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t
ut—Au+-/ gi(t=s)div(a()Vu(s)) ds
0
+/ g() div(ax)Vu(t-s)ds+ f(u)=0, (xt) € £2 x [0,+00),
0

where £2 is a bounded domain. Under suitable conditions on a; and as, for a large
class of relation functions g; and g,, we establish a general decay estimate, including
the usual exponential and polynomial decay cases.
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1 Introduction

In this paper, we aim at studying a generalized decay result of the following problem:

w— Au+ [y gi(t - s)divia; (x)Vul(s)) ds
+ f0+°°g2(s) div(ay(x)Vu(t —s))ds + f(u) =0, (x,£) € 22 x [0, +00),
ulx,t) =0, (x,1)€d2 x[0,+00),

(1.1)

u(x, —t) = ug(x,t), (x,£) € 2 x [0, +00),

where 2 C RN (N > 1) isabounded domain with smooth boundary 92, g; and g, are pos-
itive nonincreasing functions defined on R* := [0, +00), 4; and a4, are essentially bounded
nonnegative functions defined on £2, f is the nonlinear term, and u, is a given initial con-
dition, respectively, satisfying assumptions (H1)—(H5) shown in Sect. 2.

This type of equations describes many mathematical models in engineering and physical
sciences; we refer to [1]. For example, in the study of heat conduction in materials with
memory, the classical Fourier law of the heat flux is replaced by the following form (see
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(2]):

q=-dVu- ft gt- s)V[a(x)u(x, S)] ds,

o0

where ¢, u, d, and the integral term represent the heat flux, temperature, diffusion co-
efficient, and memory effect in the material, respectively. From the mathematical point
of view, we would expect that the leading term —dVu dominates the integral term in the
equation. Hence theory of parabolic equations can be applied to this type of equations.
The study on the global existence, blow-up, and energy decay of solutions for this type of
problems involving a finite history memory term has attracted much attention; see [3-12]
and the references therein. More precisely, Messaoudi and Tellab [9] studied the quasilin-

ear parabolic system of the form
t
A@) || 20y — Au+ / gt —s)Au(s)ds=0, (x,t) € 2 x [0,+00),
0

for m > 2, where A(t) a bounded and positive definite matrix, and proved a general prop-
erty of energy decay result, with usual exponential and polynomial decays as particular
cases. Fang and Qiu [11] considered the mixed boundary problem of the equation

Al Hus — Au+ /tg(t —s)div(a(x)Vu(s))ds=0, (x,t) € 2 x [0, +00),
0

where A(x,t) is a positive function such that A;(x,¢) < 0. By the technique of Lyapunov
functional they proved the existence and uniqueness of a global solution and that the
energy functional decays exponentially or polynomially to zero as time tends to infinity.
Later, Li et al. [12] were concerned with a mixed boundary value problem of the semilinear

parabolic equation
t
U — Au + / glt-s) div(a(x)Vu(s)) ds=0, (x,t)€8 x][0,+00).
0

Under suitable conditions, a generalized property of energy decay was proved, in which the
exponential and polynomial decay results are only particular cases. However, to the best of
the authors’ knowledge, the decay results for semilinear heat equations with past (infinite)
history memory have not been discussed yet. Motivated by this observation, we intend to
study the generalized property of energy decay for problem (1.1) in the presence of past
and finite history memories, which allows a wide class of memory kernel functions, where
the exponential and polynomial decay results are only particular cases (see Example 3.1).
Our result is also valid for the problem with past memory or finite memory term case;
see Remark 3.2. It is necessary to point out that the argument in [9, 11, 12] cannot be
extended to problem (1.1) due to the past memory term. In this paper, we adopt a new
approach introduced by Guesmia [13], who investigated a class of hyperbolic problems.
This paper is organized as follows. In Sect. 2, we present preliminaries and some lem-
mas needed for later work. In Sect. 3, we establish the general decay result and give some

examples to illustrate its wide application.
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2 Preliminaries and some lemmas
In this section, we give some assumptions, definitions, and lemmas, which will be used to
establish our main result.
We first state the following assumptions.
(H1) g :R* — R* are differentiable nonincreasing functions satisfying g;(0) > 0, i = 1,2,
and 1 - Jla1llos fy ™ g1(s)ds — lazllos Jy ~ g2(s)ds =1>0.
(H2) There exists a positive differentiable nonincreasing function & : R* — R* such that

a't) <), t=0. (2.1)

(H3) There exist a positive constant ¢ and an increasing strictly convex function
G:R* — R* of class CHR*) N C2(0, +o0), satisfying G(0) = G'(0) = 0 and
lim;_, .00 G'(£) = +00, such that

') <-ogm@), t>0, (2.2)
or
) @)
—2> " d — . .
/0 Glea @) TR GiCg ) < @3

(H4) a;: 2 — R* (i = 1,2) are in C'(£2), and there exist two positive constants by and
b; such that |Va; (x)| < bya;(x) for x € 2 and

a1(x) + as(x) > by, x€ 9.
(H5) f:R — R is Lipschitz continuous and satisfies
f(s)s=2F(s) =0, seR,

where F(s) = fosf(z) dz.
To get an equivalent problem of (1.1) for convenience, we define

n'(x,s) = u(x, t) —u(x, t —s), VYxe$2,st>0.
Obviously, this gives
nt(x,s) + 0t (%) = u,(x, 1)
Together with (1.1), we deduce the problem

up —div[(1 - ax (%) [~ ga(s) ds) Vu(t)] + fotgl(t —s)div(a; (x)Vu(s)) ds
— [ go(s) div(aa () V' () ds + f(u) = 0,  (x,2) € 22 x [0,00), (2.4)

ni(x,s) + nt(x,s) —u(x,6) =0, x€£2,5¢>0,

Page 3 of 15
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and the following initial and boundary conditions:

u(x,t) =n'(x,8) =0, Vxe€df,st>0,
ulx,—t) = up(x,t), n'(x,0)=0,(x,t) € 2 x [0,00), (2.5)

n°(x,8) = uo(x,0) — uo(x,s), x€2,s,¢>0.
Now we define the Hilbert space
Hy(2) ={u e H' (2)lu=00n 082}

and the weight space with respect to g,

M= {S ‘R* — H(}(.Q)’/O 209)||Vax(x)VE(s) ||§ds < +c>o}

endowed with scalar product and norm

(S = fo &) /Q () VE(S)V(s) drds
€= [ 20 Ve ves|ds < voc

where || - ||, 1 < g < 00, is the norm of L9(£2).
We now state the definition of a solution of problem (2.4)-(2.5).

Definition 2.1 A solution of problem (2.4)—(2.5) is a function u € C([0, T]; H}(£2)) N
CH[0, T]; L%(£2)), T > 0, that satisfies

/ u(t)w(x, t) dx + / (1 - az(x)/wogz(s) ds)Vu(t)Vw(x, t)dx
2 17 0
_/ / g1(t = s)ay(x)Vu(s)Vo(x, t) dsdx+/ ag(x)/wogg(s)Vnt(s)Va)(x, t)dsdx
2Jo 2 0
1) dx =0,
+ /Qf(u)a)(x t)dx
(UE(S);S)M = —(ﬂﬁ(s):f)M + (ut(t)rg)M:

for all w € C([0, T]; H}(£2)) and & € M.

Remark 2.2 The existence and uniqueness of a global solution for problem (2.4)—(2.5) can
be established by using the Galerkin method, the contraction mapping principle, and a
continuation argument. The process is similar to that of [11].

Define the modified energy functional of problem (2.4)—(2.5) by

E(t) := E[u](t)

= %/Qk(x, t)|Vu(t)’2dx + %(g1 o Vu)(t) + %(gZ o V') (t) + /QF(u(t)) dx, (2.6)
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where
k(x,t)=1- ds — ds,
w0 =1-ar) /0 06 ds - ar(x) fo 0 ds
(gloVu)(t):/ogl(t—s)”\/al(x)(Vu(t)—Vu(s))”ids, VueH&(.Q),

@ovn)o= [ sV aw@erls

dE(t)

We show the following lemma, which is useful to get = =.

Lemma 2.1 For all n'(s) € M, we have the equality

1

+00 2 +00
E/ﬂag(x)/o 2'(9)|Vn'(9)] dsdx:—/gaz(x)/o 28V (s)Vnl(s)dsdx.

Proof The result can be obtained directly from the calculation

1 d +00
0= E/_Q@(x)£</0 gg(s)|Vnt(s)|2ds> dx

1 +00
- 5/Qaz(x)/o 4| V'(s)| dsdx

+ /Q () /0 GOV (Vil(s)dsdx. 0

Lemma 2.2 The energy functional E(t) of problem (2.4)—(2.5) satisfies

d
“ B0 - —%gl(t) War@vu@)]? + %(g{ o Vi) (1) + %(gz/ o V)(0) — |uet)|

<0. (2.7)
Proof Differentiating E(t) in (2.6), we obtain
%E(t) = —%gl(t) |v/a1 (%) Vu(t) ||§ + /9 k(o ©)Vu(t)Vu, () dx + %(gi o Vu)(t)
+ %(gé o V') (8) + /Q a1(x) /0 tgl(t—s)(Vu(t) — Vu(s)) Vit (t) ds dx
[ aw [ e@vi e dsdss [ fuuod

Multiplying the first equality in (2.4) by u, and then integrating the result over 2, we
obtain

Lu?(t)dx+/QVu(t)Vut(t)dx—/Q/Otgl(t—s)al(x)Vu(s)dsVut(t)dx
—/ /+wg2(s)a2(x)Vu(t —8)dsVu(t)dx + / Ff@)u(t)dx = 0.
2Jo 2

Subtracting the above two equalities and using Lemma 2.1, we get (2.7). O
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Note that here the positive constant ¢ or C denotes different constants in different places.

3 General decay
In this section, we establish the estimate of general energy decay, which is the main result

of this paper. For this purpose, we introduce the perturbed energy functional
W (t) = E(t) + e1x(2) + £20(0),

where ¢ and &, are small positive constants, and

1

x@)=3 /Q W2 () dx,

t
o(t) = / u(z) / g1(t = s)ar(x)u(s) dsdx.
Q 0
We prove the following three lemmas for later use.

Lemma 3.1 Assume that u(x,t) is a solution of problem (2.4)—(2.5). Then there exist two

constants cy,cy > 0 such that
c1E(t) S W (8) < e E(2). (3.1)

Proof Let c, be the best constant for the Poincaré inequality ||u|l2 < c.||Vul|2. It follows
directly that

Ci 2
< EHVMHz < coE(t).

|X(t)| = %’/guz(t)dx

Applying the Holder inequality, we obtain

|¢(t)ls' /Q () /O (¢ - 8)an () (u(t) - uls)) ds dlx

+

/ u(t)/tgl(t—s)al(x)u(t)dsdx
fo) 0

”“lnoofotgl(s) ds

2%, c2(g1 o Vu)(t)

(S t
< (51 + larlloo / gl(s)ds)cinwn% .
0
< caE(2).

Then, selecting ¢; = 1 — g1c01 — €2¢0p and ¢; = 1 + €1¢01 + €2¢02, We get(3.1). O

Lemma 3.2 Assume that (H1)—(H5) hold and uo € H}(2) N HX(R2). Let u(x, t) be a solu-
tion of problem (2.4)—(2.5). Then there exists a small constant p, such that

1
X0 = A= )l Vall + 5 [(@ 0 Va0 + (g20 V') 0)] - / Wfwdx.  (3.2)
M1 Q

Page 6 of 15
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Proof Differentiating x (¢£) and using Green’s formula and Holder’s inequality, we deduce
x'(t) = f uu; dx
fo)
= —/ Vu|:<1 - az(x)/ () ds)Vu(t)] dx
o) 0
t
+/ Vu/ &t = s)(a1(x)Vul(s)) ds
fo) 0
—/ Vu/ 22(8)ax(x)Vn'(s)dsdx —/ uf (u) dx
2 0 o)
t
= —/ k(zx, t)|Vu(t)|2 dx + / Vu/ a(t —s)al(x)(Vu(s) - Vu(t)) ds
o) fo) 0

_f.ovufo gz(s)ag(x)Vnt(s)dsdx—Luf(u)dx

lalloo fy g1(s)ds
2u1

M1+ U
2

. lazllos Jy g2(s)ds
2p

< (= ) Va2 + 127‘1[[@1 o V)(®) + (g2 0 Vi) (8)] - /Q uf (u) dx.

2 2
<-lIVully + Vel +

(g1 0 Vu)(2)

(g20 V') (®) - /Q uf (u) dx

Setting (11 = u in the last inequality, we get (3.2). O

Lemma 3.3 Assume that (H1)—(H5) hold and uy € H}($2) N H*($2). Let u(x,t) be a solu-
tion of problem (2.4)—(2.5). Then

l¢'(0)] < [1 + % +2g1(0) a1 llooc? + (3b7c2 + 3 +¢7)(1 - l)z] [ Vull3
+(3bie + 4+ ) (1= o Vu)(t) + (1= D(g 0 V') (®)
1 2
i) fg[f(u)lzdx— %*Ilallloog1(0)(g{ o Vu)(t). (3.3)
Proof Differentiating ¢(¢) and using Green’s formula and Holder’s inequality, we deduce
') = /Q ut(t)/(; g1(t = s)ay (x)u(s) dsdx
+ /9 u(t)/Otgi(t—s)al(x)u(s)dsdx +g1(0)‘[()|u(t)|2a1(x)dx
= / div|:(1 — ay(x) /+oog2(s) ds)Vu(t)] /tgl(t —s)ai(x)u(s)dsdx
fo) 0 0
—/ /tg1(t—8) div(ay (x) Vu(s)) ds/tgl(t—s)al(x)u(s) dsdx
2J0 0
+ /Q /0‘+°°g2(s) div(a2(x)Vn'(s)) ds/otgl(t—s)al(x)u(s) dsdx

—/f(u)/ g1(t = s)ar (x)u(s) dsdx
2 0
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+/9u(t)/0 &1t = s)ay (x)u(s) dsdx +g1(0)/9|u(t)|2a1(x)dx
=—/ k(x, L‘)Vu(t)ftgl(t—s)Val(x)u(s) dsdx
Q 0 -1
—/ k(x, t)Vu(t)/ g1(t —s)a1(x)Vu(s) dsdx
I?) 0
+/ / gl(t—s)al(x)(Vu(s)—Vu(t)) ds/ g1(t —s)Vay(x)u(s) dsdx
2Jo 0
+/Q/ gl(t—s)ul(x)(Vu(s)—Vu(t)) ds/ a1(t —s)ar1(x)Vu(s)dsdx
0 0
_/ / 2(5)(a2(x)V'(s)) ds/ g1(t = s)Vay (x)u(s) ds dx
2Jo 0 1,
_/ / 2(5)(a2(x)V'(s)) ds/ g1(t — 8)ay (x)Vu(s) ds dx
2Jo 0
—/f(u)/ g1(t = s)ay (x)u(s) dsdx
2 0

t
+ / u(t) / 21t = s)ay (x)u(s) ds dx + g1(0) / |u(t)|2¢zl(x) dx. (3.4)
2 0 2
Using (H4), we estimate the first two terms in the right-hand side of this equality:

L] <

/ k(x,t)Vu(t)/tgl(t—s)Val(x)u(s)dsdx
2 0

+

/ k(x, t)Vu(t) /tgl(t —8)ar(x)Vu(s)dsdx
17 0

LHatia f |k, ©)Vuu(t) | dx
2 2

b%Ci 1 t 2
(5 3) [ wte-9mervue) asas

U3+ [hg
< ann%

v’z 1 t ¢ 2
+( 1% +_)”m||oo/ gl(s)dS/ / gl(t—s)al(x)’Vu(s)‘ dsdx
2U3  2Mdg 0 2Jo

U3+ L b 1 ! 2
- [% R (21_ . —)(uug)(nmnm/ as)ds) |IVul?
u3 2 0

b2 2 ¢
+ (21:;‘ + ZLM) (1 + i) ||611||oo/0 gi(s)ds(g1 o Vu)(2). (3:5)

We estimate the second two terms in the right-hand side of (3.4):

|12|§‘ [ [ ate-9m@ (vue - vuw)ds [ ate-9vawudsdx

+

/ /tgl(t - s)al(x)(Vu(s) - Vu(t)) ds/tgl(t —8)a1(x)Vu(s)dsdx
2Jo 0
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He + U7 ¢ )
=7 /9(/0 &1(t = 8)ay (x)(Vuls) - Vu(t)) ds) dx

2

bic; 1 o
" <2M6 * 2M7> /.rz</o &ile - s)ala)Vuls) ds) >

v’ 1 ! 2
< <% + —)(1 + ,U«5)<||ﬂ1||oo/ &) ds) IVall3
He 27 0

+ [Ms thy <b?Ci N L) (1 + l)] ||a1||oo/tg1(s)ds(g1 oVu)©).  (3.6)
0

2 2ue  2u7 M5

Similarly, we estimate the third two terms in the right-hand side of (3.4):

|13|s‘ /Q fo 2(5) (@) V() ds /0 (¢ - 5)Vay (uls) ds dx

0@ V() ds /0 a1t~ s)ar (0)Vuls) s dx

+ +00
< WMMHOO / @()ds(g 0 V')
0

bic? 1 ¢ 2
. (2—* . —)(1 . m)(ﬂalnoo/ @) ds> 1Vul2
Hs  2U9 0

bZ 2 ¢

The seventh term in the right-hand side of (3.4) gives

gl (t — 8)aq (x)u(s) dsdx

< /Q S(u) /0 &1t — $)ay (x) (u(s) — u(t)) ds dx

Fw) / (6 — S)ar (Wuult) dsdx
2 0

t 2
Mlofv ){ dx+— (/ gl(t—s)al(x)u(s)ds> dx

2110
,U«lo t >
fo (nalnwf gl(s)ds) IVl
0
2

5 . (1+ i)Ilmlloo/ &1(s)ds(g1 o Vu)(2). (3.8)
10 M5 0

From the last two terms in the right-hand side of (3.4) we get

|/ u(t)/ g1 (t = s)ay(x)u(s) dsdx
I7) 0

=

/ u(t)/ g(t- s)al(x)(u(t) - u(s)) dsdx
2 0

+

f (u(0))? / &t — $)a (x) ds dx
ko) 0
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2

2 1 t
< MlTlc*HVuH% + %/Q(/(; gi(t—s)al(x)(u(t) - u(s)) ds> dx
+ ||611||oo\g1(t) —g1(0)|cz||Vu||§

Mllci 2 2
< T+||a1noo|g1(t)—g1(0)rc* IVl

2
Cx

20411

a1 lloo|g1(8) — €1(0)] (g} © Vi) (£) (3.9)
and
@(0) /Q (6) 22 () dx < (O [ 2 V]2 (3.10)

Substituting inequalities (3.5)—(3.10) into (3.4), we obtain

2
M3+ Mg MU11C
l¢'(8)] < [T t— ~ + llarllo|g1(2) — g10)|cF + g1(0) a1l o2
+<b%ci+i+b%ci+i+b%ci+i+ “ >
2us  2pa 246 2u7  2p8 249 2pag

t 2
x (1+us)(lla1||oo/ gl(S)dS) ]IIVuH%
0
+[M6+M7 +<b%ci +i+b%ci +i+b%ci +L+ < )(1+L):|
2 2u3 204 246 207 208 29 210 s

x llar s /0 1(s) ds(g1 0 Vi) (©)

+ +00
e 5 i ||ﬂ2||oo/ () ds(g2 0 V')
0

+@/ [f(u)|2dx
2 Ja
c
2111

lar | |g1(8) ~ £1(0)[ (g1 © Var) (8).
Set
M3 = [a = Us = e = U7 = 48 = [Lo = [L10 = U11 = L.
Then we obtain

2
60| < [1 + 1200l + (363 43 4.2)(1 - ’)Z] vl
+ (3616 +4+ ) (L= D@ o Vu)(®) + (1 - (g2 0 V') (¢)

1 2
*3 /Qlf(u)l2dx— %Ilalllmgl(O)(g{ o Vu)(t). 0

We now state and prove our main theorem.
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Theorem 3.1 Assume that (H1)—(H5) hold and uo € H} (2) N\H*($2). Assume further that
in case of (2.3), there exists My > 0 satisfying

f Vuo(x, )| dx < Mo, £>0. (3.11)
2

Then there exist positive constants &y, k1, and ky such that the energy functional of problem
(2.4)—(2.5) satisfies

t
E(t) < kGt (k2 f £(s) ds), t>0, (3.12)
0
where G, (¢t) = ftl @ ds, and

t if (2.2) holds,
tG'(eot) if (2.3) holds.

Go(?) =

Remark 3.2 This result contains two particular cases: (i) a; = 0, where we can take £ =1,
and (ii) a; = 0, where we can take Gy(t) = ¢. Hence our result is more general; for example,

case (ii) contains Theorem 1 in [12].

Proof Applying (2.7), (3.2), and (3.3), for some &; > 0 and &, > 0, we obtain
V() =E'(t) + e1x'(t) + £29'(£)
1 2 1, ‘
< _Egl(t) H a1 (x)Vu(t) ||2 + E(gg oVnp )(t)
1-1
S 20) ||§ + ﬂsl[(gl o Vu)(t) + (g2 0 V') (1)] - 81/ uf (u) dx
1 2
&2

+ { [l + E* +2g1(0) a1 [l ooc® + (Bb%ci +3+ ci)(l - 1)2]82 — (- p1)er } ||Vu||§
+ (Bb%ci +4+ ci)(l —Dea(groVu)(t) + (1 - 1)82(g2 o Vnt)(t)

1 1 )
e [l s+ 511 Cerlarlngi 0] 0 Vi) 0
2
Choosing ¢; and &, such that
2

|:1 + 5* +2g1(0) |1 [l oo? + (Sbfci +3+ ci)(l - 1)2:|82 —(l-pn1)e1 <0
and

1 - c2es|aillscgi(0) > 0,

we deduce

U'(t) <—cE@®) + C(g1oVu+g0Vy'), t>0. (3.13)
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To get our conclusion, we deal with two cases to estimate (g, o Vi*)(¢):
Case 1. Condition (2.2) holds. Using (2.7), we get

(20 V1) =~ (& o Vi) < ——E@), 150 (3.14)

Case 2. Condition (2.3) holds. We follow the idea of [13]. Let G*(¢) = sup, o{ts — G(s)} be
the dual function of the convex function G and set K(s) = G+(S), s € R*. Noting that G!

is a positive concave function and G™1(0) = 0, for any 0 < s; < s, we derive
$1
G_l(z—;SQ +(1- %)0)

< S1 _ Sy _
S UG TI(s)+(1-)G(0) G l(s)

1((51) =

I<(32),

which implies that K(s) is nondecreasing.
From (2.6) and (3.11) we arrive at

|Va@) Vi |2 < 2| Var@) Va(@) |3 + 2| Vas0) Vult - s)|; < cE@) <.

Choosing 11, 72 > 0 and applying the Young inequality ts < G(¢) + G*(s) and the fact that

K(s) and G* are nondecreasing, we have

t _ 1 R _ ’ t)|2
(620 V0')(0) = g /0 G (-9 | Vaa @)V )

y TIG/(SOE(t))gZ(S)||\/ﬂz(x)vﬂt||%ds
G H(~1222(5) IV a2 (x) V' [|3)

T2 ’ t
< —m(gz oVp )(t)

1 0 CTlG/(goE(f))gz(S)>
S — G| ——=" ) ds.
T TG (e0E(D) /o ( Gl(—cng(s) ) “

Using (2.7) and G*(s) = s(G')1(s) = G((G')"1(s)) < s(G')"1(s), we get

2'[2
171G (e0E(?))

oo 2(s) , 1<cr1G’(80E(t))gz(S)>
—2 (@ —— " " ) ds.
+C./0 1D eicemnt) )*

Setting 15 = %, by (2.3) we know that

(g20Vn)(®) <- E(2)

(@oVi')®) = - E'(#) +¢(G) " (ctiG (80E())) / &(s)
0

_ — = .
ct1G'(g0E(2)) G (-g/(s)
Then, setting 7; = % and using (2.3) again, we obtain

G'(£0E(2)) (g2 0 V') (2) < —cE'(t) + ceoE(t)G (€0E(t)), £>0. (3.15)

Page 12 of 15
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From (3.14) and (3.15) it is easy to see that

Go(E(9))

W(gz o Vn)(t) < —cE'(t) + ceoGo(E(t)), >0, (3.16)

with Gy given in Theorem 3.1.

Now, multiplying (3.13) by GO(E ), then using (3.16), and selecting &, sufficiently small,
we get
Go(E()) _, , Go(E(t
%l[/ (t) + cE'(t) < —cGo(E(t)) +C (g(t() ) (g10Vu)(t), t>0. (3.17)
Define
E(t
)= LED gy 4 k), 1o,
E(2)
Go(E@®)) +

From the definition of G, we have that ¢ > is nonincreasing and nonnegative. Ap-

TE®
plying Lemma 3.1, we have L(t) ~ E(t) for ¢ > 0.

Differentiating L(t), we get

GUE)Y - GolE®)
“”'( 20 )‘”“” EQ
Go(E(®)
E(t)

w'(t) + cE'(t)

< -Gy (E(t)) +C

(g1 0 Vu)(t), t>0. (3.18)

To handle the last term in (3.18), multiplying it by &(¢) in both sides, and using (H2), (2.7),

the fact that ¢ — Gf}zﬂfgtﬂ

is nonnegative, we obtain

Go(E(t))

E@)L'(t) < —c&(1)Go(E(t)) + C 0] E(8)(g1 0 Vu)(2)
< —c&()Go(E(8)) - C(g1' o Vu)(2)
<—c£())Go(E(1)) - CE'(t), t>0. (3.19)

Finally, set I(t) = £(¢)L(¢) + CE(t). Obviously, I(t) ~ E(t). Since &(t) is nonincreasing, it
follows form (3.19) that

I'(t) < —c()Go(E(r)), ¢>0. (3.20)
Since Gy(s) > 0 for s > 0 and I(¢) ~ E(t), we can see that

e
"Gt =@ 20

and thus

(G1(I®)) = c&(®), t>0.
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Integrating this inequality over (0, £), we obtain

Gl(l(t)) zc/Oté(s)ds+G1(I(O)) zc/(;té(s)ds, t>0.

Since G; is nonincreasing, it is easy to get that

1(t) < Gl_l(c/ti;‘(s)ds) t>0.
0

Since I(£) ~ E(t), we obtain (3.12). The proof is completed. O

Now we give some examples to illustrate the result in Theorem 3.1, in which the expo-
nential and polynomial decay estimates are only particular cases.

Example 3.1
(i) Letgi(¢) = re ™V 450, p>1,and g(t) = e @V’ g > 1. We can see that (2.1) and
(2.2) hold for & = p and o = g, respectively. Then (3.12) gives the exponential decay

estimate
E(t) < kye*",

(ii) Let g (£) = (1 +¢)", v<—1,and g(t) = Ae @D X >0, p > 1. Similarly, we can check
that (2.1) and (2.2) hold for &(¢) = 7; and o = p, respectively. Then (3.12) gives the
polynomial decay estimate

E@) <k (1+0)k.

(iii) Letgi(¢) = m, v,1>0,and g(¢) = ﬁ, q > 1. We can see that (2.1) holds

for &(¢) = 515 + m and (2.3) holds for G(¢) = t!l’ﬂ,p € (0, q—;l). Then we obtain

the decay estimate

k1 kl

E(t) < - = .
(ks [ €(s)ds+ 1) (k2 In[(2 +£)"(In(2 + £))*] — k2 In[2(In2)*] + 1)P
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