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Abstract
The stochastic 3D Boussinesq equations with additive noise are considered. We prove
the local existence of the strong solution in Hs ( 12 < s ≤ 1). We also obtain a new

stopping time, which shows that the H
1
2
+
norm of u controls the breakdown of the

strong solution. Furthermore, we give the probability estimate of the lifespan larger
than δ (0 < δ < 1).
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1 Introduction
In this paper, we consider the stochastic 3D Boussinesq equations driven by an additive
noise:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

du + (u · ∇u – ν�u + ∇p) dt = ρe3 dt +
∑∞

i=1 Φ1,i dWi,

dρ + (u · ∇ρ – κ�ρ) dt =
∑∞

i=1 Φ2,i dW̃i, (t, x) ∈ (R+ ×R
3),

∇ · u = 0,

(u,ρ)|t=0 = (u0,ρ0),

(1.1)

where u = (u1, u2, u3) is the velocity field of the flow, ρ is the scalar temperature, and p is
the scalar pressure; ν , κ are nonnegative viscosity parameters and e3 is the vertical unit
vector of R3. {Wi}∞i=1, {W̃i}∞i=1 are given independent standard Brownian motions defined
in the filtered space (Ω ,F ,Ft ,P) with Ft (a set of sub σ -fields of F with Fs ⊂ Ft ⊂ F if
0 ≤ s < t < ∞), Φi,1 and Φi,2 are the components of the random force.

If Φi,1 = Φi,2 ≡ 0, system (1.1) becomes the deterministic Boussinesq equations, which
have been extensively studied for their physical significance as well as mathematical im-
portance in recent years (see, e.g., [1–4]). For 2D Boussinesq equations, the global regu-
larity issue has been settled in the affirmative under various degrees of viscosity: with full
viscosity ν > 0 and κ > 0, partial viscosity ν > 0 and κ = 0, or ν = 0 and κ > 0 for anisotropic
models [5–10], and with fractional Laplacian dissipation (see [11–15] and the references
therein). For the 3D Boussinesq system and the inviscid case in 2D, we can only obtain the
local well-posedness result or the global regularity result with respect to small initial data,
see [16–21] etc.
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In the meantime, researchers are interested in the stochastic Boussinesq equations by
considering that a system in reality is usually affected by external perturbations which in
many cases are of great uncertainty or random influence. Ferrario [22] first studied the
two-dimensional stochastic Boussinesq system with full viscosity, additive noise only on
the velocity field equation, and obtained the existence and uniqueness of its solution and
invariant measures for the associated semigroup. Following the work of the deterministic
case in [6, 7], Pu and Guo [23] studied the stochastic Boussinesq system with partial vis-
cosity with additive noise and obtained the global well-posedness type results. Then, Duan
and Millet [24] considered the multiplicative noise case and the large deviations, Brzeź-
niak and Motyl [25] generalized the existence result (martingale solutions) to the 3D case,
and Yamazaki [26] considered the stochastic Boussinesq system with zero dissipation in
2D.

To the best of our knowledge, the problem of the existence and uniqueness of the strong
solutions for the 3D stochastic full viscosity Boussinesq equations is still open. In this
paper, we prove that the Cauchy problem (1.1) admits a local strong solution under some
conditions and obtain a blow-up time. Also, the probability estimate of the lifespan larger
than δ (0 < δ < 1) is given in our paper.

Without loss of generality, we take ν = κ = 1. We first state the definition of the local
strong solutions for the stochastic Boussinesq equations (1.1).

Definition 1.1 Fix stochastic S := (Ω ,F ,Ft ,P). Let (u0,ρ0) ∈ Hs
σ × Hs be F0 measurable,

1
2 < s ≤ 1, U = (u,ρ).

(i) A pair (U , τ ) is called a local strong solution of (1.1) if the following conditions are
satisfied:

• U is a right continuous progressively measurable process and, for all 0 < T < ∞,

U ∈ L2(Ω ; L∞(
[0, T]; Hs

σ × Hs))∩ L2(Ω ; L2([0, T]; Hs+1
σ × Hs+1));

• τ (ω) is a stopping time with respect to Ft such that

τ (ω) = lim
N→∞ τN (ω) for almost all ω,

where, for N = 1, 2, . . . ,

τN (ω) =

⎧
⎨

⎩

inf{0 ≤ t < ∞ : ‖U(t)‖2
Hs +

∫ t
0 ‖∇U(s)‖2

Hs ds ≥ N},
∞, if the above set {·} is empty;

(1.2)

• U(t, x) ∈ C([0, τ (ω)); Hs
σ × Hs) for almost all ω ∈ Ω , and the following holds P-a.s.:

〈
u(t ∧ τN ),φ

〉
– 〈u0,φ〉 =

∫ t∧τN

0

(〈∇u,∇φ〉 – 〈u · ∇u,φ〉)ds

+

〈 ∞∑

i=1

∫ t∧τN

0
Φ1,i dWi(s),φ

〉

,
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〈
ρ(t ∧ τN ),ψ

〉
– 〈ρ0,ψ〉 =

∫ t∧τN

0

(〈∇ρ,∇ψ〉 – 〈u · ∇ρ,ψ〉)ds

+

〈 ∞∑

i=1

∫ t∧τN

0
Φ2,i dW̃i(s),ψ

〉

for all 0 ≤ t < ∞ and all (φ,ψ) ∈ H1
σ × H1. Here 〈·, ·〉 is the inner product, and the

definition of spaces will be given in Sect. 2.
(ii) We say the strong solutions are unique if, given any pair (U , τ ), (Ũ , τ̃ ) of strong so-

lutions,

P
(
1U(0)=Ũ(0)

(
U(t) – Ũ(t)

)
= 0;∀t ∈ [0, τ ∧ τ̃ )

)
= 1.

Let Φj := {Φj,i}∞i=1 (j = 1, 2). Our main results are stated in the following two theorems.

Theorem 1.2 Fix stochastic S := (Ω ,F ,Ft ,P). Let (u0,ρ0) ∈ L2(Ω ; Hs
σ × Hs) be F0 mea-

surable, (Φ1,Φ2) ∈ L2(Ω ; L2
loc(R+;Hs ×H

s)) is progressively measurable. Then there exists
a unique strong solution (U , τ ) to system (1.1).

Moreover, the blow-up time could be weaker. Indeed, we have the following theorem.

Theorem 1.3 Let 1
2 < s′ ≤ s, define

ζK =

⎧
⎨

⎩

inf{t ≥ 0 : ‖u(t)‖2
Hs′ ≥ K},

∞, if the set {·} is empty,

ζ = lim
K→∞ ζK .

(1.3)

Then ζ = τ a.s., and we have

P
({ζ > δ})≥ 1 – C∗δ

2s′–1
2s′+1

(
A(δ) + 1

)
, (1.4)

where

A(δ) = E

(

‖u0‖2
Hs′ +

∫ δ

0
‖Φ1‖2

Hs′ dt
)

+ δE

(

‖ρ‖2
L2 +

∫ δ

0
‖Φ2‖2

L2

)

.

Remark 1.4 In fact, we can consider the more general case that the solution U ∈ Hs
0 × Hn

( 1
2 < s, 1

2 < n, s – 2 ≤ n ≤ s). The proof is similar to ours.

We can construct the strong solution by the contraction mapping principle, cut-off func-
tion method, and Cauchy convergence theorem. For the detailed procedure, refer to [27].
Theorem 1.3 can be proved by using the stopping time and energy estimates.

The rest of the paper is organized as follows. We shall introduce some analysis tools in
Sobolev spaces and some basic theory of stochastic analysis in Sect. 2. In Sect. 3, we shall
prove the local existence of the strong solution, and Theorem 1.3 will be proved in the last
section.
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2 Preliminaries
Let Hm = W m,2(R3) be the usual Sobolev space. We use the same notation Hm for
Hm(R3;R3) also. The symbols 〈·〉Hm and ‖ · ‖Hm represent the inner product and the norm
of Hm, respectively. We introduce the function space

Hm
σ =

{
f ∈ Hm;∇ · f = 0

}
.

The symbol P denotes the projection Hm → Hm
σ . We recall the following inequality which

will be used later: for all v ∈ Hs′ , u ∈ H 3
2 +s–s′ , and w ∈ Hs+1, 1

2 < s′ ≤ s ≤ 1, we have

∣
∣〈v · ∇u, w〉Hs

∣
∣≤ C‖v‖Hs′ ‖∇u‖

H
1
2 +s–s′ ‖w‖Hs+1 , (2.1)

since Hs′ ⊂ Lp, H 1
2 +s–s′ ⊂ Lq, H1–s ⊂ Lr , 1/p + 1/q + 1/r = 1. By the interpolation inequality,

we have

‖∇u‖
H

1
2 +s–s′ ≤ C‖u‖s′– 1

2
Hs ‖u‖ 3

2 –s′
Hs+1 . (2.2)

We define the space for the white noise. Let Φ := {Φi}∞i=1, suppose m ≥ 0, define

H
m :=

{

Φ

∣
∣
∣∀i,Φi ∈ Hm and

∞∑

i=1

‖Φi‖2
Hm < ∞

}

,

with the norm

‖Φ‖2
Hm :=

∞∑

i=1

‖Φi‖2
Hm .

When s = 0, we also denote L
2 by H

0.
Now, we recall some basic theory of stochastic analysis. For details, we refer the reader

to [28–31] and the references therein.

Lemma 2.1 Suppose that Mt = (M1
t , M2

t , . . . , Mn
t ) is a vector of continuous local martin-

gales, that is, (Mi
t ,Ft) is a local martingale for each i = 1, 2, . . . , n and t ∈ R

+. Let At =
(A1

t , A2
t , . . . , An

t ) be a vector of continuous process adapted to the same filtration such that
the total variation of Ai

t on each finite interval is bounded almost surely, and Ai
0 = 0 almost

surely. Let Xt = (X1
t , X2

t , . . . , Xn
t ) be a vector of adapted processes such that Xt = X0 + Mt + At ,

and let f ∈ C1,2(R+ ×R
n). Then, for any t ≥ 0, the equality

f (t, Xt) = f (0, X0) +
n∑

i=1

∫ t

0

∂

∂xi
f (s, Xs) dMi

s +
n∑

i=1

∫ t

0

∂

∂xi
f (s, Xs) dAi

s

+
1
2

n∑

i=1

∫ t

0

∂2

∂xi∂xj

f (s, Xs) d
〈
Mi, Mj〉

s +
∫ t

0

∂

∂s
f (s, Xs) ds (2.3)

holds almost surely. Here 〈·, ·〉t is the cross variation process defined by 〈X, Y 〉t = 1
4 {〈X +

Y 〉t – 〈X – Y 〉t}, and 〈X〉t denotes the quadratic variation of X on [0, t].
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Lemma 2.2 (Burkholder–Davis–Gundy inequality) Let T > 0 and {Xt}0≤t≤T be a contin-
uous local martingale such that X0 = 0. For every 0 < p < ∞, there exist universal constants
cp and Cp, independent of T and Xt , such that

cpE
(〈X〉

p
2
T
)≤ E

(
max

0≤t≤T
|Xs|p

)
≤ CpE

(〈X〉
p
2
T
)
. (2.4)

3 The local existence of local strong solution
We first give the key estimate to prove the local existence and uniqueness of the strong
solution. Fix N > 0 to be determined, choose a C∞-smooth nonincreasing function ϕN :
[0,∞) → [0, 1] such that

ϕN (x) =

{
1, for |x| < N ,
0, for |x| > N + 1,

and

ϕ
u,ρ
N = ϕN

(

‖u‖Hs + ‖ρ‖Hs +
(∫ t

0

(‖∇u‖2
Hs + ‖∇ρ‖2

Hs
)

ds
)1/2)

.

We consider the following Cauchy problem:
⎧
⎪⎪⎨

⎪⎪⎩

duj + (ϕuj ,ρj

N P(uj · ∇uj) – �uj) dt = P(ρ je3) dt +
∑∞

i=1 PΦ
j
1,i dWi,

dρ j + (ϕuj ,ρj

N (uj · ∇ρ j) – �ρ j) dt =
∑∞

i=1 Φ
j
2,i dW̃i,

(uj,ρ j)|t=0 = (uj
0,ρ j

0),
(3.1)

for j = 1, 2. By Itô’s formula in Hs and the equations of (uj,ρ j), we have

d
∥
∥u1 – u2∥∥2

Hs + 2
∥
∥∇u1 – ∇u2∥∥2

Hs dt

= –2
〈
ϕ

u1,ρ1

N
(
u1 · ∇u1) – ϕ

u2,ρ2

N
(
u2 · ∇u2), u1 – u2〉

Hs dt

+
∥
∥Φ1

1 – Φ2
1
∥
∥2
Hs dt + 2

〈
Φ1

1,i – Φ2
1,i, u1 – u2〉

Hs dWi

+ 2
〈(
ρ1 – ρ2)e3, u1 – u2〉

Hs dt, (3.2)

and

d
∥
∥ρ1 – ρ2∥∥2

Hs + 2
∥
∥∇ρ1 – ∇ρ2∥∥2

Hs dt

= –2
〈
ϕ

u1,ρ1

N
(
u1 · ∇ρ1) – ϕ

u2,ρ2

N
(
u2 · ∇ρ2),ρ1 – ρ2〉

Hs dt

+
∥
∥Φ2

1 – Φ2
2
∥
∥s
Hs dt + 2

〈
Φ2

i,1 – Φ2
i,2,ρ1 – ρ2〉

Hs dW̃i. (3.3)

We have the following proposition.

Proposition 3.1 For any T > 0, we have

E

(

sup
0≤t≤T

(∥
∥ū(t)

∥
∥2

Hs +
∥
∥ρ̄(t)

∥
∥2

Hs
)

+
∫ T

0

(‖∇ū‖2
Hs + ‖∇ρ̄‖2

Hs
)

dt
)

≤ eCN ,TE(‖ū0‖2
Hs + ‖ρ̄0‖2

Hs +
∫ T

0

(‖Φ̄1‖2
Hs + ‖Φ̄2‖2

Hs dt
)
, (3.4)

where ū = u1 – u2, ρ̄ = ρ1 – ρ2, and Φ̄i = Φ1
i – Φ2

i (i = 1, 2).
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Proof Set

Q1(t) =
∣
∣
〈
ϕ

u1,ρ1

N
(
u1 · ∇u1) – ϕ

u2,ρ2

N
(
u2 · ∇u2), u1 – u2〉

Hs

∣
∣,

Q2(t) =
∣
∣
〈
ϕ

u1,ρ1

N
(
u1 · ∇ρ1) – ϕ

u2,ρ2

N
(
u1 · ∇ρ2),ρ1 – ρ2〉

Hs

∣
∣.

We consider three cases:
Case 1: ϕ

u1,ρ1

N > 0, ϕu2,ρ2

N > 0:

Q1(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u1 · ∇u1, u1 – u2〉

Hs

∣
∣

+
∣
∣
〈(

u1 – u2) · ∇u1, u1 – u2〉

Hs

∣
∣

+
∣
∣
〈
u2 · ∇(

u1 – u2), u1 – u2〉

Hs

∣
∣

:= I1 + I2 + I3, (3.5)

Q2(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u1 · ∇ρ1,ρ1 – ρ2〉

Hs

∣
∣

+
∣
∣
〈(

u1 – u2) · ∇ρ1,ρ1 – ρ2〉

Hs

∣
∣

+
∣
∣
〈
u2 · ∇(

ρ1 – ρ2),ρ1 – ρ2〉

Hs

∣
∣

:= J1 + J2 + J3. (3.6)

Case 2: ϕ
u1,ρ1

N > 0, ϕu2,ρ2

N = 0:

Q1(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u1 · ∇u1, u1 – u2〉

Hs

∣
∣, (3.7)

Q2(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u1 · ∇ρ1,ρ1 – ρ2〉

Hs

∣
∣. (3.8)

Case 3: ϕ
u1,ρ1

N = 0, ϕu2,ρ2

N > 0:

Q1(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u2 · ∇u2, u1 – u2〉

Hs

∣
∣, (3.9)

Q2(t) ≤ ∣
∣ϕ

u1,ρ1

N – ϕ
u2,ρ2

N
∣
∣
∣
∣
〈
u2 · ∇ρ2,ρ1 – ρ2〉

Hs

∣
∣. (3.10)

Denote

Y (t) = sup
0≤t′≤t

(∥
∥u1(t′) – u2(t′)∥∥2

Hs +
∥
∥ρ1(t′) – ρ2(t′)∥∥2

Hs
)

+
∫ t

0

(∥
∥∇u1 – ∇u2∥∥

Hs + ‖∇ρ1 – ∇ρ2‖2
Hs
)

dt′,

we shall estimate Q1(t) and Q2(t). For Q1(t), by taking s′ = s in (2.1) and (2.2), we have

I1 ≤ CY (t)1/2∥∥u1 – u2∥∥
Hs+1

∥
∥u1∥∥

Hs

∥
∥∇u1∥∥

H
1
2

≤ CY (t)1/2∥∥u1 – u2∥∥
Hs+1

∥
∥u1∥∥s+ 1

2
Hs

∥
∥u1∥∥

3
2 –s
Hs+1

≤ 1
4
∥
∥u1 – u2∥∥2

Hs+1 + CY (t)
∥
∥u1∥∥2s+1

Hs

∥
∥u1∥∥3–2s

Hs+1 , (3.11)



Du Boundary Value Problems         (2019) 2019:42 Page 7 of 14

I2 ≤ C
∥
∥u1 – u2∥∥

Hs

∥
∥∇u1∥∥

H
1
2

∥
∥u1 – u2∥∥

Hs+1

≤ C
∥
∥u1 – u2∥∥

Hs+1‖u1‖s+ 1
2

Hs
∥
∥u1∥∥

3
2 –s
Hs+1

∥
∥u1 – u2∥∥

Hs+1

≤ 1
4
∥
∥u1 – u2∥∥2

Hs+1 + C‖u1‖2s+1
Hs

∥
∥u1∥∥3–2s

Hs+1‖u1 – u2‖2
Hs ,

≤ 1
4
∥
∥u1 – u2∥∥2

Hs+1 + CY (t)‖u1‖2s+1
Hs

∥
∥u1∥∥3–2s

Hs+1 , (3.12)

I3 ≤ C
∥
∥u2∥∥

Hs

∥
∥∇(

u1 – u2)∥∥
H

1
2

∥
∥u1 – u2∥∥

Hs+1

≤ C
∥
∥u2∥∥

Hs

∥
∥u1 – u2∥∥s– 1

2
Hs

∥
∥u1 – u2∥∥

5
2 –s
Hs+1

≤ 1
4
∥
∥u1 – u2∥∥2

Hs+1 + C
∥
∥u1 – u2∥∥2

Hs

∥
∥u2∥∥

4
2s–1
Hs

≤ 1
4
∥
∥u1 – u2∥∥2

Hs+1 + CY (t)
∥
∥u2∥∥

4
2s–1
Hs . (3.13)

Hence, it holds that

Q1(t) ≤ 3
4
∥
∥∇u1 – ∇u2∥∥2

Hs + R1(t)Y (t), (3.14)

where

∫ T

0
R1(t) dt ≤ (N + 1)

4
2s–1 + (N + 1)Ts– 1

2

according to the definition of ϕu
N . Similarly, we have

J1 ≤ 1
4
∥
∥ρ1 – ρ2∥∥2

Hs+1 + CY (t)
∥
∥ρ1∥∥2s+1

Hs

∥
∥ρ1∥∥3–2s

Hs+1 , (3.15)

J2 ≤ 1
4
∥
∥ρ1 – ρ2∥∥2

Hs+1 + CY (t)‖ρ1‖2s+1
Hs

∥
∥u1∥∥3–2s

Hs+1 , (3.16)

J3 ≤ 1
4
∥
∥ρ1 – ρ2∥∥2

Hs+1 + CY (t)
∥
∥u2∥∥

4
2s–1
Hs . (3.17)

Therefore

Q2(t) ≤ 3
4
∥
∥∇ρ1 – ∇ρ2∥∥2

H1 + R2(t)Y (t), (3.18)

and

∫ T

0
R1(t) dt ≤ (N + 1)

4
2s–1 + (N + 1)Ts– 1

2 .

In addition,

∣
∣
〈(
ρ1 – ρ2)e3, u1 – u2〉

Hs

∣
∣≤ C

(∥
∥ρ1 – ρ2∥∥2

Hs +
∥
∥u1 – u2∥∥2

Hs
)

≤ CY (t). (3.19)
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Introducing a stopping time:

σL =

⎧
⎨

⎩

inf{0 ≤ t ≤ T : Y (t) > L},
T , if the set {·} is empty.

Therefore, combining (3.2)–(3.19) and recalling the classical Grönwall inequality, we get

Y (T ∧ σL) ≤ eCN ,T
(∥
∥u1

0 – u2
0
∥
∥2

Hs +
∥
∥ρ1

0 – ρ2
0
∥
∥2

Hs
)

+ eCN ,T sup
t∈[0,T∧σL]

∣
∣
∣
∣
∣

∞∑

i=1

∫ t

0

〈
u1 – u2,Φ1

i,1 – Φ2
i,1
〉

Hs dWi

∣
∣
∣
∣
∣

+ eCN ,T sup
t∈[0,T∧σL]

∣
∣
∣
∣
∣

∞∑

i=1

∫ t

0

〈
ρ1 – ρ2,Φ1

i,2 – Φ2
i,2
〉

Hs dW̃i

∣
∣
∣
∣
∣

+ eCN ,T

∫ T∧σL

0

(∥
∥Φ1

1 – Φ2
1
∥
∥2
Hs +

∥
∥Φ1

2 – Φ2
2
∥
∥2
Hs
)

dt. (3.20)

Furthermore, by the Burkholder–Davis–Gundy inequality (2.4), one has

eCN ,TE

(

sup
t∈[0,T∧σL]

∣
∣
∣
∣
∣

∞∑

i=1

∫ t

0

〈
u1 – u2,Φ1

i,1 – Φ2
i,1
〉

Hs dWi

∣
∣
∣
∣
∣

)

≤ eCN ,TE

(∫ T∧σL

0
Y (t)

∥
∥Φ1

i,1 – Φ2
i,1
∥
∥2
Hs dt

)1/2

≤ 1
4
EY (T ∧ σL) + eCN ,TE

∫ T

0

∥
∥Φ1

i,1 – Φ2
i,1
∥
∥2
Hs dt, (3.21)

and

eCN ,TE

(

sup
t∈[0,T∧σL]

∣
∣
∣
∣
∣

∞∑

i=1

∫ t

0

〈
ρ1 – ρ2,Φ1

i,2 – Φ2
i,2
〉

Hs dW̃i

∣
∣
∣
∣
∣

)

≤ eCN ,TE

(∫ T∧σL

0
Y (t)

∥
∥Φ1

i,2 – Φ2
i,2
∥
∥2
Hs dt

)1/2

≤ 1
4
EY (T ∧ σL) + eCN ,TE

∫ T

0

∥
∥Φ1

i,2 – Φ2
i,2
∥
∥2
Hs dt. (3.22)

Taking the mathematical expectation in (3.20), (3.21), and (3.22) implies

EY (T) ≤ eCN ,TE
(∥
∥u1

0 – u2
0
∥
∥2

Hs +
∥
∥ρ1

0 – ρ2
0
∥
∥2

Hs
)

+ eCN ,TE

∫ T

0

(∥
∥Φ1

1 – Φ2
1
∥
∥2
Hs +

∥
∥Φ1

2 – Φ2
2
∥
∥2
Hs
)

dt. (3.23)
�

Hence, we get the key estimate for proving the existence of strong solution. Now, we
give the sketch for the proof of the existence and uniqueness of strong solution.
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1. Let vε be the Friedrichs mollifier. By the contraction mapping principle, we can show
that the approximate mollified equation

duε +
(
ϕ

uεi ,ρεi
N P(uε · ∇uε) – �uε

)
dt = Pρεe3 dt +

∞∑

i=1

PΦ1,i ∗ vε dWi,

dρε +
(
ϕ

uεi ,ρεi
N uε · ∇ρε – �ρε

)
dt =

∞∑

i=1

Φ2,i ∗ vε dW̃i,

(uε ,ρε)|t=0 = (u0 ∗ vε ,ρ0 ∗ vε),

admits a unique global strong solution.
2. It follows from (3.23) that {Uεi} is a Cauchy sequence in

L2(Ω ; C
(
[0, T]; Hs

σ × Hs))∩ L2(Ω ; L2(0, T ; Hs+1
σ × Hs+1)).

Let U be the limit. We can extract a subsequence still denoted by Uεi such that

Uεi (ω) → U(ω) in C
(
[0, T]; Hs

σ × Hs)∩ L2(0, T ; Hs+1
σ × Hs+1)

P-a.s.

Then ϕ
uεi ,ρεi
N → ϕ

u,ρ
N . Hence U is the unique solution of the modified equation

du +
(
ϕ

u,ρ
N P(u · ∇u) – �u

)
dt = Pρe3 dt +

∞∑

i=1

PΦ1,i dWi,

dρ +
(
ϕ

u,ρ
N u · ∇ρ – �ρ

)
dt =

∞∑

i=1

Φ2,i dW̃i,

(u,ρ)|t=0 = (u0,ρ0).

3. Define the stopping time, and drop the cut-off function by the uniqueness of U , we
can get the local strong solution of (1.1). If there are two solutions U defined for [0, τ ) and
Ũ defined for [0, τ̃ ), then by inequality (3.4), for any N ≥ 1,

U = Ũ on [0, τN ∧ τ̃N ].

If τ̃N < τN , then ‖U(τN )‖2
Hs ≥ N , which contradicts the definition of τN in (1.2). Hence

τN ≤ τ̃N . Similarly, we have τ̃N ≤ τN , thus τ̃N = τN . Therefore, we obtain the uniqueness of
solutions.

4 Proof of Theorem 1.3
4.1 A new blow-up time
We introduce another stopping time as follows:

ζ̃K =

⎧
⎨

⎩

inf{t ≥ 0 : ‖u(t ∧ τ )‖2
Hs′ ≥ K},

τ , if the set {·} is empty.
(4.1)

We have the following proposition.
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Proposition 4.1 For any K > 0, ζ̃K < τ almost surely on the set {τ < ∞}.

Proof Define SN
k = {τN ≤ ζ̃K } ∩ {τN ≤ k} for k ≥ 1 and N ≥ 1. According to Itô’s formula

and the equation of (u,ρ), we have

d
(‖u‖2

Hs + ‖ρ‖2
Hs
)

+ 2
(‖∇u‖2

Hs + ‖∇ρ‖2
Hs
)

dt

=
(
–2〈u · ∇u, u〉Hs – 2〈u · ∇ρ,ρ〉Hs + 〈ρe3, u〉Hs

)
dt

+ 2
∞∑

i=1

(〈Φ1,i, u〉Hs dWi + 〈Φ2,i,ρ〉Hs dW̃i
)

+
(‖PΦ1‖2

Hs + ‖Φ2‖2
Hs
)

dt. (4.2)

By (2.1) and (2.2), Young’s inequality, and Hölder’s inequality, we bound

∣
∣〈u · ∇u, u〉Hs

∣
∣≤ ‖u‖Hs′ ‖u‖

H
3
2 +s–s′ ‖u‖Hs+1

≤ ‖u‖Hs′ ‖u‖s′– 1
2

Hs ‖u‖ 5
2 –s′
Hs+1

≤ 1
2
‖∇u‖2

Hs + C‖u‖2
Hs
(
1 + ‖u‖

4
2s′–1
Hs′

)
, (4.3)

∣
∣〈u · ∇ρ,ρ〉Hs

∣
∣≤ ‖u‖Hs′ ‖ρ‖

H
3
2 +s–s′ ‖ρ‖Hs+1

≤ ‖u‖Hs′ ‖ρ‖s′– 1
2

Hs ‖ρ‖ 5
2 –s′
Hs+1

≤ 1
2
‖∇ρ‖2

Hs + C‖ρ‖2
Hs
(
1 + ‖u‖

4
2s′–1
Hs′

)
, (4.4)

and

∣
∣〈ρe3, u〉Hs

∣
∣≤ C‖ρ‖Hs‖u‖Hs

≤ C
(‖ρ‖2

Hs + ‖u‖2
Hs
)
. (4.5)

By Grönwall’s inequality, we obtain

sup
t∈[0,k∧τN ∧ζ̃K ]

(‖u‖2
Hs + ‖ρ‖2

Hs
)

+
∫ k∧τN ∧ζ̃K

0

(‖∇u‖2
Hs + ‖∇ρ‖2

Hs
)

ds

≤ C

(

‖u0‖2
Hs + ‖ρ0‖2

Hs +
∫ k∧τN ∧ζ̃K

0

(‖Φ1‖2
Hs + ‖Φ2‖2

Hs
)

dt

+ sup
t∈[0,k∧τN ∧ζ̃K ]

∞∑

i=1

∣
∣
∣
∣

∫ t

0
〈Φ1,i, u〉Hs dWi +

∫ t

0
〈Φ2,i,ρ〉Hs dW̃i

∣
∣
∣
∣

)

× exp

(

C
∫ k∧τN ∧ζ̃K

0

(
1 + ‖u‖

4
2s′–1
Hs′

)
ds
)

. (4.6)

According to the definition of ζ̃K , we have

∫ k∧τN ∧ζ̃K

0

(
1 + ‖u‖

4
2s′–1
Hs′

)
ds ≤ (

1 + K
2

2s′–1
)
k a.s. (4.7)
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Furthermore, by the Burkholder–Davis–Gundy inequality (2.4), one has

eCK ,kE sup
t∈[0,k∧τN ∧ζ̃K ]

∞∑

i=1

∣
∣
∣
∣

∫ t

0
〈Φ1,i, u〉Hs dWi +

∫ t

0
〈Φ2,i,ρ〉Hs dW̃i

∣
∣
∣
∣

≤ eCK ,kE

(∫ k∧τN ∧ζ̃K

0

(‖u‖2
Hs‖Φ1‖2

Hs + ‖ρ‖2
Hs‖Φ2‖2

Hs
)

ds
)1/2

≤ 1
2
E sup

t∈[0,k∧τN ∧ζ̃K ]

(‖u‖2
Hs + ‖ρ‖2

Hs
)

+ eCK ,kE

∫ k

0

(‖Φ1‖2
Hs + ‖Φ2‖2

Hs
)

dt. (4.8)

Taking the mathematical expectation in (4.6), we have

E sup
t∈[0,k∧τN ∧ζ̃K ]

(‖u‖2
Hs + ‖ρ‖2

Hs
)

+ E

∫ k∧τN ∧ζ̃K

0

(‖∇u‖2
Hs + ‖∇ρ‖2

Hs ds
)

≤ eCK ,kE
(‖u0‖2

Hs + ‖ρ0‖2
Hs
)

+ eCK ,kE

∫ k

0

(‖Φ1‖2
Hs + ‖Φ2‖2

Hs
)

dt. (4.9)

By the definition of Ak
N , one has

Ak
N ⊂

{

sup
t∈[0,k∧τN ∧ζ̃K ]

(‖u‖2
Hs + ‖ρ‖2

Hs
)

+
∫ k∧τN ∧ζ̃K

0

(‖∇u‖2
Hs + ‖∇ρ‖2

Hs ds
)≥ N

}

.

By Chebyshev’s inequality, it follows from (4.9) that

P
(
Ak

N
)≤ exp(CK ,k)

N
E

(

‖u0‖2
Hs + ‖ρ0‖2

Hs +
∫ k

0

(‖Φ1‖2
Hs + ‖Φ2‖2

Hs
)

dt
)

. (4.10)

Define Ak = {τ ≤ ζK } ∩ {τ ≤ k}, then Ak ⊂ Ak
N for all N , so P(Ak) = 0. Since {τ ≤ ζK } ∩

{τ < ∞} =
⋃∞

k=1 Ak , then P({τ ≤ ζK } ∩ {τ < ∞}) = 0. The proof of Proposition 4.1 is thus
complete. �

Then, by the definition of ζK (1.3), we have ζ̃K = ζK and ζ ≤ τ a.s. On the other hand,
‖u‖Hs′ ≤ ‖u‖Hs , then ‖u(τN )‖Hs′ ≤ N . Due to the definition of ζK , we have τN ≤ ζN . There-
fore,

τ = ζ a.s.,

and ζ is another blow-up time.

4.2 The proof of (1.4)
By Itô’s formula for ‖ρ‖2

L2 , we have

d‖ρ‖2
L2 + 2‖∇ρ‖2

L2 dt = 2
∞∑

i=1

〈ρ,Φ2,i〉L2 dW̃i + ‖Φ2‖2
L2 dt. (4.11)

By the Burkholder–Davis–Gundy inequality (2.4), we have

E sup
t′∈[0,ζK ∧t]

2
∞∑

i=1

∫ t′

0
〈ρ,Φ2,i〉L2 dW̃i
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≤ CE

(∫ t∧ζK

0
‖ρ‖2

L2‖Φ2‖2
L2 dt

)1/2

≤ 1
4
E sup

t′∈[0,ζK ∧t]
‖ρ‖2

L2 + E

∫ t

0
‖Φ2‖2

L2 dt. (4.12)

Therefore, we obtain

E sup
t′∈[0,ζK ∧t]

‖ρ‖2
L2 ≤ CE‖ρ0‖2

L2 + E

∫ t

0
‖Φ2‖2

L2 dt. (4.13)

Applying Itô’s formula for ‖u‖2
Hs′ , we have

d‖u‖2
Hs′ + 2‖∇u‖2

Hs′ dt = 2〈u · ∇u, u〉Hs′ dt + 2〈ρe3, u〉Hs′ dt

+ 2
∞∑

i=1

〈Φ1,i, u〉Hs′ dWi + ‖PΦ1‖2
Hs′ dt. (4.14)

By (2.1), we bound

2
∣
∣〈u · ∇u, u〉Hs′

∣
∣≤ C‖u‖Hs′ ‖∇u‖

H
1
2
‖u‖Hs′+1

≤ C‖u‖s′+ 1
2

Hs′ ‖u‖ 5
2 –s′

Hs′+1

≤ 1
4
‖u‖2

Hs′+1 + C
(‖u‖

4s′+2
2s′–1
Hs′ + ‖u‖2

Hs′
)
, (4.15)

and

2
∣
∣〈ρe3, u〉Hs′

∣
∣≤ ‖ρ‖L2‖u‖H2s′

≤ 1
4
‖∇u‖2

Hs′ + C
(‖ρ‖2

L2 + ‖u‖2
Hs′

)
. (4.16)

Similar to (4.8), we have

sup
t′∈[0,t∧ζK ]

∞∑

i=1

∣
∣
∣
∣

∫ t′

0
〈Φ1,i, u〉Hs′ dWi

∣
∣
∣
∣

≤ 1
2
E sup

t′∈[0,t∧ζK ]
‖u‖2

Hs′ + CE

∫ t

0
‖Φ1‖2

Hs′ dt. (4.17)

Combining (4.13)–(4.17) and recalling the definition of ζK , we obtain

E sup
t∈[0,δ∧ζK ]

‖u‖2
Hs′ + E

∫ δ∧ζK

0
‖∇u‖2

Hs′ dt

≤ C
(

E

(

‖u0‖2
Hs′ +

∫ δ

0
‖Φ1‖2

Hs′ dt
)

+ K1+ 2
2s′–1 δ + Kδ

+ δE

(

‖ρ0‖2
L2 +

∫ δ

0
‖Φ2‖2

L2

))

≤ C
(
K1+ 1

2s′–1 δ + Kδ + A(δ)
)
, (4.18)
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where we define

A(δ) = E

(

‖u0‖2
Hs′ +

∫ δ

0
‖Φ1‖2

Hs′ dt
)

+ δE

(

‖ρ0‖2
L2 +

∫ δ

0
‖Φ2‖2

L2

)

.

By the definition of ζK , one has

{ω|ζK ≤ δ} ⊂
{
ω
∣
∣ sup

t∈[0,δ∧ζK ]
‖u‖2

Hs′ ≥ K
}

.

By Chebyshev’s inequality, we obtain

P
({ζK ≤ δ})≤ C(K1+ 2

2s′–1 δ + Kδ + A(δ))
K

.

Let δ be given such that 0 < δ < 1. Choose an integer K > 0 such that

1
K + 1

≤ δ
2s′–1
2s′+1 <

1
K

,

then

P
({ζ > δ})≥ P

({ζK > δ})≥ 1 – C∗δ
2s′–1
2s′+1

(
A(δ) + 1

)
.

Acknowledgements
I would like to thank my tutor Professor Ting Zhang for his suggestions which helped to greatly improve the paper.

Funding
This work is partially supported by Zhejiang Provincial Natural Science Foundation of China LR17A010001, National
Natural Science Foundation of China 11771389.

Availability of data and materials
Not applicable.

Competing interests
The author declares that they have no competing interests.

Author’s contributions
The author read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 1 May 2018 Accepted: 18 February 2019

References
1. Constantin, P., Doering, C.R.: Infinite Prandtl number convection. J. Stat. Phys. 94(1–2), 159–172 (1999)
2. Gill, A.: Atmosphere–Ocean Dynamics. International Geophysics Series. Academic Press, London (1982)
3. Majda, A.: Introduction to PDEs and Waves for the Atmosphere and Ocean. Courant Lecture Notes in Mathematics,

vol. 9 (2003)
4. Pedlosky, J.: Geophysical Fluid Dynamics. Springer, Berlin (2013)
5. Adhikari, D., Cao, C., Wu, J.: Global regularity results for the 2D Boussinesq equations with vertical dissipation. J. Differ.

Equ. 251(6), 1637–1655 (2011)
6. Chae, D.: Global regularity for the 2D Boussinesq equations with partial viscosity terms. Adv. Math. 203(2), 497–513

(1997)
7. Hou, T.Y., Li, C.: Global well-posedness of the viscous Boussinesq equations. Discrete Contin. Dyn. Syst. 12(1), 1–12

(2005)
8. Lai, M.-J., Pan, R., Zhao, K.: Initial boundary value problem for two-dimensional viscous Boussinesq equations. Arch.

Ration. Mech. Anal. 199(3), 739–760 (2011)
9. Wu, J., Xu, X., Ye, Z.: The 2D Boussinesq equations with fractional horizontal dissipation and thermal diffusion. J. Math.

Pures Appl. 115(9), 187–217 (2018)



Du Boundary Value Problems         (2019) 2019:42 Page 14 of 14

10. Adhikari, D., Cao, C., Shang, H., Wu, J., Xu, X., Ye, Z.: Global regularity results for the 2D Boussinesq equations with
partial dissipation. J. Differ. Equ. 260(2), 1893–1917 (2016)

11. Yang, W., Jiu, Q., Wu, J.: Global well-posedness for a class of 2D Boussinesq systems with fractional dissipation. J. Differ.
Equ. 257(11), 4188–4213 (2014)

12. Wu, J., Xu, X., Xue, L., Ye, Z.: Regularity results for the 2D Boussinesq equations with critical or supercritical dissipation.
Commun. Math. Sci. 14(7), 1963–1997 (2016)

13. Jiu, Q., Miao, C., Wu, J., Zhang, Z.: The 2D incompressible Boussinesq equations with general critical dissipation. SIAM
J. Math. Anal. 46, 3426–3454 (2014)

14. Ye, Z.: Global smooth solution to the 2D Boussinesq equations with fractional dissipation. Math. Methods Appl. Sci.
40(12), 4595–4612 (2017)

15. Ye, Z., Xu, X.: Global well-posedness of the 2D Boussinesq equations with fractional Laplacian dissipation. J. Differ.
Equ. 260(8), 6716–6744 (2016)

16. Chae, D., Nam, H.-S.: Local existence and blow-up criterion for the Boussinesq equations. Proc. R. Soc. Edinb., Sect. A
127(5), 935–946 (1997)

17. Danchin, R., Paicu, M.: Existence and uniqueness results for the Boussinesq system with data in Lorentz spaces.
Physica D 237(10–12), 1444–1460 (2008)

18. Fan, J., Sun, W., Yin, J.: Blow-up criteria for Boussinesq system and MHD system and Landau–Lifshitz equations in a
bounded domain. Bound. Value Probl. 2016, 90 (2016)

19. Fan, J., Zhou, Y.: A note on regularity criterion for the 3D Boussinesq system with partial viscosity. Appl. Math. Lett.
22(5), 802–805 (2009)

20. Jiu, Q., Yu, H.: Global well-posedness for 3D generalized Navier–Stokes–Boussinesq equations. Acta Math. Appl. Sin.
Engl. Ser. 32(1), 1–16 (2016)

21. Ye, Z.: A logarithmically improved regularity criterion of smooth solutions for the 3D Boussinesq equations. Osaka J.
Math. 53(2), 417–423 (2016)

22. Ferrario, B.: The Bénard problem with random perturbations: dissipativity and invariant measures. NoDEA Nonlinear
Differ. Equ. Appl. 4(1), 101–121 (1997)

23. Pu, X., Guo, B.: Global well-posedness of the stochastic 2D Boussinesq equations with partial viscosity. Acta Math. Sci.
Ser. B Engl. Ed. 31(5), 1968–1984 (2011)

24. Duan, J., Millet, A.: Large deviations for the Boussinesq equations under random influences. Stoch. Process. Appl.
119(6), 2052–2081 (2009)
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