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where s, t € (0, 1), 4s + 2t > 3. Under certain assumptions of external potential V(x),
nonnegative density charge K(x) and superlinear term f(x, u), using the symmetric
mountain pass theorem, we obtain the existence and multiplicity of non-trivial
solutions.
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1 Introduction and main results
In this paper, we are concerned with the fractional Schrodinger—Poisson system

(~AYu+ V(x)u + K(x)pu = f(x,u), xecR> (L1)
(-A)'¢ = K(x)u?, x e R?, '
where (-=A)* is fractional Laplacian operator, s, ¢t € (0, 1), 4s + 2t > 3.
On the potential V(x), we make the following assumptions:
(V1) V(x) € C(R3,R), inf, g3 V(x) > 0.
(V) For any b > 0 such that the set {x € R®: V(x) < b} is nonempty and has finite
Lebesgue measure. In some previous papers, except for (V1)—(V3), the following,
(V3), is needed.
(V3) £2 =int V~1(0) is nonempty and has smooth boundary and £ = V-1(0).
The potential V(x) with assumptions (V7)—(V3) are usually referred as the steep well po-
tential. It was firstly proposed by Bartsch and Wang [2] to study a nonlinear Schrédinger
equation. Especially, (V1)—(V>) are used to guarantee the compactness of the space.
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When ¢ = 0, the system (1.1) reduces to a fractional Schrodinger equation, which is
a fundamental equation of fractional quantum mechanics. It was firstly introduced by
Laskin [9, 10] as a result of extending the Feynman path integral, from the Brownian-
like to the Lévy-like quantum mechanical paths, where the classical Schrédinger equation
changes into the fractional Schrodinger equation. Recently, nonlocal fractional problems
have attracted much attention, we refer to [12].

Whens=t=1, K(x) = 1, the system (1.1) reduces to the following Schrodinger—Poisson
system (or Schrodinger—Maxwell system):

—Au+V(X)u+pu=f(x,u), xck3 12)

—AG =12, x € R, '
Due to the real physical meaning, it has been extensively investigated. Benci and For-
tunato [4] firstly proposed the system like (1.2) to describe solitary waves for nonlin-
ear Schrodinger type equations and look for the existence of standing waves interacting
with unknown electrostatic field. Kristaly and Repovs [8] studied a coupled Schrédinger—
Maxwell system with the nonlinear term f : R — R being superlinear at zero and sublinear
at infinity. Under different conditions, they proved a non-existence result and obtained the
existence of at least two non-trivial solutions.

There are plenty of results for system (1.2), we refer the interested reader to [3, 5, 13,17,
19, 25] and the references therein, the main tool is the mountain pass theory [15]. However,
to the best of our knowledge, similar results on the fractional Schrédinger—Poisson sys-
tems are not so rich as the Schrédinger—Poisson systems (1.2). Zhang, do O and Squassina
[24] studied the fractional Schrodinger—Poisson system with a general nonlinearity in the
subcritical and critical case,

(=AYu+ rpu=f(u), xcR3
(_A)t¢ = )"uzy X € RB,

where A >0, 5,¢ € [0,1], 4s + 2¢ > 3. With some hypotheses, a non-trivial positive radial
solution is admitted. Very recently, Teng [21] considered the following nonlinear fractional
Schrédinger—Poisson system with critical Sobolev exponent:

(~AYu+ Vx)u+ du=pw|ul + |u|>2u, xecR3

(1.3)
(-A) =, xeR?,

under some appropriate conditions on V(x), where u € R* is a parameter, 1 < g < 27 —

_ 3+2s
1= 3-2s’

of system (1) can be proved. Later, Li [11] studied the nonlinear fractional Schrédinger—

s,t € (0,1) and 2s + 2t > 3, the existence of a non-trivial ground state solution
Poisson equation

(~AYu+u+du=Ff(lxu), xecR3
(-A)¢ =u?, xeR3,

where s,t € (0,1], 4s + 2t > 3. Under some assumptions on f, the existence of non-trivial
solutions for this system is obtained.
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Motivated by all the works just described above, we want to find the existence and mul-
tiplicity of non-trivial solutions for the fractional Schrédinger—Poisson with superlinear
terms, the following assumptions are needed:

(K) K(x) € L5573 (R3) UL*®(R3),s,t€(0,1),4s +2t>3,K >0, Vx € R,

(f1) limy 0o F(x, £)/t* = +00 a.e. x € R3, and there exists r; > 0 such that

F(x,t) >0, VxeR>|t|>nr,

where F(x,£) = [ f(x, ) dx.
(f2) There exist constant a > 0, p € (2,23) such that

[fa,t)| <a(t+1tP™), Vit eR® xR,

where 2} = 3%
(fs) There exists L > 0 such that

1
Ef(x, t)-F(x,t)>0, VxeR,|t|>L.

(fa) fx,8) =f(x,—t), Y(x, t) e R® x R.
Now we are ready to state the main result of this paper as follows.

Theorem 1.1 Suppose that system (1.1) satisfies (V1)—(V2), (K), and (f1)-(fa), then (1.1)
admits infinitely many non-trivial solutions {(ux, ¢})} such that

1

2/ (\( A)Zuk| +V(x)uk) dx+1/ K(x)¢>kuk /SF(x,uk)dx

— 400, k— oo.
2 Variational settings and preliminaries
Let L"(R%)(0 < r < 00) be the usual Lebesgue space with the standard norm |||, and &
as the Fourier transform of u. Firstly let us introduce some necessary variational settings
for system (1.1). A complete introduction to fractional Sobolev spaces can be found in [1].

Recall that the fractional Sobolev spaces H*(R3) can be described by the Fourier transform,
that is,

H(R?) = {u e I*(R%): /3 161 ()| + |ul®)| dt < oo}
R
equipped with the norm

il = (/ el + |ulo) ds)

According to Plancherel’s theorem [7], we have || ul| = ||#]|2, (=A)3ull, = ||E5]2. Thus

ey = [ () 7).

Page 3 of 10
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Following [14], the fractional Laplacian (—A)* can be viewed as

’

(=AY u(x) = C(s)P.V. / ux) —u) d

R3 |x _y|3+23

where P.V. is the principal value and C(s) > 0 is a normalization constant.
For s € (0, 1), D*2(R3) is a homogeneous fractional Sobolev space defined as

D2 (R®) =u e L% (R®) : [1°iu(g) € L™ (R%),

which is the completion of C3°(R?) with respect to the norm

ll2ell ps2 g3y = (/R3 [ ﬁ(§)|2d$>2 = (/]1;3|(—A)§u|2dx> "

We use “—” and “—” to denote strong and weak convergence in the related function

spaces, respectively. The symbol “——” means that a function space is continuously em-
bedded into another function space.
Let

E:= {u e H'(R®): / (|(—A)%u|2 + V()u?*)dx < oo}.
R3
E is endowed with the following inner product and norm:
@)= [ 8V -8 v s Vi) sl = 10,
R3

Lemma 2.1 (Lemma 2.3 in [20]) Suppose that V(x) satisfies (V1)—-(V>), the Hilbert space
E is compactly embedded in L"(R3) (2 < r < 2}).

As a consequence of Lemma 2.1, there is constant C, > 0 such that
lull, < Cillull, YueE,rel2,2]).

For any u € H*(R3), one can use the Lax—Milgram theorem [6] to find that there exists
a unique ¢!, € D"*(R?) such that

/ (-A)2L(-A)vdx = / K®)ulvdx, VveD?(R?). (2.1)
R3 R3
In other words, ¢! is the weak solution of the fractional Poisson equation

(_A)td),i = K(x)uz) X € ng

and the representation formula holds, that is,

qbft(x):ct/R Mdy, xeR3,

3 e -y

Page 4 of 10
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which is called the ¢-Riesz potential (Chap. 5.1 in [18]), where

ré)

3
¢, =m 227
' r@

Lemma 2.2 Vu € H*(R®), there exists Cy > 0 such that
2
|63 = [, Keohptai s < Colul®.
R

Proof In (2.1), let v = ¢., using the Holder inequality,

16 e = [ | Koot
R3

32t
=K@ g

i m(/gw%dx) (/3|¢£|”dx)
S+ R R

_ 2 t
=K _g s[5l s,

6 3
s+21- 3=

< Clul?|| o]l peaes)-
The result follows.

The energy functional associated to problem (1.1) is given by

I(u):l/ (’(—A)%u’2+v(x)u2)dx+i/ K(x)¢;u2dx—/ F(x,u) dx.
R3 R3

2 R3

Moreover, its differential is

(I'w),v) =/ ((—A)%¢;(—A)%V+K(x)¢f,uv —fxu)v)dx, VveE.
R3

(2.2)

It is clear that the pair (#, ¢?) is a solution to the system (1.1) if and only if u is a critical

point of I(u).
To prove Theorem 1.1, we need the following lemma (Theorem 9.12 in [16]).

Lemma 2.3 (Symmetric mountain pass theorem) Let E be a real infinite dimensional

Banach space such that E =Y @ Z, where Y is finite dimensional subspace. Suppose

@ € CY(E,R) is an even functional satisfying the Palais—Smale condition, ®(0) = 0; if

(i) there exist constant p, a such that ®@|ap, " z=a> where B, denotes the open ball in E of

radius p about 0 and 0B, denotes its boundary;

(i) for arbitrary finite dimensional subspace E C E, there exists constant R = R(E) > 0

such that ®(u) <0ifue E/Bg;
then the functional ®@ possesses an unbounded sequence of critical values.

3 Proof of Theorem 1.1

Lemma 3.1 Under the assumptions (V1)—(V3) and (fi)—(f3), I(u) satisfies the Palais—Smale

condition.

Page 5 of 10
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Proof Let {u,} C E be the Palais—Smale sequence of I, we assert that {u,} is bounded.
Otherwise, there exists a subsequence (for the sake of convenience, we still write it as {u,})
such that ||u, || = co(n — 00). Define w,, := u,/||u,||, there exists a subsequence such that

w,—w inkE,

w—w in L’(R?’)(2 <r< 2;‘)

wu(x) > w ae xeR3.

Case 1. w = 0. The proof of this case is almost the same as the one of Lemma 2.3 in [23],
so we omit it.

Case 2. w #0. We have

’F(x, t)! < fllf(x,st)t| ds < a(t2 + |t|p), V(x,t) e R® x R,
0

(3.1)
then
|F(x, t)| < a(l + r’fﬂ)tz i=cot’, VxeR3 |t <.
By (1),
|F(x, t){ > —ct?, V(xt) eR® xR,
Let 2,(a,b) = {x e R®: a < |u,(x)| < b,0 < a < b}; we have
/ Faun) @o0m™® _ cllul}
auor) luall* 7 flae2|* T luall®
Take the infimum of the inequality, then
F(x, u,
lim inf / e ”4) dx > 0. (3.2)
n=0 Joosm)
O
If w#0, |u,(x)] — oo (n — 00), then, for n sufficiently large, {x € R®: w(x) # 0} C

£2,,(r1,+00). By (f1) and the Fatou lemma,

F(x, .. F(x,
liminf/ (6, 1) dx = llmmf/ M}(m(nm)wﬁ dx
=00 J2(r1,00) R3

ot ]1* =00 Uy
. F G w)l 4
> /11@3 llnnlngszn(rl,oo)wn dx

n

= +0Q.
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Combined with (3.2) and Lemma 2.2, we have

0= fim

n=>00 |y *

1 ak
< lim ("” I +C0||u,,||4—/ F(x,u,,)dx)
R3

Tonooo flu, ||t 2
F(x,u
§Co—liminf/ +/ ( Z) dx
=0 J2,4(0m) £2y,(r1,+00) 7
=% (3.3)

a contradiction, so the sequence , is bounded.
Since the sequence {u,} is bounded, there exists a subsequence (we still write it as u,,)
such that

U, —u ink,
u,—u inL'(R?) (2<r<2}), (3.4)

u,(x) > u ae xeR>

To prove u,, — u in E, we need to prove ||u,|| — ||u|| (this is because E is a Hilbert space).
By (2.2)

0(1) = (J'(u) ~ J' (1), uy, — )
= (U, thy — 1h) + /RB K(x)¢,, tn(ty, —u)dx — /sz(x’ up)(uy, — u)dx

= [|lual?l - ||u||2 +/ K(x) ¢y, thn (1t — 1) dx—/ f (o, u) (ay, — u) dix. (3.5)
R3 R3
With (f;) and the second limit of (3.4),

‘/ S u,)(uy, —u)dx
R3

-1
<a [ttty P, )
R
1 n—00
< il ot — 2l + ot ey )"0, 66)

For K € L*°, by (K), we have

/ K(x)qb,i" ,(thy, — 1) dx
R3

n—o0
< 1K oo %, | 6 llitall 13, et = ]l 23— 0. (37)

6
For K € L%+23, we have

“/ K(x) ¢y, tn(uty — 1) dx
R3

<IKll,_s__|®5,

4s+2t-3

n—00
o Nunll s llutn —ull s —> 0. (3.8)
3-2¢ 3-2s 3-2s

Combined with (3.5)—(3.8), we can conclude ||u,, || — ||z]|.

Page 7 of 10
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Lemma 3.2 Suppose that (V1)—(V3) and (f1)—(f2) hold, then, for every finite subspace Ec
E, it follows that

J(w) — —oc0, |ul| = oo,x € E.

Proof Suppose there exists {u,} C E such that ||u,| — oo and inf,_, o J (1) > 00. Let w,, :=
un!|tnll, lwall = 1 and there exists w € E\{0} such that

w,—w IinkE,
w, —>w inL'(R*)(2<r=<2}).
wa(x) > w  ae xeR3

Similarly to the proof of (3.3), we can get a contradiction. d

Corollary 3.3 Suppose that (V1)—(V,) and (f1)-(f2) hold, then, for every finite subspace
E C E, there exists R = R(E) > 0 such that

J(u) <0, Vuek, |u|>R.

Let {e;}32, be orthogonal bases of space E, let X; = Re; := {«e; : @ € R},

k 00
Yk = @Xi, Zk = @ Xi, Vk € Z.
i=1

i=k+1

Lemma 3.4 (Lemma 3.8 in [22]) Suppose that (V1)—(V3) hold, if 2 < r < 2*, we have

Be)i= sup ull, >0 (k— o).
ueZy,|lull=1

Proof 1t is obvious that 0 < Bi,1 < B, so that By — B > 0, k — oco. For every k > 0, there
exists uy € Zy such that ||u|| = 1 and ||ukl|, > Br/2. By definition of Zy, ux — 0 in H*(R3).

The Sobolev embedding theorem implies that u; — 0 in L"(R?). Thus we have proved that
B=0. O

Lemma 3.4 shows there exists positive constant k;, k, > 1 such that

Br(2) < 2vV2a)™', Yk >k,
(3.9

1

Bilp) <a ?, Vk=k.

Lemma 3.5 Suppose that (V1)—(V3) and (f2) hold, let ks = max{ky, k,}, there exists constant
B,a >0 such that <D|agpmzk32a.

Proof According to (3.1) and (3.9), we have

Jw) > %nunz—/RS!F(x,u)!dx
-

- aﬁﬁ@)) lull® = aBy () ull”

N | =
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3
ZgHMF—ﬂﬁﬁﬁHmW

3
znmﬁ(g—nmwz).

1
As aresult, let p := 827, we can conclude

2

1%
](M)Z Z: VMGZ](:).,”I/!” =p- O

Proof of Theorem 1.1 According to Lemma 3.1, Lemma 3.4, Corollary 3.3 and the sin-
gularity of f, the functional I(x) satisfies all assumptions of Lemma 2.3, and the result
follows. O

Acknowledgements
The authors would like to thank the editor and referees for their valuable suggestions, which improved the structure and
the presentation of the paper.

Funding
This work was supported by the National Natural Science Foundation of China (No. 11301148, No. 11671120).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Author details

'School of Statistics and Mathematics, Zhongnan University of Economics and Law, Wuhan, PR. China. ?School of
Mathematical Sciences, Capital Normal University, Beijing, PR. China. *School of Mathematics and Statistics, Henan
University, Kaifeng, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 1 September 2018 Accepted: 3 January 2019 Published online: 10 January 2019

References
1. Adams, R, Fournier, J.: Sobolev Spaces, 2nd edn. Pure and Applied Mathematics. Academic Press, San Diego (2003)
2. Bartsch, T, Wang, Z.: Existence and multiplicity results for some superlinear elliptic problems on RY. Commun. Partial
Differ. Equ. 20, 17251741 (1995)
3. Bellazzini, J, Jeanjean, L., Luo, T.: Existence and instability of standing waves with prescribed norm for a class of
Schrédinger—Poisson equations. Proc. Lond. Math. Soc. 107, 303-309 (2013)
4. Bendi, V, Fortunato, D.: An eigenvalue problem for the Schrédinger-Maxwell equations. Topol. Methods Nonlinear
Anal. 11(2), 283-293 (1998)
5. Cerami, G, Viara, G.: Positive solutions for some non-autonomous Schrédinger—Poission systems. J. Differ. Equ. 248,
521-543 (2010)
6. Gilbarg, D, Trudinger, N.: Elliptic Partial Differential Equations of Second Order, 2nd edn. Classics in Mathematics.
Springer, Berlin (2001)
7. Hilgert, J, Krotz, B.: The Plancherel theorem for invariant Hilbert spaces. Math. Z. 237, 61-83 (2001)
8. Kristaly, A, Repovs, D.: On the Schrédinger-Maxwell system involving sublinear terms. Nonlinear Anal. 13,213-223
(2012)
9. Laskin, N.: Fractional quantum mechanics and Lévy path integrals. Phys. Lett. A 268, 298-305 (2000)
10. Laskin, N.: Fractional Schrédinger equation. Phys. Rev. E 66, 56108 (2002)
11. Li, K. Existence of non-trivial solutions for nonlinear fractional Schrédinger—Poisson equations. Appl. Math. Lett. 72,
1-9(2017)
12. Molica Bisci, G, Radulescu, V.D,, Servadei, R.. Variational Methods for Nonlocal Fractional Problems. Encyclopedia of
Mathematics and Its Applications, vol. 162. Cambridge University Press, Cambridge (2016)
13. Mugnai, D.: The Schrodinger—Poisson system with positive potential. Commun. Partial Differ. Equ. 36, 1099-1117
(2011)



He and Jing Boundary Value Problems (2019) 20194 Page 10 of 10

20.

21

22.

23.

24.

25.

Nezza, E.D,, Palatucci, G, Valdinoci, E.: Hitchhikers guide to the fractional Sobolev spaces. Bull. Sci. Math. 136(5),
521-573(2012)

Pucci, P, Radulescu, V.D.: The impact of the mountain pass theory in nonlinear analysis: a mathematical survey. Boll.
Unione Mat. Ital. 3(9), 543-582 (2010)

. Rabinowitz, PH.: Minimax methods in critical point theory with applications to differential equations Regional

conference series in mathematics, vol. 65. Published for the Conference Board of the Mathematical Sciences by the
American Mathematical Society, 1986

. Ruiz, D.: The Schrodinger—Poisson equation under the effect of a nonlinear local term. J. Funct. Anal. 237, 655-674

(2006)

. Stein, EIM.: Singular Integrals and Differentiability Properties of Functions. Princeton Mathematical Series, vol. 30.

Princeton University Press, Princeton (1970)

Sun, J, Chen, H,, Nieto, J.J.: On ground state solutions for some non-autonomous Schrédinger—Poisson systems.

J. Differ. Equ. 252, 3365-3380 (2012)

Teng, K: Multiple solutions for a class of fractional Schrédinger equations in RY. Nonlinear Anal., Real World Appl. 21,
76-86 (2015)

Teng, K. Existence of ground state solutions for the nonlinear fractional Schrodinger—Poisson system with critical
Sobolev exponent. J. Differ. Equ. 261, 3061-3106 (2016)

Willem, M.: Minimax Theorems, 1st edn. Progress in Nonlinear Differential Equations and Their Applications, vol. 24.
Birkh&user, Basel (1996)

Ye, Y, Tang, C.: Existence and multiplicity results for the Schrodinger—Poisson system with superlinear or sublinear
terms. Acta Math. Sci. Ser. A Chin. Ed. 35, 668-682 (2015)

Zhang, J,, do O, JM, Squassina, M.: Fractional Schrédinger-Poisson systems with a general subcritical or critical
nonlinearity. Adv. Nonlinear Stud. 16, 15-30 (2016)

Zhao, L., Zhao, F: Positive solutions for Schrodinger—Poisson equations with a critical exponent. Nonlinear Anal. 70,
2150-2164 (2009)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Existence and multiplicity of non-trivial solutions for the fractional Schrodinger-Poisson system with superlinear terms
	Abstract
	Keywords

	Introduction and main results
	Variational settings and preliminaries
	Proof of Theorem 1.1
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


