t1 ti_yK;(tz - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

- /tl ti_yK;(tl = 9)[f (s, u(s), Gu(s)) + Cu(s)] ds
0

Here we calculate

6
|67 (Qu)(t) - 677 (Qu) ) | = D Il

i=1

Therefore, it is not difficult to see that ||/;|| tends to 0, when t, —t; - 0,i=1,2,...,6.
For /1, by Lemma 2.10, we get

1= (1678;,0) - 677S;,(0)]) (Ou)

= Ht; (S5, (t2) = S u(tr)) [(Gug) >0, ast,—t.
For /,, by Lemma 2.10, we get

o= (|67 Sk, (0) — 17 S5, (0) ) (Ouo)

Vi

M*br~ =

<o) ||t ~t,7" | 1Owul|

M*by—l

= |t =t)"7 [1Ouoll - 0, ast, — 1.

I'(y)

Page 20 of 25
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For J3, by Lemma 2.10, we have

J3= Zki@ ||t%_ySfj,M(t1) - ti_yS‘f'M(tl) I / iK;(r,» = 9)[f (s, uls), Gu(s)) + Cu(s)] ds
i=1 0

MZZI |)‘i|

1-y ox 1-y ox K %
——=\t 'S (t1)-t; 'S, (t K*(t;—s)d.
= 1_M* Zlle Al ” 2 v,#( 1) -t v,u( 1)”/0 M(Tz s)ds

— 0, ast,—t.

For /4, by Lemma 2.10, we have

Ja=

ftZ té_yKZ(tz = 8)[f (s, u(s), Gu(s)) + Cu(s)] ds

— )
st t;_yl(;(tz—S)dS

5]

— 0, ast,—t.

For /5, by Lemma 2.10, we have

J5 = ”/t1 té_yl(;(tz = 8)[f (s, u(s), Gu(s)) + Cu(s)] ds
0

- / ti_VKZ(fz = 9)[f (s, uls), Gu(s)) + Cu(s)] ds

0
2M* t1

Foo o 187 =9 =07 0 =9 [ (s ls), Guls) + Cu)] s

=<

Noting that
/:1 [t;y(tz s o (8 - )M [f (s, uls), Gu(s)) + Culs)] ds
< /Otl 67 (ty - s) [f (s, (s), Gu(s)) + Culs)] ds
and
/:l [t;_y(tz ) T (- s [f (s, uls), Gu(s)) + Culs)] ds
exists, and by the Lebesgue dominated convergence theorem, we have
/0 ! [67 (=" =117 (8 — )] [F (s, uls), Guls)) + Culs)] ds
— 0, ast,— 1.

It is easy to see that limy, ,, /5 = 0.
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For Js, by Lemma 2.10, we have
t
Jo = H/ ti_yl(:(tz - s)[f(s, u(s), Gu(s)) + Cu(s)] ds
0

- /tl t}_yl(;(tl - s)f(s, u(s)) ds
0

< ”K;(tz -5) = K(t1 —5) I /Otl 0 [f (s, u(s), Gu(s)) + Culs)] ds
— 0, ast,— 1.
In conclusion,
ly(e2) -y < |67 (Qu)(&) - 177 (Qu)@) | — 0,
as ty, —> £, i.e.,
[(Qu)®) - (Qu)@)|, =0, astr— 1,
which means that Q : [vg, wg] — [vg, wo] is equicontinuous.

So, for any D C [vg, wo], Q(D) C [vo, wo] is bounded and equicontinuous. Therefore, by
Lemma 2.2, there exists a countable set Dy = {u,,} C D such that

a(Q(D)) < 2a(Q(Dy)). (3.6)
For ¢ € ], by the definition of the operator Q, we have
«(Q(Do(1))

—a ({S’j,ﬂ(t)@uo + Z 1:S; (D6 /(; iKZ(ri = 9)[f (5 vi-1(5), GV (9))
i-1

+ Cvp_1 ()] ds + /tK;j(t = 9)[f (5, vu-1(5), Gvi1(5)) + Cvppr ()] ds})
0

2(M*)2 2:21 )»ibﬂ+y_2(L1 +2bL Ky +C) [T
Dy(s)) d.
: ry)r(w)(1-m=3"7") /0 o (Do(s)) ds

2M*b*1(Ly + 2bL1 Ky + C) [

) \ a(Do(s)) ds
2M*)2 S Mibh N (Ly + 2bL1Ko + C) 2M*bH(Ly + 2bL1 Ky + C)
= M)A = 37, 2) (D) + 70 «(D)

_ 2MB(Ly + 2bLiKo + C) [ bYIME Y A

- I'(w) Cy)1-37 %)

_ 2MB(Ly + 2bLiKo + C) [(bVl S T()ME Y i+ F(y):| o)
I'(p) C(y)A =M 3770 0)

+ 1]a(D)

Since Q(Dy) is bounded and equicontinuous, we know from Lemma 2.3 that

«(QDy) = maxa(QUDo)(®).
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And by (3.6), we have

o(QD)) < na(D),

where

2M*b*(Ly + 2bL1 Ky + C) [(by‘1 —C(y))M* 30 hi+ F(J/)] 1
n= <

() I(y)X-M 377 )

Thus, Q : [vo, wo] — [vo, wo] is a condensing operator. By Lemma 2.11, our conclusion is
valid. a

4 Applications

In this section, we present an example that illustrates the applicability of our main results.

Example 4.1 We consider the following fractional partial differential equation:

Dyl ult,x) = 3 4 <om Ga D5 ult, x) + f (&, %, u(t, x), Gu(t,x)), (t,x) €] x £2,

(1-v)(1-p2) m (4.1)
I, u(0,%) = ug + Y o0y AT, %),

where Dy is the Hilfer fractional derivative, 0 <v <1,0<pu<1,£€] =[0,b], A; #0,
i=1,2,...,m, integer N > 1, 2 C R is a bounded domain with a sufficiently smooth
boundary 952, f : ] x E x E — E is continuous and

a\"/ 9 \*? a \“
Dr=(-— ) (2,
0x1 0%y 0%y
o = (a1,0,...,q,) is an n-dimensional multi-index, |«| = a1 + oy + - - - + «,, coefficient
function a, (x) € C¥"(£2).

Let E = L#(£2) with 1 < p < 00, P = {u € [P(2)} : u(x) > 0, q.e. x € £2}, and define the
operator A : D(A) C E — E as follows:

DA) =W N W(2),  Au= Y a.Diu.

|| <2m

Then E is a Banach space, P is a normal cone of E, and —A generates a positive Cp-
semigroup T'(¢)(t > 0) in E (see [21]). Let f(¢, u(z), Gu()) = f(t,x, u(t, x), Gu(t, x)), uo =
uo(-), then problem (4.1) can be written as abstract (1.1).

Theorem 4.1 Ifthe following conditions are satisfied:
(H1) Letuo(x) > 0, x € §2, and there exists a function w = w(t,x) € Ci_, (] x £2) such that

Dyl u(t,6) = 3y <om @a DY ult, %) + £ (&, %, u(t, x), Gu(t, %)),

(4.2)
Iéi_”)(l_“)u(o,x) =ug+ Yy (T, x).
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(H2) There exists a constant M > 0 such that
f(t,x, us, V2) _f(t)x» ui, Vl) > _M(MZ - ul)

foranyte],and 0 <u; <upy <w(t,x),0 <v; <vy, < Gw(t, x).

(H3) A;>0(i=1,2,...,m) and 3" A; < 7oy

(H4) There exists a constant L > 0 such that

a({f& unvi)}) < L(a({un}) + a({va}))

forNt €], and increasing or decreasing monotonic sequences {u,} C [vo(t), wo(t)]
and {v,} C [Gvo(t), Gwy(£)].
Then problem (4.1) has minimal and maximal mild solutions between 0 and w(x, t), which

can be obtained by a monotone iterative procedure starting from 0 and w(t), respectively.

Proof Assumption (H1) implies that vo = 0 and wy = w(x, t) are lower and upper solu-
tions of problem (4.1), respectively, and from (H2), it is easy to verify that all conditions
(F1)—(F3) are satisfied under the constant M = 1. So our conclusion follows from Theo-
rem 3.1. (I

5 Conclusions

The purpose of this paper was to obtain existence results of mild solutions for a class
of evolution equations with Hilfer fractional derivative. The method is inspired by using
the fixed point theorem combined with the method of lower and upper solutions, some
existence result of mild solutions for Hilfer fractional evolution equations with nonlo-
cal conditions has been obtained. Here, we do not require that Cy-semigroup {7'(¢)}:>0 is

compact.
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