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1 Introduction

We consider the following Sturm-Liouville differential equation:

1

T w

ly [—(py/)/ + qy] =)y, x¢€(a,b), (1.1)
where A is a complex parameter, —0o0 < a < b < +09, i,q,w € Lioc(a, b), p,w > 0 almost
everywhere on (4, b).

Assume that a < ag < by < b and Ao € R, u;(x), v1(x) are two linearly independent real
solutions on the interval (a, ag) of the equation [y = A¢y such that

[u1,v1](a) = 1.
The eigenparameter dependent boundary condition at a is

Mar [y, m1)(@) + Bily, vil(@)) = aaly, url(@) + Baly, v11(a), (1.2)
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where 1 = @81 — @18, > 0. If the endpoint b is of limit circle type, then the boundary

condition is imposed as

cosy [y, us](b) — siny [y, 12](b) = 0, (1.3)

where y € (0, 7], uz(x), v2(x) are two linearly independent real solutions on (by, b) of ly =
):oy for some Xy € R such that

(242, v2](D) = 1.

If the endpoint b is of limit point type, then there are no boundary conditions imposed.

For a given singular differential operator, its spectrum can be approximated by the eigen-
values of a sequence of regular operators, which plays an important role in the theory
of differential boundary value problems and numerical computation of spectrum; see
[2, 19, 21, 25]. This is an interesting research topic and can be found in [1, 5, 7, 16, 22, 24].
In[1, 5, 7, 16, 23], regular approximation of singular differential operator have been stud-
ied from second order Sturm-Liouville operators and fourth order operators to even or-
der differential operators and Hamiltonian operators. In [22], Sturm—Liouville problems
with transmission conditions are investigated and in [24] Sturm-Liouville problems with
eigenparameter dependent boundary conditions and one singular endpoint are consid-
ered.

The differential boundary value problems (see [12—14]) with eigenparameter dependent
boundary conditions have been widely investigated by many authors such as [3, 4, 6, 8, 9,
11, 17, 20, 24, 26] because of the important application in probability theory and physics
and so on. In the present paper we consider Sturm—Liouville problems with two singular
endpoints and one eigenparameter dependent boundary condition. We find that its spec-
trum can be approximated by the eigenvalues of a sequence of regular problems, based on
the method of the strong graph limit, which is different from that of the previous papers
such as [1, 22, 24]. This paper can be regarded as a continuation and extension of [24].

The paper is organized as follows: In Sect. 2, the inherited restriction operators are con-
structed and are proved to be self-adjoint. In Sect. 3, by the method of strong graph limit,
the spectral inclusion of spectrum is obtained. Moreover, in the limit circle case or for the
operators bounded below, spectral exactness holds for the eigenvalues below the essential

spectrum.

2 Construction of the induced restriction operators
Define a Hilbert space

H=1I12(a,b)®C
with the inner product
1, _
(F,G)=(f,@h+ ;flgl,

where

b
F=(f.A),G=(@ga)eH,  fgel’(ab), (f,g)1:/ fx)gx)w(x) dx.
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Let
Dpax = {y €L2(a,b):y,py € ACic(a,b),ly € L2 (a, b)}.
Define an operator

AF = (If soulf, 1)(a) + Bolf, vi (@)

for any F € D(A). If the endpoint b is of limit point type, let the domain D(A) of A be

D(A) = {F = (f,fl) EH:f 6Dma)u 1= al[f»ul](a) + IBI[f’ V1]((l)}.

If the endpoint b is of limit circle type, let

D(A) = {F = (f,fy) € H:f € Dnax,f1 = 1[f, u1](a) + B1[f, v1](a),
cos p[f, u2)(b) — siny [f, v2](8) = O}.

Then we have the following lemma.

Lemma 1

(1) Lety,z,u,v € Dmax. If [V, u] = 1 for some ¢c,a < c < b, then
[y, z](c) = [y, vI(c)[z, ul(c) - [y, ul(c)[z, v](c).
(2) The endpoint b is of the limit point case if and only if [y,z](b) = 0 for any y,z € Diax.
(3) Ifthe endpoint a is of the limit circle case and u,v € Dmyx, [u,v](a) = 1, then there
exists a f € Dmax such that [f,ul(a) = o, [f,v](a) = B forany o, € C.
Proof See [21], Lemma 10.4.1, 10.4.2, 10.4.6. O

In the following we will get the first main result on the operator A.

Theorem 1 The operator A defined as above is a densely defined, symmetric and self-
adjoint operator in the Hilbert space H.

Proof Step 1. We prove the operator A is densely defined. That is to say, for any F = (f,f1) €

H,if F 1 D(A), then F =0.
Since C°(a, b) ® {0} C D(A), then, for any G = (g,0) € C5°(a, b) ® {0} C D(A), we have

b JR—
(7,6)- [ Sty -o.

Therefore f(x) = 0 almost everywhere on (a,b). On the other hand, for any G = (g,¢1) €
D(A), it follows from (F, G) = lnflg_l =0thatf; =0.
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Step 2. The operator A is symmetric in H. For any F, G € D(A),

b
(AF, G) - (F,AG) = / If (g wie) i + %(az[f, (@) + Balfovi)(@)E

b
- / FTR@wx) dx - %ﬁaz G ul@+ ol @

- [Ty aflzas [ -7 s

(alf> u1)(@) + Balf, vil(@))eu g, u1](@) + Bilg, vil(a)

+

(alfs ml(@) + Bilf, v1)(@))ozlg, w1 (@) + Balg, v11(a)

S|k I =

Ifoml@ [, vﬂ(a)) '

= [f,g]l? - d
Vel et([ubg](a) v1,g)@)

It follows from Lemma 1(1) that

(AF,G) - (F,AG) = [f.gl|% + [f.g)(@)[ur, v1](a).

Since [u1,v1](a) = 1 and u; is a real function,

(AF,G) - (F,AG) = [f.g]l’ + [f.g)(a) = [f>£l(b).

If the endpoint b is of the limit point case, then [f, g](b) = 0 for any F, G € D(A) by Lemma
1(2). If b is of the limit circle case, then f, g satisfy the boundary condition (1.3). It follows

from [uy, v2](b) = 1 that

[fsu2](0)  [f,v21(b)
(& u2](b)  [g,v2](D)

= [, u2(b)[g, v21(b) - [f, v21(D)[g, u21(b) = 0.

If>gl(b) = [f, gl(b)[u2, v2](b) = det (

Step 3. The operator A is self-adjoint. For any F = (f,f;) € D(A) and some K € H,
(AF,G) = (F,K), we prove that G € D(A) and AG = K. It is sufficient to prove that when b

is of the limit point case
(1) g,pg € ACoc(a,b), 1g € L2(a,b), k =1g,
(2) &1 =g, ml(a) + Bilg, v1l(a),
3) ki =alg, ml(@) + alg, vil(a),

hold and when b is of the limit circle case, in addition to (1), (2), and (3), the equality

(4) cosylg uz](b) -siny[g,11](b) =0
holds.
For any f € C§°(a,b), F = (f,0) € D(A), then

b b
(AF, G):/ lf?w(x)dx:/ f@)k@x)wx) dx = (f, k)1

Page 4 of 13
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by (AF, G) = (F,K). It follows from the classical Sturm—-Liouville theory that (1) holds.
Hence

(AF,G) - (F, K)
= /a b If (x)g(x)w(x) dx + %(0{2 [, u1l(@) + Bolfv1)(@)) g
- R - (el @)+ 1)@
= /ab If ()g(@)w(x) dx + %(0‘2[](,141](&1) + Balf, vil(@)@
- /abf(x)Ww(x) dx — %(m[f, ui)(a) + B1[fs vi)(@)) ki
=[f.glls + %(az[f, (@) + Bolf, v1](@)) g
- %(al[f, (@) + Bulf, (@) = 0. (2.1)

If b is of the limit point case, then [f,g](b) = 0. Thus
1 1 _
If,gla) = 5(012 I, u1)(a) + Bolf, v1 (@) g1 - ;(011 If, (@) + Bulf,vi)(@)) Ky (2.2)
It follows from [u1,v1](a) = 1 and Lemma 1(1) that

[fgl(a) = [f . gl(@)[u1, vi](a) = [f, u11(a) (g, vi](@) - [f, v11(a) g, u1](@). (2.3)

It follows from Lemma 1(3) that there exists a function f € Dy, such that [f, u;1](a) = 1,
[f,v1l(a) = 0. Inserting these into (2.2) and (2.3) we have

081 — arky = nlg,vil(a).
Similarly we can obtain
Bogi - ki = —n[g, ) (a).
Thus
&1 =aig,ml(@) + filg vil(a), ki = az[g,u1l(a) + Balg, v1l(a).
Items (2) and (3) follow.
If b is of the limit circle case, then we can choose F € D(A) such that f = 0 in the right

neighborhood of @ and cos y [f, u](b) —sin y [f, v2](b) = 0. Therefore [f, u;1](a) = [f,v1](a) =
[f,gl(a) = 0. Inserting these into (2.1), we can obtain

_ _ _ [fsu2](0)  [f,v21(b)
0 =[f,£1(b) = [f,£1(b)[u2, v2](b) = det (L?» i) [ Vz](b)> .
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It follows that (4) holds. Choose f such that f = 0 in the left neighborhood of b and
[fouil(@) = 0, [f,v1](a@) =1 or f = 0 in the left neighborhood of b and [f,u1](a) = 1,
[f,v1l(a) = 0, similarly to the proof in the limit point case, we can conclude (2) and (3)
hold. O

Let
a<a,<ag<byg<b.<b, reN"={1,2,..]}

and {a,} is a strictly decreasing sequence with a, — a and {b,} is a strictly increasing
sequence with b, — b. Define the Hilbert space

H,=1%(a,b)®C

with the inner product

1.
(Fr’ Gr) = (frg)lr + ;flrglrr

where
by
Fr = (f,flr); Gr = (g;glr) € Hr; f’g € Li/(arr br); (f;g)lr = f(x)g(x)w(x) dx;

ar

Sir = ailf,ml(ar) + Bulf, vil(a,), gir =ai1l[g,uil(a,) + Bilg, vil(a,).

Let the maximum domain and the minimum domain as follows:

Dl =1y € L2(anb,) 1 3,py € AC(ay,b,),ly € L2 (ar, by)},
D= {y eD; .. :y.zl(a,) - [y,z](b,) =0,forall z € Dl’nax}.

Define an operator

ArFr = (lfr aZ[fr Ml](ar) + ﬂZ[f) Vl](ar))

for any F, = (f,f1,) € D(A,). If the endpoint b is of the limit point case, then let the domain
of A, be

D(Ar) = {Fr = (f’flf) € HV :f € D:nax’
Sir =aa[f,ml(ar) + Bilfvil@), [f, 01(by) = 0},

where ¢, € D}, o, ¢ D/, [¢,, ¢](b,) = 0. In particular ¢, = ¢|,,5,) and ¢ can be chosen
to be any non-trivial real solution of (1.1) for some A € R on (b, b). If the endpoint b is of

the limit circle case, let

D(Ar) = {Fr = (frflr) € Hr :f € D:nax’ 1r = 01 [f: ul](ar) + ﬂl [fr Vl](ﬂr)r

cosy [f: us](by) — sin Y [f’ nl(by) = 0}-
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The operator A, is usually called an inherited restriction operator. Then we have the fol-
lowing.

Theorem 2 The operator A, defined as above is a self-adjoint operator in the Hilbert space
H, for any r € N*.

Proof 1t is obvious that A, is densely defined. In the following we prove A, is symmetric.
For any F,, G, € D(4,), then

(AF, G)) = (F, A,G)) = [, 127 + [, g)a) w1, vi (@),
Since [uy,v1](a,) = [u1,v1](a) = 1, thus
(A/Fr, Gy) = (Fr A, Gy) = [f,81(Dy).
If the endpoint b is of the limit point case, then [f, ¢](b,) = [g, ¢](b,) = 0. Thus

[f’g](br) =0.

If b is of the limit circle case, then f, g satisfy

cos Y [f, uz](b,) — siny [f, v2](b,) = cosy [g, uz](b,) — siny g, v2](b,) = 0.

Together with [uy, v2](b,) = [ug, v2]() = 1, we can conclude that

1, 21(5y) = Uf@1(b,) 1z, v (,) = det ([f’ ual(br) 1wl *))

(g u2l(by) (g v21(by)
Similarly to the proof of the self-adjointness of A in Theorem 1, the proof is completed. [

We define an operator A, in the space H as follows:
A=A, ®0O,=A,P,

with the domain D(A!) = D(A,) ® H}, where P, is the orthogonal projection of H onto H,,
@ is the zero operator in the space H;- = L2 (a,a,) ® L%(b,, b). It is obvious that A/, is also
a self-adjoint operator in the space H.

3 Convergence of operators and of spectrum

In this section we shall give the convergence of the inherited restriction operators and of
spectrum. Some fundamental concepts and lemmas are needed, which can be found in
[1, 10, 15, 18].

Definition 1 Let A, A be self-adjoint operators. Then A, is said to converge to A in the
strong resolvent sense if (4, — A)™! — (A — A1)~} strongly for all A with IA #0. A,, is said
to converge to A in the norm resolvent sense if (4, — AI) ™ — (A — A/)™! in norm for all A
with 34 #0.
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Definition 2 Let A, be a sequence of operators on a Hilbert space H. We say that (¥, ¢) €
H x H is in the strong graph limit of A, if we can find v, € D(4,,) so that ¥, — ¢, A, ¢, —
¢. We denote the set of pairs in the strong graph limit by Iy . If I} is the graph of an

operator A we say that A is the strong graph limit of A,,.

Lemma 2 Suppose that A, and A are self-adjoint operators. Then A, is convergent to A in

the strong resolvent sense if and only if A is the strong graph limit of A,,.

In the following we can obtain the convergence in the strong resolvent sense, using the

method of the strong graph limit, which is different from that of the previous papers [1, 5,

22, 24].

Theorem 3 Suppose the operators A, A,, A, are defined as above. Then

(1) A, is convergent to A in the strong resolvent sense;

(2) the spectral inclusion holds. That is to say, if A € o (A), then there exists A, € o (A]) so

that A, — A;

(3) let {E(A,, M)}, {E(A, 1)} with A not an eigenvalue of A be spectral projection of the

operators A,, A, respectively, and P, be a unit projection from H to H,. Then
E(A,, M)P, converges strongly to E(A, 1), i.e. for any f € H, then

|EA,, M)P.f - E(A, M) | — 0.

Proof Firstly we prove that, for any
F=(,/) = (faalf,m1(@) + Bi[f,v1](a)) € D(A),

there exists F, = (f;, a1 [f,, ual(a,) + B lfi> vil(a,)) € D(A]) so that
F,—F,  AF,— AF.

Indeed, we can let fi1 = f|.e(apy) as % € (a, by). It follows from

Vrsmla) — [f,mla),  lfwnila) = [f,vla)

that

ailfi, mlar) + Bilfrs vil(ar) = ailf, uil(a) + Bilf, vil(a),
a2[fr1;u1](ar) + ﬁz[ﬂth](ﬂr) - az[fx u](a) + ,32[f> vil(a).

(3.1)

(3.2)

If the endpoint b is of the limit point case, we construct two operators T;, T as follows:

D(T,) = |y € L2(bo, b,) : y,py € AC(bo, b,), Iy € L2 (bo, b,),
F(Bo)(py) (o) = (1) (bo)y(bo) = 0, [3, 91 (b) = O},

T,y = AY|(bo,by)»
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D(T) = {y € L2, (b0, b) : 3, py’ € ACioc(bo, b), ly € L2 (bo, b),
f(bo)(py')(bo) - (bf") (bo)y(bo) = 0},

Ty = Aylwo b)-
Define an operator 7 in the space L2 (bo, b) @ C as follows:

T =T, &0, =T,P,
with the domain D(T7) = D(T,) ® L2,(b,, b). Obviously T, and T are both self-adjoint op-
erators and 7 is convergent to 7 in the strong resolvent sense by Theorem 4.1 and The-

orem 6.1 of [1]. By Lemma 2, we can find that, for f/|,, € D(T), there exists a function
fr2 € D(T}) such that

S2=fleony  Tifia = Tf o) a9

Floon®0) =fiabo), (2 lwon) Bo) = (p.)(Bo)- '
Let

fr _ be X € (ﬂ’ bO)r (34)

_fr21 LS (bOrb)

Then by (3.1)—(3.4), we get F, — F, A,F, — AF. Therefore the operator A/, is convergent
to A in the strong resolvent sense by Lemma 2. When the endpoint b is of the limit circle
case, similar result can be obtained.

Items (2) and (3) follow from Theorem 3.6 in [1] and this completes the proof. O
As both endpoints are of the limit circle case, we have the following results.

Theorem 4 Suppose the operators A,, A are defined as above and the endpoint b is of the
limit circle case. Then

(7) the operator A has only point spectrum, i.e. the eigenvalues of (1.1)—(1.3);

(2) the operator A, has only point spectrum;

(3) (A, = AD)7IP, is convergent to (A — M)t in norm for any k with I # 0 and thus the
spectral exactness holds, That is to say, if A, is spectral included and if any
limit-point of a sequence {X, € 0 (A,)} belongs to o (A);

(4) let {E(A,, M)}, {E(A, 1)} with A not an eigenvalue of A be spectral projection of the
operators A,, A, respectively, and P, be a unit projection from H to H,. Then
E(A,, M)P, converges to E(A, A) not only strongly but in norm i.e.

|E@A,, \)P, —E(A,1)| — 0;

(5) if the operator A is bounded below and denote by A,(A,), A.(A) the eigenvalues of A,,
AwithneN={0,1,2,...}, then A,(A,) > A, (A) as r — oo.
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Proof Forany G =(g,g1) € H, A ¢ 0,(A), consider the following equation AF = AF + G:

If=x+g
ar[f, ur1l(a) + Balf, vil(a) = Mai[f, u1l(a) + B1lf,vil(@)) + g1,
cos y [f, uz](b) — siny [f, v2](b) = 0.

Assume that ¢(x, 1), ¥ (x, 1) are two linearly independent solutions of ly = Ay and satisfy

¢(C,)\) =1, 1//(C,)\) =0,
(p9)(c, 1) =0, (v') (e x) = 1.

Using the variable of constant, we can obtain the solution of the equation If = Af + g is

£ = $(x,2) / V(& N)gE) dE — (3, 1) / (5, 1)g(E) dE + G, 2) + G (3, 1),
Let

win = (a2 — ) (@, u1](a) + (B2 — AB1) (¢, v1](a),
w1 = cos ¥ [¢, u](b) — sin y [¢, v2](b),
wiz = (o2 = ha) [V, w1 (@) + (B2 = AB1) ¥, v1](a),
wa = cos y [, uz](b) — siny [/, v2](b),

W(1) = det (W” W“) .

Wa1 W2

Then W(1) = 0 if and only if A is an eigenvalue of (1.1)—(1.3). Inserting f(x) into the two

boundary conditions, we have

. det(ci)ax2 . det(dj)ax2
= ’ Cy = »
W) W(r)
where
cn =dip

:gl—(az—kal)[qﬁ(x,k)/ w(é,k)g(é)dé,ul](a)
By B0 () f x/f(wg(s)ds,vl}(a)

+ (0= )| w0 f ¢(s,x)g(s-)ds,u1]<a)

b (B = 20| ¥ (2 / ¢(s,x>g(s>ds,vl}(a>,
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Co1 =dp

:_COSV|:¢(xr)\)/ Iﬁ(é,k)g(é)dé,uz](b)
. siny[qb(x,x) f ws,x)g(s)ds,w](b)
+cosy [w(x,x) f ¢(§,)»)g(§)d§:u2i|(b)

—siny [1/1(96,)»)_/ P(&,1)g(8) dS,Vz](b),

C12 = W12, Co2 = W2, di = w, do1 = wo1.

Thus the equation AF = LF + G has a unique solution F € D(A) and the operator A has
only point spectrum.
Forany G = (g,41) € H,, A ¢ 0,(A,), consider the following equation A,F = AF + G:

If =M +g,
ao(f, uil(ar) + Balfs vil(a,) = Maa [f, ual(ar) + Bilf> vil(a,)) + g1,
cosy [f} us](b,) —siny [fr v2](by) =0.

Using the variable of constant, we can obtain the solution of If = Af + g:

£ = 1) f (& N)gE) dE - y(x, 1) f (& Ng(E) d + B A) + 6, 0),

Similarly to the above proof, A, has only a point spectrum and ¢;" — ¢;, &" — ¢é,. Items
(3), (4) and (5) follow. a

As the endpoint a is of the limit circle case and b is of the limit point case, we can

construct special inherited restriction operators such that spectral exactness holds.

Theorem 5 Suppose the operator A is defined as above and {E(A,,))}, {E(A, )}, P, are
defined as in Theorem 4,

(1) The endpoint b is of the limit point case.

(2) The operator A is bounded below. If there exist finite eigenvalues below the essential
spectrum o(A), let these eigenvalues be ,(A) with n=0,1,2,...,no. If there exist
infinite eigenvalues below o,(A), denote by 1,,(A) with n € N all the eigenvalues.

(3) The operator A, is defined as follows:

D(A,) = {F,=(f.fi,) € H,:f,pf € AC(a,,b,),If € L(a,,b,),
fir = oa[f,uil(@,) + Bulfovil(a,).f(by) = O},
ArFr =A,Fy;

let {E(A,, M)}, {E(A, M)} with ) not an eigenvalue of A be spectral projection of the
operators A,, A, respectively, and P, be a unit projection from H to H,.

Page 11 0f 13
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Then
(1) E(A,,1)P, converges to E(A, 1) not only strongly but in norm.
(2) Spectral exactness holds and hence An(A,) = M(A), r — 0o.

Proof Define a Hilbert space H, = L2 (a,, b) and an operator A, as follows:

D(Ar) = {Yr = (ymylr) € ﬁr & C,yr,p)/, € ACIoc(arx b);
by, € Li,(ar» b), yrr = arlyr, ml(a,) + B1lyr v1l(ar) };

ALY, = (yp aalyr m (@) + Balyr (@)

Let A € C\R. Let u; be a solution of (1.1) on (a4, b) which satisfies the boundary condition
(1.2). It is obvious that u; is unique up to a constant. Let u, be a solution of (1.1) lying
in L% (a, b). Since b is of the limit point case, then #, is also unique up to a constant. It
follows that u;, u, are two linearly independent functions and then we can choose suitable
constants such that W[uy, u,] = 1. Denote by R(s, t,A), R.(s, ¢, ) the kernels of (A — A1)},
(A, — X)L, then [18]

1y (8)u,(t), a<s<a,s<t<b,
R(s,t,X) = Ru(s, 6, 1) = § —c,u,(S)u, (t), a,<s<t<bya, <t<s<b,
u,(s)uy(t), a<t<a,t<s<b.

By Theorem 3, (1:1, — AI)71P, is strongly convergent to (A — AI)~!. Hence ¢, — 0 as r — oc.
Thus (121, — M)7LP, is convergent to (A — AI)~! in norm and A, is spectral exact for A.
Therefore as r is sufficiently large, for any A below o,.(A), we have

dimE(A,, A) = dim E(4, A) < +00.
On the other hand, the closed form of /fr is a restriction of Ar on (a,, b,) and thus
dimE(A,, ») < dimE(A,, 1) = dimE(A, 1) < +00.

By Theorem 3, E(A,, )P, is strongly convergent to E(A, ). Hence E (A,, \)P, is convergent
to E(A, A) in norm by Lemmas 1.23 and 1.24 in Chap. 8 of [10]. Item (2) follows. (

Acknowledgements
The authors thank the referees for his/her comments and detailed suggestions. These have significantly improved the
presentation of this paper.

Funding
This research was partially supported by the Natural Science Foundation of Shandong Province (ZR2017MA042,
ZR2018MF019) and China Postdoctoral Science Foundation (2019M662313).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that there is no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. The authors read and approved the final manuscript.



Zhang et al. Boundary Value Problems (2020) 2020:6 Page 13 0f 13

Author details
'College of Mathematics and Statistics, Taishan University, Taian, China. >School of Mathematics Sciences, Qufu Normal
University, Qufu, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 6 November 2019 Accepted: 17 December 2019 Published online: 06 January 2020

References

1.

2.

10.
1.

18.
19.

20.

21
22.

23.

24.

25.

26.

Bailey, PB, Everitt, W.N.,, Weidmann, J,, Zettl, A.: Regular approximations of singular Sturm-Liouville problems. Results
Math. 23,3-22 (1993)

Bailey, PB, Everitt, W.N,, Zettl, A: The SLEIGN2 Sturm-Liouville code, ACM TOMS. ACM Trans. Math. Softw. 21, 1-15
(2001)

. Binding, PA, Browne, PJ,, Seddighi, K.: Sturm-Liouville problems with eigenparameter dependent boundary

conditions. Proc. Edinb. Math. Soc. 37(2), 57-72 (1993)

. Binding, PA, Browne, PJ., Watson, B.A.: Equivalence of inverse Sturm-Liouville problems with boundary conditions

rationally dependent on the eigenparameter. J. Math. Anal. Appl. 291, 246-261 (2004)

. Brown, M., Greenberg, L., Marletta, M.: Convergence of regular approximations to the spectra of singular fourth order

Sturm-Liouville problems. Proc. R. Soc. Edinb., Sect. A 128(5), 907-944 (1998)

. Cai, J, Zheng, Z.: Matrix representations of Sturm-Liouville problems with coupled eigenparameter-dependent

boundary conditions and transmission conditions. Math. Methods Appl. Sci. 41, 3495-3508 (2018)

. El-Gebeily, M.A.: Regular approximation of singular self-adjoint differential operators. IMA J. Appl. Math. 68, 471-489

(2003)

. Fulton, C.T.: Two-point boundary value problems with eigenvalue parameter contained in the boundary conditions.

Proc. R. Soc. Edinb. A 77,293-308 (1977)

. Fulton, C.T.: Singular eigenvalue problems with eigenvalue parameter contained in the boundary conditions. Proc.

R. Soc. Edinb. A 87, 1-34 (1980)

Kato, T.: Pertubation Theory for Linear Operators, 2nd edn. Springer, Heidelberg (1980)

Mukhtarov, O.S., Aydemir, K.: Eigenfunction expansion for Sturm-Liouville problems with transmission conditions at
one interior point. Acta Math. Sci. Ser. B Engl. Ed. 35(3), 639-649 (2015)

. Nursultanov, M., Rozenblum, G.: Eigenvalue asymptotics for the Sturm-Liouville operator with potential having a

strong local negative singularity. Opusc. Math. 37(1), 109-139 (2017)

. Papageorgiou, N., Radulescu, V., Repovs, D.: Nonlinear Analysis—Theory and Methods. Springer Monographs in

Mathematics. Springer, Cham (2019)

. Radulescu, V: Finitely many solutions for a class of boundary value problems with superlinear convex nonlinearity.

Arch. Math. (Basel) 84(6), 538-550 (2005)

. Reed, M., Simon, B.: Methods of Modern Mathematical Physics I: Functional Analysis. Academic Press, San Diego

(1972)

. Teschl, G.: On the approximation of isolated eigenvalues of ordinary differential operators. Proc. Am. Math. Soc.

136(7), 2473-2476 (2008)

. Walter, J.: Regular eigenvalue problems with eigenvalue parameter in the boundary condition. Math. Z. 133, 301-312

(1973)

Weidmann, J.: Linear Operators in Hilbert Space. Springer, New York (1980)

Weidmann, J.: Spectral Theory of Ordinary Differential Operators. Lectures Notes in Math., vol. 1258. Springer, Berlin
(1987)

Yang, C.,, Bondarenko, N., Xu, X.: An inverse problem for the Sturm-Liouville pencil with arbitrary entire functions in
the boundary condition. Inverse Probl. Imaging 14(1), 153-169 (2020)

Zettl, A: Sturm-Liouville Theory. Mathematical Surveys Monographs, vol. 121. Am. Math. Soc,, Providence (2005)
Zhang, M.: Regular approximation of singular Sturm-Liouville problems with transmission conditions. Appl. Math.
Comput. 247,511-520 (2014)

Zhang, M, Li, K, Wang, Y.: Regular approximation of linear Hamiltonian operators with two singular endpoints.

J. Math. Anal. Appl. (2020). https://doi.org/10.1016/jjmaa.2019.123758

Zhang, M, Sun, J,, Zettl, A:: The spectrum of singular Sturm-Liouville problems with eigenparameter dependent
boundary conditions and its approximation. Results Math. 63, 1311-1330 (2013)

Zhang, M, Sun, J,, Zettl, A Eigenvalues of limit-point Sturm-Liouville problems. J. Math. Anal. Appl. 419, 627-642
(2014)

Zheng, Z., Cai, J, Li, K, Zhang, M.: A discontinuous Sturm-Liouville problem with boundary conditions rationally
dependent on the eigenparameter. Bound. Value Probl. 2018, 103 (2018). https://doi.org/10.1186/513661-018-1023-x


https://doi.org/10.1016/j.jmaa.2019.123758
https://doi.org/10.1186/s13661-018-1023-x

	Regular approximation of singular Sturm-Liouville problems with eigenparameter dependent boundary conditions
	Abstract
	MSC
	Keywords

	Introduction
	Construction of the induced restriction operators
	Convergence of operators and of spectrum
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


