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1 Introduction

We will discuss the following differential equation:

MOy :=—(py) @) + Ay + Ty(x) = f(x), xel (1.1)

with nonclassical boundary conditions

n

My = aoy "™ (Eo) + D (amy"™ (&) + any ™ (En+))

-1
s

+ @k "™ Ent) + ) xay"™ (k) + Fxy = fio (1.2)
=1

wherek=1,2,...,2(n+1), 6= -1, & € (-1,1), &1 = 1, &0 < &1 < -+ - <&pur; set Iy = [§0,&1),
I = €18, Lioy = Gl T = U iy and Ji = (60,8), T = U i (h=1,2,..,m5 8 =
2,3,...,n); p(x) is a piecewise constant function, p(x) =p; forx € I; i =1,2,...,n+1); T is
a linear operator; aok, @nk, Gnks Ansr)is Xij» Pi (j = 1,2,..., i) are complex coefficients, and
assume that p; # 0, |agp| + ZZ=1(|ﬂhk| + |ankl) + a1kl # 0; A is the complex parameter;
ni are integers; xi; € J are internal points; Fy is a linear function in the space L,[-1,1]
(L4[-1,1] is a set of gth order integrable functions on [-1,1]).

In recent years, the classical Sturm-Liouville problem has been generalized into vari-
ous types for its new importance in physical sciences and applied mathematics. For exam-
ple, theoretical investigations have become focused on the discontinuous Sturm—-Liouville
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problems for their application in physics. The discontinuity of the coefficients of the equa-
tions in the Sturm—-Liouville problems corresponds to the fact that the heterogeneous me-
dia consist of two different materials. Moreover, boundary value problems with disconti-
nuities arise in many physical problems such as heat and mass transfer, electrostatics, and
diffraction problem [1, 2]. It should be noted that some works on the spectral properties
and coercive solvability of boundary value problems in Sobolev spaces can be found in
[3, 4]. Some boundary value problems for differential equations with discontinuous co-
efficients were investigated by Rasulov [5]. Note that an abstract theory of the boundary
value problems with continuous coefficients and an eigenvalue parameter in the bound-
ary conditions have been constructed by Yakubov and Yakubov (see [4] and correspond-
ing bibliography). Many authors have been devoted to the study of discontinuous prob-
lems [6-22]. To deal with the discontinuity of the problem, transmission conditions are
imposed on the discontinuous points. There are also other terminologies such as point
interaction, interface condition, etc. [18, 23]. The properties of isomorphism, Fredholm-
ness, and coerciveness of Sturm—Liouville problems with one discontinuous point were
investigated by Mukhtarov and his coauthors in [6, 8, 9, 24].

In this paper, we investigate a Sturm-Liouville problem with discontinuities at finite
points and with abstract linear functionals in the boundary-transmission conditions. We
obtain the properties such as isomorphism, Fredholmness, and coerciveness of this prob-

lem.

2 Boundary value problems with nonhomogeneous transmission conditions

In this section, we consider the homogeneous differential equation
Mo(W)y:=~(py)' () + 2%y(x) =0, xel (2.1)

with the nonclassical boundary conditions
Myoy = agey"™ (&) + Z(ahky(nk)(éh—) + @y " Ent)) + apy" Ent) =fio (22)

h=1

where k=1,2,...,2(n + 1). We shall use the notations

g
Ty = Z Xk}-y(”k)(xkj), k=1,2,...,2(n + 1),
j=1
Wai-1 :=p;1/2, Wy, i= —pi_l/z, i=1,2,...,n+1,

o:= min {argp;}, B:= max {argp;},

1<i<n+1 1<i<n+1
B 11 1 ~ 1 1 T
agi W, apnwy anws ce An+1)1Wo(1111)
712 12 =~ 112 112
apWw, apWy appws tee A(n+1)2Wo(5111)
13 13 o 13 13
w = apzw, aizwy aizws e A(n+1)3Wo(1111)

n2(n+1) n2(n+1) ~ n2(n+1) n2(n+1)
| 40,2(n+1)W1 a1,2(n+1)Wo a1,2(n+1)W3 T An)2m+ 1) Wo(p) |
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and
1 1
2:(a, B) := {A G(C’E(n +B+e)<arg< 5(371 +a—8)}

for real ¢ > 0 sufficiently small.

Note that the direct sum of Sobolev spaces W, = W/ (1) © W,"()) @ - - - & W"(J,,) (for
an integer m > 0 and real g > 1) is defined as a Banach space of complex-valued function
y = y(x) on I which belongs to W;‘(]i) (i=1,2,...,(n+1)) in intervals J; respectively, with
the norm

n+l

Iyllgm =Y Illwzgy-
i=1

Here, as usual, W/"(a,b) is the Sobolev space, i.e., the Banach space consisting of all
measurable functions that have generalized derivatives up to mth order in the interval
(a, b) inclusive with the finite norm

m b 1/q
19w a,p) = Z(/ |y(”(x)|qu> .
v=0 a

Theorem 2.1 If w #0, then for any ¢ > 0 there exists jv. > 0 such that, for all . € 2:(«, B)
for which |A| > e, problem (2.1)—(2.2) has a unique solution y(x,A) € W for arbitrary
o > max{2, max;<k<a+1) {7k} + 1} and A has the following coercive estimate:

(n+1)

o 2
-1
D yllge < Cle) D I |fil. (2.3)
=1 k=1

Proof Letyi(x,A) (k=1,2,...,2(n+1)) be the basic solution of equation (2.1), then yx(x, A)
can be represented as

exp(wik(x — £)), forx eIy
yr(x, ) = N (2.4)
0, for x ¢ I,

where Iy, = Ip; = I; for every i, k = 2i — 1,2i (i = 1,2,...,n + 1), & = &, &y, = Egpe1 = &,

Eypue1) = Ena1 (W =1,2,...,n). Itis clear that the general solution of (2.1) can be written as

2(n+1)

yx, ) = Z Cryr(x, 1), (2.5)
k=1

Substituting equation (2.5) into boundary-transmission conditions (2.2), we obtain a lin-
ear system with respect to Cy (k=1,2,...,2(n + 1))

(W11)"* (agk + aree M E1750) Cp + (wyd)™* (ary + aore”? ) C,

n+l

+ Z[(Wm-ll)nk (@g- + age" o5 Gy
=2

+ (Wa )™ (@ + e @175) Cyy ] = fi (2.6)
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where k=1,2,...,2(n + 1). It follows from A € £2,(«, 8) that
1 1
E(n +¢&) <arg(wid) < 5(372' —-¢g), k=1,3,....2n+1;
1 1
—5(71 — &) < arg(wid) < E(n -¢), k=2,4,....2(n+1).
Therefore, for this A and ¢ > 0 (sufficiently small), we obtain
(=1 Re(wih) < —|A||w| sin g, k=1,2,...,2(n +1).
Thus, the determinant of system (2.6) has the form
A =2 (0 +0(1)),
where i1 =n1 + 1y + -+ - + Hye1),

711 711
anw, ap1Wwy T ﬂnlwg(

n+l1)
712 712
. anw; an2W, o “n2W2(n+1)
O(r)=¢ . . . . )
n2(n+1) n2(n+1) M2(n+1)
a1,2(n+1)W1 aop2(n+1)Wo ce o dy 20n+1)Wo(41)

KK = A YN E — &)Wy — wo;) and O(1) — 0 as |A| — oo in the angle £2.(a, B). Since
w # 0, there exists 1, > 0 such that, for all » € £2,(«, 8) and |A| > ., we have A(A) #0. So,
for these A, the unique solution for the system of linear homogeneous equations (2.6) has

the following representation:

2n+
1
:A—Z AWy, k=1,2,...,2(n+1),
n=1

where A,«(A) is an algebraic cofactor of (1, k)th element of the determinant A(A). It is

obvious that each of the determinants A4,(1) can be represented as
Ank()‘) = )‘h_nn (wnk + enk()&)):

where w,, € C and (1) — 0 as [A| = oo in the angle £2.(«, B). Hence, we have

2(n+1)

- Ok + Gyk(X)
G =) 2 W%fm k=1,2,...,2(n +1).
n=1

So, the solution of (2.1)—(2.2) has the following representation:

2(n+1) 2(n+1)
Wpk + 9,7/(

y(x, 1) = AT 7}’ Vi (%, A).
kXﬂ: ; w+0() 7"
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From the expression of y(x,A) we obtain that, for each integer t > 0 and A € £2.(«, B),
|A] = o0, the estimate

(n+ 2(n+1)
Dl =€ 32 (00 3 bt 2
=1 k=1

is valid. Further, the inequalities

&
y2l ) = J i e X
H (%, 1) ”L s / edRew2i12)(x=8i1) g
- &

i-1

&
</ e~ dwai1lIM—&i)sin g 7
i1

[A1(5~8i-1) )
— t=IAl(x=§i1) / e—q|W2i—1|(51ﬂ§)td( + & )
0 ]

+00
< |)\|71/ —q\wzl 1|(sin & tdt
0

=|A| ‘Z|W21—1|Sln2

= Cy1 (&), (2.8)

§i
”yZi(x,)»)”Zq(jzl,) = /; eIReW2N(x=5) 1
i-1

&
< / e—qlwziHM(Si—x)Sin% dx
§i1

0
_ t=IM(Erx)/ o-dwl(sin %)‘d(gi _ L)
NGy 2]

+00
< |)\'|—1‘/. —qlwzt sin § tdt
0

-1
= 1A qlwal sin =
2

= Coi(e) A7, (2.9)

wherei=1,2,...,(n + 1), hold by (2.4). Substituting (2.8), (2.9) into (2.7) yields
2(n+1)

||3’(I)(x)||Lq(—1,1) = Cle) Z AT,
n=1

which in turn gives us the needed estimation (2.3). The proof is completed. O

3 Fredholm property for multi-point boundary value problem with functional
conditions

Let M be the linear operator corresponding to problem (1.1)—(1.2). Suppose that o >

max{2, max; <g<s(we1) {7z} + 1} and define M from Wy into W;‘z @ C2+D by the rule

My = (M), M1y, Msy, ..., Masn)y).-
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Theorem 3.1 Assume that the following conditions hold:
(1) Forxel;, p; #0;
(2) Fx (k=1,2,...,2(n + 1)) are continuous functionals in W7,
(3) Zhe operator T from W7 into W7 2 is compact.

Then M is bounded and Fredholm operator.

Proof The operator M can be represented as

Moy = (Mo(M)y, M10y, M2 . . ., Mans1)09)»

Myy = (Ty, vy + F1y, [y + Fayy., Doguenyy + Fagusn)y)-

The operator M, is an isomorphism from W onto W72 @ C*"*) by Theorem 2.1. Fur-
thermore, it follows from (2) and (3) that the operator M; acts compactly from W7 onto
W;‘Z @ C20n+1),

Therefore, by the definition of isomorphism and Theorem 1.2.8 in [3] (or [25, p. 238]),
the operator M = My + M, is Fredholm. Moreover, it is obvious that the operator M is
bounded. So, the desired results are obtained. O

4 Isomorphism and coerciveness of the principal part of the problem
We consider the principle part of main problem (1.1)—(1.2) without internal points, that

is,

Mo(Wy:=—(py) (x) + A2y(x) =f (), x€l, (4.1)

Moy = aoey™ (o) + Y (any"™ (En=) + ancy™ (& +))
h=1

+ Ay (En) = fi (4.2)

for k=1,2,...,2(n + 1). The corresponding operator is

Moy := (Mo(1)y, Moy, Magys . . .» Mague1)oy)-

Theorem 4.1 Let the condition w # 0 and o > max{2, max; <x<om+1){nk} + 1} be satisfied.
Then, for each € > 0, there exists {1 > 0 such that, for all complex numbers A € 2.(a, B),
|A] > we, the operator Mo Jrom W] onto W7 2@ C*"Y is an isomorphism, and for these
A the inequality

o 2(n+1)

_ = e |
D I yllge < C(S)(ILfllq,a-ﬂ MW llgo+ D IA7 74 1fk|> (4.3)
=0 k=1

holds for the solution of (4.1)—(4.2).

Proof Obviously, the linear operator My acts continuously from the space W[ into
W22 @ C**V), Let us prove that, for any (f(x),f1,f2, ..., fame1) € W22 @ C2**V and f;,
problem (4.1)—(4.2) has a unique solution belonging to W7'. Denote by f;(x) the restric-
tion of f(x) on the interval J;. Let fi(x) € W7 2(R) be an extension of fi(x) € W7 (/). By
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Lemma 1.7.6 in [3] there exists an extension operator T;f; := f, from w7 -2 into wy 2(R)
is bounded for i = 1,2,...,n + 1, where as usual R = (-00, +00). We shall find the solu-
tion y(x, 1) of problem (4.1)—(4.2) in the form of y(x, A) = y1(x, 1) + y2(x, A), where y; (x, 1) =
(y1:(x, 1)), the function y1;(x, A) is the restriction of the solution y;;(x, ) on J; of the follow-
ing equation:

~(p7) @) + 2%9(x) = fitx), xeR

fori=1,2,...,n+1.
By virtue of Theorem 3.2.1 in [3], we get that this equation has a unique solution y;; =
yilx,X) € w7 (R), and for yy;, the estimate

o

> il gy = CEO g2y + M7 zg09), (4.4)

£=0

where i=1,2,...,n+ 1, holds for all 1 € £2,(«, B) sufficiently large in modulus.
Hence, the function

y11(%, A), forx e Ji;

ylZ(x’)")! fOer]z;
y1(x, A) = ) (4.5)

yl,n+1(xr )\')v forx e ]n+1’

satisfies equation (4.1), and from (4.4) the following estimate
Z M7 Nyillge < CE(If lgo-2 + X721 lg0) (4.6)
£=0

holds for all A € £2.(«, B) sufficiently large in modulus. In light of solution (4.5), consider
the following boundary value problem:

~(py) () = 2%(x) =0, x€],
Moy = fi — Mroy1 (%, 1), k=1,2,...,2(n+1).

By Theorem 2.1, this problem has a unique solution y, = y»(x,4) € W[ for all complex
numbers A € 2.(«, B) sufficiently large in modulus, and for these A the estimate

o 2(n+1)
~1
D I yallge < Cle) Y IMTTH (Ifel + 1Moy ) (4.7)
=0 k=1

is valid. Applying Theorem 1.7.7/2 in [3] and (2.3), one has that, for all A € £2.(«, 8) and
o > max{2, max; <k<a(:+1){#x} + 1}, the following estimates hold:

n+l

—np—g-1 =g
17 Mgy | < CIAT TS Iynllewgy
i=1

n+l

< CY (1M Myaellzgu + Iysillwg o)

i=1
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< C>IM Iynllgo + Iy1llgo)
= C(S)(|}‘|a—2”f”q,0 + ”f”q,o—Z)- (4.8)

Via (4.7) and (4.8) we have the inequality

o 2(n+1)

_ _ 1
D AT y2llge < C(s)(ufnq,a_z I f lgo+ D Ao 1fk|>. (4.9)
£=0 k=1

It is easy to see that y(x,A) = y1(x, 1) + y2(x, A) is the solution of problem (4.1)—(4.2).
Taking into account estimates (4.6) and (4.9), we see that for this solution the needed
estimation (4.3) is valid. Moreover, from estimate (4.3) the uniqueness of the solution fol-
lows. On the other hand, by Theorem 3.1 the operator ]/\/\Io is Fredholm from W; onto
w7 2 @ C?"+1), Now, an isomorphism of this operator follows from the fact that it is a

Fredholm and one-to-one operator. So, the proof of the theorem is completed. O

5 Solvability and coerciveness of the main problem with nonclassical
boundary conditions
Now, we will study the main problem (1.1)—(1.2).

Theorem 5.1 Assume that the following conditions hold:
(1) @ #0and o > max{2, max;<x<o(m+1){n} + 1};
(2) The operator T from W7 into W7 2 is compact, and for all € >0

1Tyllg0 < €lyligz + C@)lyllgo, € qu;
[TVl go-2 < ellylige + CEYlgo, € WS;
(3) Functionals Fy in W;" (k=1,2,...,2(n+ 1)) are continuous.

Then, for each ¢ > 0, there exists . > 0 such that, for all A € Q2.(«, B) and |A| > u,, the

operator
I\A/Iy = (M(A)y, Myy, Msy, ..., Magui)y)

is an isomorphism from Wg onto WS> @& C*"*V, and for these ). we have the following

coercive estimate for the solution of problem (1.1)—(1.2):

o 2(n+1)
- o o—ng—q1
> e ‘||y||q,gsC(s)<uf||q,o_z+|x| Wfllgo+ Y A7 [fk|>: (5.1)
k=1

=0

where C(g) is a constant which depends only on ¢.

Proof Let (f(x),fi,far-- -+ fams1)) be any element of W7 => @ C***D. Suppose that there ex-
ists a solution y = y(x, A) of problem (1.1)—(1.2) corresponding to this element. Then this

solution satisfies the equalities

Mo(W)y = —(py') + 2%y = MGy - T, (5.2)
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n

Moy = aoy"™ (&) + Y (ancy™ (En—) + amy"™ (En+))
P

+ a(n+l)ky(nk)(gn+l) = Mky - Fky - Fky¢ (53)

where k =1,2,...,2(n + 1). By Theorem 4.1 we have that for this solution the following a

priori estimates hold:

o 2(n+1)
_ _ P |
DI I llge < C(e)<uf||q,o_z F I llgo + D A7 lfk|)
k=1

£=0

- C(e)(nM(A)y =Ty oy + M7 [ MGy - Ty

2(n+1)
-1
+ E |A|77" IMky—Fky—Fkyl)
-1

< C(8)<”f||q,a—2 + MW Ngo + 1 TYllgo-2 + 1A Tyllg0

2(n+1)
N Z T ([l + [ Tyl + |Fky|)). (5.4)

k=1

Let ¢ be any real number satisfying

0<¢

§i—&i1
2 ’

<min{ & — x5, 160 — x4 =

i= 1,2,...,n+l;k:1,2,...,2(n+1);j:1,2,...,nk}.

Using the same method in [15, Sect. 2.8.3], it is not difficult to construct a function ¢(x) €
C3°(R) such that

L, xeUM & +¢.8-¢C)
) = i1 3 n 3 3 3
0’ X € Ui:l [50750 + 5] ) (Ui:l[gi - f’si + 5]) ) [ér&l - §)$n+l]

and 0 < ¢(x) <1 for all x € [-1, 1]. It is obvious that
1001 = CI ™ v = ST ™ oy (55)

By Theorem 3.10.4 in [15], for y € W7, the estimate

A7 00 < C(Illge + A7 1Y lg0) (5.6)
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holds. By Theorem 4.1, from (5.4), (5.5) it follows that, for all A € £2,(«, ) sufficiently large
in modulus, the following estimates hold:

—np—g~1 -ng—q!
A= gl < C 0 (99" gy

< C19¥llgo + A7 19y lg0)
< CE(|MoW @D,y + 117 [ M) ,)

o-1
<Cle) <||Mo(x)y||q,[,2 + I [ Moy o+ D |)~|J_I_K||J/||q,z>

£=0

< Cle) <||M(A)y||q,(,_2 + 72 [ My o+ 1Dl g2

o-1
I Tyllgo + Y |>»|"-1—€||y||q,e>

£=0

=C(e) (”f”q,az + M7 llgo + 1TVl goa

o-1
+ M Tllgo + Y |A|“”||y||q,z). (5.7)

£=0

By virtue of Theorem 1.7.7/2(b) and Remark 1.1.7/5 in [3], the following inequality
lyllge < 8lyllger + CO)Ylgo

holds for any § > 0. Then, by virtue of (5.7),

g2 PN M) o+ 1T llgo-o

A7 | Tyl < C(e)<||M<K)y||

o-1
+ AT N Tyl g0 + Z AT Sy e + C(8)||y||q,o))

£=0

< CE)([MA)y] oy + AT MG)] o + 1 Tllgo-2)

q,0-2

+ M7 1T llg0 + C)(8 + CEIMT) DI Ny llge- (5.8)
=0

From conditions (2), (3), inequality (5.8), and Theorem 1.7.7/2 in [3], for any § > 0, we have

2(n+1)

o— o—np—qg~1
1TVl go-2 + 1A Tl g0 + E |77 (| Tyl + | Fryl)
k=1

= Ce)([MG)y] oy + M7 MO o) +8(I¥llgo + A2 17142)

q,0-2

+ CEIMTYllgo + C@) (S + CEIMT) D Ihlo-elyllge

£=0

2(n+1)

P §
D Y K i 7 S
k=1

Page 10 of 12
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< CE)(IIf llgo-2 + A2 llg0)

+CE)(8+ CEOMT) D17 llge- (5.9)

£=0

Substituting (5.9) into (5.4) yields

i 2(n+1)

o— _ ortp—a-1
SR llge < CO( I lgo-n + A 2Mfllgo+ 3 7% £
=0 k=1

+ (84 CEOMT) D AT Iyl

=0

It is obvious that for fixed ¢ > 0 it is possible to choose § > 0 so small and || so large that
CE)s+C (8)|A|’q_1) < 1. Hence, for A € £2.(w, w) sufficiently large in modulus, we obtain
a priori estimate (5.1).

It follows from estimate (5.1) that we can obtain the uniqueness property of solution
of problem (1.1)—(1.2), i.e., the operator M is a one-to-one operator. Moreover, by Theo-
rem 3.1 the operator M from W onto W72 @ C*"*V is Fredholm.

In view of condition (2), the operator T from W into W72 @ C*"*V is compact. From
above, we get that the operator M is an isomorphism from W7 onto W7 > & C2*)_ The

proof is completed. d

6 Conclusion

Sturm-Liouville problem with discontinuous points inside an interval has attracted exten-
sive attention for its wide application in physical and mathematical fields. In this paper, we
go into Sturm-Liouville problem with finite discontinuous points, and for such a prob-
lem, we establish the properties such as isomorphism, Fredholmness, and coerciveness
with respect to the spectral parameter. These results are of both theoretical and practical

significance.
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