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1 Introduction
In this article, we consider the following Schrédinger boundary value problems of second
order (see [1-4, 12, 24, 29, 33, 38]):

ot Af =—IfPf, (65) € R" % [0,L),
f(o’ t) :fo(t)r

where i = /-1,

n 32
A:Za_tlz

i=1

(1.1)

is the Laplace operator in R”,
ft,s):R" x[0,L) -~ C

denotes the complex valued function, L is the maximum existence time, # is the space
dimension and p satisfies the embedding condition

4 +00, n:172;
—<p<
n = n>2
n-2
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There has been a lot of interest in this Schrédinger equation, because of the significance
in physics. Liu [24] investigated the stationary Schrédinger equation

if; + %Af+%yA2f+ If1?f =0, (1.2)

where y € R, p > 1, and the space dimension is no more than three. Problem (1.2) de-
scribes a stable soliton which is a wave pulse or wave beam, specially, there are solitons in
magnetic materials for p = 1 in 3D space. Hu and Qiao [34] presented a numerical study

on the axially symmetric fourth-order Schrédinger equation

i% +%SAJ+AAif+M[f|2f=O, (1.3)

where §$>0, u >0,
AL =8%9p%+(1/p)d/0p

and &, p are properly normalized cylindrical variables.

For A <0, Eq. (1.3) plays a crucial role in the self-focusing, here the fourth derivative
term in (1.3) may give rise to an oscillatory approach to the asymptotically homogeneous
wave beam. Huang and Rui [22] analyzed the self-focusing and singularity formation in
the mixed-dispersion nonlinear Schrodinger equation

ifi + Af + e N* f +|f1Pf =0, (t,5)eR" x [0,L), (1.4)

where € = £1, p > 1, which occurs in propagation models for fiber arrays. The authors
showed that the generic propagation dynamics for € < 0 is focusing—defocusing oscilla-
tions. Qiao and Hou [33] considered the Schrédinger equation in dimensionless variables

ifi + DAf + PA*f + BIf|*f + K|f|*f = 0, (1.5)

where D, P,B,K € R and BK < 0. This equation was used for describing the dynamics of
slowly varying wave packet envelope amplitude.

Given its mathematical interest, a lot of attention is paid to the existence and nonex-
istence of global solutions to the second-order boundary value problems related to the
Schrédinger equation. Zhao [51] studied the equation

ifi + A’ f + BAf + AfIP7f =0, (t,5) e R" x [0,L), (1.6)

where A, € R, pe (1, 2% _1],and 2% = % is the energy critical exponent for the embed-
ding from H? into Lebesgue’s spaces.
On the other hand, we have the boundary value problem with respect to the Schrédinger

operator corresponding to (1.5) given by (see [6, 9, 10, 15, 17, 26, 40, 41, 44])

=0, 0<w<l, u(l-w)=0 inP,

x@&) (e, + @)y, —ws=0 inP,
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u=¢ only,
o(,0)=wy inJ,
x(E)(f, +@)-v=0 on Xy,

x(t)(f, +®)-v<0 onX,.

Regarding the existence of a solution of the problem related to the Schrodinger oper-
ator (1.1) we refer to [33] and [24], respectively, for the evolutionary dam problem with
homogeneous coefficients and for a class of free boundary problem with respect to the
Schrédinger operator in heterogeneous domain. The regularity of the solution of the
problem [24] with respect to the Schrodinger operator was discussed in [34] (see also
[13, 20, 21, 31, 36]), where it was proved that w € C°([0,L]; L#(J)) for all p € [1, +00) in the

class of free boundary problems with respect to the Schrodinger operator of types

ify — A’ f = —|f|®u, (t,5) € xR" x [0,L),
f(t’ O) :ﬁ)(t);

(1.7)

and that f € C°([0, M]; L#(J)) for all p € [1,2] in the second-order class. More results as re-
gards Schrodinger-type equations, wavelet analysis, distribution theory and calculus of
variations were studied in previous work [16, 18, 19, 27, 32, 50]. The semilinear ellip-
tic equation on R” was considered in [7]. The existence of infinitely many solutions to
it under a variety of additional conditions was proved. Bound state solutions of sublin-
ear Schrodinger equations with lack of compactness were studied in [8]. The existence of
ground state solutions for nonlinear fractional Schrédinger equation was obtained in [11]
by applying the minimization method with a constraint over a Pohozaev manifold. A dif-
fusion model of Kirchhoff-type driven by a nonlocal integro-differential operator was con-
sidered in [48]. The existence of multiple solutions for the non-homogeneous fractional
p-Laplacian equations of Schrodinger—Kirchhoff type was also considered in [45]. Bound-
ary value problems driven by a combination of differential operators of different nature
(such as (p, 2)-equations) were studied in [30]. In 2019, Xue and Tang [49] established the
existence of bound state solutions for a class of quasilinear Schrodinger equations whose
nonlinear term is asymptotically linear in R”. After changing the variables, the quasilin-
ear equation becomes a semilinear equation, whose respective associated functional is well
defined in H;(R"). The proofs are based on the Pohozaev manifold and a linking theorem.

As an application of the Phragmén—Lindel6f method related to a second-order bound-
ary value problem with respect to the Schrodinger equation, in this paper we consider the
conservation laws for a second-order boundary value problems related to the Schrédinger
equation. As an application, we prove the global existence to the solution for the Cauchy
problem of the semilinear Schrodinger equation. The results reveal that this method is

effective and simple.

2 Lemmas

In this section, we obtain some lemmas which will be needed in the sequel.
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For the second-order boundary value problem (1.1) of the Schrodinger equation for 0 <
E(fy) < d, we have

() = /R n(mz +IVfP - %W*Z) dt

and

~I _ 2 _ np +2
V(s = S/W<|Vf| il )dt.

Obviously, J”(s) has a very similar structure with the Nehari functional J(f), hence J(f) <
0 can easily yield J”(s) < 0 to prove the blowup of the solution.

But for the second-order boundary value problem (1.1) of the fourth-order semilinear
Schrédinger equation, we do not have such luck. We shall derive in the main part of this
paper that the corresponding 7" (s) for the fourth-order semilinear Schrodinger equation
is (see [37])

J”(s)=8<4/Rn\V(Af)]2dt+4/Rn|Af|2dt+/m|Vf|2dt>

+ 4<_£ [fIP*2dt + 2n+4)Re | |fIPfAfdt
pt 2 RN R

+4RefRn [f|pfx-V(Af)dt)

by comparing it with

np "
I(f)=/Rw(tf|2+ VfE+ 1A =5 "5 Y 2) dt.

We define the energy functional

1 1
&(f) = —|VfI? = ——|fIP** ) dt,
- [ (G- )
the auxiliary functionals
1, 1, 1 )
= = —|VfI|* = —|fIP** ) dt
w00= [ (Gure g - —Lyr?)
and

() = fm(lfl2 FIVF - %Wﬂ) dt.

For the above two functionals, B(f) is composed of both mass and energy, and J(f) can
be considered as Nehari functional. Further we define the Hilbert space

H= {feHl(R") : /R [t |f|* dt < oo},

Page 4 of 14



Ren et al. Boundary Value Problems (2020) 2020:1

the Nehari manifold

M={f e H'(R")\ {0}:3(f) =0},
the invariant manifolds

& ={f €9 :B() <d,3(f) >0} U{0}

and

%:{feﬁ:m(f)<0,3(f)<0},

where 0 = infreon B(f).

Lemma 2.1
(i) Forset &, we can obtain B(f) > 0 by I(f) > 0. So the set & is equivalent to

&' ={f € H|0<P() <2,3(f) >0} U{0}.

(i) Forset B, if P(f) < 0, we can get E(f) < 0, which is a sufficient condition for finite
time blowup; cf. [52]. Therefore, it is only necessary here to consider the case of

&(f) > 0, i.e., we only need

B = {f € 9|0 <P(f) <2,3(f) <0}.

The above remark is also applicable to sets G and B in Sect. 3.
For the second-order boundary value problem (1.1) of the second-order semilinear
Schrédinger equation, we summarize some results established in [23, 35, 46, 47] as fol-

lows.

Lemma 2.2 Assume that f, € $) and p satisfies the embedding condition [43]

4 +00, n=1,2,
—<p<

n n;EZ’ n>2.

(i) There exist L > 0 and a unique local solution f(t,s) of problem (1.1) in
C([0, Linax]; $). Moreover if

Lax = sup{L >0:u =f(t5) exists on [0, L]} <00
then
lim [fll5 =00 (blowup),
t—>Lmax

otherwise Lax = 00 (global existence).

Page 5 of 14
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(ii) For the solution in (i),

/ [f(s)|2 = / [fol*dt  (mass conservation),
Rn Rn

& (f (s)) = E&(fo) (emergy conservation),
PB(f(s) = Pfo)-

(iii) 0> 0, cf. [25,42].
(iv) Iffo € &, then the solution of problem (1.1) is global.
(v) Iffo € B, then the solution of problem (1.1) blows up in finite time.

In fact, although [28] proved the blowup solution by a variance of the argument in [39],
there is no explicit computation of J”(s). Now we give the specific computation of J"(s)

for the second-order boundary value problem (1.1).

Lemma 2.3 Assume that fy € B, f(t,s) € ([0,L); ) is the solution of (1.1). Let J(s) =
Jron |t12|f1? dt. Then

A~ _ 2 _ np +2
V(s = S/W(Ivfl el )dt.

Proof To prove the existence of the solution of (1.1), let f be a solution of (1.1) for the value
A of the parameter. Then, owing to (1.4), to the dominance of the principal eigenvalue of
the operator —A? in the domain R” x [0, L) under Dirichlet boundary conditions, to the
facts that £, is strongly positive in R” and to the monotonicity of the principal eigenvalue

with respect to the potential on the boundary conditions, we obtain

6= [ P +Fp s @)
which yields
YO = [ WP R dr=2Re [ 1o (22)
R" R"

Multiplying both sides of (2.1) by i, we have
fe=i(Af +IfFS).

Substituting the above equation into (2.2) we have
J(s) = 2Im/Rn (L2 (fAf +fAf,) dt

- ZIm/Rn(|t|2ﬁAf+ A(It1*f)f,) dt

= ZIm/Rn (|t|2ﬁAj’ +f Y %(Wf)) dt

i=1

Page 6 of 14
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- ZIm/Rn (|t|2ﬁAf+ﬂ2n:%<|t|22—£ +2tiu>>dt

i=1

o n f " 9%y
— 2 2 ’
o [ (107 a5 23

=2Im \t1%f, Af +f,(2nf + 4x - Vf + |t]>Af)) dt
|X ( )

)

= 21m/ (ILP£AS + |E2LAf + fo(2nf +4x - Vf)) dt
R}’l
=4Im | (Nu+2x-Vf)f,dt (2.3)

R

and
3 =2Re [ AePF(a + i) dt
RVI
- —2Im/ 1t2f (AS + [f1Pf) dt
RH
= —ZIm/ [t (FAf + 172 dt
’RVI
=21 2f Afd
m [ e
=2Im | |t]*fAfadt.
RVI
It follows from (2.1) that
fe=—i(Af + [fIPf). (2.4)
Substituting the above equation into (2.3), we can get
3'(s) = —4Imf i(nf +2x - V)(Af + [fI1Pf) dt
Rn
= —4Re/ (nf +2x - Vf)(Af+ [f|”f) dt
Rn

= —4(Re/Rn(nf+ 2x - Vf)Aj_’dt+ Re/Rn(nf+ 2x - Vf)[f|1’fdt)

= —4(31 + 32), (25)

Ji:=Re | (nf +2x-Vf)Afdt
Rﬂ
and

Ty = Re/ (nf +2x - Vf)|fPf dt.
RW

Page 7 of 14
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For J; and J,, we have

n

Jp = [f|p+2dt+ Ref x- (FP(FVS + uVf)) dt
=n [f|P+2dt+R f (IfIPV (uf)) dt

- f [f|1’+2dt+Re/ 122V IfF1?) de

=n IFIP*2 dt +
RN p+

2Re/ xV([f|)2dt
+2 2n +2
=n| |fPPdt- =" Re | |fIP*at
RN p+2 RN

np
p+2

Re |f1P*2 dt
R}’l
and

e fAjdt+2Re/ (t-VF)Af dt
R" R"

:-n/Rﬂ|Vf|2dt—2Re/RnV(t-Vf)Vfdt
:_n/Rn|Vf|2dt—2RefRné%<étjg—£)s—fdt
:—n/ |Vf|*dt - 2Re/ ZZ%( )afdt
:—n/ \Vf?dt — 2R/ ZS{;{

:—n/ |Vf|2dt—2/ |Vf|*dt
R" R"
N ?u of  *f of
_Re/nZZt’(at,»at,»a_tfr 8t,-8t,8_15i) at
i=1 j=1
of
:—n/ |VfI*dt - 2/ IVf|* dt - Re/ ZZ’at (a{ a{>

=—n/ |Vf|2dt—2/ |Vf|2dt—Re/ x- V|Vf)*dt
R" R" R"

=—n/ |Vf|2dt—2/ |Vf|2dt+n/ |Vf|*dt
R" R" R"

_ 2
-2 fR V. (2.6)
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Substituting the above equation and (2.6) into (2.5), finally we derive
) =-4(=2 | vfPde+ 2R P42 gy
vo--4(-2 [ wrras ke[
np +2
=8 IVF)? = ———|f? )dt.
NGl
Then the proof is complete. O

3 Main result

In this section, we shall state and prove our main result.

Theorem 3.1 (Conservation laws) Let fy € H? and f € ([0, L); H?) be the unique solution
of problem (1.1). Then

/ [f(s) |2 = / [fol*dt  (mass conservation), (3.1)
Rn Rﬂ

& (f (s)) =&(fo) (energy conservation), (3.2)
P(f(s)) = P(fo). (3.3)

Proof 1t follows that
d ) _d -
alfoora)-g(f )
- | siran
Rn
- [ GFesiran
Rn
=2Re | ffidt (3.4)
R}’l
from the definitions of the energy functional £(f(s)) and P(f(s)), which yields
fh=i(fAf =N + [F1P). (3.5)
It follows from (3.4) and (3.5) that
d = - .
E(/”Rn [f|2dt) = 2Re/Rnl(fAf—fA2u+ If1? 2)dt
=—2Im f (FAf —fA*u+ |f1P?) dt
Rn
= 2Im/ (IVFI> + 1Af1? = [fIP*?) dt = 0.
R"

So (3.1) holds.

Page 9 of 14
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Then we prove the energy conservation as follows:

%(S(f(s))) = %(/Rn(%lvfl2 SIAfPR - [f|p+2> dt)

oo gy g )

- <%(Vﬁ~vf+vf'vﬁ)+%(AﬁAﬁAfAﬁ)
RVI

_ %(uf)’m(ff + uﬁ)) dt
which yields
%(s(ﬂs))) = di( / (; IVfI2+ |Af|2 lf|"*2) dt)
SACE T
/ ( (Vf: - Vf +Vf- Vﬁ) + (AﬁAf + AfAﬁ
YT ) ) do
- / <1(Vft Vf+Vf-Vf)+ l(AftAit + AuAf)
R}'I 2 2
P + u_f») dt
~Re /R ((Vfi - V) + (ALAS) = wf PP (1)) dt
e [ (167 - ¥ a
o
__Re / F(AF - A%F + [f1PF) . (3.6)
o
So

ilfil” = <A (Af - A%u + |fFS).

Then substituting the above equation into (3.6) gives
d 2 2
—(S(f(s)))zRe ilfy|*dt = —Im fel“dt =0,
dt RVI Rﬂ

thus (3.2) holds.
Finally, we obtain (3.3) from (3.1) and (3.2). O

4 An application
As a crucial application, we prove the global existence to the solution for the Cauchy prob-

lem of the semilinear Schrodinger equation.



Ren et al. Boundary Value Problems (2020) 2020:1 Page 11 of 14

As shown in [5, 14], the negative initial energy (€(fo) < 0) is currently the sufficient con-
dition for blowup of the Cauchy problem (1.1), i.e., in this case, it is impossible to divide
the initial condition to obtain the sharp condition of global existence and blowup in the
frame of the variational method. Therefore, we only consider the case of 0 < £(f) < d and
try to build a similar result to the second-order semilinear Schrodinger equation. First we
need to verify d > 0.

Lemma 4.1 The depth of the potential well is positive, i.e., d > 0.
Proof It follows from the Sobolev embedding inequalities that

/ (IVFI? + |f1?) dt < / (IVFI? + |f1* + |Af1?) dt
R" R"

__"
T 20p+2) Jr

|f|p+2 dt

p+2

S 3 eD) (/RWC(IVﬂ% W)dt)z,

for any f € M.
Put

2/p .
C= (72(p+2)> CJITZ.
np

Then
0<C< f (IVf? + |f?) dt. (4.1)
Rn

It follows from (4.1) and the definition of P(f) that

1 1 1 1
P(f) = / n<§[f|2 IV SIAMP -mwﬂ) dt

1 1 2(p +2)
=(5— 2 )/ (F12 + V1 + | Af1P) de
p+2 np R
1 2(p +2) n .
pL 2 1P+ IVfP + [ Af2 = 2 |fp+2 ) dt
p+2 np Ry 2(p +2)
np —2 2 2 2
= \Y% A dt
oy fRn(lfl +IVf+1AfP)
np—2 2 2
> \YJ dt
=2 /Rn(| P+ IfP?)
>C>0.
Finally, we obtain the desired result. 0

Theorem4.1 Letfy € G. Then the solutionf(t,s) of the initial value problem (1.1) be global,
i.e., the maximum existence time L = oo.
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Proof It follows from Lemma 4.1 that
1 2 1 2 p+2
d>P(f) = U+ SIVAT+ IAfI )t
R1

1 1 2p+2)
- (ym-(’;—;) Ln(tf|2+|Vf|2+|Af|2)dt

L L A2 (lf|2+ IVfP o+ |AfP? -

p+2 dt
p+2 np 2+ )

2(p2

=2 / (FP + IV + | AFP) de

for any ¢ € [0, L), which yields

Zdnp

2 2 2
/Rﬂ(Wﬂ +f 12+ |Af1%) dt ot

Then according to Theorem 3.1, the existence time of a local solution of (1.1) can be
extended to infinity, thus the solution of the problem (1.1) is global. O

5 Conclusions

In this paper, we applied a reliable combination of maximum modulus method with re-
spect to the Schrodinger operator and Phragmén—Lindelof method to investigate con-
servation laws for a second-order boundary value problems related to the Schréodinger
equation. As an application, we prove the global existence to the solution for the Cauchy
problem of the semilinear Schrodinger equation. The results reveal that this method is
effective and simple.
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