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1 Introduction

Due to global warming, which leads to significant climate changes and more and more
frequently occurring severe weather disasters, the study of global warming seems more
important than ever since sea ice has begun to melt (see, e.g., [1-3]) and this makes sea
level rise considerably so that some islandish countries may vanish. In this paper we shall
employ a phase-field approach to model the growth of sea ice. This approach, though it
has been developed since 1980s, thus is very young, is now a very powerful tool for both
theoretical and numerical studies in many fields (see, e.g., [4, 5]). To our knowledge, the
application of a two-phase field model to investigation of sea ice growth presented in this
paper is the first one in phase-field modeling for sea ice evolution.

The evolution of macroscopic sea ice has been studied by means of the classic Stefan’s
problem (see, e.g., [6]). Fluid flow through sea ice is another point of interest. The perme-
ability of sea ice is important in many physical processes such as the melting and draining
from sea ice surface during the melting season (see, e.g., [7]). A new simple model which
includes turbulent transport of heat and salt between ice and ocean is introduced and
solved analytically (see, e.g., [8]). The mesoscopic numerical simulation of sea ice crys-
tals growth has been studied through Voronoi dynamics during the freezing season (see,
e.g., [9]). Overall, sea ice interacts with the climate system of the polar. A one-dimensional
enthalpy-based model of sea ice allows for quantitative studies of sea ice and its interac-
tion (see, e.g., [10]). These references need to add appropriate conditions at the interface
of tracking movement. Theoretical analysis and numerical simulation are very difficult. In
this paper we study a phase-field model for the evolution of the phase interface region in
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sea water-ice interface phase change problems, which was derived in [5]. The author only
simulated dendritic crystal growth without theoretical analysis. We will use the phase-
field method in the sea ice growth, more precisely, I do theoretical analysis, regularities,
and large time behavior. We formulate this initial-boundary value problem in the one-
dimensional case and conclude the introduction by stating our main result.

Let £2 C R® be an open set. We introduce a phase-field variable (the order parameter
p € R) to represent the physical state of the system in time and space, that is, to distin-
guish the liquid phase and solid phase, such as the solid state when the variable is 1. The
liquid phase is expressed when the variable is 0. We restrict ourselves to that type of order
parameter p, which describes the evolution of phase interfacial region.

Now let us establish the free energy function F of the system based on the order param-
eter p, their spatial derivatives Vp, and the local temperature:

2
Flp,T] = /g(%|Vp|2 +$(p)+e0:r2> dav. (1.1)

Setting

—~ 1 1 1
V(p)= — (P =-pP-miy| 2p*+ P’ (1 -p)- -(1-p)’ - (1-p)’p) ),
46112 3 3
we choose for 17/\ € C%(R, [0, 00)) a direct extension of the double well potential with min-
ima at p = 0 and p = 1. Here, ey, €12, 12, m12 are thermophysical data.
T is temperature, it satisfies

7= L),
€0 2

where A(p) is a non-decreasing smooth function satisfying /(0) = O near p = 0 and #(1) = 1
near p = 1, e is the local enthalpy, and e, satisfies

L2
- TMCp* ’

€0

L is the latent heat of fusion for sea-water, Ty is the melting temperature, and ¢, is the
specific heat of sea water.

For the two-phase case, we get the following systems:

ap 1 1 m oh

== —(ehap- —pA-pA-2p)+ —Zp(l-p)) -«T—, (1.2)
ot 1 2a1, an dp

3T 10hd

=V VD) 4o (1.3)
at 20p ot

for (t,x) € (0,00) x £2, k, D are constants. The boundary and initial conditions are

p(t,x)=0, (t,x)€[0,00) x 382, (1.4)

T(t,x)=0, (tx)€[0,00)x 3£2, (1.5)

p0,x) = po(x), x€£, (1.6)
(

T(0,x) = To(x), x€S2. 1.7)
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Now we make some assumptions. We assume that all functions depend on the variables
x1 and ¢ and, to simplify the notation, denote x; by x. The set §2 is a bounded open interval.
We write Qr, := (0, T,) x §2, where T, is a positive constant, and define

(v,0)z = /Z v0)p() dy

for Z = 2 or Z = Qr,.
Then, under these assumptions, equations (1.2)—(1.3) in the case of one dimension can
be rewritten as follows:

1 9 1 mio
= —| eiprx — —p(1 - p)(1-2p) + —p(1 - ))
P m( 12w~ 5 —p(1=p p)+ —pl-p
oh
-xkT—, in(t,x)€(0,T,) x £2, (1.8)
ap
10k
T,=DTw+ -2 in(t,x) € (0,T,) x 2, (1.9)
2 dp ot

where k = %’ The boundary and initial conditions therefore are

p(tx)=0, on(tx) €[0,T.] x 92, (1.10)
T(t,x)=0, on(tx)€[0,T.] x 32, (1.11)
p(0,x) =po(x), inxeS, (1.12)
T(0,%) = To(x), inxeS2. (1.13)

Definition 1.1 Let py € H}(£2), Ty € L*(£2). A function (p, T) with

p €L%(0, Te; Hy (£2)) N L*(0, Te; H*(2)), (1.14)

T € L®(0, Te; L*(£2)) N L*(0, Tes Hy (2)), (1.15)

is a weak solution to problem (1.8)—(1.13) if, for all ¢ € C3°((—o0, T,) x §2), there hold

1 1 1
0= (p' (p!)QTe - I_S%Z(pxr gox)QTe - P (1 _P)(l - 217): (p)QTe

12 715 2a1
1 min oh
— —Z(p(1-p), —«T| —, ,0(0)) ., 1.16
* T12 412 (p( ?) w)QTe “ <8p w)QTe ' (PO ‘/’( ))Q (110
1/0h
0= (T! (Pt)QTe - (DTx! (/)QC)QTE + E @r(p + (TO) ¢(0))Q (117)
Qr,

The main results of this article are as follows.

Theorem 1.1 For all py € HY(2) and Ty € L*($2), there exists a unique weak solution
(v, T) of problem (1.8)—(1.13), which in addition to (1.14)—(1.15) satisfies

p.€L*Qr,), pel*Qr), T, e I*(0, T H(82)). (1.18)

Page 3 0f 18
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Theorem 1.2 Assume that py € HX(2), To € HA(S2), then there exists a weak solution
(v, T) of problem (1.8)—(1.13), which in addition to (1.14)—(1.15) satisfies

peLl™(0,T;H (),  pe € L%(0, Te; L*(82)) NL*(0, Te; Hy (£2)),
pu € L*(0, T H1(R2)), (1.19)

T € L*(0, T,; H*(£2)) N L™ (0, Te; Hy (£2)), T, e L*(0, T, H(£2)).

Remark Assume that py, € HX(2), To € H*(£2), regularity will continue to improve,
when £ is sufficiently large, then weak solution becomes the classical solution.

Definition 1.2 Let X be a Banach space. A one-parameter family S(¢), 0 < ¢ < 00, of
bounded linear operators from X into X is a semigroup bounded linear operator on X
if

(i) S(0) =1 (I is an identity operator on X),

(i) S(s+£) =S(s)S(¢) for every t,s > 0 (the semigroup property).

Theorem 1.3 Let §2 denote an open bounded set of R and g, denote a polynomial. The
semigroup p(t) associated with the initial-boundary-value problem (1.8)—(1.13) possesses
a maximal attractor 4 which is bounded in H}($2), compact and connected in L*(2). Its
basin of attraction is the whole space L*(£2), 4 attracts the bounded sets of L*($2). Assume
that the coefficient is suitably large. Then ||p||1~ o) and | T||* decrease exponentially to 0
ast— o0.

Notation Let §2 be a domain in R”, and let » be a positive real number. We denote by
L7(£2) the class of all measurable functions u# defined on £2 for which

/ |u(x)|rdx< 0.
2
The Sobolev space W*’(£2) is defined by
W (2)={uel’(2):D*uel’(2),0<|a| <k1=<r=<oo},

where k is any positive integer and D*u is the weak partial derivative. || - ||, | - |, C, #, S(¢)
denote L2(£2)-norm, the absolute value, various constants, attractor, semigroup, respec-
tively; d; or % or a subscript ¢ and 9, or a subscript x denote the derivative with respect to
t and x in the distribution sense, respectively.

The remaining sections are devoted to the proof of Theorem 1.1, Theorem 1.2, and The-
orem 1.3. In order to obtain the local solution of the initial-boundary value problem for

nonlinear equations (1.8)—(1.13), we construct the approximate sequence

{0 Tt ) = (", T") ()}

We prove the existence of weak solutions by iterative method: Choose a known approxi-
mate solution p”~1, T"~! and determine the next p”, T" by solving equations to (1.8)—(1.9),
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proving existence solution by using of Banach’s fixed point theorem. When we regard the
term p” in (1.9) as known by use of solution of (1.8), a solution will be obtained if conver-
gence of this procedure can be shown. In Sect. 2 we shall establish some a priori estimates
for the solution.

We will discuss the regularity of our weak solutions p, T for the parabolic systems in
Sect. 3.

Section 4 is devoted to investigation of the large time behavior of a solution by using the
a priori estimates.

2 Apriori estimates
In this section we establish a priori estimates for solutions (p, T) to the initial-boundary
value problem (1.8)—(1.13).

Lemma 2.1 There holds, for any t € [0, T,],

t t
[ o ar s [izpd s 1O + ] + 20y < C: 2.1)
0 0

Proof Multiplying (1.8), (1.9) by p;, 2« T and integrating by parts with respect to x € £2,

1d €12 d
— TP+ == 24 2%D|| T, | + / 1-p)(1-2 dx
2dtll l - dtllpxll I Tl T Qp( p)(1-2p)p;
mia
- / p(1-p)pdx =0. (2.2)
Ti2a12 J @

Integrating (2.2) in t € [0,¢], we have

€12

t t
[ e vacn [ az 2| 7O + 2 p @ + 0]

T12

&
< —lpol + 20Toll> + C(Ipolfaig + €) < C. (2.3)
12

Thus we obtain p; € L2(Q;), p € L®(0,t; H(£2)) N L*(Qy), T € L™(0,5L2(£2)) N L*(0,t;
H;(82)). 0

Lemma 2.2 There holds, for any t € [0, T,],
! 4
[ 160l <, 24)
0
t
/ ||Tt||f{-1(m dv <C. (2.5)
0
Proof Noting that f|ye = 0, we have the Gagliardo—Nirenberg inequality in the form

1 3
|lf||L4((2) = C|lf;€||£2(g) ”f”zZ(Q)'

We have

t t
lp@)|* dr < Clp® S wg 2oy | |P:(0)] de < Ct2 <C.. (2.6)
0 (0,,L*(82)) o
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Using equations (1.8), (1.9), we have

1 oh 1 1 m
— &P =P+ kT — — — (——p(l —p)1-2p)+ —2p(1 —p)>
2 3P ain

7 T12 \ 2412
=f, (2.7)
10h0
T, = DTy + — 2P (2.8)
2 dp Ot

Taking the L?(£2)-norm on both sides of equation (2.7), squaring and integrating it in T €

(0,¢), using relation (2.1), we have

1 t t t
2, / ||pxx||2dr§c( / bl de + / ITI2
T12 0 0 0
1
o
T12

Next we invoke the inequality

an?

ap

L(82)

2
LY p)||2>)df <c.
a2

|2ip<1 _p)(1-2p)
a2

BlIplIFag) < Al +vIpl®  (p € HA($2) N Hy(2)) (2.9)

for constants 8 >0, y > 0. Integrating (2.9) in 7 € (0, ), we have
t t
[ 100y e < € [ Uil + 101 )

t t
< C [ Wil + 1PV ey | 47 =G
0 0

It remains to show that T; € L2(0,£; H1(£2)). To do so, (2.8) is changed to

oh dp
I Tell 1) = C<||Txx||]-[1(9) + ap ot H)
Thus
¢ t dhap|?
1T, drsc/ (IIT 12 +‘—— )dr
/0 til gy 1(_(2) o xx |l pr 1(_(2) ap 8t
2 oh |? 2
S C(”Txx”LZ(o,t,H—l(Q))"' 5 [ (Q))||I7t||L2(0,t;L2(Q))
o0 ’t; o0
<C

and T; is bounded in L?(0,t; H~1(£2)).
We have the solution p, T of (1.8), (1.9). This allows us to extend the solution p, T step-
by-step to all of T,. O

Theorem 2.1 (Uniqueness) Assume thatp and T are the weak solution of (1.8)—(1.9). Then

the weak solution is unique.
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Proof 1fp, T are another solution, write w; := p—-pwy:=T— T. Setting ¢ = wy in (1.16),
¢ =w, in (1.17) and integrating by parts, by using Young’s inequality, we have

Te d 2d Te 2d Te ) ) - d d
A E”Wl(r)” T+ A lwill“dt + ; le(p +p) xdt

Te
< cf lwy )% dz, (2.10)
0

Te d ) Te 5
f S @ dr + f lwax | d < 0. (2.11)
0 0

(2.10) is changed to

Te
2 2
lwl SC/ [will“dr.
0

By using of Gronwall’s inequality, we obtain p = P for almost everywhere Qr,.
(2.11) is changed to

[wall* <0,
we obtain T = T for almost everywhere Qr,. O

3 Regularity

In this section we discuss the regularity of the weak solutions p, T to the initial-boundary
value problem for parabolic-parabolic systems in Sect. 1. Assume that all conditions in
Sect. 1 are met and py € H*(£2), Ty € H(£2). For this initial py € H*(£2), T € HA(£2),
solutions p, T can be constructed as in Sect. 2. Our eventual goal is to prove that p, T is
smooth.

Lemma 3.1 There holds, for any t € [0, T,],
1212000, est2(2)) + 1Pell oo 0, 722(2)) + 1Pell 20, 7im2 20y + 1Pl 120,71 (2))

+ ||T||Loo(o,Te;Hé(Q)) + ||T||L2(0,TE;H2(.Q)) + ||T||L2(0,T6;L2(.Q))

< (C+Ipolls2ay + 1 Tolgy ) (3.1)

Proof Differentiating (1.8) formally with respect to ¢ yields

1 9 1 2 mia
= (e — ——(1—6p + 6p2)pr + 22(1 -2
pu=— <812p ” 2ﬂ12( p +6p°)p: - ( p)m)
9%h oh
—kT—p;—kT;—, (3.2)
p? op
10h0
T,= DTy + ~ 2 2P (3.3)
2 dp ot

Multiplying (3.3) by — T, and integrating by parts with respect to x over £2, we have

2
2
P llpell”.

1d 1
mnTxn%DnTmn%—E/
L°(£2)

oh
Txx_pt dx f 8” Txx||2 + Ce
2 ap

Page 7 of 18
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Thus

1d 2

E%IITJCII2 + (D= &) Tuxll® < cc

3 Ipell®. (3.4)
P1

L®(£2)

Integrating (3.4) in 7 € (0, £), we have
t
[Tl +2(D - 8)/ [ Taxll* dT < | Toxll* + C < C. (3.5)
0

(3.3) be changed to

We use the result of regularity theory of elliptic equations

ITllk22) < CUBN+IT). (3.6)

Squaring and integrating (3.6) in 7 € (0,t), we have

Te Te
| 1Ty dr < ¢ [ iR iR ar
0 0
Te
< c(CHIT R ey [ d7) <€ )
o

we obtain T € L2(0, T,; H*(£2)).
Squaring and integrating (3.3) in §2, we have

oh |
PP llpe 1. (3.8)

[ T11* < C|| Toe|* + C“
L>(82)

Integrating (3.8) in 7 € (0, £), we have

2

! t t\ ok
/ ||Tt||2drsc/ IITxx||2d1+C/
0 0 o |l0

p

lp:lI*dr < C, (3.9)
L>(£2)

we obtain 7; € L*(Qr,).
Multiplying (3.2) by p; and integrating by parts with respect to x over §2, we have

1d

2
—— +
5 717l Yrndns

/g(l —6p+ 6p2)p% dx

€ miy

#2212 / (1~ 2p)(p) dx
T12 T12d12 J @

2

ap?

2

<C ||2

1
IT:0% + 5 llpe

1] dh
Tl )
)II llzoo(2) Il +2H op

L2 L>®(2)

< Cllp:l* + CITII>.



Tang Boundary Value Problems (2019) 2019:24 Page 9 of 18

Thus

82
L2 |Ipul® + ¢ f P (p)*dx < Clpl* + CI T2 )12 (3.10)
2 2

1d.
—— +
[l 7

2dt

We thereupon conclude from (3.10) that

Te Te
2
@ + [ Cipaltdree [ [ potduar
0 0 2
Te
§eCt<||p0[||2+C/ ||Tt||2dr) < C(llpollfg) + ©)- (3.11)
0

Multiplying (1.8) by p,, and integrating it in x € §2, we have

1 oh
_Efz(pxx’Pxx) = <Pt + KT—;[%cx)
T12 8p

1 1 m

-— <_—p(1 —p)(1-2p)+ —p(1 —p),pxx)

T12 26l12 a2

= (g3 + Pt Pxx)- (3.12)

Next we invoke the inequality

BlIplIFo o) < @ +popw) +vIPI®,  (p € H(2)NH(2))

for constants 8 >0, y > 0.
We thereupon conclude from (3.12) that

IPl22) < C(lgsll + lpell + Ipll) < C,

we obtain p € L®(0, T.; H*(£2)).
It remains to show that p; € L2(0, T,; H™1(£2)). To do so, equation (3.2) is changed to

1 2 1 (1 6 6 2) WZ12(1 9 ) T82h T oh
=—| &P ——(1-6p+ +—01- —kT—p—kT;—.
Pu - 12Pxxt 2 P +6p” )p: i1 P)Pt ap2p‘ ‘ap
Thus
lpell 1) < C(||pxxt||H*1(Q) + |pell 22y + ”Tt"LZ(.Q))f
and so py is bounded in L2(0, T,; H1(£2)). O

4 Global attractor

In this section we discuss the existence of a global attractor and the stability of solution to
problem (1.8)—(1.13). This amounts to proving that the solutions of the evolution problem
remain bounded as t — co. Usually, proving the existence of absorbing sets amounts to
proving a priori estimates. Once the properties of the semigroup are established, we may
apply the general results of the attractor. That theorem produces the existence of an attrac-
tor which is maximal among the bounded attractors and among the bounded functional
invariant sets; it fully describes the long-time behavior of the solutions of the equations.
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4.1 Global attractor
Let

ap) = p(1-p)(1-2p)- p(1-p) (4.1)

2712412 T1aM)

be a polynomial with a positive leading coefficient. Using Young’s inequality, we infer from

(4.1) the existence of a constant ¢; > 0 such that

1
p(1-3p%) - p(1-p)| < ptic, (4.2)
2T124a12 T12M12 2712412

and hence

pt—a<gpp< ptra. (4.3)

2T12d12 2712412

Lemma 4.1 (The uniform Gronwall Lemma) Let g, h, y be three positive locally integral

functions on (ty, 00) such that y' is locally integrable on (ty, 00), and which satisfies

dy
dt

t4r t+r
/ g(S) ds <a, / h(S) ds < ao,
t t

<gy+h fort=>1,

t+r
/ y(s)ds <as fort>t,
t

where r, a1, dy, as are positive constants. Then
as
y(t+r) < (— + az)e’”, Yt > t.
r

Proof of Theorem 1.3 (a) Absorbing set in L%($2) of p. Using relation (4.3), we obtain, mul-
tiplying (1.8) by p and integrating by parts with respect to x over §2, where we take the

boundary condition (1.10) into account, that for almost all ¢

1
2712412

Ipll*

1d ., &, )
—— + 12 +
2dt”‘n” - ol

+2¢1182]
1°(2)

=«lTlplze)

2
<clT|? +elpl® +2a1121, (4.4)

Lo(82)

ap

|£2] = the measure (volume) of §2. Due to Poincaré’s inequality, there exists a constant
¢o = ¢o(£2) such that

Ipll < collpsll, Vo € HA(2),

Page 10 of 18
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and setting ¢, = 4¢;|§2|, we infer from (4.4) that

d 22 1 2
—lpl? +( e —2e>||p||2 + lpl* < ca+ 2¢ | TN || — ,
dt pT12 T12412 1Loo(R2)
262
where € = ﬁ —-2¢>0.
Using the uniform Gronwall Lemma 4.1 we see that
t an|?
lp®] < Ipol?et + e f e’ (Cz + 26 TN — )dr
0 0P || o)
t
< llpoll>e™* + 67“/ e’ (ca + 2c3ce) dt
0
9 et €2t 2c3¢ et
<lpolPe " + ———(1-¢). (4.5)
Thus
. 5 €2+ 2c3cC
lim sup||p(t) H <po Py = — (4.6)
t—00

There exists an absorbing set By in L2(£2), namely, any ball of L%($2) centered at 0 of
radius p > po. If B is a bounded set of L?(2), included in a ball B(0, R) of L?(£2) centered
at 0 of radius R, then S(£)B C B(0, p) for ¢ > t,(B; pg)

RZ

to=—log ——.
e " (py)?-ng

(4.7)

We also infer from (4.4), after integration in ¢, that

t+r 2 t+r
27, 2 1 4
[ e Ipll*de
t T12 T12d12 J¢

t+r
<cor+ 28/ |p(t) ||2 dt + resee + | p(t)
t

2
’

r>0. (4.8)

With (4.6) we conclude that

t+r 1 t+r
limsup<2e/ lp:ll?dr + / ||p||4dr>
t—00 t T12412 J¢t

<(cy + c3¢)r + (2er + 1),03, r>0, (4.9)

and if po € B C B(0,R) and ¢ > £,(B, pp), then

t+r
2€ / P« dt +
t 2t3a

2 t+r
/ Ipl*dz
12 J¢

<(cy +c3c)r + (2er + 1)(p(’))2, r>0. (4.10)

(b) Absorbing set in Hj(£2) of p. We now prove the existence of an absorbing set in
H}(£2) and the uniform compactness of S(¢). For that purpose we need another energy-
type equality; it is obtained by multiplying (1.8) by —p,, and integrating by parts with
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respect to x over £2, where we take the boundary condition (1.10) into account, that for

almost all ¢

2 h

1d 2, 12 2 / 2 2 /
- » + —= » + -1 d = 1 x d . 4,11
2dt||i7 [ - lpxxll” + ¢ 9(19 )(px) X =K 5 Dx 3 X ( )

As in (4.3), we can prove with repeated applications of Young’s inequality that there

exists ¢}, > 0 such that

d 9
<% P2 +c), VpeR (4.12)

p ~ 4tpar

4t12a12

We also infer from general results on the Dirichlet problem in £2 that | Ap| is, on H} (£2) N
H?(£2), a norm equivalent to that induced by H*(£2).

Setting ¢} = m > 0, we then deduce from (4.12)

2

d oh
S 1Pl + € lpell” + f )’ ()" dx < 2|1 TN | == : (4.13)
1 1?) P |l 1o(0)
ﬁ—%
where €’ = rli,z —2¢, > 0. If py € H}($2), then the uniform Gronwall Lemma 4.1 shows
0
that
2 ) ey 2e3¢ 't
[ < 2ol gy + =~ (1-€™7), £>0. (4.14)

A bound valid for all £ € R* is obtained by application of the uniform Gronwall lemma;

for arbitrary fixed r > 0, we write (4.13)

2

d 9 , 9 5|l 0%
Ellpxll =26 [lpxll” + 2¢ I Tl

Lo(82)
Multiplying by e 2!, we obtain the relation
d , an | an |’
— (7% |pal?) < 2¢7 % e | T | <2¢||TI*| -~ :
dt P |l 1) 9P (@)
Then, by integration between ¢ and ¢ + r, we have
t+r 2
p|*dr a
lpatt+ 1| < (ﬁ + az)e“l < (—3 + az>e“‘, t>t, (4.15)
r r
provided
t+r 9
[Ioldr e mz2n @z2en s
t

An explicit value of a3 can be derived from (4.4) and the computation above when ¢, = 0.
Hence (4.15) provides a uniform bound for p,, t > r, while (4.13) provides a uniform bound
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for p, for 0 < ¢ < r. For our purpose, it is simpler and sufficient to set £, = £y, in which case,
the value of a3 is given by (4.10),

as =

(c2 + c3¢e)r + (267 + 1)(p)?

7 (4.16)

It follows that the ball of H}(£2) centered at 0 of radius p; is absorbing in H} (£2), when

as
pi = (7 +ﬂ2)€“1,

and if po belongs to the ball B(0, R') of H}(£2) centered at 0 of radius r, then p(t) enters this
absorbing set denoted by B; at a time ¢ < £ + r and remains in it for ¢ > £, + r. At the same
time, this result provides the uniform compactness of S(¢): any bounded set B of L?(£2) is
included in such a ball B(0,R’), and for pg € B and > £, + 1, o, r as above, p(t) belongs to
B; which is bounded in H} (§2) and relatively compact in L%(£2).

(c) Absorbing set in L%(£2) of T. Making use of relations (4.10) and (4.15), we obtain

9 8%2 t+r t+r
|pet+7)| +<——e) / Ipsel® dz + ¢ / / Pr(p)dxdr
T12 t t Q
t+r ) ok 2
<2 171
t

< 2c3¢.1 + Chaz + pg.

d , t+r ) 2
t+dy | lpalPdr +|p@)
t

P || o)

Squaring and integrating (1.8) over £2, we have

2

2 28%2 2 2 2
llp:ll = |paxll” + 4™ || T
12

L*(£2)

+C(|p-pa-2p)|* + |[pa-p)[7). (4.17)
Integrating (4.17) in 7 € (¢, ¢ + r), we have

t+r 2 / 2
€91y 2C3CsF + Caas + P
/ lpelPde < 22725 2 372 770 4 (cy + 2c3¢.)r + 2(2er + 1) p2 + 2¢17 + 4esc, T
¢ T12

2
12
712

We multiply (1.9) by T and integrate by parts with respect to x over §2, where we take
the boundary condition (1.11) into account, that for almost all ¢

1d 1 ol oh
——||T||2+D||Tx||2=—/ T < e TP + e | 2

lpell?. (4.18)
L>®(£2)

Due to Poincaré’s inequality, there exists a constant ¢y = ¢o(£§2) such that
ITII<coll Tull, VT € L*(£2).
We infer from (4.18) that

pel®.

L°(82)

1d D oh
ST+ | 5 - JITIP < cof
2dt e op
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Using the uniform Gronwall lemma, we see that

22_8)‘

—2(
IT@)|><e 9 | TO) +2Cic..

Thus

limsup | T|| < p2,  p3 =2Cic.. (4.19)

t—00

There exists an absorbing set 8, in L2(£2), namely, any ball of L2(£2) centered at 0 of
radius pj > py. If B is a bounded set of L?(£2), included in a ball B(0, R) of L*(§2) centered
at 0 of radius R, then S(£)8B C B(0, p3) for ¢ > t,(B; p3)

2

log — .
25 -e) T (p)*-p3

We also infer from (4.18), after integration in ¢, that

t+r t+r
ZD/ T2 de < | T()|” + 28/ | )| dx
t t

t+r 8h
+2c8/
t

— lpel*dz, r>0.
op

L®(R2)

With (4.19) we conclude that

t+r
lim sup ZD/ | T l|? d
t

t—>00

2 / 2
€Ty 2C3C.T + C3a3 + ;)
2

T12 V)
712

<1+ 2r8)p§ + 2¢,

+ 2¢, ((cz +2¢3¢.)r + 2(2er + 1),03 + 2017 + 4csc€r), r>0,

and if Tp € B C B(0,R) and ¢ > (B, p;), then

t+r
2D/ | Tl de
t

2 / 2
&1, 2C3C1 + Cras +
<1+ 2re)(p§)2 420, 1228 T T 2 3% Mo
T12 2 _
712
+2¢.((c2 + 2c3c)r +2(2er + 1)(,0(/))2 +2¢ir +4cscer), r>0. O

4.2 Large-time behavior of the solutions

Lemma 4.2 Let f = f(£), which satisfies f € L*(R*), L € LY(R*), and

?dt
[ rola=c
0

—|d C.
/o ’dt’ =
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Then

lim f(¢) (4.20)

t—0o0

Theorem 4.1 Let p = p(t,x), T = T(t,x), ||p|> € L'(R*), 4 Zllpl? € LARY), IT|* € LY(RY),
2\ T|* e L\(R*), and

o0 o0 d
2 2
dt <C, — <C,
/0 IpsllPdt < /0 ’  Ipal?|dr =
o0 o0 d
f ITIPdt<C, / <c
0 0 d
Then
lim ||p|lzo0) = 0, lim | T||*> = 0. (4.21)
t— 00 t—0o0

Proof Multiplying (1.8) by p and integrating by parts with respect to x over £2, we have

&2
2 2

—— — —g-cc +
2 dt” pllI” + (m 0> 24

2
where o = T — & —cco > 0. Integrating (4.22) in t € (0,t), we have

2
| o

— ) 4.22
= (@.22)

L®(R2)

t t t
@] +a [ 1paiPdr+ = [l de < IO +C. [ 1T Pdr <.
0 T12a12 Jo 0

Thus we obtain
t
/ Ip<l*dr < C, (4.23)
0
t
[ ity <c. (424)
0

Multiplying (1.8) by —p,, and integrating by parts with respect to x over §2, we have

1d 2 (h 2 / /
- — +—-¢ + dx — ¢,
5 7; 7=l (m [Pl — *pi 5 | (p)d

2

+ | Tel?, (4.25)
L°(£2)

=c

2
where 8 = % — ¢ > 0. Integrating (4.25) in t € (0,¢), using relations (4.23) and (4.24), we

1 t
/ / p*pldxdr
T12412 Jo

t t
< || +a2/ I pxll? dxdT + C/ I T:|*dr < C.
0 0

have

t
Ipsll? + B / sl i +
0

Page 15 0f 18



Tang Boundary Value Problems (2019) 2019:24 Page 16 of 18

Thus we obtain
t
/ ||pxx”2 dr <C, (4.26)
0
t
/ / P (px)*dxdr < C. (4.27)
0 Jg

Multiplying (1.8) by —p,, and integrating by parts with respect to x over §2, we have

1d 2 8%2 2 /
- =12 + 1-p)(1-2p)p.d
2dtllpxll Tu”Pxx” YT, Q1!9( D)1 = 2p)py, dx
oh
K / Tpsn— dx. (4.28)
Q op

Taking the absolute value on both sides of equation (4.28) and integrating it in 7 € (0, t),
using relations (4.26), (4.27), we have

1 [t 1 t
—f dt / /p(l—p)(l—Zp)pxxdx
2 Jo 2a12712 Jo |/

82 t t 3]’!
+£/ ||pxx||2dr+xf /Tpxx—dx
712 Jo o l/e op

82 t t t
Fi2 f sl dr + C / (P + pY) dr + . f bl de
T12 Jo 0 0

t oh |
+e/ 1Tl | —
0 op

IA

dr

d 2
el

dr

IA

dr <C. (4.29)
Lo(R2)

Thus we obtain
1 t
T/

By use of Lemma 4.2 and relations (4.23), (4.30), we obtain

dr <C. (4.30)

d 2
el

lim ||p.|*> = 0. (4.31)
t—00

By use of Poincaré’s inequality, since p € H}(£2), we have

1
p
lpllreeoi2) < C</ bl dx) — 0. (4.32)
2
Multiplying (1.9) by T and integrating by parts with respect to x over £2, we have

1d
ST+ (D= Tl < c

2 4.33
T llp:l (4.33)

L(R2)

where D — ¢ > 0. Integrating (4.33) in t € (0,¢), we get

t
IT|I> + (D - 8)/ IT|* < C. (4.34)
0
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Multiplying (1.9) by T and integrating by parts with respect to x over £2, we have

1d ., (D )
27171 +(%—8)IITII <ce

Ip:11%, (4.35)
1(@)

where ng — & > 0. Integrating (4.35) in t € (0,t), we have
0
D t
I + (—2 —e) / ITI* < C. (4.36)
CO 0

Taking the absolute value on both sides of equation (4.33) and integrating it in t € (0, £),
using relation (4.34), we have

t 1 d t t
f L4 el < c/ | T de +C/ Ml prdr<c (4.37)
0 2 dt 0 0 8p L9(2)
Since T|y = 0, we have
ITI? =0, t — oo. (4.38)

5 Conclusion

With the help of Banach’s fixed point theorem, we prove the existence of weak solutions
and study the regularity of weak solutions for the phase-field model. Also we study the
existence of a global attractor for this simplified model and investigate the large time be-
havior of weak solutions.
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