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1 Introduction

Difference operators play a very important role in solving functional differential equa-
tions, which derived from some practical problems, such as biology, economics and pop-
ulation models [11, 20, 25]. In the 1970s, Hale [10] gave a definition for a functional dif-
ferential equations of an operator. Under the condition that the operator is stable, many
researchers obtained the existence of periodic solutions for these functional differential
equations by means of some fixed point theorems and topology degree theory. Zhang
[26] in 1995 first introduced the properties of the linear autonomous difference opera-
tor (A1x)(t) := x(¢) — cx(¢t — §), where ¢, § are constants, which became an effective tool
for the research on differential equation, since it relieved the above stability restriction.
This work has attracted the attention of many scholars in differential equations, for ex-
ample [2—-4, 6-8, 13, 15, 17-19, 21-24, 27]. Lu and Ge [13] in 2004 investigated a linear
autonomous difference operator with multiple parameters (A,x)(¢) := x(t) - Y | cix(t — ;)
which is an extension of A;. And they obtained the existence of periodic solutions for the
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corresponding differential equation. Du et al. [8] in 2009 studied the difference opera-
tor (Asx)(t) := x(t) — c(t)x(t — ), where c(¢) is a periodic function. By applying Mawhin’s
continuation theorem and the properties of Aj, they obtained sufficient conditions for
the existence of periodic solutions to a kind of Liénard differential equation. Afterwards,
Ren et al. [19] in 2011 considered a kind of second-order functional differential equation.
By applications of the fixed point index theorem and the properties of the linear differ-
ence operator (A4x)(t) := x(t) — cx(¢ — 5(¢)), where §(¢) is a periodic function, they obtained
sufficient conditions for the existence, multiplicity and nonexistence of positive periodic
solutions to the corresponding equation. Subsequently, Cheng and Li in [3] investigated
the difference operator (Asx)(t) := x(£) — c(t)x(¢t — 5(¢)), and applied it to a study of the cor-
responding functional differential equation.

Naturally, a new question arises: how does the linear difference operator work on mul-
tiple variable parameters? Besides practical interests, the topic has obvious intrinsic the-
oretical significance. To answer this question, in this paper, we discuss properties of the
difference operator with multiple variable parameters (Ax)(¢) := x(t) = > -, c:(£)x(¢ — 8,(¢)),
which is shown in Sect. 2, where ¢;(¢), §;(¢) € C(R,R), and ¢;(¢), 3;(¢) are w-periodic func-
tions on ¢, w is a positive constant. As applications of properties of the difference operator
A, we investigate the existence of periodic solutions for two kinds of second-order differ-
ential equations as follows.

In Sect. 3, we consider a kind of second-order differential equation with difference op-
erator A:

((Ax)©®)" + a)x(t) = f(t,x(t - (1)), (1.1)

where 7(£) € C(R,R), a(t) € C(R, (0, +00)), f(t,x) := f(t,x(t —(2))) € C(R x R,R), and t(¢),
a(t), f (t,x) are w-periodic functions on ¢. By employing properties of A and Krasnoselskii’s
fixed point theorem, some sufficient conditions for the existence of positive periodic so-
lutions are established. Meanwhile, we obtain the f(£,x) condition which is weaker than
the condition F(¢,x) := f(¢,x(t — t(¢))) — ca(t)x(t — ©(¢)) in [5, 14]. And we establish the
existence of positive periodic solutions of Eq. (1.1) in the cases that 0 < > ¢;(t) < 1 and
-1 <Y ", ¢i(t) <0, the authors in [19, 22] only discussed the existence of periodic solu-
tions for equations in the case that -1 <c < 0.

In Sect. 4, by applications of the extension of Mawhin’s continuous theorem due to Ge
and Ren [9], we study the following second-order quasi-linear differential equation:

(#p(A%) () = £ (t,2(2), % (£)), (1.2)

where ¢, : R — Ris given by ¢,(s) = |s|?~%s, wherep > 1 isa Constant,f: [0, T]xRxR— R
is an L*-Carathéodory function, i.e. it is measurable in the first variable and continu-
ous in the second variable, and for every 0 < r < s there exists /4, € L2[0, T] such that
[f(t,x(t),x/(t))l < h,s for all x € [r,s] and a.e. t € [0, T']. The obvious difficulty of Eq. (1.2)
lies in the following two respects. First, although (Ax)(¢) = x(¢) — >, c;(£)x(¢ — 8,(¢)) is a
natural generalization of the operator (A;x)(¢), j = 1,2, 3,4, 5, this class of differential equa-
tion with A typically possesses a more complicated nonlinearity than differential equation
with (4;x)(t). Second, we do not get (Ax)'(t) = (Ax')(¢), it means that the prior bounds of

periodic solutions are not easy to estimate, we get over this problem here.
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2 Properties of the difference operator A
In this section, we consider properties of the difference operator A. We first give the fol-

lowing notations which will be used in the proofs. Let
Cy,:= {x € C(R,R) : x(t + w) = x(t), t € R}

with norm ||x|| := maxefo,,) [%(£)|. Clearly, (C,, || - ||) is a Banach space. Define
C):= {x € C(R, (0, +oo)) 1x(t + w) =x(2),t € R},

i ci(t) i ci(t)
i=1 i=1

, ¢* := max
te[0,w]

Cy := min
te[0,w]

’

n
leill == max e, cooi= Y Nl i=12...m,
te[0,w] ]

k= {k| llcgll = max{icall licall, .. leull}}.

Lemma 2.1 ([12]) Ifc(t) € C,, 8(¢) € CL := {x € CY(R,R) : x(t + w) = x(¢),t € R} and §'(t) <
1, then c(u(t)) € C,, where u(t) is the inverse function of t — §(t).

Define operators A,B: C,, — C, by

(Ax)(6) = () = Y _cix(t-8:8),  Bx)®) =Y cilthx(t - 8(8)),
o pa

then we have the following properties of the difference operator A.

Theorem 2.2
(1) If Y%, llcill < 1, then the operator A has a continuous inverse A~ on C,,, satisfying

. - llx
At —
M (A7)0 = = S el

w 1 w
.o _1
(i) /O 0] de = o /0 1x(0)| d.

(2) If Y"1 lleill < 1 and 8,(¢) < 1, then the operator A has a continuous inverse Al on
C,, satisfying

. o llex|l x|l
O @Ol = 5 o

.. I llexll @
(ii) /0|(A x)(l.‘)|a,’t§71_2:7:1 ”ei”/() |x(t)|dt,

where Y 1 lleill = || % Il + Z%}( I CC—;( |, and for any ty € R, cx(ty) # 0.
1

Proof Case1: > i, llcill < 1.

Page 3 of 29
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Lett=Dgand Dj=t— Y, 8,(Di.1),j=1,2,..., then
Bx)(t) = Y _ ¢y, (Do)x(Dy),

=1

(B*x)(£) = Y e (Do) Y _ ciy (D1)x(D2),

h=1 Ih=1

therefore, we have

Zch Do) Zsz Dy)- 201 i-1)x(D
and

> (Bx)®) = x(t)+ZZCh DO)Z%(Dl ch.w,;l)x(D,),
j=0

j=1 I1=1 =1

where B® = I. Since A =1 - B and ||B|| < Y7, llcill < 1, we see that A has a continuous

inverse A™1: C, — C,, with

[e¢]

(A% = (U - Z (Blx)(

5

=x(t) + ZZ% Do)X:Cz2 Dy)- ZCz (Dj-1)x(Dy).

j=1 51=1 =1

Then

x(t) + Z Zc:l (Do) Zcb (D1)-++ Y ey (Dj1)x(Dy)

j=1 =1 /=1

< Jlxll + Z(Z ||cl||) Il

j=1

(a0 -

[l

S
1- Zizl llcl

Moreover, we obtain

/Ow|(A‘1x)(t)| dt = /w

= |(Bx)(t)| dt
b e

oo

iB’x )| d
j=0

(Do) ZCIZ(DI) 'chj(D/—l)x(Dj) dt

l/:1

j=0

Page 4 of 29
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f;(z ||c,||) / (6)]

_— ! dt.
S1-y7, ||Ci||/o x(e)| e

Case2: Y ¢ |le;]l <1and §;(¢) < 1.
The operator (Ax)(¢) = x(t) — Y -, ci(£)x(t — 8;()) can be converted to

(Ax)(t) = x(t) - Ck t 8k Z Cl
1#1<

:—ck(t)( (£ = 8(0)) - % c(?) (t- 8(1.‘)))

From Lemma 2.1, there exists an inverse function u € C(R, R), such that u(t — 8;(¢)) = ¢.
Define

(Ex)(2) = x(t) - Wl(t))x(u(t)) £y cilu (t))x(u(t) - 8i(n)),

— c(u())
ik
A= aoqy  fori=k o (), for i =k,
40 =1 " L, al= ,
- fori#k; w(t) = 8;(u(2), fori#k.

cr(u(®)’

Then (Ex)(t) = x(t) — Y1, ei(t)x(ei(2)). Define (Bx)(t) = Y1, ei(t)x(ei(2)), let Dy = t and

Dj=¢y--enen(8),j=0,1,2,...,[=1,2,...,n, we have

(Bx)(1) =Y _ e, (Do)x(Dy),

h=1
(Bx)(0) =) ey (Do) Y en,(D1)x(Dy),
h I

vey

(Bx)(t) = e (Do) Y en,(Dy) -+ Y ey (Dj-1)x(D)).
h= =1

l/‘=1

. " 1 ; .
Since Bl < X%, lleill = 11+ P S—ZII <1, we arrive at

oo

(E%)(0) =) (Bx Z(Zezl DO)Zelz(Dl Zez (Dj-1)x(D; ))

j=0 j=0 =1

Page 5 of 29
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Since (Ax)(£) = —cx()(Ex)(t - 8(£) := X(2) € C,, we have (Ex)(¢) = —248) = —e;(¢) x
X(u(?)) := Xo(t) € C,. Therefore,

(A7 X)(2) = %(t) = (E7"Xo0) (2)

Z(Z%(Do Zezz Dy)- Zez i-1)Xo(D )

j=0

Similar to Case 1, we can get

(A7 X) ()]

(Z er, (Do) Z e, (Dy)-- Z ey (bj—l)Xo(Dj)> ‘
Py

0o [ n J
< (Z ||ei||> 1o
=0 \i=1

Xlllle
~ _ IXT el

T1-30 el

and

B el [
[ el s sy len o [ ool = 55 S T ALGIEE

Remark 2.3 Theorem 2.2 extends and improves the corresponding lemmasin [3, 8,13, 19,
26].

If 8;(¢) = 8;,i=1,2,...,n, here §; are constants, then the operator A can be written as

(Ax)(®) =2(t) = Y ci()a(t - 8y),

i=1
then we have the following corollary.

Corollary 2.4
(1) If Y%, llcill < 1, then the operator A has a continuous inverse A~ on C,,, satisfying

o ]
O A0 = T o

w 1 w
.o _1
(i) /0 )] de = o fo Ix(0)| dt.

2) If Y lleill < 1, then the operator A has a continuous inverse At on C,, satisfying

llex I llxll

O (470l = 5o

llexl ¢
(ii) / A7l x )N dt < ———— x(¢)| dt,
I o) 1-370 el | |

where Y 1 lleill = || i Il + Z%}( I CC—;( |, and for any ty € R, cx(ty) # 0.
1

Page 6 of 29
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If¢;(t) =c;,i=1,2,...,n,ie., the ¢; are constants, then the operator A can be written as
n
(Ax)(t) = x(t) - Z cix(t - 8,(t)),
i=1

therefore, we have the following corollary.

Corollary 2.5
(1) If Y7, lcil < 1, then the operator A has a continuous inverse A~ on C,,, satisfying

%Il
Zz 1| L|

(ii) /|A x(t|dt_1 S 1|l|/ |%(2)] dt.

(2) If|i| +Y |cc—li| <1, and 8;(t) < 1, then the operator A has a continuous inverse Al
ik

O (490 = 1=

on C,, satisfying

[lell
’ < ——
lexl =1 =310 il
ik

w 1 w
i Al dt< ————————— dt,
(i /0 (475 t§|ck|—1—2?;;|ci|/o <]t

where |cx| = max{|ci],|cal,...,|cul} and cx #0.

M) (A7)0

Ifc;(t) = c;, 6:(8) =61, i=1,2,...,m, ie. the ¢;, §; are constants, then the operator A can be
written as

(AR(0) = 2(t) - Y et - 8),

i=1
then we obtain the following.

Corollary 2.6
(1) If "7, lcil < 1, then the operator A has a continuous inverse A~ on C,,, satisfying

Gl

Zz 1| l|
. 14} O w
(ii) /0 |(A x)(t)|dt§71_z?:1 |Ci|/0 |%(2)] dt.

(2) Iflil +Y Icc—lil < 1, then the operator A has a continuous inverse A~* on C,,,
ik

0 (A")0] < 5

satisfying

&l

. -1
O A7)0 = i Ty ar
i#k

Page 7 of 29
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w 1 w
.. -1
W /0 ()| e < ol -1- |ci|/o Rl

where |ck| = max{|ci|, |c2l, ..., |cq|} and c¢x # 0.
Remark 2.7 Corollary 2.6 can be found in [13].

If n = 1, then the operator A can be written as

(Ax)(2) = x(t) — c1(£)x(t - 81(2)),
therefore, we can get the following corollary.

Corollary 2.8

(1) If llerll < 1, then the operator A has a continuous inverse A™' on C,, satisfying

. || I
0 [(A")0l < e

.o ,1 @
(ii) /0 (4 x)(t)|dt§1_||61||/(; |x(t)| dt.

) If c1s > 1 and 81(t) < 1, then the operator A has a continuous inverse A~* on C,,,

satisfying

W |Aa)o] <

1%
(ii) f’A x ’dt<

/ Ix(0)| .

Remark 2.9 Corollary 2.8 can be found in [3].

Remark2.10 Whenn =1, (1) if ¢1(¢) = ¢, where c is constant, we can get the corresponding
properties of A, in [19]; (2) if 8, (¢) = §, where § is constant, we can get the corresponding

properties of Az in [8]; (3) if ¢1(£) = ¢, 81(¢) = §, we can get the corresponding properties of

Aj in [26].

3 Periodic solutions for Eq. (1.1)

In this section, we discuss the existence of positive periodic solutions for Eq. (1.1) in the
cases that 0 < )7, ¢;(¢) < 1 and —1 < )1, ¢;(¢) < 0. Firstly, we recall Krasnoselskii’s fixed

point theorem and some lemmas which our proofs are based on.

Theorem 3.1 (Krasnoselskii’s fixed point theorem [1]) Let C,, be a Banach space. Assume

that §2 is a bounded closed convex subset of C,. If Q, S: 2 — C,, satisfy
(i) Qxy+Sxy € £2,Vx1,x; € 82,
(ii) S isa contractive operator and Q is a completely continuous operator.
Then Q + S has a fixed point in §2.

Page 8 of 29
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Lemma 3.2 ([5]) The equation

(3.1)

y'(t) + My(t) = h(t),
¥(0) = y(w), ¥'(0) = y'(w),

has a unique w-periodic solution

y(t) = /‘” G(t,s)h(s)ds,
0

where
cos«/[\_/[(t—s—j), 0 <s<t<w,
G(t )_ 2/M sin @‘”
»S8) = cos M(t-s+%)
—— ] <t<s<w
2/M sin ‘//;/1‘”

Lemma 3.3 ([5]) fow G(t,s)ds = % And G(t,s) is a differentiable function with t.
Lemma 3.4 ([22]) IfM < (g)z, then 0< [ < G(t,s) <L forall t € [0,w] and s € [0, w).

Next, we consider the existence of positive periodic solutions for Eq. (1.1) in the case
that cx € (0, 375-)- Let y(£) = (Ax)(¢), from Theorem 2.2, we have x(¢) = (A~1y)(¢). Hence,

Eq. (1.1) can be transformed into
y'(6) + a®)y(t) —a®H(y(©) = f (& x(t - (1)), (32)

where H(y(t) = ~(3_1L, ci()(A7')(t = 8i(0))) = (7L, ca(®)x(t = 8i(0))).

We consider
' () + a()y(t) - a(®)H (y(t)) = h(2), heC}. (3.3)
Define the operators T, N : C,, — C,, by
(Th)(¢) = /Ow G(¢,)h(s) ds, (Ny)(2) = (M — a(0)y(2) + a(t)H (y(t)). (3.4)

Clearly, T is completely continuous and N is bounded in C,. From Eq. (3.4) and

Lemma 3.2, the solution for Eq. (3.3) can be written as

¥(@) = (Th)(£) + (TNy)(?). (3.5)
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On the other hand, since H(y(£)) = — Y7, ¢;(£)(A™'y)(¢ - 8;(¢)), from Lemma 2.2, it is clear
that

=Y alt) (A7) (£ - 84(8)

i=1

INy(8)] < (M - a(®))|y@)| + |a@)|

‘ 1
M — M il -
<M -m)|y@)| + §Hﬁ||c|| . PTCL

Mc

< (M -m+ )Ilyll. (3.6)

1-cy
And it follows that

M
INJ <M —m+ 2 (3.7)
1-cx

In view of ¢o, € (0 Yand | T|| < A_le (see Lemma 3.3), we have from Eq. (3.7)

_m_
> M+m

1 Mcs M—-m(1-co)
IITNIISIITIIIINIIS—<M—M+ )S <L (3.8)
M 1-c¢x M1 -cx)
Therefore,
y(&) = (I = TN)"(Th)(2). (3.9)

Define an operator P: C, — C, by
(Ph)(t) = (I — TN)"Y(Th)(¢). (3.10)

Obviously, if M < (%)2, for any h € C}, y(¢) = (Ph)(¢) is the unique positive w-periodic
solution of Eq. (1.1). Let

VA =22 +402 - (1-c2)
ko

= , 0:=
20

l
I
Consider the equation

ocgo + (1 - ci)cOO -0 =0, (3.11)

itis easy to verify that ¢ +(1-c%)coo—0 < 0when 0 < ¢, < ko, and we have the following

lemmas.

Lemma 3.5 Assume that M < (%)2, ci(t) 0, co € (0, 377-.) and coo < ko hold, where i =
1,2,...,n. Then

(Th)(t) < (Ph)(t) < _M-ce) |Th|, forallheC;.
m— (M + m)cs
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Proof From Eq. (3.8), for all # € C}, we obtain

(Ph)(t) = (I - TN) ™ (Th)(¢) < ||(T - TN) ||| Th|

\THI M -cy)
T 1-||ITN| ~ m— (M + m)ce

I Tl

Since | TN|| < 1, by Neumann expansions of P, we have

P=(I-TN)!'T
=(I+TN+(TN)*+---)T

=T+ TNT + (IN)*T +

From Lemma 3.4, for all &(t) € C}, we arrive at
(e) = [ Gle, s
0

zl/wh(s)ds: %L/wh(s)ds
0 0

> o max / G(t,s)h(s)ds = o ||Th| > 0.
0

te[0,w]

In view of ¢;(t) <0 (i=1,2,...,n) and co, < ko, we get by Eq. (2.1)

(A TH) @B =) (Z (Do) Y (D)) ¢y (D,1>(Th)(D,«>)
j=0

=1 =1 h=1

_ z(z%mz%m zq IO >)

j=even \/1=1

+ Z (Zch(Do)Zczz(Dl) Zcz (Dj-1)(Th)(D; ))

j=odd \/1=1 =

o0 o0
>o | Thil +ollThll Y &, = ITh] Y ¢

j=even j=odd

> o | Thil+ollThil Y &= ITh Y d

Jj=even j=odd
ollTh| coollTh
. I J_ wHZHZQ
1-c 1-c¢z,

therefore, from equality (3.4), we can observe that

(NTh)(®) = (M — a(®))(Th)(£) - a(t) (Z ci(8)(A™ Th) (¢ - Mﬂ)) =0,

i=1

Page 11 of 29

(3.12)

(3.13)



Li et al. Boundary Value Problems (2020) 2020:8 Page 12 of 29

clearly, (TNTh)(¢) > 0. Then from the above analysis, we can get

(Ph)(t) = (Th)(t) + (INTh)(£) + ((TN)*Th)(t) + ((TN)*Th)(£) + - - -

> (Th)(t), forallheC]. a
Lemma 3.6 Assume that M < (%)2, ci(t) > 0 and cx € (0, 37,--) hold, where i =1,2,...,n.
Then
m— (M + m)co M(1 - coo)
——————(Th)(t) < (Ph)(t) < ————— || Th||, lheC’.
T eSO < PR < S T, forall e

Proof Similarly as the proof of Lemma 3.5, it is easy to verify that

ITHl M1~ c)

(Ph)(t) < T [IN] = = L+ m)ew I Thl|.
From Eq. (3.13), we have
P=(I+ TN+(TN)2+(TN)3+---)T
=(I+(TN)* +(TN)*+---)T + (TN + (IN)* + (IN)® + - )T

(I+ (TN)2 +(IN)* + )T+ (I+(TN)* + (IN)* +---)INT

= ([ +(IN)* +(IN)* +---)I + TN)T. (3.14)
Then we get by Eq. (3.8)

(Ph)(&) = (I + TN)(Th)(®) = (I - I TN||)(Th)(2)

m— (m+ M)cy

Th)(¢) >0, forallheC’.
> RV (Th)(t) > orallhe C O

When n = 1, then (Ax)(£) = x(£) — c1(£)x(t — §1(8)), if ¢1(¢) = ¢, here c is a constant, then
we have the following corollary.

Corollary 3.7 Assume that M < (%)2 and |c| € (0, 37,.-) hold.
(i) Ifc<0and|c| <o, then
M(1 —|c|) .
(Th)(2) < (Ph)(8) < Gl mie] | Th|l, forallheC).
(ii) Ifc>0, then
m— (M + m)c M(1-c¢)
————(Th Ph —————|\\Th lheC’.
gy WO = PO < =S T, forall e C

Remark 3.8 If Y1, |le;|l < 1 and 8;(¢) < 1, since

1
Cooll g |l

ITN| < ITIINI £1-— + — =)
M 1- Zi:l lle:ll

we cannot get || TN| < 1, therefore, we cannot get Lemma 3.5 and Lemma 3.6.
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Next, we define operators Q,S: C,, — C, by

(Qx)(8) = P(f (6, x(¢ - T(2)))), (Sx)(2) = Z ci(t)x(t - 8:(2)). (3.15)

i=1

From the above analysis, the existence of periodic solutions for Eq. (1.1) is equivalent to
the existence of solutions for the operator equation

Qx+Sx=x (3.16)
in C,. Moreover, we have the following lemma.
Lemma 3.9 Q is completely continuous in C,.

Proof Since T is completely continuous and N is bounded in C,, from Eq. (3.13), we see
that P is completely continuous in C,. By Eq. (3.15), it is easy to verify that Q is completely
continuous in C,,. O

Now, we present our results of Eq. (1.1) in the case that ¢y, € (0, 377-).
Case1l:¢;(t)>0,i=1,2,...,n.
Theorem 3.10 Assume that M < (g)z, ¢i(t)>0and 0<c, < Zf’zl ¢i(t) < coo < ﬁ hold.
Furthermore, suppose the following condition is satisfied:
(F1) There exist two positive constants r and R such that

M2(1 —c)1—coo)r

(m — (M + m)cs)? <R

and

M*(1-c,)(1 - coo)
m— (M + m)cy

L <) < (m— (M + m)cso)R,

forallt € [0,w] and x € [r,R].
Then Eq. (1.1) has at least one positive w-periodic solution x(t) with r < x(¢) <R.

Proof Let
2={xeC,:r<x<R,forall t e R}.

Obviously, §2 is a bounded closed convex set in C,,.
Foranyx € £2,t € R, we get by Eq. (3.15)

(Qx)(t+w) = P(f(t + a),x(t +w-1(t+ a))))) = P(f(t,x(t - T(t)))) = (Qu)(¢)

and

(Sx)(E+w) =) clt +o)x(t + 0 —8(t+w)) = Y ci@)x(t (1)) = (Sx)(8),
i=1

i=1

which show that (Qx)(£) and (Sx)(£) are w-periodic. Thus, Q(£2) C C,, S(£2) C C,.
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For all x1, x, € §2 and ¢t € R, from Lemma 3.3, Lemma 3.6 and condition (F;), we have

(Qu1)(£) + (Sx2)(8) = P(f (£, (£ = T(@)))) + D i) (£ - 8:(8))
i=1

n

| T(f (20 (t=T@))] + D cil®)xa(t - 8:(0))

i=1

M1 - coo)
T m—(M+m)cy

MO s [ Gle sl 26)
0

T m— (M + m)c tel00]

£ ety (t - 8i(0))
i=1
M(1 - cy)

1 n
< m(m—(M+m)coo)R- M +RZci(t)

i=1
M(1 - cyo)

1
W(Wl — (M+ m)coo)R . M + CooR
oo

=
=R
and

(Q1)(8) + (Sx2) () = P(f (w1 (£~ (1)) + D cilt)aea(t - 8:(2))

i=1

m—(M+m)ce [©
> W L G(t, s)f(s,xl (S - r(s))) ds
+ Z ci(t)xa (¢ - 8(2))
i=1

m—(M+m)cee M (1 -cs) 1 n
- M(1 - ceo) .m—(M+m)coo(1_C*)r'}\_/I+r;ci(t)

> (1= ¢ )r +cyr
= }”,

which imply that r < Qx; + Sxp <R, for all x1, x5 € 2. Therefore, Qx; + Sx; € 2.

For all x1, x, € §2, we obtain

|Sx1(t) = Sxa(8)] = | D ity (£ = 8:(8) = Y calta (£ - 5:(0))

i=1 i=1

<> et (@ (£ - 8:(8)) — 2 (£ - 8:(8)))|
i=1
< lleillllx = x2l = cocllxr — 2,

i=1

then from ¢4, € (0, MLW), we conclude that S is contractive.
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Since Q is completely continuous, by Theorem 3.1, there is an x € 2 such that
Qx + Sx = x. Therefore, Eq. (1.1) has at least one positive w-periodic solution x(¢) with
r<x(t) <R. O

Case 2:¢;(t)<0,i=1,2,.
We consider the existence of periodic solutions for Eq. (1.1) in the case that —37- <
Y, ci(t) < 0. To conclude the main result, firstly, we consider the equation

Mc* - M + m)c+m = 0. (3.17)

_ 2
It is obvious that Eq. (3.17) has a solution ¢ = 2Mem (iﬁw) M and 0 < ¢ < If

oo < £, we have Mc%, — (2M + m)coo + m > 0.

On the other hand, for any 0 < ¢3, ¢; < M, we obtain

(M + m)cicy —mey —Mcey + M
m m

> (M +m)cico —m -M +M
m+ M m+ M

=M +m)cico —m+M > 0.

(M+m)coocs—Mcoo —mes+M
Mc%o—(ZMer)coc +m
Therefore, we have the following theorem.

r> 0, since ¢, < o <

Then if r > 0, we can get T

Theorem 3.11 Assume that M < (%)2, ¢i(t) < 0 and co < minfko, ¢} hold. Furthermore,
suppose the following condition is satisfied:
(Fy) There exist two positive constants r, R such that

(M + m)cogCy — Mcoo — mcy + M

> r<R
Mc2, — 2M + m)co + m

and

m— (M + m)c

M(r+coR) < f(t,x) <
1-cxo

(R + cy1),

forallt € [0,w] and x € [r,R].
Then Eq. (1.1) has at least one positive w-periodic solution x(t) with r < x(t) <R.

Proof We follow the same notations as in the proof of Theorem 3.10. For all x;,x; € £2,
from Lemma 3.3, Lemma 3.5 and condition (F,), we see that

(Qx1)(8) + (Sx2)(8) = P(f (t, %1 (¢ - T (1)) Zc, ()% (£ - 8:(2))

n

| T(f(t20(2 - 8()))) | + D cilt)ea(t - 5:(2))

i=1

M1 - oo
m— (M + m)c

M1 - c) X /“’ G(t,s)f (51 (s = 8(s))) ds + r Y _cilt)

T m— (M + m)cy tel0w] Jo o
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M1 - coo) m — (M + m)coo
T m—(M+m)c 1-c¢o

1
(R+c*r)~M—c*r
=R

and

(Qu1)(£) + (Sx)(£) = P(f (£, 21 (£ = T(®)))) + D ci®)a (£ — 8:(8))

i=1

> /Ow G(t,s)f(s,x1 (s - 'C(S))) ds + Z ci(t)xy (t - Si(t))
i=1

1
ZM(r+cooR)-M —CooR

From the above two inequalities, it is clear that Qx; + Sxy € £2, for all x;, %y € 2.

We use a similar argument as in the proof of Theorem 3.10, we can observe that
Q(£2) c C,, S(£2) C C,, S is contractive. Since Q is completely continuous, we get by a
direct application of Theorem 3.1 that Eq. (1.1) has at least one positive w-periodic solu-
tion x(¢) with r < x(¢) <R. O

Remark 3.12 If n = 1, then (Ax)(¢) = x(t) — c1(£)x(t — 81(¢)), we can also get Theorem 3.10

and Theorem 3.11 in a similar way.

If n =1 and ¢;(¢) = ¢, where c is a constant, from Corollary 3.7, we can get the following

corollaries, which improve and extend the corresponding results from [5].

Corollary 3.13 Assume that M < (%)2 and 0 < ¢ < 57 hold. Furthermore, suppose the
following condition is satisfied:
(FY) There exist two positive constants r and R such that

M?*(1=c)?r R
(m — (M + m)c)? <
and

M*(1-¢)’r <f(t,x) < (m — (M + m)c)zR,

forallt € [0,w] and x € [r,R].
Then Eq. (1.1) has at least one positive w-periodic solution x(t) with r < x(t) <R.

Remark 3.14 Corollary 3.13 extends and improves Theorem 2.1 in [5].

Corollary 3.15 Suppose that M < (%)2, ¢ <0 and |c| < min{o, ¢} hold. Furthermore, as-
sume that the following condition is satisfied:
(Fy) There exist two non-negative constants r, R such that

(M + m)|c|]®> = (M + m)|c| + M
7
M|c|? = M + m)|c| + m
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and

m— (M + m)|c|

M(r+ |c|R) < f(t,x) < -

(R+ clr),
forall t € [0,w] and x € [r,R].
Then Eq. (1.1) has at least one w-periodic solution x(t) with r < x(t) <R.

Remark 3.16 Corollary 3.15 extends and improves Theorem 2.3 in [5].

4 Periodic solution for Eq. (1.2)

In this section, we investigative the existence of periodic solutions for Eq. (1.2) by applica-
tions of the extension of Mawhin’s continuous theorem [9], in order to use this theorem,
we recall it first.

Let X and Z be Banach spaces with norms || - ||z and || - ||, respectively. A continuous
operator M : X NdomM — Z is said to be quasi-linear if

(1) ImM := M(X NdomM) is a closed subset of Z;

(2) kerM := {xe X NdomM : Mx = 0} is a subspace of X with dimker M < +oo.

Let )N(l = ker M and )~(2 be the complement space of)N(l in )N(, then X = )N(l GB)N(z. Meanwhile,
Z, is a subspace of Z and Z, is the complement space of Z; in Z, s0 Z = Z; @ Z,. Suppose
that P: X — X; and Q: Z — Z; are two projects and 2 cXisan open bounded set with
the origin € 2.

Let K[X 02— Z,he [0,1] is a continuous operator. Denote N by N, and let Y ={xe
Q2 Mx =Nyl N; is said to be M-compact in Qif

(3) there is a vector subspace 7, of Z with dim Z; =dim X, and an operator R: 2 x X,

being continuous and compact such that, for 1 e0,1],

T-QN;( &) cimM c (- Q)Z, (4.1)
ON;x=0, ie(01) < ONi=0, (4.2)
R(-,0) is the zero operator and E(',X”ZX = (T_T)”Z;’ (4.3)
and
M[P+R(,1)] = (I - QN;. (4.4)
Lemma 4.1 ([9]) Let X and Z be Banach space with norm || - |3 and || - ||, respectively,

and 2 C X be an open and bounded set with 0 € 2. Suppose that M : X N domM — Z is
a quasi-linear operator and

ﬁ;:ﬁ—)i X e(0,1)

isan M -compact mapping. In addition, if
(a) Mx #K[Xx, A e(0,1),x€ 082,
(b) deg{7éﬁ,§ N ker]T/I,O} #0,
where N = Kh, then the abstract equation Mx = Nx has at least one solution in 6

Let7: Z — )N(l be a homeomorphism with 7(5) =6.
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Theorem 4.2 Assume Y ., |lcill <1, or ||i|| + > ||f—li|| <1, 2 be open bounded set in
ik

CL. Suppose the following conditions hold:
(i) For each x € (0,1), the equation

(¢p(A%) (D) = Af (£, x(0), %' (1)) (4.5)

has no solution on 92.

(ii) The equation

Fla):= l/wf(a,x(cz),O) dt=0
0

w

has no solution on 32 NR.

(ili) The Brouwer degree
deg{F, 2 NR,0} #0.
Then Eq. (1.2) has at least one periodic solution on 2.

Proof In order to use Lemma 4.1 to study the existence of periodic solution to Eq. (1.2).
We can set X := {x € C[0,»] : (0) = x(w)} and Z := C[0, w],

M:XNndomM—Z,  (Mx)(t) = ($p(Ax)(2)), (4.6)
where domM :={u e X : ¢p(Au) € CH(R,R)}. Then ker M = R. In fact

ker M = {xe X: (¢3p(Ax)’(t)), =0}
= {x e X : ¢,(Ax) =¢}
=[x e X: (Ax) = ¢,(c) = &1}

= {x eX:(Ax)() =t + 62},

where g > 1 is a constant with 117 + % =1and ¢, ¢;, ¢y are constants in R. Since (Ax)(0) =
(Ax)(w), we get ker M = {xe X: (Ax)(t) = ¢,}. In addition,

ImM = { 5 € Z,for x(t) € X N dom M, (¢,(Ax)'(2)) = 5(2),
/ J(t) dt = / (¢p(A%) (1)) dt = o}.
0 0

So M is quasi-linear. Let

X =kerM, X, = {x € X :x(0) = x(w) = 0},

?1 = R, 22 = Im]\~/1.
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Clearly, dim)?l = dimZ =1,and X = )~(1 @)?2, P:X— )~(1, 6 AR Z, be defined by
~ ~ 1 @
Px = x(0), Qy=— / y(s) ds.
w Jo
For VSCT(, define K[i 02— Zby
(N3)(2) = Af (£,(0), % (£)).

We claim (7 — a)ﬁi(ﬁ) CImM=(- 6)2 holds. In fact, for x € 5, we see that

fo w(?- Q)N;x(t) dt

_ /0 T Qi (L x(0x (0) dt

o ) a)z 23 )
:/0 A (t,x(t),x(t)) dt—/o a)/(; f(s,x(s),x(s)) dsdt

=0.
Therefore, we have (I — a)j\‘[;\ (5) C Im M. Moreover, for any x € Z, we get

/0 w(7- Q)x(t) dt

:/;w(x(t)—éfowx(s)ds) dt
:/(;wx(t)dt—/owé‘/(;wx(s)dsdt

=0.
So, (7— 6)2 C Im M. On the other hand, x € Im M and fow x(t) dt = 0, then we have x(t) =

x(t) — fow x(t) dt. Hence, we can get x(t) € (I - Q)Z. Therefore, InM = (I - Q)Z.

From QN;x = 0, we obtain

ro[C- ,
- fo S(tx(),4'(2)) dt = 0.

Since A € (0,1), then we have i fowf(t,x(t),x’(t)) dt = 0. Therefore, QNx = 0, then Eq. (4.4)
also holds.
Let]: 7, — )N(I,T(x) = x, then 7(0) =0. Define R: 2 x [0,1] — X,

R(x, 2)(2)

4! /0t¢1;1 (Zz N /Os)j(u,x(u),x’(u)) du — % /wa(u,x(u),x'(u)) du) ds, (4.7)

Page 19 of 29
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where @ € R is a constant such that

R(x, M) () =A™ /(;w ¢I;1 (Zz + /OS ):f(u,x(u),x’(u)) du — % /wa(u,x(t),x’(u)) du) ds

=0.
From Lemma 3.1 of [16], we know that 4 is uniquely defined by

a=alx M),

(4.8)

where a(x, 1) is continuous on 2 x [0,1] and bounded sets of 2 x [0, 1] into bounded sets

of R.
From Eq. (4.4), one can find that

R: 2 x [O,l]—))N(z.

Now, foranyx € ) 5 ={x € 2 Mx = K[Xx} ={xe a2 (pp(Ax) (1)) = M, x(2), %/ (£))}, we

have fow f’ (t,x(t),%'(¢)) dt = 0, together with Eq. (4.2) gives
R(x, A)(8) =A™ / t¢1;1(zz + / S A (%), &' () du) ds
0 0
=A’1/0 ¢1;1 (Zz +/0 (qbp(Ax)’(u))/du) ds
4! /0 07 (@ + Bp(A%) (5) - 6,(A2) (0)) ds.

Take a = ¢,(Ax)'(0), then we can get

R(x, A)(w)=A~" /0 (8, (#p(Ax) (5))) ds

=A"1 /w(Ax)/(t) ds
0

= A7 ((Ax)() - (A%)(0))
= x(w) — x(0)

=0,
where 4 is unique, we see that
a=a(xn) = ¢,(Ax)(0), Vie[0,1].

So, we have

f%(x,)z)(t)bcezX =A_1/0 ((l)[;l (qbp(Ax)’(O) +/0 )Nf(u,x(u),x’(u)) du)) ds

A /O (6" (#p(Ax) (9)) ds

Page 20 of 29
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:A‘l/.t(Ax)/(s)ds
0

= x(£) — x(0)
= (1-Dx(),

which yields the second part of (4.3). Meanwhile, if A =0, the

Y =(xe G Mx=Npx) = {x e @ : (d,(A%)(0) = Af (£,2(0),4 (1) } = &,

A

where ¢3 € R is a constant. Thus, by the continuity of fz(x,)i) with respect to (x,):), a=
a(x,0) = ¢, (AZ) (0) = 0, we have

R(x,0)(t) =A™ /0 t ¢, 1 (0)ds=0, Vxe2,
which yields the first part of Eq. (4.3). Furthermore, we consider
MP+R)=([T-QN;,
in fact,
d

E%(A(IN’J))’ =(I-QN;. (4.9)

Integrating both sides of Eq. (4.9) over [0, s], we have
Sd ~ o~y S e~

/0 E<;>p(A(1>+R)) ds =/0 (I - Q)N; ds.

Therefore,
- o~ L[S ) s X o ,
op (A(P + R)) (s)—a=Axr /(; f(u,x(u),x (u)) du — /0 P /0 f(u,x(u),x (u))dudt
by fa / & “ /
= A/(; f(u,x(u),x (u)) du — a) /0 f(u,x(u),x (u)) du,

where g := ¢p(A(T’ +R))(0). Then we can get

(AB+R) () = ;" <Zz + / s F(, x(u), %' (w)) du — ks / ‘ F (%), %' (w)) du). (4.10)

0 w Jo

Integrating both sides of Eq. (4.10) over [0, ], we arrive at

/ t(A(T>+Te))’(s) ds
0

(2}

- /0t¢1;1 (Z; +A /Osf(u,x(u),x/(u)) du — % /0 F(u,x(u), % (1)) du) ds,
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then
(P +R)) - (P +R)0)
=A"1 (/Ot%l (zz n Xfosf(u,x(u),x/(u)) du — % /wa(u,x(u),x/(”)) du) ds).

Since 1~2(x, 2)(0) =0, T’(t) = T’(O) =0, we can get
R(x, 2)(0)
t ~ (5~ As (-
A"l (/0 ¢1;1 (z; i A/o f(u,x(u),x/(u)) du — - /0 f(u,x(u),x/(u)) du> ds).
Hence, Kf;\ is M-compact on Q2. Obviously, the equation
(¢p(A%) (D) = A (£, x(0), % (1))
can be converted to
Mx = Kfix, 1 €(0,1),
where M and ]’\7; are defined by Eqgs. (4.2) and (4.6), respectively. As proved above,
N.2->Z e
is an ]N\/I—compact mapping. From assumption (i), one finds
Mx #K]Xx, 2 e(0,1),xed,
and assumptions (ii) and (iii) imply that deg{?bﬁ .2 NkerM,d } is valid and
deg{JQN, 2 NkerM,6} 0.
So by applications of Lemma 4.2, we see that Eq. (4.5) has one w-periodic solution. =~ [

4.1 Application of Theorem 4.2: quasi-linear equation
As an application, we consider the following p-Laplacian neutral equation:

<¢p (x(t) - et)x(t - &(t))) ) +g(tx()) = p(8), (4.11)
i=1

where g(¢,x(¢)) € C(R x R,R) is an w-periodic function about ¢, p € C(R,R) is an w-
periodic function and fow p(t)dt = 0. By application of Theorem 4.2, we will investi-
gate the existence of periodic solution for Eq. (4.11) satisfying Y ., llc;|| < 1, or ||i|| +

oG
Z;;}l{ ” cx ” <1

Theorem 4.3 Assume the following conditions are satisfied:
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(Hy) There exist two positive constants 51 and 52 with I~)1 < Z~)2, such that g(t,x(t)) > 0
for x(2) > D, and g(t,x(t)) < 0 for x(t) < -Dy.
(Hy) There exist positive constants m, n and B such that

‘g(t,x(t))‘ <mlxlPt+n, for|x|> BandteR.

Then Eq. (4.11) has at least one solution with period w if

- 1 -
Fo(m1+ Y1, llcl))? L pya T s Z llcil ||,8;|| 1
2 2 1-8/(¢)

’

i=1

where §/(t) <1 fori=1,2,...,n and

1 n
o Tl Sor 377 el < 1,

o = 1 i
o Sor g+ iy I < 1.
L

1
-l g =30y ekl
ik

Proof Consider the homotopic equation
<¢>p (x(t) - et)u(t - 6i(t))) ) +2g(t,x(1)) = Ap(t). (4.12)
i=1

Firstly, we claim that the set of all w-periodic solutions of Eq. (4.12) is bounded. Let x(¢) €
C, be an arbitrary w-periodic solution of Eq. (4.12). Integrating both sides of Eq. (4.12)

over [0, w], we have

w
f g(t,x(t)) dt = 0. (4.13)
0
From the mean value theorem, there is a constant & € (0, w) such that

g(s"x(g)) = 01

then we get by condition (H;)

~

-Dy <x(£) < D,.
Therefore,

[l%]l = max |x(t)| = max |x(t)|
te[0,w] tel§ £ +wl

(|x@)] + [+ - w)])

max
tel§ & +ow)

2
1

= — max +
2 telgE+o)

13
x(&) —/ x'(s)ds

)

x(€) + /:)x’(s) ds
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~ t §
<Dy + %</5 |x'(s)| ds + /t_w|x’(s)| ds)

<Dyt = /wix'(s)| ds. (4.14)
0

Multiplying both sides of Eq. (4.12) by (Ax)(¢) and integrating over the interval [0, w],

we get

w

fo w(¢,,(Ax)/(t))’(Ax)(t) dt + & f g(t:x())(Ax)(t) dt = 4 /0 ’ pOAx)t)dt.  (4.15)

0

Substituting [y’ (¢,(Ax) (1)) (Ax)(¢) dt = — ;" |(Ax)'(t)|? dt into Eq. (4.15), it is clear that
—/1KA@%ﬂth:—X/‘g@muDQmXﬂdt+i/1p@XAxXﬂdt
0 0 0

So, we have

dt

/0 Ay () de < /O lg(ex(0)|
+ /O w|p(t)|

< (1 + le ||ci||> i [ le(ex)] ds
; (1 + Zl ||ci||> it [ 1pto)]dr (4.16)

x(t) =) cilt)x(t - 8i(t))
i=1

dt

x(t) - cilt)x(t - 8(2))
i=1

Define
Ey=tel0,0]||x@®)| <B}, Ey:={tel0,0]]|x@)>B}.

From condition (H,), we obtain

/Ow|(Ax)/(t)|p dt < (1 + ; ||ci||> [l /]51+E2 lg(&,x(2)) | dt
1 : ’ d
+< +;||c||)||x||f0 lp(®)| dt

n
< <1 £y ||ci||> el (217 @ + neo + [ ggllew)

i=1

+ (1 £y ||Ci||> Ipllewllxll

i=1

= mw(l +> ||cl-||) l]1? + Ny [, (4.17)

i=1

Page 24 of 29
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where || gzl := max 5 lg(t;x(8))], l|p]| := maxce(o) [p(®)] and Ny := 1+ 1, i) (gl +
nw + ||p||lw). Substituting Eq. (4.14) into Eq. (4.17), we get

1) n - w p
/0 |(Ax)/(t)|l’ dt < mw(l + Z ||ci||) (Dz + % /(; {x/(t){ dt)
i=1
+Ny (152 + % / w|x’(t)| dt). (4.18)
0

Since (Ax)(t) = x(t) — >, x(¢ — 8;()), we arrive at

(Ax)'(£) = (x(t) =) et)x(t - &-(t)))

i=1

=K - Y ci(a(t-8:(8) = > i) (£ - 8:(6)) (1 - 8;(0))

i=1 i=1

=x(0) =Y cx(t-8:8) = Y i) (- 8:(2)
i=1

i=1

+ ) ) (- 8:(8))8(2)

i=1
and
(Ax) ) =x'() = D it (£ - 8:(0)).
i=1
Thus,

(Ax)(®) = (Ax)' (1) + D cle)n(t — 8:(0)) = Y cslt)x (¢ - 5:(1)) 8;(®).

i=1 i=1

By applying Lemma 2.2 and the Hélder inequality, we have

w/d:wA’lA/ d~wA/ d
| old = [Claax)olde <z [|ax)od
20/0

<é fo Ay )] de + 5 /0 ’ izzlcé(ﬂx(f—‘sf(f))

dt

(Ax) (@) + Y ciBha(t = 8:()) = Y ci()' (£ - 8:(£))8(2)
i=1 i=1

dt

dt

w
+&/
o |

<o0t ([ o dr) +50 31 1s)
i=1

D et (£ - 8:(0))8i(0)
i=1

S allsl [ 1 (= s.0) | d
+a;ncnulufo ¥ (¢ - 81(0))|
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A @ dt)p +6w ) ||l
i=1

1 8

-1 0

where ||c}|| = max;e[o,0) [c/(2)], [I8;]] = maxse(o,0 18;(£)], for i = 1,2,...,n. Substituting Eq.
(4.14) and Eq. (4.18) into Eq. (4.19), since (a + b)* < a* + b*, 0 <k < 1, we get

/0w|x’(t)| dt < Gt (mw(l + ; ||ci||>> (52 + %/Ow|x’(t)| dt)

+cra)q(N1)P (D2 + —/ |/ (2)| dt)

+JZ||C||w(D2+—/ |x(t)|dt> 'Cl‘””j,”/ | (2)] e

~ = ~ n
3 <ow<mu+z;; leil))? LaXhligle ||ci||||6;||)

o 4
2 2 — 13

X /w|x’(t)| dt + G0 (mw (1 + Z ||c,||>> Dy + cra)q(NlDz)P
0

1 n
+ 601 (V)P (% / |x/(t)|dt)p +& 3|/ wDs. (4.20)
0 i=1

1
GomI+3 7 6P oLl |~ xn llelllis]l
2 + 2 +o Zi 1

5 <1, itis easily seen that there exists a

Since
constant M > 0 (independent of 1) such that

w
/ |%'(£)| dt < M. (4.21)
0
From Eq. (4.14), we have
= 1 @ ’ N 1 /
lell =Dz + 5 |%'(s)| ds < Dy + SMi =M. (4.22)
0

As (Ax)(0) = (Ax)(w), there exists a point £y € (0, ) such that (Ax)'(ty) = 0, while ¢,(0) =
0, from Eq. (4.12), we see that

|pp(Ax) ()] = ’ / (¢p(A%)(5)) ds

51/0 |g(t,x(t))|dt+k/0 p(t)| dt

< olgu |l + wlipll :=M,,



Li et al. Boundary Value Problems (2020) 2020:8 Page 27 of 29

where ||gar, || := max g <a, |g(¢%())]. Next we claim that there exists a positive constant
M3 > M) + 1, such that, for all ¢ € R, we obtain

| (Axy| < 5. (4.23)
In fact, if (Ax)’ is not bounded, there exists a positive constant M7} such that ||(Ax)'|| >
M for some (Ax)’ € R, therefore, we have ||¢,(Ax)|| = [|[(Ax)'[|P~* > (M5)?~". Thenitis a

contradiction, so Eq. (4.23) holds. From Lemma 2.2 and Eq. (4.23), we arrive at

€1 =A™ ax]
= [a7 (ax) @]

<o

5

'/Ow|x/(t—6i(t))|dtH

(Ax) (&) + Y it - 8:0) = > leill
i=1 i=1

IA

5 |(Aaxy| +6 (Z”CQH ||x||) +6 Z le:l |8 fow’x/(t —8;(t))| dt
i=1 i=1

n n
- . . cillll8;
<oMy+6 Y |ci|M+6 ) ” 1’”_”8;”1\4; = M. (4.24)
i=1 i=1 i
Set M* = \/M? + M3 + 1, we have
2={xe CCRR) | [lx| <M*+ 1|« <M*+1},

and we know that Eq. (4.11) has no solution on 382 as € (0,1) and when x(t) € 92 NR,
x(t) = M* + 1 or x(t) = —M™* — 1. So, from condition (H7), we see that

lf g(M*+1)dt>0,

w Jo

1 w

—/ g(-M* -1)dt <0,
0

w

since fow e(t) dt = 0. So condition (ii) of Theorem 4.2 is also satisfied. Obviously, we can get

~ ~ 1 (e ~
deg{F, 2 ﬂR,O}:deg{—/ g(t,x(t))dt,aﬂﬂR,O}
w Jo
= deg{x, 2 NR,0} #0.

So condition (iii) of Theorem 4.2 is satisfied. In view of Theorem 4.2, there exists at least

one w-periodic solution. 0

5 Conclusions

In this paper, we first investigate some properties of the neutral operator with multiple
variable parameters (Ax)(¢). Afterwards, applying Krasnoselskii’s fixed point theorem and
properties of the operator A, we prove the existence of a positive periodic solution for
a second-order neutral differential equation with multiple variable parameters. On the
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other hand, we find that the second-order quasi-linear neutral differential equation has a
periodic solution by using the extension of Mawhin’s continuous theorem.
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