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1 Introduction
We investigate the following initial boundary problem for damped hyperbolic conserva-

tion laws:

Vi—uy=0, (xt)€R" xR,
ur + p(v,8)x = —it, (1.1)
St = O)

which describes the motion of the compressible adiabatic flow through porous media.
Here u denotes the velocity, v is the specific volume, s stands for the entropy, p is the
pressure with p,(v,s) < 0 for v > 0. For simplicity, we take p(v,s) = (y — 1)vVe’ with y > 1,
which is the case for the polytropic gas.

We consider the initial value condition
(v, u, 5)(x, 0) = (vo, g, So)(x) = (v, 1y,8,), Ve>0, asx — +00, (1.2)
and the boundary condition

v(0,£) = vo(0) =v_ >0, (1.3)
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or

u(0,¢) = 0. (1.4)

It is known that the damping will create the diffusive phenomena of a hyperbolic wave,
that is to say, the hyperbolic wave behaves like diffusive wave when ¢ tends to infinity. Pan
[1] has proved that the solutions of these two problems (1.1)—(1.4) are captured by their

related diffusive problems:

Ve—y=0, (x1)€R" xR,

p(,8); = ~ii,

5 =0, (1.5)
¥,8)(x,0) = (Vg,50) (%) = (v4,8.), v+>0, asx — +00,

70, 2) = 7(0) = v_;

and

Vi—uy=0, (xt)eR" xR,

P,8)x = ~1t,

5 =0, (1.6)
¥,8)(x,0) = (Vg, 50) (%) = (v4,8.), v,>0, asx — +00,

p(,5),(0,¢) =0.

Zheng [2] proved the existence of global smooth solutions to the Cauchy problem (1.1)
for small initial value. The asymptotic behavior of these solutions is considered for some
specific initial value; see [3-5] and [6]. By choosing some particular initial value vo(x),
Geng and Wang [7] proved that the best asymptotic profile of Egs. (1.1) is a specific solu-
tion to the corresponding parabolic equation. Furthermore, the case for the general ini-
tial data has been investigated by Pan in [8] and the decay rates have been proved. By
the characteristic analysis and the energy estimates, Hsiao and Pan [9] considered the
initial boundary value problem for system (1.1). For the case of isentropic case where
s = constant, Hsiao and Liu [10] first proved that the global smooth solution of the Cauchy
problem (1.1) asymptotically converges to that of the corresponding parabolic equation
and derived the convergence rate ||(v — ¥, u — i1)(t)|| o = O(¢"V/%,£71/2). The better conver-
gence rates were obtained in [11-13]. For the other related interesting results of isentropic
Euler equations, we refer to [14—22] and the references therein.

The main purpose of this paper is to use the technical time-weighted estimate and obtain
the better convergence rates, which do not have (1 +log(1 +£))?1 and (1 + log(1 + £))#? with
B> %, By > %, in comparison with the results obtained by Pan in [1].

As in [1], in order to construct the asymptotic profiles for (1.1)—(1.3), we introduce the
variables

(%)

a@) =y -1)7e 7Y, and o=a@®)i=p@s) 7, (1.7)
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then (1.5) is equivalent to the following problem:

wr+a®) (@) =0, (xt) € R* x R*,
(x,0) = wo(x) = a(x)vo(x),
w(0,1) = w_,

w(+00,t) = w, > 0.

The first equation of (1.8) is not invariant in the diffusive rescaling. As in [1], we can still
hope that the large-time profiles are invariant in the diffusive rescaling for w(x, £). Thus, it

is expected that the asymptotic profile of (1.8) can be described by

wr+a(@? )y =0, (xt)eR" xR,
¢ +ay (@) (%, 1) (19)

®(0,t) = w_, w(+00,t) = w,,

1
where a; = (y — 1)e”7**. This problem has self-similar solutions w. Let ¥ = a™'w and # =
—(Ww7),, using the L! estimates and energy method, Pan [1] proved the global existence
and the asymptotic behavior of solutions for (1.5) by comparing w with w. Our first main

theorem is as follows.
Theorem 1.1 Let wo(x) and sy(x) be C? functions such that x(so(x) — s.) € L'(R*) and
wo(x) — w(x,0) € (H2 N LY)(R*). There exists a number 8 > 0 such that, if0 < § < 8y and the

initial perturbation |, — w_| + ||wo(x) — (%, 0)|| 12 < 6, then the global solution (v, i, s)(x, t)

of problem (1.5) exists and satisfies

ox,t)—we C([O, L‘];Hz), fort>0.
Moreover, the following convergence rates are true:

”(17—17)(-,t)HLoo < C(1+t)‘%, ”(it—zl)(-,t)”LOo <C1+th (1.10)
Remark 1.1 The existence of the global smooth solution for the problem (1.5) has been
established by Pan in [1]. Our main contribution is the new convergence rates in (1.10)

obtained. These rates are better than that obtained by Pan in [1].

Now, we introduce the auxiliary functions (&, ¥)(x, £) as in [1],

i(x,t) = [(uo(0) — uy) [ mo(§) dE +u,le”,

(%, t) = (0(0) — u)mo(x)e™,

1.11)

where m1y(x) is a smooth and compact supported function such that

/+00 mo(x)dx = 1. (1.12)
0
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Then the function (&, V) (x, t) satisfies

1/>t—£lx:0, (x,t)€R+XR+,

l:it = —l’:l,
(1.13)
(¥, &) (+00,t) = (0, u.e™),
(2, v, 1) (0, £) = (ug(0)e™?, 0,0).
Hence, from (1.1), (1.5) and (1.13), we have
=v=9),—(u—-t—u), =0, (1.14)
(w—i—it) + (p(v,s) = p(V,8))x = p(V, $)xe — (u — 1t — ).
Define
y=- [ 070 - o) de, (L.15)
which satisfies the following problem:
.ytt + [P(Yx + f/ + 13,5) —P(;/:S)]x +yt =P(‘~/:S)xt: (x: t) S R+ X R+;
¥(%,0) = yo(x) = = [ [vo(€) — ¥(&,0) - (€, 0)] d&, (1.16)

Ye(x, 0) = y1(x) = uo(x) — #(x, 0) — (x,0),
9,(0,£) =0.

The main result of this paper is as follows.

Theorem 1.2 Let (yo,y1) € H3(R*) x HX(R*). There exists a number 8 > 0 such that, if
0<8<8and|vy, —v_| + |¥ollgs + Iy1llg2 <6, then the global smooth solution y for the
problem (1.16) uniquely exists and satisfies

Iy 07 + e 0] 7 + fo |2y 1) |2 d < C8
and
92D e <CA+07E, |y 0)] o < CA+0)R. (1.17)

Furthermore, (v, u,s)(x,t) = (V + V + yx, lh + I + y1, S) is the global smooth solution of the prob-
lem (1.1)—(1.3) which satisfies

0= 0], <CA+8E, =@ 0)],0 < CA+0)E, (1.18)
and

=98] <CA+82, @@= 0)] 0 < CA+0)™ (1.19)
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Remark 1.2 In [1], the convergence rates are

[ =) 8)] oo < CA+2)2 (1 +log(1 +2)™,

| =)0 oo < CL+8)7H (1 +10g(1 + 1),

where 8; > %, Bo > %, but, in Theorem 1.2, we obtain the better convergence results (1.19)
which do not have (1 + log(1 + £))#! and (1 + log(1 + £))%2.

This paper is organized as follows. In Sect. 2, by applying the technical time-weighted
energy method, we will prove the new decay rates of the solutions for the hyperbolic prob-
lem (1.1)—(1.3). In Sect. 3, we will employ the same methods used in Sect. 2 to the problem
(1.1), (1.2) and (1.4).

Notations. Hereafter, the symbol C or O(1) will always be used to represent several
generic constants which are independent of x and ¢. L? = L(R*) (1 < p < oo) denotes
Lebesgue space with its norm

"f””’:</o Lf(x)|"dx)p, l<p<oo, and |V||Lm:s;plf(x)|.

Denote H™ (m > 0) by the Sobolev space with the norm

” :
f s = (lea,’;fﬂz) =TT = 1 e

i=0

2 Convergence to diffusive problem (1.5)
In this section, we will be concerned with obtaining the better decay rates of the diffu-

X

Vil
argument in [1], we see that » has the following properties.

sive problem (1.5). Let w(n) (with n = ) be the similarity solution of (1.9). From the

Lemma 2.1 ([1]) Fori>0,j>0andi+j> 1, one has

- - — 2
|@(n) = @, | + &' ()] + 16" ()] < Clw, — w_|e" ",

_ —7 - -5
T B

o ., (2.1)
1335 ( )] < Clao, = - |(1 + 1)1,
198k (-, £)l|17 < Cleoy — | (1 + )~ 112,
Let ¢ = w — @, then, from (1.5) and (1.8), we get the equations for ¢ as follows:
b1 + a(X) (Y (@)P)ax + (@ — a1) (@77 )ax + a(%)(g(¢h; ©)*)x = 0,
@ (x,0) = ¢o(x) = wy — @w(x,0), (2.2)

¢(0,2) =0,

where we have set

(@) =-yod ", and glp,0)p*=(p+0)" —@d 7 - Y(@)g.
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Let F = -/ ()¢, then we have the problem for F as

Fy + ax) Y (0)Fxx — Y (@)@ — a1)(@7 )

— Y1 (D)F &, — ayy (@) (fF)ex =0,  (x,) € R X RY,
F(x,0) = Fo(x) = =y (@(x, 0)) o (x),
F(0,t) =0,

(2.3)

where
~Y1(@)F =y'(@)¢ and fF*=g¢’.
The main theorem of this section is as follows.

Theorem 2.1 Let Fy(x) and s(x) = so(x) to be smooth functions such that x(s(x) —s,) €
LY(R*), and Fy € H*(R*) N LY(R*). Then there exist a number &1 > 0 and § > 0 such that, if
lw, —w_| <38 and ||Fo||2 < €1, then, for any fixed 0 < &g < %, the global smooth solution F
of the problem (2.3) uniquely exists and satisfies

2
S @+ ok r|okrn)’ < C (2.4)
k=0
and
> / (1+ )03 |0k F(, 1) dr < C(1 + £)°. (2.5)
k=170

Remark 2.1 In Theorem 2.1, we obtain the better convergence rates (2.4) which do not
have (1 +log(1 + £))%, k > 1, in comparison with that obtained by Pan in [1].

The existence of the global solution for the problem (2.3) has been obtained by Pan in
[1]. Our interests are to get the better decay rates which will be completed by the following
of lemmas.

Pan [1] has obtained the following L!-estimate which will be used in the proof of Theo-

rem 2.1.

Lemma 2.2 ([1]) Under the assumptions of Theorem 2.1, the solutions ¢ of the problem
(2.2) satisfies

loC.0)] 1 < Calllolizr +8). (2.6)

By virtue of the counterintuitive method by Nishikawa in [23], and using Lemma 2.2, we
can obtain the following convergence estimates on F.

Lemma 2.3 For any fixed 0 < gy < %, the solution F of the problem (2.3) in Theorem 2.1

satisfies

(1+02 |EGO|+ 1+ 03 |Ep) <G, 2.7)
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1. i 2
> / A+ )2 0| 9iF(, 7) | dr < C1 + ). (2.8)
i=1 70

Proof We multiply Eq. (2.3); by a~'F, then we have

% % (a”'F¢) + F2 = —%a-lwz(@)a)tﬁ —aNa-m)(o7) F

_ (ﬂ’Z)xe +{ 1o (2.9)

with yYr(@)F? = ¢*y'(®) and {- - -}, is the term which will vanish after integration with
respect to x. Integrating (1 + t)go*% x (2.9) over (0, +00) x [0, ], we then have

1 1 +00 t +00 1
5(1 +1)%0%2 / a ‘Fodx + / / 1+ t)‘m*fl’f dxdt
0 o Jo

1 1 t +00
- (80 + —) / / 1+ T)EO_%d_lF(,‘b dxdt
2 2)Jo Jo

1 t +00
- / / A + 1) 2a s (@), F2 dx dt
2 0 0

1 +00
< - / a ‘Fopodx +
2 Jo

+

t +00 1
+ / f 1+ t)5°+7a_1(a—al)(d)_”)xdexdr
o Jo

t +00
¥ // (1+7)0*3 (fF?) F.dxdr
0 Jo

1 +00 4
=3 / a Y Fopodx + ZL" (2.10)
0 i=1

We estimate I; -1, as follows:

11 +12 +13

t +00
< Cf / [(1 + r)‘g‘”%F2 +(1+ r)go"% (|c7)t|F2 + |(zz —zzl)c?)tF|)] dxdt
o Jo
¢ 1
< C/ 1+ )0 2 (|Fllgoe | Fllpr + 8||x(s = s1) ||, [ llzoe ) d
0
t 1 2
<C(1+ 8)/ 1+7)072|E|3dT
0
1 ‘ so+d 2 ! go-1
< 1+C8 I+ )0 2||F]*dt+C | 1+1)° dr
0 0
1 t 1 2
< 2 +C8 (1+7)%0%2||F,||*dr + C(1 + £)%, (2.11)
0

where in the third inequality, we have used
2
IFllzee < ClIEI3, (2.12)
since

1 1 1 i 1
[Fllzee < CIFII2Fxll2 < CIF N foo IF Nl o I1Fxll 2.
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t +00
la= ./ / (1+ "-')sm% (szFx +feF°F, "’ffDJ)sz)Fx dxdt
o Jo

t

t
<Ce / (1+ 7" 2||Fy |2 de + Cey / (1+7)0* 2 ||| | Fl dt
0 0
t 1
< C81/ (1+7)%%2||Fy % d. (2.13)
0
By using the smallness of § and ¢, we have from (2.10)—(2.13)
1 2 t 1 2
L+ 02| F(,0)|" + / (1+ 1) 2 |F(-, 1) | "dr < C(1 + ). (2.14)
0
For second-order energy estimates, let us multiply (2.3) by —F,,, it follows that

%%Fﬁ - a@) Y (@)F}, =~y (@)a-a) (@), Fex — ¥1(@0)0FF (2.15)

- a@) Y (@) (fF?), Fux + { - .

Integrating (1 + t)50+% x (2.15) over [0, t] x (0, +00), we have
3 +00 t +00 3
(1 +¢)%0*2 /0 Fﬁ dx + /0 /0 (1+ ‘L’)'90+7F3x dxdt
t +00 1
§C+C</ / (1+t)80+7F§dxdr+
0 Jo

t +00
f / (1 +7)°*3 (a — a))@,Fyp dx dt
0 0

t +00 3
/ / 1+ 1)*2F@Fydxdt
o Jo

+

+

t +00 3
/ f (1 +1)%0*2 (ﬂ-"z)xxex dxdt
o Jo

). (2.16)
Using Lemma 2.1 and the Cauchy—Schwartz inequality, we have
3 +00 t +00 3
(1 4 ¢r)%0*2 / Ff dx + / / 1+ t)g‘)*?l-"fx dxdt
0 0 Jo
t +00 3
§C+C</ / (1 +7)%%2 |Fi,|* dx dt
0 Jo
t +00 3 5
+/ / (1+r)6°+7’(a—a1)c?)t} dxdt
0 Jo

t +00 50+% ) 9
+/0 /0 1+1) ’([T )xx’ dxdr). (2.17)

Since
t +00 3
/ / (1 +7)%%2 |F,|* dx dr
0o Jo
t 3
< C/ (1 +7) 2 ||F|| oo | Fll 1 |0 |1 oo dT
0

t t
<c / 1+ 1) 3 |Fllpmdr < C / (L+ 1) 03 E ) dr
0 0

Page 8 of 14
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t t
< C/ 1+ 1:)80*% IE 2 dt + C/ Q+1)0tdr
0 0

<C@1 +1)%, (2.18)
t +00 3 9
/ / (1+r)8°+7|(a—a1)a)t| dxdt
o Jo
t 5 ) t 5
< C/ (1+7)%0*23 Hx(a - 611)HL1 dt < C/ 1+1)°72dr <C, (2.19)
0 0

and

(fF?),, = (2FFy + frF*Fy + fp@,F?)
= (2fF + frF?)Fux + (2f +4f¢F + frrF?)F2

+ (45 + 2fraF?) Fxiox + (fo@nn + foo® ) F2
it follows that
t +00 ) +§ ) 9
(1+1)%*2 ‘(ﬂ-" )xx‘ dxdt
o Jo
t +00
< C/ / (1+7) %3 [(F> + F*)(F2, + @2F2) + F* + (@02, + @*)F*] dxdr
o Jo
! s0+3 2 ! so+3 2
<Ce [ QA+1)°"2||Fxell"dr + [ (1+7)°72||F|"dT
0 0
¢ 1 ¢ 3
+ / (1+7)%0"2 ||F||zoo [ Fllp dr + / (1+7)0*2 ||Fx||LLL4 dt
0 0
¢ 3 ¢ 3
<C+ C81f (1+7)0% 3 | Feel*dt + / (1 + 1) | Fue | | Fll dT
0 0
t 3
<C+Cle + 8)/ (1 + 7)%0% 2 || Fyy || dt
0
! co+2 2 2
+ o) [ e o IEPIELR dr. (2.20)
0
By using the smallness of ¢ and ¢, we have from (2.16)—(2.20)
3 2 ¢ 3 2
1+ 003 |ECo)| + / (1 + 193 | Elr) | de
0
¢ 3 2 2
< C[(l FO f 1+ 003 [E )| Bl ) | df}-
0
Therefore, using Gronwall’s inequality, we have
t
(1+£6)9%2 |E (0| +/ (1+ 1) || Epl, 1) dr < Q1+ 1) (2.21)
0

Hence, (2.14) and (2.21) finish the proof of this lemma. O

From Lemma 2.3, we know that Theorem 2.1 has been proved. Now we show the con-

vergence rates for F; and Fi,.
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Lemma 2.4 The solution F of the problem (2.3) in Theorem 2.1 satisfies
5 2 ¢ 5 2
L+ 02| F(,0)| +/ (1+7)"2 | Fyul,7)||"dr < CQA + 1), (2.22)
0

Proof Let us differentiate on (2.3) in ¢ and multiply the result equation by a~'F;, then, it

follows that
1d, i i N
5 23 @)~V @)F + Y (@)eF] + V(@) FuF
—a (Y@ a-a)(@7) ) ,Fi—a (Y1(@)Fd) F, (2.23)

= (V@F) ) Fr+ ()= 0.

Integrating (1 + t)SO*% x (2.23) over [0, t] x (—00, +00), we have

1 +00 t +00
S(L+g)ors / a'F} dx—/ / (1+ 1) 3y (&) F2 dxdr
2 0 0o Jo
1 +00 1 5 t +00
- _/ a'Fldx+ = (80 + —> / / 1+ 1)50*361‘1Ft2dxdt
1 t +00 5
- = f / 1+ r)go"fw(c?)),ml-"[2 dxdt
2 Jo Jo
t +00 5
- / / (1 + ‘L’)80+§wl(d))5)tFxth dxdt
0o Jo
t +00
+ / / 1+ r)s(’*%cfl (1//(5))(41 - al)(d)_y)m)tﬂ dxdt
o Jo
t +00 5
+ / / 1+ 1) 2a™ (Y1(@)Fay) F dxdt
0 Jo
t +00 5
+ / / 1+ 1) (Y (@) (fF?),,),Frdxdr. (2.24)
o Jo
From the derivation of Lemma 2.3 and (2.3);, we have
t 5 5
/ 1+ 003 |E(or)| de
0
! s+ 2 Y c0+3 2-2
<C 1+1)% 2||Fxx(-,r)|| dr + 1+ 1) 2(a—-a1) w; dxdr
0 o Jo
t +00 3 t +00 3 5
+ / / (1+ 1) 2F?p? dxdt + / / (1+1)*%2 (ﬂjz)xxdxdf)
0 Jo 0o Jo
<C. (2.25)

Moreover one has

a” (Y1(@)F &) F, = O)[@,F2 + (&} + &) FF,),
a ' (Y(@)a-a)(@7),)F = 0()(a-ar) (&} + &u)F,
(v(@)(fF?),,) F: = O, (fF?)  F, - v (@) (fF?) ,,F:-

Page 10 of 14
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Now, we can employ the similar argument as used in deducing (2.14) to conclude
A+ o3 |ECo + / (14 03 [ Eylr)|  dr < CL+ 1), (2.26)
0

which finishes the proof. d

Corollary 2.1 The solution F of the problem (2.3) satisfies

L+ | Eut0]* <C [El8)] 0 < CO+ 1) (2.27)
Proof From (2.3), we have
Fro = O)[F; + (a — a1)@; + Fy + Fyidy + FFyiy + (g + @2)F?]. (2.28)

By taking L? norm in (2.28), one has

(1+ 03| Bal® < CA+ 03 (IEN? + [ E2| + [ (@ = an)ie|)” + I1Faoe 2
+ |FF@u? + || (@0 + @2)F2|%)
<c+C+pi|R|’
< C+ C(L+ O3 ElP(IE? + |1 Fxsl®)

=C+CQ1+ t)% IE | Fell, (2:29)
which implies
1+ 03 Ful’ < C.
Then
1 1 1
[ Fxllzoe < CllE N2 || Faell 2(1+2)~
This ends the proof of Corollary 2.1. O

Setting 7 = a”}(x)w, &t = —(w™"),, by using (2.12) and the interpolation inequality, we
have the convergence estimate (1.10). Theorem 1.1 then follows from Theorem 2.1.

3 Convergence rates to the stationary solution
In this section, we will employ the same technique as that used in Sect. 2 to treat the
problem (1.1), (1.2) and (1.4).

Similar to (1.8) in Sect. 2, by using the variables w and a(x), the problem (1.6) can be
reformulated as

o +a®) (@) =0, 1) eR" xR,
w(x,0) = wo(x) = w,, asx— +00, (3.1)

wx(0,2) = 0.
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Setting ¢ = w — w,, we get

¢y + a(®)Prx + a®)(fi(P)pN)xx =0,  (x,8) € R* X R,
@(x,0) = ¢o(x) = wo(x) — w,, (3.2)
¢x(07 t) = O)

where f(¢)¢? = (w, + ¢)7 — ;" —bp and b = yw,” ™. Note that if ¢o(x) € L, then by
using the same arguments as that in Lemma 2.2, we have

o 6)],1 < Cligolly1- (3.3)
By using the same method as that in Sect. 2, we can obtain the following result.

Theorem 3.1 Let ¢o(x) and so(x) to be smooth functions such that ¢y € (H> N LY)(RY).
There exists a number 8y > 0 such that, if 0 < § < 8¢ and ||¢o|| 2 < 8, then the global smooth
solution ¢(x,t) of (3.2) uniquely exists and satisfies
2 1 3 ¢ 1
i Lpai 2 i3 |1 9i 2
Doy |olpl,)| + Z/ 1 +7)72]dlg(,0)| dr < C.
0 i=1 V0

i=

By defining vi = alo(x,t) = a Hw, + ¢(x, 1)), ui(x,t) = —p(v1,8)x, and v, = a*w,, then,
(v1,u1,5) is the global solution for problem (1.6) which satisfies

|01 =)D e <CA+82, un(8)]| e < CA+ 1) (3.4)

Remark 3.1 The new convergence rates in (3.4) obtained are better than that obtained
in [1].

Defining the following auxiliary functions (i, 1 ):
(@1, 1) (1) = (u+e't / mo(§) d§, u+mo(x)e‘t>, (3.5)
0

where the smooth function m(x) is the same as in (1.12). Setting y = —f;oo(v -V -
v1)(€,t) d&, we then have

Yir + [pOx +v1 +1,8) = p(v1,8)]x + ¥ = p(V1,8)ars  (%,8) € R* X R,
7(%,0) = yo(x) = — [T [vo(§) — v1(§,0) — 1(§,0)] dE,

Ye(x,0) = y1(%) = uo (%) — u1(x,0) — #1(x,0),

50,2) = 0.

(3.6)

Thus, we can also obtain the following result.

Theorem 3.2 There exists a number 8y > 0 such that, if 0 < § < 8o and Yoz + V112 <
82, then the global smooth solution (v, u, s)(x, t) of the problem (1.1), (1.2) and (1.4) uniquely
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exists and satisfies

=)D <CA+DE, |=—u)( )], <CA+0)E, (3.7)
and

[0=9)C 0] <CA+82, [ul8)] o < CA+ 1) (3.8)
Remark 3.2 In [1], the convergence rates are

| =v1)(, )], =CA+ t)’% (1+1og(1+ t))ﬂl,

||u(-, t) ||L°° <Cl+p7! (1 +log(1 + t))ﬁz,

where 8; > %, By > %, but, in Theorem 3.2, we obtain the better result (3.8) which does not
have (1 +log(1 + £))#' and (1 + log(1 + £))?2.
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