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1 Introduction and preliminaries

Superconvergence is a phenomenon in numerical methods that refers to faster than nor-
mal convergence for the approximate solutions arising from numerical procedures, and
it was first addressed in [1]. The term “superconvergence” was first used in [2]. Since
then, it has become an actively researched topic in the domain of finite element meth-
ods. So far, numerous studies on superconvergence have been published. For one- and
two-dimensions, superconvergence has been extensively investigated. For three and more
dimensions, studies on superconvergence are progressing at a slow rate. Recently, we fo-
cused on superconvergence of the finite element method for three-dimensional problems,
and we found that there have been some studies concerning it. Some books and survey
papers have also been published. We refer to [3—25] and the references therein. In gen-
eral, according to the domain partition, there usually exist three types of finite elements
for three-dimensional problems, namely tetrahedral elements, pentahedral elements, and
block elements. In this paper, we only consider the pentahedral elements. To the best of
our knowledge, superconvergence of pentahedral elements (or prismatic elements) has
been investigated in [7, 14, 15, 20, 24]. Of these studies, [7] considered superconvergence
of pentahedral elements for the elliptic equation with constant coefficients. The study [15]
is concerned with superconvergence for the Poisson equation, and demonstrated accu-
racy of the order O(k*| In 4| %) in terms of L>°-norm for the value of the function between
the Py (x,y) ® P2 (z) pentahedral finite element approximation and the corresponding in-
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terpolant. In this paper, we will generalize the results in [7] and [15] to general elliptic
equations with varying coefficients.

Additionally, we will use the symbol C to denote a generic constant, which is inde-
pendent of the discretization parameters /,, and /, and which may not be the same for
each occurrence. We will also use the standard notations for the Sobolev spaces and their
norms.

The model problem considered in the article is as follows:

3 3
Lu=— Z 0(a;ou) + Zaiaiu tapu=f in2,u=00n09s2. (1.1)
ij=1 i=1

Here, 2 = £2,, x £2, = (0, 1)? x (0,1) C R? is the unit cube with boundary, 952, comprising
faces parallel to the x-, y-, and z-axes. The diffusion coefficients a; satisfy the following
condition:

There exists a positive constant C such that, for all X € §2, we have

3 3
Zﬂij(x)nmj > CZ nt ¥n=(m,mn) R

ij=1 i=1

In addition, we also assume a;;,a; € W' (82), ag € L™(82), f € L*(£2), ao > 0, and write

_ Ou — u _ ou
Ou =55, u= ay,arld dzu = 5.

Thus, the weak formulation of (1.1) is as follows:

Find u € H} (£2) satisfying

(1.2)
a(u,v) = (f,v) VYveH} (),

where

3 3
a(u,v) = f (Z a;o;udjv + Zaiaiuv + aouv) dxdydz
2

ij=1 i=1

and
(f,v) = / frdxdydz.
2

To provide the discrete formulation of (1.2), we should first partition the domain §2. De-
note by {7"} a uniform family of pentahedral partitions, and thus, £ = | ,. 7+ é. Therefore,
we can write e = D x L (see Fig. 1), where D and L are closed, and denote an isosceles right
triangle with legs /,, parallel to the xy-plane and a one-dimensional interval with length
h, parallel to the z-axis, respectively. We assume that there exist two positive constants C;
and C, such that C; < :‘sz < C,.

We introduce an P;(x,y) ® Pa(z) polynomial space denoted by P, that is,

qx,y,2) = Z apx'yZ,  ap e R,qeP =Paxy) @ Pa(2),
(ijk)eT
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Figure 1 An P> (x,y) ® P>(2) pentahedral element and interpolation nodes

where P, (x,y) denotes the quadratic polynomial space with respect to (x,y), and Ps(z2) is

the quadratic polynomial space with respect to z. The indexing set Z satisfies
T ={Gj,k)i,j k= 0,i+j <2,k <2}.

An Py(x,y) ® Pa(z) interpolation operator is defined by I7¢ : H'(e) N C(e) — P(&). Ob-

viously,

=115, ® IT;,
where [T, stands for the Lagrange quadratic interpolation operator with respect to (x, y) €
D, and II stands for the Lagrange quadratic interpolation operator or the quadratic in-

terpolation operator of projection type with respect to z € L.

Furthermore, the P5(x, y) ® P2 (z) pentahedral finite element space is defined as follows:
Se(2) = {ve Hy(2) N C(82) : vl € Ple) Ye e T"}.
Thus, the finite element method of (1.2) is

Find u, € Sg(.Q) satisfying

(1.3)
a(up,v)=(f,v) Vve S(’)’(Q).

Page 3 of 15
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From (1.2) and (1.3), the following Galerkin orthogonal relation holds:
a(u —uy,v) =0 VveSé’(Q)‘ (1.4)
In addition, from the definitions of I7¢ and S’g(.Q), we can define a global P;(x,y) ®

Ps(z) interpolation operator IT : H}(£2) N C(2) — Sé’(.Q) such that (I7Tu)|, = IT°u. In next

section, we will bound the term a(u — ITu,v).

2 Animportant interpolation fundamental estimate
Lemma 2.1 Let {T"} be a uniform family of pentahedral partitions of 2, u € W>>®(£2) N
HY(2), and v € Si(82). Subsequently, the interpolation operator IT satisfies the following

interpolation fundamental estimate:
h
’a(u —Iu, v)’ < C(hf:y + hg) lull5,00,2 V51,05 (2.1)
where |V|124‘1,9 =D eer Vla1e
Proof Clearly, the interpolation remainder is

u—Iu=u—-Iyu) + (u—ITu) + (ny(u —ITu) - (u- qu))

=R,y + R, + R, (2.2)

where (IT,,u)l. = I u, (IT;u)|, = M{u, and R* is a high-order term. Thus, it suffices to
analyze Ry, and R;. We first have the bound

3 3
aA(Ryy, V) = / (Z @;j0iRyy v + Zaié),»nyv + aonyv> dxdydz. (2.3)
2\~ -
ij=1 i=1
We set
2 2
I = / (Z aijainyij + ZaiainyV + ﬂ()nyV) dx dydz’ (24)
2 \jj=1 i=1
2
I, = f (Z a3j03R,y 0V + agangyv) dxdydz, (2.5)
2 .
j=1
2
I3 :f Zaigainyagvdxdydz, (2.6)
20
14 = / ﬂggangyf)ngxdde. (27)
2
Clearly,

aA(Ryy,v) =11 + I + I3 + 1. (2.8)
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By the two-dimensional interpolation fundamental estimate of triangular quadratic ele-

ments [26], we have

4 h 4 h
| < CH, fg ltlla0,20 V11 0, dz < ChE ltllao 2 V15 - (29)
zZ

As for I, by Green’s formula, we have

2
12 = f (— ZﬂgjajangyV + (ﬂs - 816131 - aZﬂSZ)BSnyV) dx dydz
2

Jj=1

Obviously, 93R,y = d3u — IT,,d3u. Thus, by the two-dimensional interpolation fundamental

estimate of triangular quadratic elements [26], we have

4 h 4 h
L] < CH, / 18314]la00, 20y V110, 2 < CHE, 500,21V o (2.10)

$2;

As for I3, we first bound the integral
/ a1301R,, 03vdx dydz.
2

By Green’s formula and v = 0 on 342, we get

/ a1301 Ry, 03vdx dy dz
I?)

:_/ Z(/ ﬂ1331ny83vdxdy> dz

2, D D

- / }:( / aBnyagvdy) dz - / Z( / nyal(algagv)dxdy>dz
aD 2.5 \Up

2 p

=f alngyagvdydz—/ R.y01(a1303v)dxdydz
2, %025y 2]

=—/ 81a13ny83vdxdydz—/ a13Ry0,03vdxdydz
2 2

= [(1 + [(2

Let Sé’yz(.Qxy) be the triangular quadratic finite element space in the domain £2,,, and
{1;} be the basis of this space. Obviously, the support S; of v; is a patch of elements that
share an internal edge or internal node. Moreover, because the partition of the domain is
uniform, each §; is point-symmetric. Subsequently, for all cubic polynomials p3 on S;, we

have
[ @s-mopaypsdsay - 211)
Si

The proof of (2.11) is similar to Lemma 3.2 in [5].
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AsveSi(2),ve 56’72(.(2,@). Thus, d3v = Z/‘ aj(2)¥;(x,y) = Zj ;. To bound the term
K7, we also assume 9143 € WP (£2). Then

ha13(Q) = d1a13(Qo) + Olhy) =aly + O(hy) VQES), (2.12)

where Qy is the center of S;. Thus, by (2.11) and (2.12), we have
|Ki| = ‘/ dvar3(u — Iyu)dsvdx dy dz
2
< o
< fg Z >l
j
< o
< /Q Z > Lol
j
+/§]m
2

= K| +K].

dz

/S‘(a(fg + (’)(hxy))(u — Iy u)\;dxdy

dz

/S‘ 6!(1)3 (u —Pp3— ny(u —P3))1//j dxdy
J

dz

| Oy~ 1y sy
j

Similar to the arguments in [15], we may obtain Z,' legj| < C(z)h;ﬁlvlgyl'gxy. Therefore, we

obtain
K} < Chy ullacon Vs o- (2.13)
Furthermore, we easily obtain
K} < Chiy l|ull3002V5 o- (2.14)
From (2.13) and (2.14),
Ki| < CH} lullaco2 |Vl g (2.15)
Let Sé”z(.Qz) be the quadratic finite element space in §2,, and {¢;} be basis of this space.

Clearly, S!(£2) = 53_2(92) ®Sé’,2(9xy). Thus, for v € S(£2), we have v = Zi’j (%), 9j, 2)i(2) %
Vi(x,y) = Zi,j Vi, and 9103v = Zi,j v;j03¢;01 ;. Note that the support S;; of ¢;; is a
patch of elements that share an internal node, an edge, or a face. Moreover, as the partition
of the domain is uniform, each S;; is point-symmetric. Thus, similar to (2.11), we have for

all cubic polynomials p3 on Sj;

@3 - nyp3)83¢581 'ﬁj dxdydz =0. (216)
Sij

Similar to (2.12), we have

a3 (Q*) =4ai3 (Qg) + O(hxy) = 61/13 + O(hxy) VQ* S Slj! (217)
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where Qj is the center of S;;. Hence, by (2.16) and (2.17), we get

K| =

/ ars(u — IMyu)d103vdxdy dz
o)
<> Il
i
<> vyl
i
+ ) |yl
ij

= K +K}.

/ (a3 + Ohy)) (1 — M) 930019 dx dy dz
Sj

/ s (u = p3 — Iy (u — p3)) 0301 dx dy dz
S

i

/ O(hxy)(u - ny”)BS(pial %‘ dx dy dz
Si/'

For simplicity, we write

M =

/; a3 (u = p3 — Iy (u — P3)) 0301V dx dy dz
i

Thus,

Ky =" |vill8aidrjlon, o Myl dsidr Yilo -
ij

Clearly,
M < ChinM = P3lI3,00,5;1030:01 Yjlo,1,2-
Taking p3 a three-degree interpolant to # on Sj; in (2.20), we have

4
Mij < Chyyllulla,c,2|030:01¥jl0,1,2-

(2.18)

(2.19)

(2.20)

(2.21)

To obtain the desired result, we need to introduce an affine transformation defined by
F:Peé—>P=BP+beesuchthate=F(&), where B = (by) is a matrix of order 3 x 3. For
all ¢ € L?(e), we write (/3(13) = <p(F13). The usual transformation rules between the element

e and the reference element e (see [5, 26], and [27]) tell us that there exists a constant C

independent of the mesh parameters such that
§loge < CldetB| ' glore and |glore < CldetB|[¢loe,
In addition, we set w = 0,03V = Zi’j v;i03¢;01;. It is easy to prove that
3 6
[viil103p:01¥jl0,1,e
=1 j=1

4

~

is a seminorm of w on e. Using the rightmost rule from (2.22), we find that

3 6
Vil 103¢i01¥1lo,1e < Cldet Bl Y > [vil|9sidr ilo .

i=1 j=1

v

3 6
-1 j=1

~

(2.22)

(2.23)

Page 7 of 15
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By the equivalence of norms in the finite-dimensional space, there also exists a constant

C, depending only on the reference element ¢, such that

Vil 193001 Wjlo,1e < Clivlo e (2.24)

14

3
:11

6
-1
Using the left rule from (2.22), we get

[Wlo,1e < CldetB|™ [wlo,1,e. (2.25)

Combining (2.23)—(2.25) yields

3 6

[vii|133¢9i01¥jl0,1,e < Clwlo,1,e-
=1 j=1

r

J

Summing over all e in 77" results in

> villdsgidi¥lore < Clwle, o < Clvls, o (2.26)

bj
Combining (2.19), (2.21), and (2.26) yields
Ky < Chiy l|ulla00,2V5 ;1 o- (2.27)
Similar to the arguments mentioned above, we also get
Ky < Chy [ull3002V]5 1 o- (2.28)
From (2.27) and (2.28),
K| < Chy lullacoe vl o- (2:29)

Thus, by (2.15) and (2.29), we have

/ 1301 Ry, 03vdxdydz
2

< K| + K| < CHY lullacoe V], o- (2.30)
Similar to the proof of (2.30), we have

f 2300 Ryy03vdxdy dz| < Ch}, ||ullapo.2|Vls 1 - (2.31)
2

Combining (2.6), (2.30), and (2.31), we get

3] < Chy l|ulla,00,21V]5 1 o- (2.32)



Liu and Zhu Boundary Value Problems (2020) 2020:7 Page9of 15

As for Iy, we write a33(Q) = a33(Qo) + O(hy,) = ad; + O(hyy) YQ € S, and d3v = Z; oy,
Thus,

[Ls] = ‘/ ﬂasastyZajwjdxdydz
Q -
j
= loti]
[ 2
= loti]
[ s
of, Sl
2.5

= 1(3 + K4,

dz

/ ass 83ny 'g/f}' dx d_)/
Si

dz

‘/; ag3(83u —P3— ny(asu —[93))l[fj dxdy
/)

dz

[5 Oly) (51 = Iy (950)) ¥y ey

Similar to the proof of (2.13), we have

K3 < Chiy l|ull5.00,2 V51 o- (2.33)
Clearly,
Ky < Chiy lullase Vs o- (2.34)

Combining (2.33) and (2.34) yields

4] < Chiy l|ulls,00,2V]5 1 o- (2.35)
From (2.8)—(2.10), (2.32), and (2.35),

|a(Rey, v)| < Chi llulls o2 V1 1 - (2.36)

Now, we can bound the term

3 3
a(R,,v) = / (Z a;0;R;0;v + Z a;0iR,v + doRZV) dxdydz. (2.37)
2

ij=1 i=1

Additionally, we set

2 2
= f (Z ajoiR, 0V + Zuia,'sz + uosz> dxdydz, (2.38)
I?)

ij=1 i=1
2
I = / (Z azj03R, 0V + az 83sz> dxdydz, (2.39)
2 .
j=1

2
]3=/ ZﬂigaiRzagl/dxdde, (240)
22
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]4, = / 613383R283V dx dde (241)
2
Clearly,
aR,,v) =J1+ )2 +J3 + Ja. (2.42)

To simply bound the aforementioned terms, we may use the so-called interpolation oper-
ator of projection type (see [15]).
Let {lj(z)};?fo be the normalized orthogonal Legendre polynomial system from the space

L2(L), and 9,u € L2(L). For a fixed point (x,y) € D, we have the following expansion:

u(x,y,2) = Zﬂj(xyy)w;(z), (x,7,2)€e=D x L,

j=0

where

0@ =1, o) = / o) =O(hE),  LD=0(EY), jz0. (249

i-1

The coefficients g;(x, y) satisfy Bo(x,y) = u(x,y,zi-1), and for j > 1,

Bi(,y) = fL douly1(2)dz = O(H: ). (2.44)

Let IT{ be the quadratic interpolation operator of projection type with respect to z defined
by
2
ITu = Z Bi(x, y)wi(z), (x,9,2)ce=D x L.

j=0

Thus, the interpolation remainder is

R.=u-ITu=Y Bxynwi), (xy2)ee. (2.45)
j=3

The above-mentioned statements are presented in [15]. Obviously, we only need to con-
sider the main term r3 = B3(x, y)ws(2) in (2.45). As for /1, we first bound

/ aporsdvdxdydz.
2

By integration by parts, the Poincaré inequality, (2.43), and (2.44), we get
‘/ anorsdvdxdydz
2

/aualrgalvdxdydz
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2
7

< OtV + Ol Y [ 10001 dxayd
e e

/ a3,01B3(x, y)w3(2)dyvdx dy dz

/O(hz)alﬁg (%, y)ws(z)01vdxdydz

/“(1)1 01 B3 (x, y)f)’la)g (2)0301vdxdydz

/ On,)1 B, y)os (Do dx dy dz

4 h 4
< Ch,|lulla,0,2|VIn 1 0 + Chzllu||4,oo,9/ [01v]1,1,02, dx dy
24y

4 h
=< Chz||u||4,oo,Q|V|2,1,Q»

where 42_3@) — y(7), DLy = O(hL5), ayy (N) = a1 (No) + O(h,) = a, + O(h,) for every
N € e, and Ny is the center of e.

Similarly, for the rightmost term from (2.38), we can easily obtain

4 h
= O llullz.c02VIn,0-

/ aorsvdxdydz
2

As for the other terms from (2.38), using arguments similar to the ones mentioned above,
we derive their bounds as follows:

4 h
Chylullaoo,21VI31 0
Thus, we have
< Cnt ; (246)
1l < z||”||4,oo,9|v|2,1,9- :

As for J,, we first analyze the case of j = 1. By Green’s formula, we get
fg as 03r3d vdxdydz = — Z / 01 (aglﬂg (x, y))lz (z)vdxdydz. (2.47)
—Je
For the right term from (2.47), integration by parts yields
/9 asz dsrsdvdxdydz = — Z /D—le(agagval(aglﬁg)
+ 20310301 (a31B3) + vd30301 (a31 B3)) dx dy dz,
where % =I,(z). From (2.43) and (2.44),

DL =0(h?), Bl < Ch2lullscoe,  18183] < Ch2%||u]| 4,00, 02- (2.48)

Page 11 of 15



Liu and Zhu Boundary Value Problems (2020) 2020:7
Hence,
/ a3 dsr3dyvdxdydz| < Chll|ullsceg Y /(|agagv| + 193] + |v]) dx dy dz.
2 e e

By the Poincaré inequality in (2.49), we get

‘ / az1d3r3dvdxdydz| < Chi|ullacoelVls, o
2

Similarly, in the case of j = 2, we also have

4 h
< Chz||u||4,oo,Q|V|2,1,Q-

/ asyd3r3d,vdxdydz
Q2

For the right term from (2.39), integration by parts yields

/ asosrsvdxdydz = Z/agﬁg(x,y)lz(z)vdxdydz
2 N e

(2.49)

(2.50)

(2.51)

= Z /D_le(agagVﬂ3ﬂ3 + 2831/83613}33 + v8333a3ﬁ3)dxdydz.

Using (2.48) and the Poincaré inequality, we obtain

4 h
=< Chz||u||3,oo,9|"|2,1,n~

/ azdsrsvdxdydz
2

Combining (2.50)—(2.52) yields
Vol < Chllullan,2VIs 1 o

As for J5, we first consider the case of i = 1. Clearly, integration by parts yields

f ai301r303vdxdydz
7

= Z /ﬂlsalﬂs(x,y)wg(z)agvdxdydz
e e
= _Z/81,Bg(x,y)f)’la)g(z)ag(algagv) dxdydz.
e e
Furthermore, by (2.48), the Poincaré inequality and D~w3 = O(/)°), we have

4 h
< Chz||u||4,oo,9|v|2,1,_q~

/ ai301r303vdxdydz
2

Similarly, when i = 2, we also get

4 h
= Chz||u||4,oo,Q|V|2,1,_Q-

/ azgazrgagvdxdydz
2

(2.52)

(2.53)

Page 12 of 15
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Thus, we have
sl < Chllullane,0VIh o (2.54)

Finally, for /4, integration by parts yields

/ as303r3dsvdxdydz
I?)

= Z/6133,33(96,)/)12(2)331/6196dydz
= Z /ﬁgb_zlz(zagagvaj;dj;g + agvagagdgg)dx dde
e Je
Thus,

4 h
< Chz||u||3,oo,9|v|2,1,g~

/ a3383r383vdxdydz
2

Hence,

Vsl < ChE|ull3002 VI - (2.55)
Combining (2.42), (2.46), and (2.53)—(2.55) results in

|a(R,v)| < Ch}l[ullaoo.21Vls s o- (2.56)

From (2.36) and (2.56), the desired result (2.1) is immediately obtained. The proof of
Lemma 2.1 is therefore completed. 0

3 Pointwise superconvergence estimates
To analyze pointwise superconvergence, for each fixed Z € £2, we may introduce the dis-

crete Green function defined by
a(v,Gy) =v(Z) VveSi$). (3.1)
As for G%, we have the following result.

Lemma 3.1 For G, € S}(£2) the discrete Green function, we have the following estimate:

h
2,1,

GLL < Clinhl3. (3.2)
The proof of Lemma 3.1 can be found in [16].
From (1.4), (2.1), (3.1), and (3.2), we immediately obtain the following theorem.

Theorem 3.1 Let {T"} be a uniform family of pentahedral partitions of 2, and u €
W>2°(2) N HY($2). For uy, and IMu, the Py(x,y) ® Pa(z) pentahedral finite element ap-
proximation and the corresponding interpolant to u, respectively, we have the following
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pointwise superconvergence estimate:

4 4 2
lun — M utlo,o0,2 < C(hxy +h3) | In k|3 ||ulls,00,0-
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