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Abstract
In this paper, we prove that the following (p1,p2, . . . ,pn)-Laplacian elliptic system with
a nonsmooth potential has at least three weak solutions:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

–�p1u1 + b1(x)|u1|p1–2u1 ∈ λ∂u1F(x,u1, . . . ,un) in Ω ,

· · ·
–�pnun + bn(x)|un|pn–2un ∈ λ∂unF(x,u1, . . . ,un) in Ω ,

ui = 0 for 1≤ i ≤ n on ∂Ω .

The proof is based on a three critical points theorem for nondifferentiable functionals.
Some recent results in the literature are generalized and improved.

Keywords: Nonsmooth critical point; Locally Lipschitz; (p1,p2, . . . ,pn)-Laplacian;
Multiple solutions; Variational methods

1 Introduction
As we know many free boundary problems and obstacle problems may be reduced to par-
tial differential equations with nonsmooth potentials. The area of nonsmooth analysis is
closely related to the development of critical point theory for nondifferentiable function-
als, in particular, for locally Lipschitz continuous functionals based on Clarke’s generalized
gradient [1]. The existence of multiple solutions for Dirichlet boundary value problems
with discontinuous nonlinearities has been widely investigated in recent years. In 1981,
Chang [2] extended the variational methods to a class of nondifferentiable functionals
and directly applied the variational method to prove some existence theorems for PDE
with discontinuous nonlinearities. It provides an appropriate mathematical framework to
extend the classic critical point theory for C1-functionals in a natural way and to meet
specific needs in applications, such as in nonsmooth mechanics and engineering. For a
comprehensive understanding, we refer to the monographs [3–5] and references [6–11].

The study of quasilinear elliptic systems, which have been used in a great variety of
applications, has received considerable attention in recent years. For example, in [12] the
authors studied a class of quasilinear elliptic systems involving the p-Laplacian operator
and the right-hand sides of systems being closely related to the critical Sobolev exponent.
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Then they proved the existence of at least one nontrivial solution under some additional
assumptions on the nonlinearities. In [13], Li and Tang considered a class of quasilinear
elliptic systems involving the (p, q)-Laplacian of the type

⎧
⎪⎪⎨

⎪⎪⎩

–�pu = λFu(x, u, v) in Ω ,

–�qu = λFv(x, u, v) in Ω ,

u = v = 0 on ∂Ω ,

(1.1)

where Ω is a bounded, nonempty, and open subset of R
N with a C1-boundary ∂Ω ,

F : Ω × R → R is a Carathéodory function, Fu denotes the partial derivative of F with
respect to u. By utilizing a three critical points theory, they proved that problem (1.1)
has at least three weak solutions. In [14], Kristály guaranteed the existence of an interval
Λ ⊂ [0, +∞] such that for each λ ∈ Λ elliptic system (1.2) has at least two distinct non-
trivial solutions by using an abstract critical point result of Ricceri. In [15], Zhang et al.
discussed the Nehari manifold for a class of quasilinear elliptic systems involving a pair
of (p, q)-Laplacian operators and a parameter, and proved the existence of a nonnegative
nonsemitrivial solution for a system by discussing properties of the Nehari manifold, and
so global bifurcation results were obtained. More results can be found in [16–22] and the
references therein.

Motivated by the above facts, a natural question arises. Is there a similar result to con-
sider (1.1) from a more extensive viewpoint? With this aim in mind the present paper is to
improve and generalize the main results of [13] into nonsmooth case. Let Ω ⊂ R

N (N ≥ 1)
be a non-empty bounded open set with C2-boundary ∂Ω , pi > N for 1 ≤ i ≤ n and λ > 0.
We study the following elliptic system with a nonsmooth potential (hemivariational in-
equality):

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–�p1 u1 + b1(x)|u1|p1–2u1 ∈ λ∂u1 F(x, u1, . . . , un) in Ω ,

· · ·
–�pn un + bn(x)|un|pn–2un ∈ λ∂un F(x, u1, . . . , un) in Ω ,

ui = 0 for 1 ≤ i ≤ n on ∂Ω ,

(1.2)

where �pi ui = div(|∇ui|pi–2∇ui) is a pi-Laplacian operator, bi(x) ∈ L∞(Ω)+, 1 ≤ i ≤ n. We
denote by ∂uiF(x, u1, . . . , un) (1 ≤ i ≤ n) the partial generalized gradient of F(x, u1, . . . , un)
at the point ui (1 ≤ i ≤ n). Employing a nonsmooth version of Ricceri’s three critical points
theorem, we obtain that problem (1.1) has at least three weak solutions in W 1,p1

0 (Ω) ×
· · ·×W 1,pn

0 (Ω). By a weak solution of problem (1.1), we mean that, for all u = (u1, . . . , un) ∈
W 1,p1

0 (Ω) × · · · × W 1,pn
0 (Ω),

∫

Ω

n∑

i=1

∣
∣∇ui(x)

∣
∣pi–2∇ui(x)∇yi(x) dx +

∫

Ω

n∑

i=1

bi(x)
∣
∣ui(x)

∣
∣pi–2ui(x)yi(x) dx

– λ

∫

Ω

n∑

i=1

γiyi(x) = 0,

where (y1, . . . , yn) ∈ W 1,p1
0 (Ω) × · · · × W 1,pn

0 (Ω) and γi ∈ ∂ui F(x, u1, . . . , un) (1 ≤ i ≤ n).
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We extend the main results of [13] in two directions. Our contribution can be briefly
described as follows:

1. We extend the constant exponent case of (p, q)-Laplacian to the general case of
(p1, p2, . . . , pn)-Laplacian. Some estimates will become more difficult by the increase of
restrictions. So a careful analysis is necessary in lots of estimates. We not only obtain the
multiplicity of solutions for problem (1.2), but also extend the results to other cases(see
Corollaries 2.1–2.4). This is a very comprehensive job for a class of elliptic systems.

2. Our study includes the case where the nonlinear term Fui (i = 1, . . . , n) has discontin-
uous terms with respect to ui (i = 1, . . . , n). Due to this fact, we reformulate problem (1.1)
into a differential inclusion system. By using Clarke’s gradient for locally Lipschitz func-
tionals, we are able to guarantee the existence and multiplicity of solutions for differential
inclusion systems.

We notice that our hypothesis does not require continuity on the functions Fui (i =
1, . . . , n) with respect to ui (i = 1, . . . , n). So (1.1) may not have a solution. To avoid this
situation, we consider functions Fui (i = 1, . . . , n) as a multivalued mapping, which is lo-
cally essentially bounded, and fill the discontinuity gaps of Fui (i = 1, . . . , n) by an interval
[f11, f12], . . . , [fn1, fn2], where

f11(x, s, v2, . . . , vn) = lim
δ→0+

essinf
|t–s|<δ

Fu1 (x, t, v2, . . . , vn),

f12(x, s, v2, . . . , vn) = lim
δ→0+

esssup
|t–s|<δ

Fu1 (x, t, v2, . . . , vn),

· · ·
fn1(x, v1, v2, . . . , s) = lim

δ→0+
essinf
|t–s|<δ

Fun (x, v1, v2, . . . , s),

fn2(x, v1, v2, . . . , s) = lim
δ→0+

esssup
|t–s|<δ

Fun (x, v1, v2, . . . , s).

Then, it is well known that F(x, u1, . . . , un) =
∫ u1

0 Ft(x, t, u2, . . . , un) dt = · · · =
∫ un

0 Ft(x, u1, . . . ,
un–1, t) dt is locally Lipschitz with respect to u1, . . . , un and ∂u1 F(x, u1, . . . , un) = [f11(x, u1,
u2, . . . , un), f12(x, u1, u2, . . . , un)], . . . , ∂un F(x, u1, . . . , un) = [fn1(x, u1, u2, . . . , un), fn2(x, u1, u2,
. . . , un)].

The purpose of this paper is to establish the existence of at least three solutions for
problem (1.2) with a nonsmooth potential by using a three critical points theorem (see
Theorem 1.1) established by Marano and Motreanu in [23], which is a nonsmooth version
of Ricceri’s three critical points theorem (see [24]). We extend the main results of [13] into
general cases, which satisfy more general conditions than those employed in [13] and so
on. The paper is organized as two sections. The main results will be introduced in Sect. 2.

In the following, for convenience, we briefly present some mathematical tools which are
used in the analysis of problem (1.2).

Definition 1.1 A function ϕ : X → R is locally Lipschitz if, for every u ∈ X, there exist a
neighborhood U of u and L > 0 such that, for every ν , ω ∈ U ,

∣
∣ϕ(ν) – ϕ(ω)

∣
∣ ≤ L‖ν – ω‖.

If ϕ is locally Lipschitz on bounded sets, then clearly it is locally Lipschitz.
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Definition 1.2 Let ϕ : X → R be a locally Lipschitz functional, u, ν ∈ X. Define the gen-
eralized derivative of ϕ in u along the direction ν :

ϕ0(u;ν) = lim sup
ω→u,τ→0+

ϕ(ω + τν) – ϕ(ω)
τ

.

It is easy to see that the function ν → ϕ0(u;ν) is sublinear, continuous and so is the support
function of a nonempty, convex, and ω∗-compact set ∂ϕ(u) ⊂ X∗ defined by

∂ϕ(u) =
{

u∗ ∈ X∗ :
〈
u∗,ν

〉

X ≤ ϕ0(u;ν) for all v ∈ X
}

.

If ϕ ∈ C1(X), then

∂ϕ(u) =
{
ϕ′(u)

}
.

Clearly, these definitions extend those of the Gâteaux directional derivative and gradient.

A point u ∈ X is a critical point of ϕ if 0 ∈ ∂ϕ(u). It is easy to see that, if u ∈ X is a local
minimum of ϕ, then 0 ∈ ∂ϕ(u). For more details on locally Lipschitz functionals and their
subdifferential calculus, we refer the reader to Clarke [1].

Definition 1.3 Let mϕ(u) = infu∗∈∂ϕ(u) ‖u∗‖X∗ . If ϕ : X → R is a locally Lipschitz func-
tional, then we say that ϕ satisfies the PS-condition if the following holds:

Every sequence {un} ⊂ X, such that

ϕ(un) → c and mϕ(un) → 0,

has a strongly convergent subsequence.

The following theorem is the main tool in proving our main results in this paper.

Theorem 1.1 (see [23] Theorem 2.1) Let X be a separable and reflexive real Banach space,
and let Φ , Ψ : X →R be two locally Lipschitz functionals. Assume that there exists u0 ∈ X
such that Φ(u0) = Ψ (u0) = 0 and Φ(u) ≥ 0 for every u ∈ X, and there exist u1 ∈ X and r > 0
such that

(i) r < Φ(u1);
(ii) supΦ(u)<r Ψ (u) < r Ψ (u1)

Φ(u1) , and further we assume that the functional Φ – λΨ is
sequentially weakly lower semicontinuous and satisfies the PS-condition;

(iii) lim‖u‖→+∞(Φ(u) – λΨ (u)) = +∞ for any λ ∈ [0, ā], where ā = hr
r Ψ (u1)

Φ(u1) –supΦ(u)<r Ψ (u)
,

with h > 1. Then there exist an open interval Λ1 ⊂ [0, ā] and a positive real number
σ such that, for every λ ∈ Λ1, the function Φ(u) – λΨ (u) admits at least three
critical points whose norms are less than σ .

2 Main results
In this section, we present our main results. We firstly fix some notations. Let X be the
Cartesian product of n Sobolev spaces W 1,p1

0 (Ω), · · · and W 1,pn
0 (Ω), i.e., X = W 1,p1

0 (Ω) ×
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· · · × W 1,pn
0 (Ω) equipped with the norm

∥
∥(u1, . . . , un)

∥
∥ =

n∑

i=1

(∫

Ω

∣
∣∇ui(x)

∣
∣pi dx

) 1
pi

.

(X,‖ · ‖) denotes a (real) Banach space and (X∗,‖ · ‖∗) denotes its topological dual, while
xn → x (respectively, xn ⇀ x) in X means that the sequence {xn} converges strongly to x
(respectively, weakly) in X. Set

c = max

{

sup
ui∈W 1,pi

0 (Ω)\{0}

maxx∈Ω̄ |ui(x)|pi

‖∇ui‖pi
pi

, for 1 ≤ i ≤ n
}

.

Since pi > N for 1 ≤ i ≤ n, one has c < +∞. Furthermore, it is known from [25] (Formula
(6b)) that

sup
ui∈W 1,pi

0 (Ω)\{0}

maxx∈Ω̄ |ui(x)|
‖∇ui‖pi

≤ N– 1
pi√
π

[

Γ

(

1 +
N
2

)] 1
N
(

pi – 1
pi – N

)1– 1
pi [

m(Ω)
] 1

N – 1
pi

for 1 ≤ i ≤ n, where Γ denotes the gamma function and m(Ω) is the Lebesgue measure of
the set Ω , and equality occurs when Ω is a ball.

Fix x0 ∈ Ω and choose ρ > 0 such that B(x0, ρ

2 ) ⊂ B(x0,ρ) ⊂ Ω .
The hypotheses on the nonsmooth potential function F(x, u1, . . . , un) are the following:

H(F)1: F : Ω ×R
n →R is a function such that F(x, ζ1, . . . , ζn) satisfies F(x, 0, . . . , 0) = 0 and

also
(i) for all (ζ1, . . . , ζn) ∈ R

n, Ω 
 x �→ F(x, ζ1, . . . , ζn) is measurable;
(ii) for almost all x ∈ Ω , Rn 
 (ζ1, . . . , ζn) �→ F(x, ζ1, . . . , ζn) ∈R is locally Lipschitz;

(iii) F(x, ζ1, . . . , ζn) ≤ a(x)(1 +
∑n

i=1 |ζi|ti ) for almost all x ∈ Ω̄ and all ζi ∈R, ti < pi

(1 ≤ i ≤ n), where a(x) ∈ L∞(Ω)+;
(iv) F(x, ζ1, . . . , ζn) ≥ 0 for each (x, ζ1, . . . , ζn) ∈ (Ω̄ \ B(x0, ρ

2 )) × [0, d] × · · · × [0, d] with
d > 0;

(v) m(Ω)
∑n

i=1
1
pi

(dpi Rpi
i + Bpi

i ) max(x,ζ1,...,ζn)∈Ω̄×V F(x, ζ1, . . . , ζn) <

β
∏n

i=1 pi

∫

B(x0, ρ2 ) F(x, d, . . . , d) dx, where Bi = (cb̄idpiωNρN )
1
pi , Ri = 2

ρ
(

cρN (1– 1
2N )π

N
2

Γ (1+ N
2 )

)
1
pi

and V = {(ζ1, . . . , ζn)|∑n
i=1

|ζi|pi
pi

≤ β
∏n

i=1 pi
} for some β > 0 and 1 ≤ i ≤ n.

We now state our main results.

Theorem 2.1 If there exist positive constants β , d with
∑n

i=1
(dRi)pi

pi
> β

∏n
i=1 pi

and hypotheses
H(F)1 hold, then there exist an open interval Λ ⊂ [0, +∞) and a constant σ such that, for
each λ ∈ Λ, problem (1.1) has at least three solutions in X whose norms are less than σ .

Proof Let

Φ(u) =
n∑

i=1

‖∇ui‖pi
pi

pi
+

n∑

i=1

1
pi

∫

Ω

bi(x)
∣
∣ui(x)

∣
∣pi dx,

Ψ (u) =
∫

Ω

F
(
x, u1(x), . . . , un(x)

)
dx
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and

ϕ(u) = Φ(u) – λΨ (u)

for each u = (u1, . . . , un) ∈ X. Our method is to apply Theorem 1.1 to Φ and Ψ . From
standard results, we can obtain that Φ is locally Lipschitz and weakly sequentially lower
semicontinuous. Since W 1,pi

0 (Ω) (pi > N , i = 1, . . . , n) is compactly embedded into C(Ω̄)
and F satisfies hypotheses H(F)1 (ii) and (iii), the above assertion remains true for Ψ .
Furthermore, from hypothesis H(F)1 (iii), for each λ > 0, one has

lim‖u‖→+∞
(
Φ(u) – λΨ (u)

)
= +∞. (2.1)

Now, given λ > 0, we claim that Φ(u) – λΨ (u) satisfies nonsmooth PS-condition. Let
{(u1,k , . . . , un,k)}k≥1 ⊂ X be a sequence such that

⎧
⎨

⎩

|ϕ(u1,k , . . . , un,k)| ≤ M for all k ≥ 1,

mϕ(u1,k , . . . , un,k) → 0 as k → +∞.
(2.2)

Set (u∗
1,k · · · , u∗

n,k) ∈ ∂ϕ(u1,k , . . . , un,k) satisfying mϕ(u1,k , . . . , un,k) = ‖(u∗
1,k · · · , u∗

n,k)‖X∗ , k ≥
1. The interpretation of (u∗

1,k · · · , u∗
n,k) ∈ ∂ϕ(u1,k , . . . , un,k) is that u∗

1,k ∈ ∂u1ϕ(u1,k , . . . , un,k),
. . . , u∗

n,k ∈ ∂unϕ(u1,k , . . . , un,k). We know that

⎧
⎪⎪⎨

⎪⎪⎩

u∗
1,k = Φu1 (u1,k , . . . , un,k) – λγ1,k ,

· · ·
u∗

n,k = Φun (u1,k , . . . , un,k) – λγn,k ,

(2.3)

where γi,k ∈ ∂ui F(x, u1,k , . . . , un,k) for 1 ≤ i ≤ n.

⎧
⎪⎪⎨

⎪⎪⎩

〈Φu1 (u1,k , . . . , un,k), y1〉 =
∫

Ω
|∇u1,k|p1–2∇u1,k∇y1 dx +

∫

Ω
b1(x)|u1,k|p1–2u1,ky1 dx,

· · ·
〈Φun (u1,k , . . . , un,k), yn〉 =

∫

Ω
|∇un,k|pn–2∇un,k∇yn dx +

∫

Ω
bn(x)|un,k|pn–2un,kyn dx

for all yi ∈ W 1,pi
0 (Ω), 1 ≤ i ≤ n. By virtue of (2.1), the sequences {(u1,k , . . . , un,k)} are

bounded. Hence, by passing to a subsequences if necessary, we may assume that ui,k ⇀ ui,0

in W 1,pi
0 (Ω), ui,k → ui,0 in Lpi (Ω), ui,k → ui,0 as k → +∞ for a.a. x ∈ Ω , ui,k ∈ Lpi (Ω) and

1 ≤ i ≤ n. From (2.2), we obtain

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

〈Φu1 (u1,k , . . . , un,k), u1,k – u1,0〉 – λ
∫

Ω
γ1,k(u1,k – u1,0) dx ≤ εk‖u1,k – u1,0‖W 1,p1

0 (Ω),

· · ·
〈Φun (u1,k , . . . , un,k), un,k – un,0〉 – λ

∫

Ω
γn,k(un,k – un,0) dx ≤ εk‖un,k – un,0‖W 1,pn

0 (Ω),
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where γi,k ∈ ∂ui F(x, u1,k , . . . , un,k) for 1 ≤ i ≤ n, εk → 0 as k → +∞. Since

⎧
⎪⎪⎨

⎪⎪⎩

∫

Ω
b1(x)|u1,k|p1–2u1,k(u1,k – u1,0) dx → 0 as k → +∞,

· · ·
∫

Ω
bn(x)|un,k|p1–2un,k(un,k – un,0) dx → 0 as k → +∞

and

⎧
⎪⎪⎨

⎪⎪⎩

∫

Ω
γ1,k(u1,k – u1,0) dx → 0 as k → +∞,

· · ·
∫

Ω
γn,k(un,k – un,0) dx → 0 as k → +∞,

we have

⎧
⎪⎪⎨

⎪⎪⎩

lim supk→+∞〈A1(u1,k), u1,k – u1,0〉 ≤ 0,

· · ·
lim supk→+∞〈An(un,k), un,k – un,0〉 ≤ 0.

Noting that A1, . . . , An are mappings of type (S+), we obtain u1,k → u1,0 in W 1,p1
0 (Ω), . . . ,

un,k → un,0 in W 1,pn
0 (Ω). This means that (u1,k , . . . , un,k) → (u1,0, . . . , un,0) in X. So we have

proved that the function ϕ satisfies the nonsmooth PS-condition.
Next, we need to show that Φ and Ψ satisfy (i) and (ii) of Theorem 1.1. Let v(x) =

(v1(x), . . . , vn(x)) satisfying

vi(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if x ∈ Ω̄ \ B(x0,ρ),

d if x ∈ B(x0, ρ

2 ),
2d
ρ

[ρ –
√∑N

j=1(xj – x0
j )2] if x ∈ B(x0,ρ) \ B(x0, ρ

2 ),

(2.4)

and r = β

c
∏n

i=1 pi
. It is obvious that v = (v1, . . . , vn) ∈ X. In particular, from computation, we

have that

‖∇vi‖pi
pi

= ρN
(

1 –
1

2N

)
π

N
2

Γ (1 + N
2 )

(
2d
ρ

)pi

for 1 ≤ i ≤ n. It follows from the above equality that

Φ(v) =
n∑

i=1

1
pi

‖∇vi‖pi
pi

+
n∑

i=1

∫

Ω

bi(x)|vi|pi dx

≥
n∑

i=1

1
pi

ρN
(

1 –
1

2N

)
π

N
2

Γ (1 + N
2 )

(
2d
ρ

)pi

and

Φ(v) =
n∑

i=1

1
pi

‖∇vi‖pi
pi

+
n∑

i=1

∫

Ω

bi(x)|vi|pi dx
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≤
n∑

i=1

1
pi

ρN
(

1 –
1

2N

)
π

N
2

Γ (1 + N
2 )

(
2d
ρ

)pi

+
n∑

i=1

1
pi

b̄idpiωNρN ,

where b̄i = supx∈Ω bi(x), ωN = π
N
2

π
2 Γ ( N

2 )
is the measure of the N-dimensional unit ball. Since

∑n
i=1

(dRi)pi
pi

> β
∏n

i=1 pi
, we have Φ(v) > r. We claim that supΦ(u)<r Ψ (u) < r Ψ (v)

Φ(v) . By virtue of
condition H(F)1(iv), we have

∫

Ω̄\B(x0,ρ)
F
(
x, ζ1(x), . . . , ζn(x)

)
dx +

∫

B(x0,ρ)\B(x0, ρ2 )
F
(
x, ζ1(x), . . . , ζn(x)

)
dx > 0. (2.5)

From hypothesis H(F)1(v), (2.4), and (2.5)

m(Ω) max
(x,ζ1,...,ζn)∈Ω̄×V

F
(
x, ζ1(x), . . . , ζn(x)

)
<

β
∏n

i=1 pi

∫

B(x0, ρ2 ) F(x, d, . . . , d) dx
∑n

i=1
1
pi

(dpi Rpi
i + Bpi

i )

≤ β

c
∏n

i=1 pi

∫

B(x0, ρ2 ) F(x, d, . . . , d) dx

Φ(v)

≤ β

c
∏n

i=1 pi

∫

Ω
F(x, v1(x), . . . , vn(x)) dx

Φ(v)

= r
Ψ (v)
Φ(v)

.

Therefore, we have tested all the conditions of Theorem 1.1 and the proof is completed. �

In the following, from Theorem 2.1, we will deduce some results. Consider the following
elliptic system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–�p1 u1 ∈ λ∂u1 F(x, u1, . . . , un) in Ω ,

· · ·
–�pn un ∈ λ∂un F(x, u1, . . . , un) in Ω ,

ui = 0 for 1 ≤ i ≤ n on ∂Ω .

(2.6)

The hypotheses on the nonsmooth potential F are the following:
H(F)2 : F : Ω × R

n → R is a function such that F(x, ζ1, . . . , ζn) satisfies F(x, 0, . . . , 0) = 0,
(i), (ii), (iii), (iv) are the same as those in hypotheses H(F)1.

(v) m(Ω)
∑n

i=1
(dRi)pi

pi
max(x,ζ1,...,ζn)∈Ω̄×V F(x, ζ1, . . . , ζn) < β

∏n
i=1 pi

∫

B(x0, ρ2 ) F(x, d, . . . , d) dx,

where Ri = 2
ρ

(
cρN (1– 1

2N )π
N
2

Γ (1+ N
2 )

)
1
pi and V = {(ζ1, . . . , ζn)|∑n

i=1
|ζi|pi

pi
≤ β

∏n
i=1 pi

} for 1 ≤ i ≤ n.
Then we have the following corollary.

Corollary 2.1 Assume that there exist positive constants d and β with
∑n

i=1
(dRi)pi

pi
> β

∏n
i=1 pi

and hypotheses H(F)2 hold, then there exists a constant σ > 0 such that problem (2.6) has
at least three radically symmetric weak solutions in X whose norms are less than σ .
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Next, we consider the following elliptic system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–�p1 u1 + b1(x)|u1|p1–2u1 ∈ λ∂u1 F(u1, . . . , un) in Ω ,

· · ·
–�pn un + bn(x)|un|pn–2un ∈ λ∂un F(u1, . . . , un) in Ω ,

ui = 0 for 1 ≤ i ≤ n on ∂Ω .

(2.7)

Firstly, we give our assumptions on the nonsmooth potential F .
H(F)3: F : Rn → R is a function such that F(0, . . . , 0) = 0 and also

(i) for almost all Rn 
 (ζ1, . . . , ζn) �→ F(ζ1, . . . , ζn) ∈R is locally Lipschitz;
(ii) F(ζ1, . . . , ζn) ≤ α(1 +

∑n
i=1 |ζi|ti ) for almost all ζi ∈R, ti < pi, 1 ≤ i ≤ n, α is a positive

constant;
(iii) F(ζ1, . . . , ζn) ≥ 0 for each (ζ1, . . . , ζn) ∈ [0, d] × · · · × [0, d] with d > 0;

(iv) m(Ω)
∑n

i=1
1
pi

(dpi Rpi
i + Bpi

i ) max(ζ1,...,ζn)∈V F(ζ1, . . . , ζn) < βρN π
N
2

2N Γ (1+ N
2 )

∏n
i=1 pi

F(d, . . . , d),

where Bi = (cb̄i dpiωNρN )
1
pi , Ri = 2

ρ
(

cρN (1– 1
2N )π

N
2

Γ (1+ N
2 )

)
1
pi and

V = {(ζ1, . . . , ζn)|∑n
i=1

|ζi|pi
pi

≤ β
∏n

i=1 pi
}, for some ρ > 0, β > 0, 1 ≤ i ≤ n.

The corollary is the following.

Corollary 2.2 If there exist positive constants d,ρ , and β with
∑n

i=1
(dRi)pi

pi
> β

∏n
i=1 pi

and
hypotheses H(F)3 hold, then there exist an open interval Λ ⊂ [0, +∞) and a constant σ

such that, for each λ ∈ Λ, problem (2.7) has at least three solutions in X whose norms are
less than σ .

Now, we consider another particular elliptic problem with a nonsmooth potential.

⎧
⎨

⎩

–�pu + b(x)|u|p–2u ∈ λ∂uF(x, u) in Ω ,

u = 0 on ∂Ω .
(2.8)

Our assumptions on the nonsmooth potential are the following:
H(F)4: F : Ω ×R �→R is a function such that F(x, 0) = 0 and

(i) for all ζ ∈R, Ω 
 x �→ F(x, ζ ) is measurable;
(ii) for almost all x ∈ Ω , R 
 ζ �→ F(x, ζ ) ∈R is locally Lipschitz;

(iii) F(x, ζ ) ≤ a(x)(1 + |ζ |t) for almost all x ∈ Ω̄ and all ζ ∈R, t < p;
(iv) F(x, ζ ) ≥ 0 for each (x, ζ ) ∈ (Ω̄ \ B(x0, ρ

2 )) × [0, d] for some d > 0;

(v) m(Ω)( 2p–N dpcρN (2N –1)π
N
2

ρpΓ (1+ N
2 )

+ cb̄dpωNρN ) max(x,ζ )∈Ω̄×V F(x, ζ ) ≤ β
∫

B(x0, ρ2 ) F(x, d) dx,

where V = {ζ | – β
1
p < ζ < β

1
p }.

Corollary 2.3 If there exist positive constants d and β with (dR)p > β and hypotheses H(F)4

hold, where R = 2
ρ

( cρN (2N –1)π
N
2

2N Γ (1+ N
2 )

)
1
p , then there exist an open interval Λ ⊂ [0, +∞) and a con-

stant σ such that, for each λ ∈ Λ, problem (2.8) has at least three solutions in X whose
norms are less than σ .
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If we drop the x-dependence in F(x, u), then problem (2.8) turns into

⎧
⎨

⎩

–�pu + b(x)|u|p–2u ∈ λ∂uF(u) in Ω ,

u = 0 on ∂Ω .
(2.9)

The hypotheses on the nonsmooth potential functional F are the following:
H(F)5: F : R→ R is a function such that F(0) = 0 and

(i) for almost all R 
 ζ �→ F(ζ ) ∈R is locally Lipschitz;
(ii) F(ζ ) ≤ α(1 + |ζ |t) for almost all |ζ | ∈R, where t < p and α is a positive constant;

(iii) F(ζ ) ≥ 0 for each ζ ∈ [0, d] and d > 0;

(iv) m(Ω)(Rp + Bp) max
|ζ |≤β

1
p

F(ζ ) < βρN π
N
2

2N Γ (1+ N
2 )

F(d), where R = ( 2p–N dpcρN (2N –1)π
N
2

ρpΓ (1+ N
2 )

)
1
p ,

B = (cb̄dpωNρN )
1
p .

Corollary 2.4 If there exist positive constants d,ρ , and β with (dR)p > β and hypotheses
H(F)5 hold, then there exist an open interval Λ ⊂ [0, +∞) and a number σ such that, for
each λ ∈ Λ, problem (2.9) has at least three solutions in X whose norms are less than σ .

In the following, we give an example. For the purpose of simplicity, we drop the x-
dependence in F .

Example Set

F(u) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

e–uu14(12 – u) – 11e–1 if u ≥ 1,

u12(1 – u) if 0 ≤ u < 1,

u12(u + 1) if – 1 ≤ u < 0,

euu14(u + 12) – 11e–1 if – ∞ ≤ u < –1,

where Ω = {(x, y) ∈ R
2 : x2 + y2 < 36}. Choose x0 = (0, 0), p = 4,ρ = 2, N = 2, β = 1, d = 4.

Then from a simple computation, we have c = 12

π
3
2

, R = 4
√

6

π
1
8

, B = 2
7
2 ×3

1
4

π
3
8

. It is easy to see that
F(u) satisfies hypotheses H(F)5.

Acknowledgements
The authors would like to thank the editors and the reviewers for their helpful suggestions.

Funding
Research is supported by Doctoral Start-up Foundation of Tongren University (trxyDH1804).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
1Big Data College, Tongren University, Tongren, P.R. China. 2Big Healthy College, Tongren University, Tongren, P.R. China.



Yuan et al. Boundary Value Problems         (2019) 2019:50 Page 11 of 11

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 11 December 2018 Accepted: 1 March 2019

References
1. Clarke, F.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)
2. Chang, K.: Variational methods for nondifferentiable functionals and their applications to partial differential

inequalities. J. Math. Anal. Appl. 80, 102–129 (1981)
3. Motreanu, D., Rädulescu, V.: Variational and Non-Variational Methods in Nonlinear Analysis and Boundary Value

Problems. Kluwer Academic, Boston (2003)
4. Motreanu, D., Pangitoplous, P.: Minimax Theorems and Qualitative Properties of the Solutions of Hemivariational

Inequalities. Kluwer Academic, Dordrecht (1998)
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