Zhu Boundary Value Problems (2019) 2019:22 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-019-1141-0 a SpringerOpen Journal

RESEARCH Open Access
()]

Existence and uniqueness of positive
solutions for fractional differential equations

Tao Zhu'"

“Correspondence:
zhutaoyzu@sina.cn Abstract

'Department of Mathematics and . . . . .
Physics, Nanjing Institute of By some new integral inequalities of Henry—Gronwall type, we investigate the

Technology, Nanjing, PR. China existence and uniqueness of positive solutions for fractional differential equations.
MSC: 39B62; 34A08; 26A33

Keywords: Fixed point theorem; Henry—Gronwall integral inequality; Fractional
differential equation; Fractional derivative

1 Introduction

Fractional differential equations have gained considerable importance due to their applica-
tions in various sciences such as physics, mechanics, chemistry, engineering, etc. [1-7]. In
the recent years, there has been a significant development in ordinary and partial differen-
tial equations involving fractional derivatives, see the monographs [8—10] and the papers
in [11-17]. However, there have been few contributions to the existence and uniqueness

of the following fractional differential equations:

Dx(t) - DY x(t) = f(6,x(2)), t€[0,T),0<B<a<1, 1)

x(O) = X0.

In most of the available literature, fractional integral inequalities play an important role
in the qualitative analysis of the solutions for fractional differential equations (see [14—
17]). In this paper, by a method introduced by M. Medved [18], we first study the following
Henry—Gronwall integral inequalities:

u(t) < a(t) + b1 (t) /t(t =)L (9)u(s) ds + ba(2) /t(t —8)27 L (s)u(s) ds (1.2)
0 0
and
u(t) < a(t)+by(t) / (t—5)""" 11(5) 1 (uls)) ds + by (t) / (t—9)""" 1y ()2 (u(s)) ds, (1.3)
0 0

where 0 < ;1 < y» < 1, which generalize the famous Henry inequalities [19]. Then using
a suitable substitution, we construct an equivalent fractional integral equation of equa-
tion (1.1). By the above integral inequalities and fixed point theorem, we present the exis-
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tence and uniqueness of fractional differential equations (1.1). Finally, some examples are

given to illustrate the applications of the obtained results.

2 Preliminaries
In this section, we introduce definitions and preliminary facts which are used throughout
this paper.

Let I =[0,4] (0 < a < +00) be a finite interval. AC[0, 4] is the space of functions which are
absolutely continuous on 1. L*(0, a) is the space of measurable functions f : I — R with
the norm ||f]|z = inf{c > 0, |f(¢)| < ¢, a.e. t € I}. C'[0,a] is the space of functions which
are continuously differentiable on 1.

The Riemann-Liouville fractional integral and derivative of order « € (0, 1) are defined

by
I"x(t) = 1 /t #(s) ds, t>0
D) Jo -5t
and
t
D*x(t) = 1 d #s) ds, t>0.

r(l-a)dt ), (t-s)
The Caputo fractional derivative of order « € (0, 1) is defined by

Dix(t) = Dx(¢t) - %t_”, t>0.

In particular, when x(¢) € AC[0, a],

N 1 tx(s)
Dcx(t)_l"(l—oz) \ (t—s)“ds’ t>0.

Lemma 2.1 ([8]) Let o € (0,1) and x € L*°(0,a) or x € C[0,a], then
(D2 I%x)(2) = x(2).

Lemma 2.2 ([8]) Let « € (0,1) and x € AC[0,a] or x € C'[0,a], then
(I*D2x)(t) = x(t) — x(0).

Theorem 2.3 Let0< B <a <1 and x € AC[0,a] or x € C'[0,al, then

0
(DY) (1) = DPa(t) + —2)_y-#
ra-g)
Proof By Lemmas 2.1 and 2.2, we know

(DET*Px)(t) = DYI* P ((IP DE %) (£) + %(0))

= (D*1*Dfx)(t) + D17 (x(0))
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e x0) 4
—Dcx(t)+r(1_ﬁ)t . (2.1)

Theorem 2.4 Let 0< f <o < 1 and x = IP ju(t), where u € C[0, a), then
(D21 Px)(¢) = DY x(2).
Proof We know

(DE1°Px)(8) = (DXI*P 1P ) (2)
= (DIT* 1) (2)
= u(2)
= DPx(t). (2.2)
O

Theorem 2.5 Let 0 < y1 < y2 < 1, a(t), b1(2), ba(2), [1(¢), and l,(t) be continuous, nonnega-
tive functions on [0, +00), and u(t) be a continuous, nonnegative function on [0, +00) with

u(t) <a(t) + bi(t) /:(t — ) (s)u(s) ds + by (2) fot(t — )7 U5 (s)uls) ds. (2.3)

Then the following assertions hold.:

u(t) < (3”161”(1,‘) +3771pP(¢) (A(t) + /tL(s)A(s) exp(/tL(r)dt) ds))p,
0 s

t € [0, +00), (2.4)

1

-1+
where b(f) = max{2QC 1 BOT T gy o [T3pl(Ps) 1 B(s)aP(s)ds, L(E) =
(@n-1D+17  (glya-1)+1)7
3PLpP () (B (t) + B5(2)), and p, q € (1, +00) such that y; + 61] > 1 and %1 + }7 =1.

=1+

1| =1

Proof Choose nonnegative constants p,q such that y; + % >1 and é + ~ = 1. Using the

1
p
Holder inequality, we obtain

u(t) < al(t) + b1 (t) /t(t =)L (s)u(s) ds
0

+ by(£) ft(t — )27 L (s)ul(s) ds
0

<a()+b - <V11>%1)q( I ”d)p
<aw+ 00 [ -9 eas)" ([ o) s
+ bz(t)( /0 t(t—s)(yz_l)q ds) ’ ( /0 t(lz(s)u(s))p ds)p

1

1—1+% t 7
<a(t) + %1 < / P (s)u? (s) ds)
(gly1 —1) + 1) \Jo
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yz—lJrl t 1
P UL ( / E(s)u(s) ds)p. (2.5)
(q(ya-1) +1)7
1
Let b(t) = max {2t w ql by I } Then
@1-D+D)7  (g(ra-1)+1)49

t
WP (t) < 37 1al () + 3”_1b”(t)/ (l}f(s) + lg(s))up(s) ds (2.6)

0

and

/t(l’f(s) +B(s))u? (s) ds
0
< ftSP_l(llf(s) +8(s))a (s) ds
0
+ /t?:p_lbp(s)(lf(s) + lg(s)) /S(l'f(r) + lg(r))u”(t)dr ds. (2.7)
0 0

Let w(t) = fo (B (s)+B(s))u?(s) ds, A(t) = fo LB (s)+5(s))a” (s) ds,and L(t) = 37717 (£) x
(lp(t) + lp(t)). Then

w(t) < A(t) + /tL(s)w(s) ds. (2.8)
0

By Gronwall’s integral inequality, we have

w(t) <A(L) + /tL(s)A(s) exp(/tL(r)df) ds. (2.9)
0 s

By (2.6) and (2.9) we obtain inequality (2.4) and complete the proof. O

Theorem 2.6 Let 0 < y1 <y, < 1, a(t), by(t), ba(t), 11(¢), and I,(t) be nondecreasing, non-
negative, and continuous functions on [0, T)(0 < T < +00), ¢1, ¢ : [0, +00) — [0, +00) be
continuous, nondecreasing functions, and u(t) be a continuous, nonnegative function on
[0, T) with

u(t) < af(t) + by (t) / (= )" ()@ (uls)) ds
0
+ by (t) / (t=95)2"h(s) gy (u(s)) ds. (2.10)
0
Then

u(t) < <_Q‘1 <.Q(A(t)) +Bl(t)/tl’f(s)ds+Bz(t)/tl§(s) ds))ﬁ, t€[0, 1], (2.11)
0 0

1+ 141
where A(t) = ¥1ar(t), Bu(t) = 31 (AT gy C gy o
(q(y1- 1)+1)5 (qy2-1)+1)4

1 , ,
f; m dt, ni(t) = @t (t7), pa(t) = q)g(tp), to >0, 271 is the inverse of 2, and T €
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(0, T) is such that 2(A(t)) + B (¢) fot B (s)ds + By(t) fot E(s)ds € Dom(27Y) forall t € [0, T1],
and p,q € (1, +00) such that y; + é > 1 and % + }7 =1.

Proof Choose nonnegative constants p,q such that y; + % > 1 and é + 117 = 1. Using the

Holder inequality, we obtain

u(t) < a(t) + b (t) / (t = )"y (s) g1 (uls)) ds
0

+ba(0) / (= )7 1y(5)a (1(s)) dis
0

1—1+$ t }7
<atty+ ([ et i) as)
(g —1) +1)2 \Jo

1+ 1
Gl < / B(s)¢ (s)) d ) (212)

(qlyr—1) + 1)

Then

1—1+—
uP(t) <39 al (t) +31"1<%> f B (s)¢ (u(s)) ds
(@i —1) + 1)«

vo-1+l \p ot
431 (M) / ()¢ (u(s) ds. (2.13)
(glya—1) +1)4 0
b (t)tyl_“% bo( 7
Let w(t) = u?(¢), A(¢) = 377 'a (¢), B, (¢) = 371 (ZL—— )7, and By (¢) = 3"_1(271)’7~
(qr1-D+1) 4 (qlr2-1)+1)4

Fix any Ty € [0, T1], then for ¢ € [0, Tp] and (2.13) we have

w(t) < A(To) + By(To) /O 2(5)ua (w(s)) ds

+BZ(T0)/ lg(s)uz(w(s)) ds. (2.14)
0
Let V(¢) = A(To) + Bi(To) Jy & (s)p1(w(s)) ds + Bo(To) fy 15(s) 2 (w(s)) ds, then we get

V'(£) = By (To)E (£) 11 (w(2)) + Bo(To) B (£) pea (w(2))

< Bi(To)ly (&)1 (V(2)) + B2 To) 5 (0) 2 (V (2)). (2.15)
This yields

V'(2)

4
VO 1w =B T0AO + BATo)5() (2.16)

or

EQ(V(t)) < Bi(To)l{ (1) + Ba(To)l5 (2). (217)
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Integrating this inequality from 0 to ¢ € [0, Tj], we obtain
2(VE) < 2(A(Ty)) + /0 tBl(To)l’f(s) + By(To)B(s) dis, (2.18)
then
V()< (.Q(A(To)) + fo tBl(To)l'f(s) +Bz(To)l§’(s)ds>, t € [0, Ty] (2.19)

and

u(t)§<91<Q(A(TO))+/tBl(TO)lff(s)+Bz(T0)z§(s)ds))p, tef0,To]l.  (2.20)
0

So

To To v
uw(Tp) < <91<Q(A(TO)) +BI(T0)/ l'f(s)ds+Bz(To)/ l§(s)ds)) . (2.21)
0 0

Now replacing T, by ¢ in inequality (2.21), we obtain the result (2.11) valid for ¢ € [0, T1]
provided

2(A®) +Bl(t)/0tllf(s) dS+Bz(L‘)/0tl§(S) ds € Dom(£27")

forall ¢ € [0, T1]. (]

Lemma 2.7 ([20, 21]) Let E be a Banach space X, C be a closed, convex subset of E, U be
an open subset of C, and P € U. Suppose that F : U — C is a continuous, compact map.
Then either

() F has a fixed point in U; or

(b) there are u € dU (the boundary of U in C) and ) € (0,1) with u = AF(u) + (1 — A)P.

Lemma 2.8 ([20, 21]) Let E be a Hausdor{f locally convex linear topological space, C be
a convex subset of E, U be an open subset of C, and P € U. Suppose that F: U — C is a
continuous, compact map. Then either

() F has a fixed point in U; or

(b) there are u € dU (the boundary of U in C) and X € (0,1) with u = AF(u) + (1 — A)P.

3 Mainresults
In this section, we give the existence and uniqueness results of the fractional differential
equations (1.1).

Theorem 3.1 f: N x N — N is a continuous function. If x(-) € C[0,a] is the solution of
the following integral equation

1

_ ' _o-B-1 _
x(t) = xg + T B /0 (t-3s) (x(s) xo) ds +

1

- ! _ a-1
I'(a) /0 (t=5)"'f (s;x(5)) ds, (3.1)

then x(t) is the solution of the fractional integral equation (1.1).



Zhu Boundary Value Problems (2019) 2019:22 Page 7 of 11

Proof If x(t) € C[0,a] is the solution of the integral equation (3.1), we know x(0) = xo and
x(t) — x0 = P (x(t) — x0) + 1% (£,2(0)) = 1" (0, (3.2)
where 1u(£) = x(£) - o + I’ (¢, x(2)). By (3.1) and (3.2), we obtain
x(8) —x0 = I°7P (x(8) — x0) + I°F (£, x(2)) = P pu(e) + I°F (2, %(2)). (3.3)

If 2o — B) < a, then x(£) —xo = 2P 111 (¢), where 11 (¢) = u(t) + I*~f (¢, x(t)). By the same
step, we obtain x(t) — xy € I%¢;(t) and x(£) — xo € [P ¢, (t), where ¢1 (), $»(t) € C[0, a).
By Lemma 2.1 and Theorem 2.4, we get

Dix(t) = Dﬁ‘l"“ﬂ (x(t) - xo) + Dﬁ‘]“f(t,x(t))
= DP (x(t) — x0) + £ (£,%(2))
= Dfx(t) +f(t,x(t)). (3.4)

Theorem 3.2 Let xy >0, f : R* x R — N* be a continuous function, and there exist non-
negative continuous functions l(t) and k(t) such that

I (6,2)] < U] + k(@)
forall x e R*, t € [0,00). Then equation (1.1) has at least one positive solution on [0, 00).

Proof Consider the operator G: W — W defined by
1 t A1
Gx)(t) = %0 + ——— [ (t—s)"7F" —x0)d
(Gx)(£) = %0 + F(a_ﬂ)/o( $)* P (x(s) — x0) dis

(s, x(s)) ds, (3.5)

where W = {x(t) € C[0, +00)|x(£) > x¢}.

By Theorem 3.1, we know that the fixed points of operator G are solutions of equation
(1.1). We can show that G: W — W is continuous and compact by the usual techniques
(see [12, 13]).

Let U ={xe W:l|x(t) < (3 a?t) + 3?17 (¢t) fo exp(ftL dr)ds))l%
Lt € [0,00)}, where a(t) = |xo| + |%| + ﬁil(f0 kP (s)ds)?, b(t) =
e “ (@-1g+1)1
1 tot—ﬂ—1+f 1 (x 1+l
max{ L2 , T’ 1, A) = fo (1 + IP(s))a?(s)ds, L(t) = 377107 (t)(1 + IP(t)),

(q(a—p- 1)+1)q (qle— 1)+1)
and p, q € (1, +00) such that o — /3+—>1ar1d + =1.

If x € W is any solution of

x(8) = (1= M)xg + A <I"(%—,B) /Ot(t —g)e P (x(s) — x0) ds

L e
+ F(a)/o (t-s) f(s,x(s))ds) (3.6)

for A € (0,1).
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Then
XQta_ﬁ
|[x(8)| < lxol + CRrTh
# ! _a-p-1 1 ¢ el
+ F(a—ﬂ)/o(t $)“ P x(s) ds| + F(a)/o (t - 5)""'f (s, %(s)) ds)

xota*ﬂ 1 td—l-#%{ t %
K*(s)d
= e hrep)| @ (e~ 1)g + 1) (/o © S)
+ —F(al_ 3 fo t(t—s)“*5*1|x(s)|ds+ r?a) fo t(t—s)"“l(s){x(s)!ds. (3.7)

Consequently, by Theorem 2.5, we can get

|x(t)| < <3p‘1ap(t) +3771pP (1) <A(t) + /OtL(s)A(s) exp(/tL(r)dr> ds))ﬁ,

t € [0,00). (3.8)

Applying Lemma 2.8, we can obtain that G has at least one fixed point in W. Thus, the
proof is completed. d

Theorem 3.3 Iff: 0" x N* — N* is a continuous function and
[f(t,%) —f(t,y)| < UB)|x -yl

forallx,y € R+ and t € [0, +00), where nonnegative function I(t) € C[0, +00), then equation
(1.1) has a unique positive solution on [0, +00).

Proof By Theorem 3.2, we suppose that x;(£), x2(¢) are two positive solutions of equation
(1.1). Then

|1(8) = x2(8)| < ’F(%—ﬁ) /0 (t —5)* P (x1(s) — x2()) ds

+ ‘ﬁ o (t_s)"“l(f(s,xl(s)) —f(S,xz(S))) ds

< o [ 9 ) -] ds
! t(t )* M (s)|x1(5)) — xa(s)| (3.9)
*r(a)/o ) = mllds '
By Theorem 2.5, we can get x;(£) = x2(t). O

Theorem 3.4 Let xo > 0, f : [0, T] x Rt — N* be a continuous function, and there ex-
ist a nonnegative function I(t) € C[0,T] and a nonnegative nondecreasing function o €
CI0, +00) such that

If (t,2)| < (Do (|x]).

Page 8 of 11
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Then the initial value problem (1.1) has at least a continuous positive solution on [0, T

provided that

2(A(2)) + tB1(t) + By(2) / t P(s)ds € Dom(£27")
0

a [3—1+l
forall t € [0, T], where A(t) = 371 (Jxo| + me')l’ Bi(t) =37~ 1(“7;)1”, By(t) =
(qla—p-1)+1)1
10— 1+l
L (A M ) Loy, 2w =[ fdt wi(t) = ¢, wa(t) = a)”(tp) to >0, 271 is the inverse
(la)11)7 0 L1 (O+palt

of 2, and p,q € (1, +00) such thaztoz—,B+ >1and + =1.

Proof Consider the operator G: W — W defined by

(Gx)(t) =g + F(%—ﬁ) /0‘ (t—s)* Pt (x(s) - xo) ds
RS P
@ /0 (t-ys) f(s,x(s)) ds, (3.10)
where W = {x € C[0, T]|x(£) > xo}.

Similarly with the proof of Theorem 3.2, we can show that G: W — W is continuous

and compact.
Let U ={xe W:|x(t)| < (271(2(A() + tB1(t) + By(¢) fo (s ds))ﬁ +1,t€[0,T]).
If x € W is any solution of

(1 R S AR N
x()=(Q1 )»)x0+)\(r(a_ﬂ)/o(t s) (x(s) xo)ds

_ o)l
F( )/ (t—3s) (s,x(s)) )

for L €(0,1).
Then

lxot* |

(=B (a-pB)

1 ! _ e-p-1
+7F(oe—,3)/o (t—5s) |x(s)|ds

! a-1
+ F(oe)/()‘ (t-s) l(s)w(|x(s)|)ds. (3.11)

()] < Ixol +

By Theorem 2.6, we can get

()| < ((2‘1 (.Q(A(t)) +tB1(2) +Bz(t)f0tll’(s) ds))p, telo,T]. (3.12)

By Lemma 2.7, G has at least one fixed point in W. Thus, the proofis completed. = O

Page 9 of 11
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4 Examples
Example 4.1

DEx(t) - DEx(t) = 2253 (1),
x(0) = 1.

(4.1)

2
We know |t2x% () < %

tion (4.1) has at least one positive solution on [0, +00).

, all assumptions of Theorem 3.2 are satisfied. Hence equa-

Example 4.2

Dc%x(t) —Dc‘l‘x(t) =e'In(1 + x(2)),
x(0) = 1.

(4.2)

We know | In(1 +x) —In(1 +y)| < |x—y| forallx,y € (0, +00). From Theorem 3.3, equation

(4.2) has a unique positive solution on [0, +00).

Example 4.3

D2x(t) - Dix(t) = tx2(0),
x(0) = 1.

(4.3)

Letg = % and p = 5, from Theorem 3.4, equation (4.3) has at least one positive solution
on [0, T] provided that

1

. ATE\®\ _,/165Tm\° /85Tt \°T6
In( 3%{ 1+ T 3N\ — ) T+3\ —— ) —
r(3) r(z) 35/ 6

1.5
<1n<1+34<1+i> >
r)
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