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In this paper, we study the following Schrédinger-Poisson system in R3

A u+AY)u+BY)pYy)u=bW|ulF'u, yeR?,
(AP ¢ =Bly)?, yeR3,

with % <o<l1,pe(3, ?jg ). Then, under some suitable assumptions on the

coefficients not requiring any symmetry property, we prove the existence of a bound
state solution of the above problem.
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1 Introduction

This paper concerns the non-autonomous Schrodinger—Poisson system

(=AY u+AW)u +By)$)u = b()ul'u, yeR?,

(1.1)
(_A)ad) = B()/)uz’ VAS RB,

where % <o<l,pe(3 gtég ), A(¥), B(y), and b(y) are positive functions. Here B(y) : R3 —

R denotes the nonnegative measurable function which represents a nonconstant charge
corrector to the density #? and A(y) and b(y) are called the potentials of system (1.1).
Moreover, the fractional Laplacian (~A)° in RY is defined by

u(x) — u(y)

|x _y|N+2z7

)

(=AY u = CyoP.V. /
RN

where P.V. stands for the Cauchy principal value, Cy,, is a normalization constant.
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This kind of system also arises in many fields of physics. Indeed, one considers the fol-

lowing system:

5 AT+ (AD) =Y+ BOSOW =bO P, yeRAeR

(-2)°¢ =By)Y?, y e RS,
where i is the imaginary unit, (—A)? is the fractional operator. From the physical as well
as the mathematical point of view, a central issue is the existence and dynamic of standing
waves of (1.2). By standing waves, we want to look for the form ¥ = ey of the solu-
tion of (1.2), where y € R3, ¢ > 0. It is clear that ¥ solves (1.2) if and only if u solves (1.1).
The fractional Schrédinger equation in (1.2) is an important model in the study of frac-
tional quantum mechanics. In Refs. [12, 13], Laskin introduced this equation by expanding
the Feynman path integral from the Brownian-like to the Lévy-like quantum mechanical
paths.

Many researches have been devoted to the study of (1.1) when o =1, i.e.,

—Au+A@)u+By)o(y)u =b»)|ulPtu, yeR5, 13)

—A$ = B)u?, yeR?, '
which mainly concerns either the autonomous or the non-autonomous case. But it is well
known that, dealing with system (1.3), one has to face different kinds of difficulties, which
are related to potentials and the unboundedness of the space R3. So many studies were
devoted to the autonomous or the non-autonomous case in which the coefficients are
supposed to be radial. In [19], the existence of multiple solutions of (1.3) have been found
in a radial setting under some suitable assumptions on A(y), B(y), b(y). In [16], the author
considered the case that B = 1, A(y), b(y) are radial and satisfy some decay conditions and
proved the existence of nontrivial positive classical mountain-pass solution of (1.3). More-
over, some more general case, replacing b(y)|u[P~'u by f(x, u), was considered in [25, 29)].
More recently, many contributions to (1.3) have also been given in which no symmetry as-
sumptions are given on the coefficients appearing in (1.3). Cerami and Molle [6] obtained
the existence of bound state, finite energy solution of (1.3) under suitable assumptions
on the decay rate of the coefficients A, B, b. In [17], Mercuri and Tyler proved the exis-
tence of mountain-pass solutions and least energy solutions to the nonlinear Schrédinger—
Poisson system (1.3) with A(y) = b(y) = 1 and p € (2,5) under different assumptions on
B:R3 — R, at infinity. Furthermore, they also studied the singularly perturbed problem
and found necessary conditions for concentration at points to occur for solutions to the
singularly perturbed problem in various functional settings. For more results on the ex-
istence of positive or sign-changing solutions, ground and bound states, one can refer to
[1,2,5,9,18, 20, 24] and the references therein.

Since fractional Schrodinger equation is coupled with a fractional Poisson term ¢(y)u,
the existence of multiple nonlocal terms causes some mathematical difficulties and makes
the study of system (1.1) very interesting. In recent years, several scholars paid their atten-
tion to the existence of positive, ground state, semiclassical, and other solutions to frac-
tional Schrodinger—Poisson system or similar problems. For the information, one can refer

to [21-23,27-29] and the references therein. However, it is worth to point out that in most
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of the papers mentioned above, the study involves positive ground state solutions to (1.1).
In the present paper we consider a situation that has to be studied in a different way. We
will find the positive solution that differs from positive ground state solution. Here a solu-
tion u of (1.1) is nontrivial if # # 0. A solution of (1.1) is a nontrivial bound state solution
if u is a nontrivial solution. A solution u with & > 0 is called a positive solution. A solution
is called a nontrivial ground state solution if its energy (see (2.3)) is minimal among all the
nontrivial solutions of (1.1).

In order to state our main result, we give the conditions imposed on A(y), B(y), and b(y)
as follows:

(A1) A() = Aso + W(y), where A, € R*\{0} and W (y) € L¥?° (R?) is a nonnegative func-

tion such that

lim [y W(y)=0.
[y]—00

(A3) 0 B(y) € L*(R3) is a nonnegative function such that, for some € > 20 and ¢, c, R>0,

A~

C C
B ) S T N E b
o (X +1yDe ~ lyl

lyl > R.

(A3) b(y) = boo — B(¥), where by, € R*\{0} and 0 < B(y) < b and
ll‘im Iy =3B(y) = 0.
y|— 00

Now we state our main result as follows.

Theorem 1.1 Suppose that conditions (A1), (A3), (As) hold and p € (3, gigg) Then (1.1)
admits a bound state solution (u,$) € H° (R3) x D° (R3), whose components are positive

functions.

Remark 1.2 ITtshould be pointed out that in this paper, we just consider (1.1) with % <o<l.
But it would be interesting if one can find an analogous result to Theorem 1.1 to (1.1) for
all 0 < o < 1. However, in the radial setting, Bellazzini et al. [4] studied (1.1) with A(y) = 0,
B(y) = b(y) = 1 by discussing the existence of the optimizers of the Gagliardo—Nirenberg
type inequalities.

To the best of our knowledge, this is the first result on the existence of bound state
solution of (1.1) with competing coefficients. It is worth mentioning that the conditions
imposed on our potentials decay algebraically at infinity, which is a contrast to the fact
that the potentials decay exponentially at infinity in [6].

Here we give the following notations which can be used in this paper.

(i) H(R3) is the usual Sobolev space endowed with the standard scalar product and

norm
= AT u(—A)Z 2 _ AV yl? 2
(u,v)—/Rs[( A)Zu(-A) v+uv], 22| £o /R?’(|( A) u| +u )

(ii) D" (R?) is the completion of C3°(R?) with the norm defined by
ltllBe = fps 1(=A) T ul®.
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(iii) [|ull, is the norm of the Lebesgue space L1(R?).
(iv) Denote by C > 0 various positive constants which may vary from one line to
another and which are not important for the analysis of the problem.
This paper is organized as follows. In Sect. 2, we give some preliminary results which
contain some known results and some useful estimates. And then the proof of Theo-
rem 1.1 is given in Sect. 3.

2 Preliminaries
In this part we mainly give some basic knowledge which will be used later. We first show

that the second equation of (1.1) can be solved. For u € H° (R®), the linear functional J, is
defined in D° (R3) by

J.(v) = / B(y)uv.
R3
Applying condition (A,) and Holder’s inequality, we find that
)] = Clull® 5 [IVlio-
By the Lax—Milgram theorem, we know that there exists unique ¢, € D° (R?) such that
/ (~A)Z gy (-A)Tv = f B(y)u’v, VveD’(R®).
R3 R3

So, ¢, is a weak solution of (—~A)? ¢ = B(y)u?, and there holds

1 =c. [ B

bl
3 |y — %3720

where C, = 73920 ORE
Thus, substituting ¢, into the first equation of (1.1), then (1.1) is reduced to

(=AY u+AW@)u + By)p,(y)u = b(y)|u|p_1u, AS R3. (2.2)

Moreover, it is well known that solutions of (1.1) correspond to the critical points of the
energy functional

I(u) = % /R 3(|(—A)%u|2 +AW)u®) + % fR BO)pu’ - Iﬁ fR bO)lul (2.3)

Without loss of generality, in what follows, we assume that Ao, = b = 1, and let us now
define

d)(u) =¢y.

Then in the following, we summarize some properties of @, useful to studying our prob-
lem, and which can be verified by using the same argument as the case of Poisson equations
in D2(R3) (see [8, 19]).
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Lemma 2.1
(1) @ is continuous;
(2) @ maps bounded sets into bounded sets;
(3) @(tu) = 2P (u).

Lemma 2.2 Suppose that u,, — u in H° (R3), then
1) ®(u,) — P(u) in D’ (R%);
(2) Jz3 BO)bu,uydy = [3 BO)puu® dy;
(3) Jrs BO)u, 9 dy — [rs BO)pup dy, Yo € H” (R).

It is not difficult to show that the functional I is bounded neither from below, nor from
above. So it is convenient to consider I restricted to a natural constraint, the Nehari man-
ifold, which contains all the critical points of 1.

Set

N ={u e H (R*)\{0} : (I'(), u) = 0}.

So, for all u € N/, we are led to

Tt = (% _ler 1) /Rz(|(_A)%”|2 +AQ)) + (;L _ler 1) /Rs BOYus
1 g 11
= Z /R3(|(_A)7M|2 +A()/)u2) + (L_l. _p+ 1) /]R3 b(y)|u|p+l’ (2.4)

which tells that I is bounded from below on N.
Then we have the following.

Lemma 2.3
(i) N isa C' regular manifold diffeomorphic to sphere of H° (R3);
(i) 1 is bounded from below on N by a positive constant;
(iii) u is a free critical point of I if and only if u is a critical point of I constrained on N .

Proof (i) Let u € H°(R3)\{0} with ||z = 1. Then we claim that there exists a unique
t € R*\{0} such that tu € V. In fact, considering that ¢ satisfies

0= <I’(tu),tu)

= 7 /Rg(|(—A)%u|2 + A()u?) + £ /Rg BO)puu® - 7! /RB b(y) ul?, (2.5)
we have
2 2 2 2 4p-1 p+1
t (1+/RS W)u(y) + ¢ /RSB(y)qbuu t /RB b(y)lul )
=: tz (1 + dl + tzdz - tp_ldg) =0 (26)

with di1,ds,ds > 0. So, from p > 3, the equation 1 + d; + t>dy — ’"'ds; = 0 has a unique
solution £ := £, > 0 and then t,u € N, which is called the projection of u on N/, satisfies

I(t,u) = rrtl%xl(tu). (2.7)
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(ii) Now suppose that # € /. Then

= “AY5ul? 2 2 _ p+1
0 /ﬂ@(!( A)2ul +(1+W(y))u)+‘/RBB(y)¢Mu /Rgb(y)|u|

> Nlulle = Collullyye (2.8)
which yields
lullgro = C1>0, VuelN. (2.9)

Thus, using (2.4) and (2.9), we find

_ 1_ 1 A%, 12 2 1_ 1 2
I(u)_(2 p+1>/n@3(}( A)fu{ +A(y)u)+(4 p+1>/RaB(y)¢uu

11 ,
> =—— s> Cy>0. 2.10
_(2 p+1>||u||H G (2.10)

(iii) First, it is obvious that if # # 0 is a critical point of 1, I'(«) = 0 and then u € N/. On
the other hand, writing G(u) = (I(«), u), then from (2.9), for u € N, we get

(G/u),u) = 2 fR (a5 uf + a0)) +4 fR BO)pu’ = (p+1) fR Lol

- a=p) [ (eoFu s a007) + G-p) [ B0

<(1-plulip <0. (2.11)
Letting u be a critical point of I constrained on NV, then there is A € R such that
I'(u) = A\G (u).
Hence
0=G(u) = <1/(u), u> = A(G’(u),u),
which, by (2.11), implies that A = 0 and then /(&) = 0. O

Now, we introduce the following problem:

(A u+u=|ulf 'y, yeck3

u e H° (R3).

(2.12)

Concerning problem (2.12), we have the following proposition.

Proposition 2.4 (see [10, 11]) (2.12) has a ground state, positive solution U € H° (R3),
which is radially symmetric about the origin, unique up to translations, and satisfies

C1 CZ
T U0 =155
L+ |y L+ |y

Page 6 of 19
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and

()
a9, U| <
|y/ |_1

W’ j=1,2,3.

Moreover, the linearized operator Ly := (~A)° +1—p|U|P~! is non-degenerate, i.e., its kernel
is given by

{BL[ ou BLI}
kerLy = spany —, —, — .
8y1 8_)/2 Byg

Throughout this paper, we write by I, : H° (R?) — R the functional of (2.12), that is,

1 P 1
Lo(u) = Equ(—mw\z i) _Im[;@?’ ',

and by NV, the corresponding Nehari manifold

Noo = {u e H” (R®)\ {0} : luel 2o = lluel251).

Furthermore, for any u € H° (R3) \ {0}, there exists a unique 4, > 0 such that /,u € N,
called the projection of # on N, and

Io(h,u) = rilaoxloo(hu). (2.13)

On the other hand, we find that Yu € N,

1 1 1 1
Io(u) = (5 - Im) o = (5 - Im) ||u||§ﬁ; (2.14)

and in what follows, we denote

11 1 1
o . f I _ - U 20 _ - u p+1.
Moo 1= inf oo (1) (2 i1 1)II Il (2 il 1>|I llps1

Remark 2.5 It is worth noticing that any sign-changing solution u, of (2.12) satisfies

p+l

Ino(u9) > 2my. In fact, suppose that ug = uj — uy and (I (uo), uo) = ||uoll}e — llztollp1-

Then we have

0= [lug [0 = 15 20y = (Lo at0), 163) = (1 (255), 145,

which implies u#§ € Ny and so Ioo(ul) > meo. Similarly, Io(ug) > me. Hence, Lo(ug) >
2M .

Next, we deal with the behavior of the Palais—Smale sequences of /. This study will be
important for our research of the critical point of I.

Lemma 2.6 Let u € H°(R®), t,u, h,u be the projections of it on N and N, respectively.
Then

h, <t,.
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Proof Since t,u € N and h,u € N, we have

201,112 2 2 4 2 1 1
Ll ullgo :—tu/ W(y)u _t”f By)puu” + 5" f b(y)|ulP*
R3 R3 R3
and
200,112 1 1
hu||u||Hg:hﬁ+/ [P,
R3

So from (A3), we find

ot 2 el 8 Jus DO = £ fos BO)$ut” — fos WO

2 Pl p+l = tg_l’
ol 11 el
and then our result follows. O

Lemma 2.7 Let {u,} be a (PS) sequence of I constrained on N, that is, u, € N and (i) I(u,)
is bounded, (i) VI|xr(u,) — 0 in H° (R3). Then there exist a solution u* of (1.1), a number
k € NU {0}, k functions u',...,u* of H° (R®), and sequences of points {)/;1}, 0<j<k,such
that

(1) [yal = +00, Iy = Yl = +00, if i #j, n — +00;

() s = 3 =) = in HO ()

3) I(un) — 1(u*) + Z, 1 oo ();

(4) o are nontrivial weak solutions of (2.12). Here, we must emphasize that in the case

k = 0, the above holds without /.

Proof First, since I(u,) is bounded, using (2.10), one has

1 1
I n > - 4 nzoy
(10) = (2 erl)IIM Il

which tells that {u,} is bounded in H° (R3). Now we claim that

VI(u,) >0 in H° (R?). (2.15)
In fact, from the assumption, we find

o(1) = VI|n () = VI(y) = 1,V G(1tyy), (2.16)
where 1, € R and G can be seen in (2.11). So, by (2.16), we get

0(1) = (VI(tn), ) = 2V Gl1t), th). (2.17)
Being (VI(u,),u,) = 0 and (VG(u,), u,) < 0 from (2.11), it follows from (2.17) that A, — 0

as n — +00. So, by the boundedness of VG(u,), we have 1,VG(u,) = o(1) and then the
claim holds by applying (2.16).
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On the other hand, since u, is bounded in H° (R3), there is u* € H° (R?) such that, up to
a subsequence, u, — u* in H° (R?) and in L7*}(R3), and u,, — u* a.e. in R3, So, applying
Lemma 2.2 and (2.15), we get that u* is a weak solution of (1.1).

If u, — u* in H° (R?), we are done. Otherwise, we assume z} (y) = u,,(y) — u*(y) and pro-
ceed as done in [8], our desired results follow. O

3 Proof of the main result

To prove our main theorem, we first give some important results.
Proposition 3.1 We have infpr I = my, and the infimum is not achieved.

Proof First we write m := infss I and by Lemma 2.3, m > 0. Now let us show that m > m.
For all u € N, by the assumptions on B(y), W(y), 8(y), and (2.7), we find

|up+1

Io(u) = 1/ (|(—A)%u|2+u2)—

R3 p+1 Jgs

IA

1 o 1 1
gf (I(—A>7u|2+A<y)u2)+;ASB@)¢uu2—mA3 bl

R3

1(u) < I(t,u),
from which, considering that N, and NV are diffeomorphic to sphere of H” (R3), we find

= i < i =i =m.
Moo uéanwloo(u)_uéanmI(tuu) vlen/f/I(V) m

Next, we will prove the opposite side m < m,. To do this, take u, = t,U,, where U, =
U(y — zu), ty = ty,, and {z,,} is a sequence of points in R® such that |z,,| — 0o as n — oc.
Now we claim that

lim I(u,) = M. (3.1)

n—00

In fact, since U, is bounded and weakly converges to zero in H° (R3) and from Lemma 2.2,
we find

n—00

lim | B(y)¢uy,U> =0. (3.2)
R3
Using condition (A;), we can get that
lim | WU =0. (3.3)
n—00 Jp3

Thus, by (2.4), in order to prove (3.1), we just need to show that t, — 1 as n — 00. To
this end, being £,U, € N, we obtain that

1N = 1 Ul :—/ W(y)Uﬁ(y)—tﬁf B(y)¢unuﬁ+tﬁ_1f b U, (3.4)
R3 R3 R3

Noting that

lim / b)IU, P = Tim / (1= BO)) L 7" = / P,
n—>00 Jp3 n—>00 Jp3 R3
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and

2 p+l
U o = (U

Thus, from (3.2)—(3.4), we find that lim,,_, » £, = 1 and then m < lim,,_, oo I(1,,) = Mo.

Finally, to finish our proof, we assume by contradiction that there exists u, € A/ such
that I(u,) = m = mo. Letting h,, > 0 such that 4, u, € N, then using Lemma 2.6, one
has

Moo < Ioo(My, 1)

1 1
= (= - —— )l
(2 p+1)|| el

< (5517 ) [ (emmuf +aom?)
R3

2 p+l
(3507 ) [ e
<(5-517) LL0eomulcaony« (- ) [ Bow.0n
= I(uy) =m=me,
which implies f,, = 1 and
/R B0 )uz =0. (3.5)

Thus, u, € Ny and I () = M. But it follows from Proposition 2.4 that up to trans-
lations, U is unique and mq, = I, (U). So, by the uniqueness of the family achieving m.,
we infer that

u,=Uly-z), Vye R3
for some z € R3. This contradicts (3.5) and our result has been proved. O

Proposition 3.2 The functional I constrained on N satisfies a (PS), sequence for all d €
(Moo, 2Moo). Moreover, if {u,} is a (PS),,, sequence, then, up to a subsequence, we have

u, =UWy -z,) +0(1)
with z,, € R3, |z,,| — +o0.

Proof Let {u,} be a (PS), sequence of I constrained on A. Then it follows from (3) of
Lemma 2.7 that

d = lim I(u,) =I(u*) +

n—00

k
Lo (), (3.6)
=1

J

where 1, — u* and Ioo (/) > M. Since mqo < d < 2mo, from (3.6), we can infer that k < 2.
Now if k = 1, there are the following two possibilities:
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(i) u* #0, being I(u*) > M, we see
2o >d = lim I(u,) = I(u*) + 1y (ul) > 2M oo,
n—0oQ0

this is a contradiction.
(ii) u* =0, then I(u*) = 0 and

d= lim I(u,) = Ioo(ul) € (Mo, 2M0),

n—00

this is impossible since either I, (u!) = Mmoo or Ino (') > 21 if u! is changing sign.

Therefore, from the above, we can deduce k = 0. O

From Proposition 3.1, we know that (1.1) can not be solved by minimization. So we
will prove the existence of a higher level solution by the barycenter technique, which has
been successfully used in the case of scalar filed equation (see [3]). Let us now recall the
definition of barycenter of a function u € H? (R?) \ {0}, which was also introduced in [6, 7].
Set

1
Olu()’) = m /l;(y,l)|u(x)idx,

and then «(#) is bounded and continuous. So the function
N 1 ’
ay) = |:au(y) — maxau(y)]
2 ye]R3

is well defined, continuous and has compact support. Thus, we can define y : H° (R?) \
{0} - R3 as

() = 1”

i Rgé(y)ydy-

Then y (u) is well defined and the following properties hold:
1. y is continuous in H° (R3) \ {0}.
2. If u is a radial function, y () = 0.
3. Forall £ #0 and for all u € H° (R3) \ {0}, y (tu) = y (u).
4. Given z € R® and taking u,(y) = u(y — z), then y (i) = y () + z.
Now we define

ao = inf{I(u):u e N,y (u) = 0}. (3.7)
Then we are led to the following lemma.

Lemma 3.3

ag > Meo.

Page 11 of 19
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Proof First, it is obvious to see that ayg > m. Next we argue by contradiction, suppose
that gy = m,. Then there exists {u,} such that u, € N, y(u,) = 0 and I(u,) — my = m.
Moreover, by Ekeland’s variational principle (see [15] or [26]), there is another sequence
it, € N such that I(it,,) — Mmoo, VI|n(i,) — 0 and ||it, — u,||ze — 0. Thus, by the proper-
ties of y (u), we have y (i) = o(1).

On the other hand, by Proposition 3.2, it,(y) = U(y - z,) + o(1), where {z,} C R3 and
|z,| = +00. So we get

0(1) = y(ity) = y (U - 2n)) + 0(1) = 2, + 0(1),
which implies a contradiction. d
Now we define a set
S= {x€R3 e —e1] = 2}, where e; = (1,0,0)
and a function

Gplx, TI(y) = A - 1)Uy — per) + TU(y - px), yeR3 p>0.

Furthermore, we denote by ¢, [x, 7] the projection of ¢,[x,7] on N and by ¢, [%, 7] the
projection of ¢, [x, 7] on Nx. Thus, from the definitions of ¢, [x, 7] and ¢, [, 7], there
exist positive numbers ¢, ;. ; := £g,[xr] and ki x; := Hg, () such that

Pp [x, 7] = tp,x,r(ﬁp [x T], Poo,p [x, 7] = hp,x,t(ﬁp [x,T]. (3.8
Then we have the following.

Proposition 3.4
(i) y(pplx,1]) = px forall p>0andx € S.
(ii) Forevery p >0, there exists (x,7) € S x (0,1) such that y(¢,[%,7]) = 0.

Proof (i) Note that ¢, [x, 1](y) = U(y — px). Then, by the properties of y (1), we find
Y (0o[x.1]) = v (@, 1%, 1]) = y (U(y - px)) = ¥ (UY)) + px = px.
(i) For all p > 0, define the map F, : S x [0,1] — R? by F,(x,7) = (1 - 7)pe; + Tpx.

Hence, using (i) and the invariance of topological degree by homotopy, we can deduce
that

0#d(F,,S x[0,1),0) =d(y 0 ¢,,S x [0,1),0)
and then y o @, [, 7] = 0 has a solution (x,7) € S x [0,1). O
Proposition 3.5 There exists p, € R*\{0} such that, for all p > p,,

B = max{](wp [x, 1]),x € S} < dy.
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Proof Being ¢, [x,1]

) = tpx10,1%,11(y) and @, [, 1](y) = U(y — px), with the same argu-
ment as the proof of (3.1), we can prove our result

O

Now we introduce a lemma, which can be found in [14]

Lemma 3.6 For any constant 0 < k < N — 20, there is a constant C > 0 such that

1 1
dx < .
/RN lx[N=20 (1 + [y — x])20*« 1+ |yl

From the above lemma, we have the following

Lemma 3.7 There exists C > 0 such that

/1%3 B(y)¢U(—p§)(y)U2(y - p%') dy < Cp*(12+8a)

forall € e R® with |€| > 1 and p > 0.

Proof Without loss of generality, we can assume |&] =1 and fix & = e;. Letting g such that
(& =)o) = (& +q)p)°** and p > 1

then using condition (A4;), Proposition 2.4, and
Lemma 3.6, we have

1 2
Pu(-pen)y) = /11&3 WB(@U (x — per)dx

1
(f +/ >ﬁ3(x)uz(x— pe1)dx
(r1<G-00)  Js(b-g0)/ ¥ =%l

- o / B(x)
TG+ QPP i gy [y — %P2
. C Uz(x—,oel)

G =Dl Justgoy v =22

- C </‘ B(x) +/ U (x - pe1)>
N |(% + q),0|2(3+2“) {x1<(%—q)p} |J’ _x|3—2<7 [xp(% q)p)} |J’ _x|3_20
C

"G+ ol

where we used that

{x1<(2 |)’ J’C|3 2 |x|<R {lx|>R} |y 5€|3 2
1
= </ — R / —7 >
(le=y1<BIn{lxi<R)  J{lx-y1= FIn{lx|<R)

ly — x>

1
|
r3 (1+[x])¢lx —y|3-20
C
e =6
1+ [yhe2
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and similarly,

2 [—
/ U-(x 3,0261) <
te>(b-gp) 1Y = x>

As aresult,

2(n C 200
| B O = p < s TP [ oo serdy

C
S S —
(5 +@)p|2E+2)

[ BonRe-se))
{J’1>(§—q)}

C C
= =1 12480 ° O
(3 + @)p |26+ ((5 +q)p)1>+8

([ . sonro-sera
1<(3-9)p}

Lemma 3.8 Let t,,, and h, .. be given in (3.8). There exists a constant C > 0 such that
tome <Cy Vp>0,¥(x,1) €S x (0,1). (3.9)

Furthermore, ty; = hy . +0(07%7).

Proof First, it follows from (2.5) that

p-1 _ ”‘ﬁp % T ]”%{0

0X%T — | — +1
”(pp [x» §+1 fRS» ,3|§0p [x, f]|p+1

N pxt fR3 B()’)%,,[x r]‘pp x, + f]R3 W()’)‘/’p X, T

16,12, TS = fis BIG, [, TP+ (310
Note that
|@oloe T 1o < UG = per)| 1o + [UG = 02)| o = 201U 1120 (3.11)
and
|6, (%, 7] Hﬁﬂ > (1 - o)t 4+ o) /RB urt > % . ur s 0. (3.12)

So (3.9) comes directly from (3.10)—(3.12) and since ¢, .. < C, from Lemma 3.7, one has

£y e / 3B(y)¢¢p[x,r]¢ﬁ [x, 7] =0(p™>"7%). (3.13)

On the other hand, by assumptions (A;), (A3) and the decay property of U, we are led to

/RB W ()i lx, t] < C/R3 W) (UP(y - per) + U (y - px)) =0(p™>°3), (3.14)

Page 14 of 19
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where we used that

/ W)U (y - per) = (/ +/ )W(y)ljz(y—pel)
R3 i<l Jn1>1e)

- C/ W (y) .\ C/ U2 (y - pey)
= Jii<do ly — peq |2(3+29) sl P

C C —-20-3
- IO6+4<7 + p3+3cr =0(p )’

and similarly,

. W)U (y - px) =0(p7>7 7).

With the same argument as above, we can infer that
- +1 20—
[ BlatnalP =o(o>o). (315)
R
Combining (3.11) and (3.12), we have

0<Ci < |@plx ]|, <20Ullpir

p+l

and
1 _
0< L—LIIUIIHU < ||§0p[x)T]||Ho <2|[U||ye-
Therefore,

-~ 2 b 2
Ml 10Tl () 616
”@p [xr f] ||p+1 - f]R3 ;Bkop [x’ .’:]|p+1 ”(p,a [xr T] ||p+1

Inserting (3.14), (3.15), and (3.16) into (3.10), we deduce

- 2
1 N@olx Tl —20-3 -1 —20-3
f;,x,r = p+l + 0( 7 ) = hf),x,z + O(p 7 ) O
1, <1

Proposition 3.9 There is a constant p, > 0 such that, for all p > peo,
A= max{](% [x, 'C]) :(x,1)eS x [0, 1]} < 2Mso.

Proof First, by using (2.4), we can obtain that

1 _ 1 1 _
I((pp[x,r]) = (E _p " 1) ”tp,x,ﬂpp[x,r]Hf{a + (E - m)tixyr /]1;3 W()/)(pz[x,r]

1 1 . L
' (E Cpel ) fone /Rg BO)dg, 15018515 T].
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Then from Lemma 3.8, (3.13), and (3.14), for any (x,7) € S x [0, 1], we get that

1 1
I(gpx,7]) = (5 - m) 69,208, 1%, 7] Hf{a +o(p™>?)
1 1
(37 ) Bosstalsil

1 1 -
’ (E - p+ 1) (tf),x,r _hi%f) ”(Dp [x 7] ”?'1”

N O(p-za 3)
1 1 - 20
B (5 _p + 1) ”hp,x,r‘/’p[x’f] ”121" + o(p ’ 3)

= Lno(poc,p 2, T1) + 0(072770).

Next, we will estimate /oo (¢, [*, T]). Observe that

1 1
folfos 7] - (5 Tl
. pil
=(l_ 1 )(nwp[x,rma)w
2 p+1)\iIg,x I,

By direct computation, we have

) | e @ 2,21 2o

16,7120 = (1= DU - per) + UG - px) |0

= [ 2 +(1—T)2]||LI||12{U +2r(1—r)/}RS UP(y — pey)U(y — px),

and there exists C; > 0 such that

/RB Ur(y — pe))U(y — px)

:(/ e +/ el )L[p(y+px—pel)l,l(y)
Iy« 2520} Jly= 2550

2
C o

-20-3
= pp(3+20) + p3+20 - )

+o(p
So,

@l 7] ||f{(r =[t*+ (1= 0)?]IUlFe +21(1 = T)C1p > 2 +0(p77 7).
On the other hand, since for all ¢, € R* and p > 1, one has

(@+byP™ > a"! + b+ p(alb + ab’).
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Hence using (3.19), we find

AT f,;lﬂ = DU - per) + TU(y - p)f”"!

> [+ (1 -] ||L[||£I} +p[tl -1+ (1 -1)?]Cip> 3

+ o(p_za’s), (3.21)
which and (3.20) imply that, for all 7 € [0,1] and x € S,

1, L, 113
12l 2112,
[72+ (1= DU +2e(1-1)Cip >3 4 0(p™> )

{2+ (L= AU + ple( = ) + (1= )T Cip203 + o(p203)) 71

[+ (1= 01U

<

- o +xk(T)p P +o(p77?),
[+l + (1= )PP U2,
where
2t(1-1)C; p 2+(1-1) - -
k() = 2 1- 1 7p+l 1- p+1[‘fp1+(1—‘f)p 1] .
[er+1 4 (1= )P ] U2, p+lert+(1-1)

Noting that K(%) <0, from (3.17), we can infer that, forallx € S and 7 € 5(%),

p+l
1 1 e Ul 1777 2 oos ~20-3
]oo((poo,p[xyf]) = (__ )|:2p+1 —Cp 7 +O(p 7 )
2 p+l (17479
1 1 ptl = _25-3 —20-3
:2<§_m)”u”p+1_cp +0(P )
= 200 = Cp 22 4 0(p77?), (3.22)

where 8(%) is a neighborhood of %
Furthermore, applying the same argument, we can prove that

lim max{]oo(gooo,p[x,r]) :xeS,te[0,1] \8(%)}

pP—>+00
ptl
1 1 2+ (1-1)* r1 1
=max}{ (- - Moo, T € [0,1]\ 8 = < 2Moo.
2 p+1/)| P+ (1-1)pH! 2
This, combining with (3.22), completes our result. O

Now, we will prove the existence of a bound state solution of (1.1).

Proof of Theorem 1.1 Fix p > max{p,, pc}, Where p,, ps are given in Propositions 3.5
and 3.9 respectively. It follows from Proposition 3.1 that m = m«, and m is not achieved.

Thus we can not get our result by using minimization. However, we can prove that (2.2)

Page 17 of 19
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has a bound state solution, whose energy can be higher than m,. For any ¢ € R, we let
I¢:= {u € N': I(u) < c}. By Propositions 3.1, 3.5, 3.9, and Lemma 3.3, we have

Moo <B <ag < A< 2.

We end the proof by showing that there exists a number ¢* € [ay,.4] which is a critical
level of I|nr. We use the contradiction argument. Assume that this is not the case. Then
the Palais—Smale condition holds in (714, 2/1+) by Lemma 3.2. We can apply usual defor-
mation arguments(see [26]) and assert the existence of a number ¢ > 0 and a continuous
function 5 : I — %0~ such that ag — 9 > B and n(x) = u for all u € 1%~ Thus we see

0¢(yonop,)(S x[0,1]). (3.23)

On the other hand, since ¢,(S x {1}) C I'®, applying the invariance of topological degree
by homotopy as in Proposition 3.4,

0 #d(fp,s x [0, 1),0) = d(y onow,S xI0, l),O).
Therefore there exists (x,7) € S x [0, 1) such that
yono@,(x,T) =0,

which contradicts (3.23).

Finally, to complete the proof, we only show that the solution of (2.2) corresponding
to the critical level existing in the interval (m1,, 2114) is a constant sign solution. To this
end, applying the same argument as Remark 2.5, if u is a solution of (2.2) with u* # 0 and
u~ #0, then I(1) > 2m,. This concludes that it is positive. O
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