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1 Introduction
In this paper, we at first study the following non-singular boundary value problem with a

parameter:

u®(t) = A (t,u(t), (Hu)(t)), 0<t<l,
1(0) = #/(0) = 0, (1.1)
u'(1) =0, u”(1) = Ag(u(1)),

where f: [0,1] x [0, +00) x [0, +00) — [0, +00) and g : [0, +00) — (—00,0] are continuous,
A is a positive parameter, H is a certain operator(not necessarily linear). Here, if we set H :
C([0,1]; R) — C([0,1]; R) is a linear operator defined by Hu = u for every u € C([0,1];R),
then the problem (1.1) reduces to the following beam equation:

u®(t) = Mf(t,u(t),u(t)), O0<t<l,
u(0) = «'(0) =0, (1.2)
u'(1) =0, u” (1) = Ag(u(1)).
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In this model, we suppose f : (0,1) x [0,+00) x (0,+00) — [0,+00) and g : [0, +00) —
(—00,0] are continuous, f(t,x,y) may be singular at £ = 0 or 1, and also may be singular
aty =0. A > 0 is a parameter.

The above fourth-order Egs. (1.1) and (1.2) model an elastic beam of length 1 subject
to a nonlinear foundation given by the function f, where the boundary condition %(0) =
#'(0) = 0 means that the left end of the beam is fixed, the boundary condition #'(1) = 0,
u" (1) = Ag(u(1)) means that the right end of the beam is sliding clamped and attached to
a bearing, given by the function g.

As is well known, the fourth-order boundary value problems for elastic beam equations
are widely applied to material mechanics and engineering, because it can characterise the
deformation of the equilibrium state. These equations with nonzero or nonlinear bound-
ary conditions can model beams resting on elastic bearings located in their extremities;
see for instance [1-6] and the references therein. Over the past several decades, some re-
searchers have extensively investigated the existence and multiplicity of positive solutions
for the elastic beam equations. In most studies, the results are obtained by using the Leray—
Schauder continuation method, the topological degree theory, the shooting method, fixed
point theorems on cones, the critical point theory, monotone iteration method, the lower
and upper solution method and so on; for examples refer to the literature [7—16]. However,
there are a few papers concerned with the existence and uniqueness of positive solutions
for the fourth-order boundary value problems with parameter including non-singular and
singular case; see [17-23].

In [17], Yao investigated the following fourth-order problem with a parameter:

u®(t) = M (t,u(t)), O0<t<l,
u(0) = u(1) =u/(0) = /(1) = 0.

(1.3)

By application of the Krasnosel’skii fixed point theorem of cone expansion—compression
type, Yao obtain several existence and multiplicity results.
In [18], Wang et al. deal with the following problem:

u®(t) = M (t,u(t)), O0<t<l,
u(0) = /(0) =u"(1) = " (1) + g(u(1)) = 0,

(1.4)

where f : [0,1] x [0, +00) — [0,+00) and g : [0,+00) — [0,+00), A > 0 is a parameter.
From the fixed point theorem of cone expansion, they prove the existence, multiplicity
and nonexistence of solutions. Furthermore, by using cone theory, the authors establish
some uniqueness criteria of positive solutions and show such solution x, depends contin-
uously on the parameter A.

The following beam equation with a parameter is investigated by Zhai et al. in [19]:

u®(t) = AMf(t,u(t)), O<t<l,
u(0) = u'(0) = (1) = " (1) + Ag(u(1)) = O,

(1.5)

where f: [0,1] x [0, +00) — [0, +00) and g : [0, +00) — [0, +00), A > 0 is a parameter. De-
pending on a fixed point theorem and some properties of eigenvalue problems for a class
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of general mixed monotone operators, the authors present two results on the existence
and uniqueness of convex monotone positive solutions and also present some pleasant
properties of solutions dependent on the parameter.

In [20], Yuan et al. study the following boundary value problem to nonlinear singular
fourth-order differential equation:

u®(t) — rq()f (u(t),u’(t) =0, O0<t<l1,

a1u(0) — 11/ (0) = 0,

yiu(1) +8,4/(1) = 0, (1.6)
azu”(0) = Bou(0) = 0,

yau (1) + 8,u" (1) = 0,

where A > 0 and «;, B;, v, 8; > 0 (i = 1,2) are constants such that 8;y; + o;y; + @;8; > 0
(i=1,2), g € C((0,1),(0,+00)) and g may be singular at ¢ = 0 and/or 1, f(«,v) may be
singular at # = 0. By using the mixed monotone method, the authors establish the existence
and uniqueness of positive solutions for some fourth-order nonlinear singular continuous
and discrete boundary value problem.

Motivated by the above work, in this paper, by using the fixed point theorems of mixed
monotone operator, we intend to study the local existence and uniqueness of increasing
positive solutions for the non-singular beam Eq. (1.1) and singular beam Eq. (1.2). Fur-
thermore, we construct two sequences approximating the unique positive solution. The
main contributions of this paper are: (a) for the non-singular problem (1.1), the nonlinear
term f is changed with the choice of the operator H, here, the H is not necessarily linear,
which makes the nonlinear term more general. (b) For the singular problem (1.2), there is
no result on the uniqueness of positive solution in the existing literature, hence our results
are new. (c) After obtaining the unique existence results, we construct two sequences with
a parameter A for approximating the unique solution %}, and also present some pleasant
properties of positive solution with respect to A.

The content of this paper is organized as follows. In Sect. 2, we present some definition,
lemmas and basic results that will be used in the proofs of our theorems. In Sect. 3, by
using the fixed point theorems of mixed monotone operators, we prove the existence and
uniqueness of monotone positive solutions for the non-singular boundary value problem
(1.1). In Sect. 4, we research the existence and uniqueness of monotone positive solutions
for the singular boundary value problem (1.2). In Sect. 5, we give two concrete examples
to illustrate these results which can be used in practice.

2 Preliminaries

For the convenience of the reader, in this section we present some definitions in ordered
Banach spaces, lemmas and basic results that will be used in the proofs of our theorems
[24].

Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
ie, x <yifand onlyif y—x € P. If x < y and x # y, then we denote x < y or y > x. Recall
that a non-empty closed convex set P C E is a cone if it satisfies (i) x € P, A > 0 = Ax € P;
(ii) x € P, —x € P = x = 0, where 6 denotes the zero element of E.

A cone P is said to be solid if P = {x € P | x is an interior point of P} is nonempty. A cone
P is called normal if there exists a constant N > 0 such that ||x|| < N||y| for all x,y € E
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with 6 <x <y, where N is called the normality constant of P. Moreover, we say that an
operator A : E — E is increasing (decreasing) if x < y implies Ax < Ay(Ax > Ay).

Furthermore, for all x,y € E, the notation x ~ y means that there exist A >0 and £ > 0
such that Ax <y < ux. Clearly, ~ is an equivalence relation. Given % > 0 (i.e., # > 6 and
h #0), we denote by Py the set P, = {x € E | x ~ h}. It is easy to see that P, C P.

Definition 2.1 ([25]) A:P x P — P is said to be a mixed monotone operator if A(x, y) is
increasing in x and decreasing in y, i.e., u;, vi(i = 1,2) € P, uy < uy, v1 > vo imply A(uq,v1) <
A(uy, vp). The element x € P is called a fixed point of A if A(x,x) = x.

Lemma 2.1 (See Lemma 2.1 and Theorem 2.1 in [25]) Let P be a normal cone in E. Assume
that A : P x P — P is a mixed monotone operator and satisfies:

(A1) there exists h € P with h # 0 such that A(h, h) € Py;

(Ay) for any u,v € P and t € (0,1), there exists ¢(t) € (t,1] such that A(tu,t'v) >

o(t)A(u,v).

Then

(1) A:Py x Py, — Py;

(2) there exist ug,vo € Py, and r € (0,1) such that rvy < ug < vo,

uo < A(uo, vo) < A(vo, uo) < vo;
(3) A has a unique fixed point x* in Py;

(4) for any initial values x,Y0 € Py, constructing successively the sequences
Xn ZA(xn—l:yn—l): Yn ZA(yn—lvxn—l)’ n=12,...,
we have x, — x* and y, — x* as n — oo.

If we suppose the operator A : P, x Py, — Pj, with P is a solid cone, then A(/4, k) € Py, is
automatically satisfied. Besides, when ¢(t) = £* with o € (0, 1) for £ € (0, 1), we see that the
following lemma still holds true.

Lemma 2.2 Let P be a normal, solid cone of E, and let A : Py x P, — Py, is a mixed mono-

tone operator. Suppose that: there exists « € (0, 1) such that
A(tu, t_lv) >t*A(u,v), Yu,vePyte(0,1). (2.1)

Then operator A has a unique fixed point x* in Pj,. Moreover, for any initial xo, Yo € Py,
constructing successively the sequences x, = A(Xy_1,Y1-1), Yn = AWn-1,%1-1), n=1,2,..., we
have ||x, — x*|| — 0 and ||y, —x*|| > 0 as n — oco.

Lemma 2.3 (See Theorem 2.3 in [25]) Assume that the operator A satisfies the conditions
of Lemma 2.2 or Lemma 2.3. Let x; () > 0) denote the unique solution of nonlinear eigen-
value equation A(x,x) = Ax in Py,. Then we have the following conclusions:
(1) Ife(®) > t3 for t €(0,1), then x, is strictly decreasing in X, that is, 0 < Ay < Ay implies
Xy > Ky
(2) Ifthere exists B € (0,1) such that ¢(t) > tP for t € (0,1), then x; is continuous in A,
that is, . — Ao(Xo > 0) implies ||x) — x;, — O.
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(3) Ifthere exists B € (0, %) such that ¢(t) >t for t € (0,1), then lim;_, » ||%,]| = 0,
lim; g+ [|x1 ]| = 00.

Lemma 2.4 Suppose f,g are continuous, then u is the solution of problem (1.1) if and only
if u is the solution for the following integral equation.

1
u(t) = )L/O G(t, s)f(s, u(s), (Hu)(s)) ds— Ag(u(l))lﬁ(t), vVt e[0,1], (2.2)
where
1 |s2(6t-3t2-2s), 0<s<t<l;
G(t,8) = — (23)
12 | 2(6s-3s2-2t), 0<t<s<]l,
and
2
V() = s vt €[0,1]. (2.4)

Proof At first, we prove the necessity. Assuming that %(¢) is the solution of equation (1.1),
for u™®(t) = Af(t, u(t), (Hu)(t)), combined with the boundary conditions #”'(1) = Ag(u(1)),

we integrate it from ¢ to 1:

1
u” (8) = Ag(u(1)) - A/ S (s, u(s), (Hu)(s))ds, Vte[0,1].

Next, we continue to integrate »”(¢) from ¢ to 1:

W' () = u (1) - Ag(u(l))(l -+ A /l(s - t)f(s,u(s), (Hu)(s)) ds, Vte[0,1].

Then, combined with #/(0) = #/(1) = 0, we integrate the above formula from 0 to ¢:

u'(t) = —Ag(u(l)) (g - g) + A‘/().t<§ B S%t)f(s, u(s), (Hu)(s)) ds

1 2 2
Y / (st -2 %)/(s, u(s), (Hu)(s)) ds, Ve € [0,1].

At last, integrating u/(¢) from O to ¢, and using #(0) = 0, we have

3 t 2 242 3
u(t) = —rg(u(1)) (g - %) + A/O <% ST %)j(s,u(s), (Hu)(s)) ds

1
o[ (55 - 5 oo, o) as
1
:)\./0 G(t, 9)f (s, u(s), (Hu)(s)) ds — Ag(u(1)) ¥ (¢), V¥t € [0,1].

Here G(¢,s) and ¥/ (¢) are defined by (2.3) and (2.4).
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Next, we prove the sufficiency. Suppose that u(t) is the solution of the integral equation
(2.2), we differentiate the formula (2.2) directly, and obtain u™®(£) = Af(t, u(t), (Hu)(t)). Be-
sides, we also get #(0) = #/(0) = 0, /(1) = 0, u”(1) = Ag(14(1)). The proof is completed. O

Lemma 2.5 The functions G(t,s) and v (t) satisfy the following properties:
(1) G(¢,5) is a continuous on the unit square [0,1] x [0, 1], ¥ (¢) is continuous for any
te[0,1].
(2) G(t,5) =0, ¥ (t) >0 foreacht,sel0,1].
(3) Foranyt,s € [0,1], we have

1 1
— 2 <y(t) < -t

1 1
— & < G(t,s) < —st?, <
12 2 12 4

(4) Forany t,s € [0, 1], we get
Hy(t,s) >0, ¥'(t) > 0.

Proof The property (1) is simple, so we omit its proof. The properties (2) and (3) have
been deduced in [22], and by property (3) we can easily see that the property (2) holds
true. |

3 Existence of positive solutions for non-singular Eq. (1.1)
In this section, we will work in the Banach apace E = CJ[0, 1] equipped with the norm
ll]| = sup{|x(2)| : £ € [0,1]} and a partial order given by x,y € E, x <y < x(t) < y(¢) for
t€[0,1]. The set P = {x € E : x(¢t) > 0,¢ € [0, 1]}, the standard cone. It is clear that P is a
normal cone in E and the normality constant is 1.

We first give a main result which is concerned with the non-singular elastic beam
Egs. (L.1).

Theorem 3.1 Assume that
(L1) f:10,1] x [0,+00) x [0, +00) — [0, +00) and g : [0, +00) — (—00,0] are continuous
with g(1) < 0;
(Lo) f(&x,y) is increasing in x € [0, +00) for fixed t € [0,1], y € [0, +00), and decreasing in
y € [0, +00) for fixed t € [0,1], x € [0, +00), and g(x) is decreasing in x € [0, +00);
(L3) For n € (0,1), there exist ¢;(n) € (n,1) (i = 1,2), such that for any t € [0,1], x,y €
[0, +00)

fEnnn™y) =ef(6xy),  gnx) < ea(n)gx); (3.1)

(Ls) The operator H : P — P is an increasing sub-homogeneous operator, i.e.
(@) forany u,v € P with u <v=- Hu < Hv,
(b) H(nu) > nHu,VYu e P, n € (0,1).
Then:
(1) for any given X > 0, problem (1.1) has a unique increasing positive solution u;
in Py, where h(t) = t2, t € [0,1];

Page 6 of 16
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(2) for any xo,y0 € Py, constructing successively the sequences

X41(8) = )Lfol G(L,8)f (s,%4(5), yu(s)) ds — Ag(x, ()W (¢), n=0,1,2,...,
Yne1(E) = A fol G(t,8)f (5, y(5), % (5)) ds — Ag(y, ()Y (8), n=0,1,2,...,

we have ||x, — ui|| — 0 and ||y, — ui|| = 0 as n — oc;

(3) if pi(t) > t3 (i=1,2) for t € (0,1), then uj is strictly increasing in X, that is,
0 <A1 <Ay implies uy | <uj,;

(4) if there exists B € (0,1) such that ¢;(t) > t? (i = 1,2) for t € (0,1), then u is
continuous in A, that is, || uy — us I —0 (A — Xo(Xo > 0));

(5) ifthere exists B € (0, %) such that ¢;(t) > t? (i=1,2) for t € (0,1), then

limj oo [[5. || = 00, limy o+ [l || = 0.

Proof For any u,v € P, we define an operator A, : P x P — E by

1
Ay (u,v)(t) = k/o G(t,s)f(s, u(s), (HV)(s)) ds — Ag(u(l))w(t).

It is easy to prove that u is the solution of problem (1.1) if and only if u = A, (4, u). Next, we
will divide the proof into several steps to ensure the operator A; satisfies all the conditions
of Lemma 2.1.

Step 1: We show that A, : P x P — P.

From the assumptions (L;), (L4) and the nonnegative character, continuity of G(¢,s) in
Lemma 2.5, it can be easily seen that A, : P x P — P is a well-defined operator.

Step 2: We show that A4, is a mixed monotone operator.

In fact, for u;,v; € P, i = 1,2 with u; > u,, vi < vy, we know that u1(¢) > uy(t), v1(¢) <
va(t), t € [0,1]. It follows from (L,) that (Hv)(¢) < (Hvp)(£). By (Ly) and property (2) in
Lemma 2.5, we get

1
Ay (1, v1)(0) = /0 G(t,8)f (s, u1(s), (Hv1)(s)) ds — g (1 (1)) ¥ (£)
1
> k/ G(t, s)f (s, ua(s), (Hv)(s)) ds — Ag (2 (1)) (£) = A (14, v2) ().
0

Hence, A, (u1,v1) > A; (142, v2), which implies A;, is a mixed monotone operator.
Step 3: We prove A, (h, h) € Py. Here we consider the Py, defined by

P, = {x € P|x #0, there exist u,& >0 such that £é& <x < uh},

in which we take the function A(¢) = t2, t € [0,1]. So we have 0 < h(¢t) < 1. It follows from
(Ly) that 0 < (Hh)(¢) < (H1)(¢). According to (L;), (L) and property (3) in Lemma 2.5, we

Page 7 of 16
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deduce
1
A;(hh)(t) = )L/o G(t,s)f(s, h(s), (Hh)(s)) ds — kg(h(l))W(t)
>\ /1 %szﬁf(s, 0, (Hl)(s)) ds —g(0) - %tz
0

Aot A
= [E /O s’f (5,0, (H1)(s)) ds—ﬁg(o)} i

A
2

>

1
[ / szf(s,O,(Hl)(s))ds—g(O)]~t2, vee[o,1], (3.2)
0

—_

and
! 1 2 1 2
A; (b h)(2) SA/O 55 (5,1,00ds —3g(1) - ¢
At A
= |:5/0‘ sf(s,1,0)ds — Zg(l)] -2
1
< &[/ sf(s,l,O)ds—g(l)} .82, Vtel0,1]. (3.3)
21Jo
Let

AT [T .

Combining (3.2) with (3.3), we have

1

sf(5,1,0) ds g(l):|.

rh < A)L(h,h) <nrh.
Since we have the monotonicity property of (£, x,y) and g(1) < 0, we have
AT AT (1
0<r - E[ [ #r6s.0.6m06) ds—g(@] < 5[ [ 0 ds—g(l)} .
0 0
As aresult, A, (4, h) € Py. So the operator A, satisfies condition (A;) in Lemma 2.1.
Step 4: We check that the operator A; satisfies condition (A;).

Let ¢(t) = min{p; (£), p2(2)}, t € (0,1), then ¢(¢) € (¢, 1). Using assumptions (L3), (Ls), for
n € (0,1), u,v € P, we obtain

1
A; (nu, n’lv)(t) =A /0 G(55)f (s, nu(s),l—[(n_lv) (s)) ds — Ag(nu(1)) ¥ (¢)
1
> )»/0 G(t,5)f (s, nu(s), n~" (HV)(s)) ds — g (nu(1)) ¥ (£)
1
> wl(n)?»/o G(t,s)f (s, u(s), (HV)(s)) ds — o2 (m)Ag (u(1)) ¥ (2)

1
> () [x /0 G(t, ) (s, u(s), (HV)(s)) ds - Ag(u(l))wm]

=p(mA.(u,v)(t), Vtelo,1].

Consequently, A; (nu, n72v) > ¢(7)As(u,v), Yu,v € P, n € (0,1).

Page 8 of 16
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Therefore, A, satisfies all the conditions of Lemma 2.1. By applying Lemma 2.1, there
exists a unique u} € Py, such that A, (4}, u}) = u}.

Hence u} ia a unique positive solution of the problem (1.1) for fixed A > 0. Furthermore,
on the basis of Lemma 2.1, for any initial values xy,yy € Py, constructing successively the

sequences

Xna1(£) = 2 [} Gt,9)f (5,%,(5), (Hy,)(s)) ds — g(n(D)Y (), n=0,1,2,...,
Iusr () = & [y G(&,8)f (5,9 (), (Hx,)(8)) ds — hg ()Y (1), n=0,1,2,...,

we have ||x, — u}|| = 0 and ||y, — u|| = 0 as  — o0o. In addition, we can show that 4] is

an increasing solution. In fact, by

1
us(t) = /0 G(t,s)f(s, u(s), (Hu:)(s)) ds — )»g(uj(l))l/f(t), vt e[0,1],

we can compute

1
uy*(£) = k/o Gi(t,)f (s, 5 (s), (Hu})(s)) ds — Ag(u; (1) ¥/ (), Vee[0,1].

By property (4) in Lemma 2.5 and (L), we obtain u,*(t) > 0, V¢ € [0, 1], which means u; (¢)
is increasing in [0, 1].

Next, if we set A = %A 1, then A also satisfies all the conditions of Lemma 2.1. So we have
A (w5 (2), ui () = MA(u5 (2), ui(2)) = uf, that is, A(u}(2), u; () = %ui(t). If @;(£) > th (i=1,2)
for t € (0,1), then ¢(t) > t%, Lemma 2.3 (1) implies u] is strictly decreasing in %, that is,
uj is strictly increasing in A, i.e., 0 <Ay < Ay implies u}, < uj , u; #uj ; if there exists
B €(0,1) such that ¢;(£) > ¢# (i = 1,2) for t € (0, 1), then ¢(¢) > t# for ¢ € (0,1), Lemma 2.3
(2) implies u} is continuous in A, that is, ||u} — uj ll — 0 (A = Ag(rg > 0)); if there exist
B € (0, 1) such that ¢;(t) > t# (i = 1,2) for ¢t € (0,1), then ¢(¢) > t* for ¢ € (0,1), Lemma 2.3

(3) implies lim,,_,  [| 45 ]| = 00, lim; _, ¢+ || 4]l = 0. The proof is completed. O

Remark 3.1 When A =1, H is a null operator, the similar type of beam equation has been
studied by Zhai in [22], in which the existence and uniqueness results are obtained by
two fixed point theorems of a sum operator. Note that the functions f, g in [22] only have
stationary monotonicity, while in our study they have two different types of monotonicity.

Therefore, our study is more general.

4 Existence of positive solutions for singular Eq. (1.2)
In this section, we will present another result which is deal with the singular elastic beam
Egs. (1.2).

Theorem 4.1 Assume that
(Ls) f:(0,1) x [0,+00) X (0,+00) — [0, +00) is continuous, f(t,x,y) may be singular at
t=00rlandy=0.g:[0,+00) — (—00,0] is continuous;
(Le) f(t,x,y) is increasing in x € [0,+00) for fixed t € (0,1), y € (0, +00) and decreasing in
y € (0, +00) for fixed t € (0,1), x € [0, +00); g(x) is decreasing in x € [0, +00);
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(L7) forn €(0,1), there exist o; € (0,1) (i = 1,2), such that

St nx, rfly) > 0 f(t,x,y), Vte(0,1),x€[0,+00),y € (0, +00).

g(nx) <n*gx), Vte(0,1),x € [0,+00);

(Lg) let o = max{ay,az}, o € (0,1), then

1
/ s172f(s,1,1) ds < +00

0

with f(t,1,1) # 0. Then the results (1)—(5) in Theorem 3.1 are still true.

Proof For any u,v € P, we define an operator A, : P x P — E by

1
A (u,v)(t) = A /0 G(t,s)f(s, u(s), v(s)) ds — kg(u(l))tﬁ(t).

(4.1)

(4.2)

Evidently, « is the solution of problem (1.2) if and only if u = A; (&, u). In the sequel we

check that A, satisfies all the conditions of Lemma 2.2.

At first, we will prove operator A, : P, x Py, — Py, is a mixed monotone operator. Here

we consider the P;, defined by

1
Ph={xeP‘3p>1:—h§x§ph,\7’te[0,1]},
0

with A(t) = £2, t € [0,1]. By (L7), for all n € (0,1), £ € (0,1), x € [0, +00), y € (0, +00), there

exist a1, oy € (0,1), one has

f&xy) =f (6 %0 ny) = 0 f (60 % 1y),

gx) = g(nm'x) <n™g(n'x).

From the above inequalities and the fact that « = max{a;, @y} we have

1 1
f(tnxmy) < il (t,x,9) < il (t,%,9),

g(n'x) = %g(x) > iag(x).
nez n

Setx=1,y=11in (4.1)-(4.4), we can easily obtain

fEnn™) =nf6,1,0),  gn) <n“g(D),

Flon ) < niaf(t,l, D, ez niagu).

(4.5)

(4.6)

Page 10 of 16
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For any u, v € P, we can choose a constant p > 1 to satisfy %tz < u(t),v(t) < pt?, vt € [0,1].
From (Lg) and (4.1)—(4.6), we obtain

S(euoe) < (1.0 22 ) <f (1055, 20)

1 1 p<
S tz_“ (t; 0 ;) f t2—otf(t’ 1) 1)1 Vt € (0¢ 1); (47)
1, e (1 £
¢(ul) Eg(—t ) <t “g(—) <), vie©), (4.8)
p P p

f(t’ u(f), V(t)) Zf(f, ltz, pt2> Zf(t, ll,‘2, ’Oiz)
o P

> tzaf(t, l,p) > tZ—:f(t, 1,1), Vte(0,1), (4.9)
p P
¢(u(t) = g(o?) zg(ptlz) > 1el0)=2g), Vi) (4.10)

It follows from Lemma 2.5, (4.7), (4.10) and (Lg) that

1
Ay (u,v)(t) = A /(; G(t,s)f(s, u(s), v(s)) ds — Ag(u(l))w(t)

<)L/11t2'0af( 1L1)ds — AL £2p%(1)
=S —J\S, 1, S— A—
=1 3% R

A [l Ag(1
:pa|:§f sl’z"‘f(s,l,l)ds—$]t2<+oo, vt € [0,1]. (4.11)
0

Then Lemma 2.4 implies that A : P, x P, — P is well defined. By Lemma 2.4, (4.8) and
(4.9), we also have

L1, ,s™ £ 1
A)\(u,v)(t)zk/o‘ ES t Ff(s,l,l)ds—kﬁp—ag(l)

1A [y, rg()] ,
- | = (s, 1,1)ds — = [¢*, Vte[0,1]. 4.12
p“|:12/0 §772f(s,1,1) ds D i| €[0,1] (4.12)

Let p be a positive constant defined by

1
Al rg(1) 7=
p>max{1,<—f slza‘f(s,l,l)ds—ﬁ) ,
2 4

A ! 2+2a )"g(l) ﬁ
X (E./o s (s,1,1) S—T) } (4.13)

It follows from (4.11) and (4.12) that

1 1
—h(t) = —£2 <A, (w,v)(t) < pt* = ph(t), Vte[0,1],
o P

which means A, (i, v) € Py, we prove A, : Py, X Py, — Py,
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Next, similar to the proof of Theorem 3.1, from Lemma 2.5 and (Ls), (Lg), we see that
A; : Py x P, — Py is a mixed monotone operator.
At last, we show that A; satisfies (2.1) in Lemma 2.1. It follows from (L) that

1
Ay (nu, ™) (6) = }\./o G(t, 9)f (s, nu(s), ™ v(s)) ds — Ag(nu(1)) ¥ (2)
1
> n‘“)»/() G(t,s)f(s, u(s),v(s)) ds — n“zkg(u(l))l/f(t)

1
>n” |:A /0 G(t, 9)f (s, u(s), v(s)) ds — Ag(u(l))lﬂ(t)]

=n%A,(u,v)(£) Yu,vePyne(0,1),te]0,1]. (4.14)

Consequently, A, (nu, n7tv) > n%A, (4, v), Yu,v € Py, n € (0,1).

Therefore, A, satisfies all the conditions of Lemma 2.2. By Lemma 2.2, there exists a
unique u} € Py, such that A; (45, u}) = u}. It is easy to check that « ia a unique positive so-
lution of the problem (1.1) for fixed A > 0. Similar to the proof in Theorem 3.1, by (L5) and
property (4) in Lemma 2.5, we can illustrate the unique positive solution i (¢) is increasing

on (0,1). Also, for any initial values xo, yo € Py, constructing successively the sequences

Ke1(t) = Afol G(,8)f (s, %4(5), yu(s)) ds + Ag(x, ()Y (t), n=0,1,2,...,
Vi1 () = A fol G(L,5)f (s, yn(s), x,(5)) ds + Ag(y,(I) ¥ (t), n=0,1,2,...,

we have |lx, — u}|| = 0 and |y, — u}|| — 0 as n — oo. Furthermore, if we set A, = AA,
on the basis of Lemma 2.3, if ¢;(¢) > t3 (i=1,2) for t € (0,1), then ¢(t) > t%, uj is strictly
decreasing in %, that is, 0 < A; < A, implies uil > u%; and if there exists 8 € (0,1) such
that ;(£) > t# (i = 1,2) for ¢ € (0,1), then ¢(¢) > t# for t € (0,1), so u is continuous in A,
that is, [|u} — u |l —0 (A — Xo(Xo > 0)). And if there exists 8 € (0, %) such that ¢;(¢) > t#
(i=1,2) for t € (0,1), then ¢(¢) > t# for t € (0,1), so limy o ||} || = 00, lim; ¢+ ||| = O.
The proof is completed. O

Remark 4.1 According to the proof, when g = 0 in the problem (1.1) and (1.2), our The-
orems 3.1 and 4.1 still hold true. In this case, set A = 1, this model is the classical sliding

clamped beam. So our study is relevant in the field of engineering.

5 Example
In this section, we will give two concrete examples to illustrate those results can be used

in practice.

Example 5.1 Consider the following fourth-order boundary value problem:

D@ = ui(t) + ——+ +cos2(t) O<t<l;

L+(u2 (1) 3

u(0) = #'(0) = 0, (5.1)
W(1)=0,  w"(1)=-ud(1)-1.
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Obviously, problem (5.1) fits the framework of problem (1.1) with A =1,and H: E — E
an operator defined by

(H)) =u2(t),  f(t,xy)=xb + reos’t,  glw)=—(x3 +1).

1+y%

It is easy to see that f: [0,1] x [0, +00) x [0,+00) — [0, +00) is continuous, f(t,x,y) is
increasing in x € [0, +o0) for fixed ¢ € [0,1], y € [0, +00) and decreasing in y € [0, +00)
for fixed t € [0,1], x € [0, +00). Besides, g : [0, +00) — (—00,0] is continuous and g(x) is
decreasing in x € [0, +00), g(1) = =2 < 0. So the conditions (L), (L») hold.

Next, we show the operator H satisfies condition (L4). In fact, (1) Vu € P, we have
(Hu)(t) = u%(t) > 0, which implies Hu € P, so H : P — P. (2) Yu,v € P with u < v, we
have (Hu)(t) = u? () < v2(£) = (Hv)(), Vt € [0,1], which means Hu < Hv, and H is an in-
creasing operator. (3) Yu € P, n € (0,1), t € [0,1], we deduce that H(nu)(t) = (nu)% (t) >
nu% (£) = n(Hu)(z), by which we get H(nu) > nHu, so H is a sub-homogeneous operator.

Furthermore, if we set ¢;(n) = n%, @a(n) = n%, n € (0,1), then ¢1(n), p2(n) € (n,1) and

1 9 11
+ ———— +tcosTE=nixt + T
L+(nty)3 L+ys

=
Wl

+cos’t

i

f(&nxnty) = (nx)

1
> n% (x% + -+ cos® t> = o1()f (&, %,9),
1+y3

1 1,1
gnx) = —((nx)3 +1) < -n3 (3 +1) = g2 (n)g (%),
for ¢t € [0,1],x,y € [0, +00). As a result, condition (L3) holds. Hence all the conditions of
Theorem 3.1 are satisfied. By the application of Theorem 3.1, we can see that the problem

5.1) has a unique increasing positive solution u} € Pj,. And for any initial values x, yo € Py,
q gp A y Y

constructing two sequences

KXpa1(8) = )»fol G(t,8)(¥x, + 75— +cos?s)ds — M Yx, + DY (t), n=0,1,2,...,

1+ 3/
Y1 (£) = kfol G(t,8) (&, + ﬁ +cos?s)ds — Ay, + DY (), n=0,1,2,...,

we have %, — 45| — 0and ||y, — u}|| — 0as n — co. Moreover, we have ¢;(£) = ¢(t) > £
fort € (0,1), then u} is increasingin X. Also, setting 8 = %, we easily obtain 4] is continuous
in A and lim; _, [l || = 00, limy o+ [l || = 0.

Remark 5.1 The operator H : E — E which satisfies the assumption (L4) of Theorem 3.1

includes the linear or the nonlinear cases. For example, we may set a composition operator
defined by

(Hu)(t) = u(p(t)), Vee[0,1L,u€ck,
and a multiplication operator defined by

(Hu)(t) = (t)u(t), Vtel0,1l,u €E,
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where ¢ : [0,1] — [0, +00) is a continuous function. We use an integral operator defined
by

(Hu)(¢) = /:u(s) ds, Vtel0,1l,u€cE.

It is easy to see that the above three operators are linear and satisfy the required assump-
tion. Besides, we may present some nonlinear operators that meet the conditions (L4). An
example is the operator defined by

(Hu)(t) = max{|u(s)| :0<s< t}, Vte[0,1],u€E.
We can define another nonlinear operator by
(Hu)(t) =u”(t), Vtel0,1,uecE,y €(0,1).
Example 5.2 Consider the following fourth-order boundary value problem:

4) _ 3/ u(@®)+l .
u®() = e O<t<]l;

u(0) = #/(0) = 0, (5.2)
d1)=0, ") =-us(1),

where A =1,

o x+1 B
f(trx’y)ﬂ/m: glx) = —x2.

It is easy to see thatf : (0, 1) x [0, +00) X (0, +00) — [0, +00) is continuous with f(¢,1,1) =

/ t(it) #£0.f(t,x,y) is singular at ¢ = 0, 1 and y = 0. f(¢,x, y) is increasing in x € [0, +00) for

[T

fixed t € (0,1), y € (0, +00) and decreasing in y € (0, +00) for fixed t € (0,1), x € [0, +00).
Besides, g: [0, +00) — (—00, 0] is continuous and g(x) is decreasing in x € [0, +00).

Setag = %, oy = %,thena = %, and

glnx) = —(nx)? < —nix? = n*2g(x),

forn €(0,1), t € (0,1), x € [0, +00), y € (0, +00). Also we have

1 1 2
/ $2f(5,1,1) ds = / s3] == ds=4.57 < +o0,
) 0 s(1-5s)

1
e Ag)\T (1 1\’
(—/ sl-z‘*f(s,l,l)ds—£> =<—><4.57+—> =16.29,
0

i

2 12 2 4

1
P! ag(1)) &1 1 ! 2 1\7
_/ 52+2af(S, 1, 1)ds_ g_( ) = —/ 51_30 3 dS + — = 354.33.
12 J, 4 12 Jo s(1-ys) 12
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Hence
p >{1,16.29,354.33}.

As a result, all the conditions of Theorem 4.1 are satisfied. By the application of Theorem

4.1, we can see that the problem (5.2) has a unique positive solution u} € Pj,. Here if we
1

55z 1%, 355¢%), then the property of the unique positive solution

set p = 355, we get u} (¢) € (

is clearer.
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