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1 Introduction
As we know many free boundary problems and obstacle problems may be reduced to par-
tial differential equations with nonsmooth potentials. The area of nonsmooth analysis is
closely related to the development of critical point theory for nondifferentiable function-
als, in particular, for locally Lipschitz continuous functionals based on Clarke’s generalized
gradient [1]. The existence of multiple solutions for Dirichlet boundary value problems
with discontinuous nonlinearities has been widely investigated in recent years. In 1981,
Chang [2] extended the variational methods to a class of nondifferentiable functionals
and directly applied the variational method to prove some existence theorems for PDE
with discontinuous nonlinearities. It provides an appropriate mathematical framework to
extend the classic critical point theory for C'-functionals in a natural way and to meet
specific needs in applications, such as in nonsmooth mechanics and engineering. For a
comprehensive understanding, we refer to the monographs [3—5] and references [6—11].
The study of quasilinear elliptic systems, which have been used in a great variety of
applications, has received considerable attention in recent years. For example, in [12] the
authors studied a class of quasilinear elliptic systems involving the p-Laplacian operator
and the right-hand sides of systems being closely related to the critical Sobolev exponent.
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Then they proved the existence of at least one nontrivial solution under some additional
assumptions on the nonlinearities. In [13], Li and Tang considered a class of quasilinear
elliptic systems involving the (p, g)-Laplacian of the type

—Apu = AF,(x,u,v) in 2,
—Agu = MAF,(x,u,v) in 2, (1.1)
u=v=0 on 0%2,

where §2 is a bounded, nonempty, and open subset of RN with a Cl—boundary 052,
F: 2 x R — R is a Carathéodory function, F, denotes the partial derivative of F with
respect to u. By utilizing a three critical points theory, they proved that problem (1.1)
has at least three weak solutions. In [14], Kristaly guaranteed the existence of an interval
A C [0, +00] such that for each A € A elliptic system (1.2) has at least two distinct non-
trivial solutions by using an abstract critical point result of Ricceri. In [15], Zhang et al.
discussed the Nehari manifold for a class of quasilinear elliptic systems involving a pair
of (p,q)-Laplacian operators and a parameter, and proved the existence of a nonnegative
nonsemitrivial solution for a system by discussing properties of the Nehari manifold, and
so global bifurcation results were obtained. More results can be found in [16—22] and the
references therein.

Motivated by the above facts, a natural question arises. Is there a similar result to con-
sider (1.1) from a more extensive viewpoint? With this aim in mind the present paper is to
improve and generalize the main results of [13] into nonsmooth case. Let 2 C RN (N > 1)
be a non-empty bounded open set with C2-boundary 32, p; > N for 1 <i <nand A > 0.
We study the following elliptic system with a nonsmooth potential (hemivariational in-

equality):

—Ap,u1 + by (%) |1 [P 2uy € MOy, F(x,uy,...,1,) in £2,

(1.2)
—Ap, vy + by (%) |ty P21y € X0y, F(x, 141, ) in £2,

u; =0 forl<i<mnonas2,

where A, u; = div(|Vu;|P~2Vu;) is a p;-Laplacian operator, b;(x) € L®(£2),,1 <i < n. We
denote by du;F(x,u1,...,u,) (1 <i < n) the partial generalized gradient of F(x, u,...,u,)
at the point #; (1 < i < n). Employing a nonsmooth version of Ricceri’s three critical points
theorem, we obtain that problem (1.1) has at least three weak solutions in WO1 PLHR) x
S X Wg‘p” (£2). By a weak solution of problem (1.1), we mean that, for all u = (u3,...,u,) €
Wy (2) x -+ x WP(R),

2 )y () dox

[ v vuw s s [ 3 bw)iw
i=1

i-1 2
n
—Xf Zyiyi(x)=0,
250

where (y1,...,7,) € WoP (2) x --- x Wy”"(2) and y; € 0 F(x,un, ... u,) (L <i<n).
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We extend the main results of [13] in two directions. Our contribution can be briefly
described as follows:

1. We extend the constant exponent case of (p,g)-Laplacian to the general case of
(p1,P2,--->Pn)-Laplacian. Some estimates will become more difficult by the increase of
restrictions. So a careful analysis is necessary in lots of estimates. We not only obtain the
multiplicity of solutions for problem (1.2), but also extend the results to other cases(see
Corollaries 2.1-2.4). This is a very comprehensive job for a class of elliptic systems.

2. Our study includes the case where the nonlinear term F,, (i = 1,...,#) has discontin-
uous terms with respect to u; (i = 1,...,n). Due to this fact, we reformulate problem (1.1)
into a differential inclusion system. By using Clarke’s gradient for locally Lipschitz func-
tionals, we are able to guarantee the existence and multiplicity of solutions for differential
inclusion systems.

We notice that our hypothesis does not require continuity on the functions F,, (i =
1,...,n) with respect to u; (i = 1,...,n). So (1.1) may not have a solution. To avoid this
situation, we consider functions F,, (i = 1,...,7) as a multivalued mapping, which is lo-

cally essentially bounded, and fill the discontinuity gaps of F,, (i = 1,...,n) by an interval

Vifizls -5 furofizl, where

lim essinf £, (x,¢,v,...,Vp),

X8 V20005 Vy) =
_fll( 19 V2, ) YI) 5>0% [tos|<s

lim esssup Fy, (X,¢,V2,..., Vn),

Ji2(x,8,v9,.0,v,) =
19y ) ’ 550+ es|<s

S, vi,v2,...,8) = lim essinf Fy,, (x,v1,V2,...,5),
§—>0% |t—s|<é

fua(®,v1,v,...,8) = lim esssup F,, (x,v1,V2,...,S).
8=>0% |4—s)<s

Then, it is well known that F(x, u1, ..., u,) = foul Fix,t,uy,...,uy)dt =+ = fou” F(x,u1,...,
Un-1,t)dt is locally Lipschitz with respect to u,...,u, and 9, F(x, u1,...,u,) = [fi1(x, u1,
Uy ooy Un)s fro@ ur, ta, o tn))s ooy Ou, Ft1, .o tty) = [ (X 01, U, - .oy ), fra (%, 101, U,
o U)]

The purpose of this paper is to establish the existence of at least three solutions for
problem (1.2) with a nonsmooth potential by using a three critical points theorem (see
Theorem 1.1) established by Marano and Motreanu in [23], which is a nonsmooth version
of Ricceri’s three critical points theorem (see [24]). We extend the main results of [13] into
general cases, which satisfy more general conditions than those employed in [13] and so
on. The paper is organized as two sections. The main results will be introduced in Sect. 2.

In the following, for convenience, we briefly present some mathematical tools which are
used in the analysis of problem (1.2).

Definition 1.1 A function ¢ : X — R is locally Lipschitz if, for every u € X, there exist a
neighborhood U of # and L > 0 such that, for every v, w € U,

lo(v) — p(w)| <Lllv - o]

If ¢ is locally Lipschitz on bounded sets, then clearly it is locally Lipschitz.
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Definition 1.2 Let ¢ : X — R be a locally Lipschitz functional, #, v € X. Define the gen-
eralized derivative of ¢ in u along the direction v:
g(@+1V) - 9(w)

©°(u;v) = limsup

w—>u,1—>0* T

It is easy to see that the function v — ¢°(u; v) is sublinear, continuous and so is the support
function of a nonempty, convex, and w*-compact set d¢ (1) C X* defined by

dp(u) = {u* e X*: (u*, U)X <¢’(w;v) forall v e X}.

If p € C1(X), then

Clearly, these definitions extend those of the Gateaux directional derivative and gradient.

A point u € X is a critical point of ¢ if 0 € dp(u). It is easy to see that, if u € X is a local
minimum of ¢, then 0 € d¢(x). For more details on locally Lipschitz functionals and their
subdifferential calculus, we refer the reader to Clarke [1].

Definition 1.3 Let m?(u) = infyxcyp lu*llx+. If ¢ : X — R is a locally Lipschitz func-
tional, then we say that ¢ satisfies the PS-condition if the following holds:
Every sequence {u,} C X, such that

o(u,) —>c and m’(u,) — 0,

has a strongly convergent subsequence.
The following theorem is the main tool in proving our main results in this paper.

Theorem 1.1 (see [23] Theorem 2.1) Let X be a separable and reflexive real Banach space,
and let ®, ¥ : X — R be two locally Lipschitz functionals. Assume that there exists ug € X
such that @ (uy) = ¥ (o) = 0 and ®(u) > 0 for every u € X, and there exist u; € X andr >0
such that

(@) r< P (u);

(i) Supg (o, ¥ (u) < ’"g&g , and further we assume that the functional @ — A is

sequentially weakly lower semicontinuous and satisfies the PS-condition;

(iif) Hmyuy—ro0(P(8) — AW (4)) = +00 for any A € [0,a], where a = ﬁ,
rm—sup¢(u)<,lp(u)

with h > 1. Then there exist an open interval Ay C [0,a] and a positive real number
o such that, for every . € Ay, the function ® (u) — AV (u) admits at least three
critical points whose norms are less than o .

2 Main results
In this section, we present our main results. We firstly fix some notations. Let X be the
Cartesian product of 1 Sobolev spaces W, 7' (£2), - -- and W, 7" (R2), i.e., X = W (2) x
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- X Wol’p”(.Q) equipped with the norm

n

[Gearererte)] :Z</9|Vu,-(x)|”dx>m

i=1

(X, || - II) denotes a (real) Banach space and (X*, || - ||.) denotes its topological dual, while
x, — x (respectively, x, — x) in X means that the sequence {x,} converges strongly to x
(respectively, weakly) in X. Set

max,. s |u;(x) [P ,
c:max{ sup L;,i,forlflfn .

uieW(}’pi(.Q)\{O} I Vui”p;

Since p; > N for 1 <i < n, one has ¢ < +00. Furthermore, it is known from [25] (Formula
(6b)) that

. 5 RN
sup max,.g |ui(x)| < N? rli+ N N(p -1 bi [m(g)]]\%_l%
i ”vui”p,’ \/7? 2 pi—-N

uieW, Vi (2)\(0}

for 1 <i < n, where I" denotes the gamma function and m(£2) is the Lebesgue measure of
the set £2, and equality occurs when £2 is a ball.
Fix x° € £ and choose p > 0 such that B(x°, §) C B(x’, p) C £2.

The hypotheses on the nonsmooth potential function F(x, u1,...,u,) are the following:
H(F);: F: 2 x R" — R is a function such that F(x, ¢y, ..., ¢,) satisfies F(x,0,...,0) = 0 and
also

(i) forall (¢1,...,¢,) €eR", 2 >x+> F(x,¢1,...,¢,) is measurable;
(ii) foralmostallx e £2,R" > (¢1,...,8) > F(®,81,...,¢4) € Ris locally Lipschitz;
(i) F(x,815-..58n) <ax)(L+ > 1 1&|%) for almost all x € Qandallg; eR, t; < p;
(1 <i=<n), where a(x) € L*(£2),;
(iv) F(x,81,...,¢n) = O for each (x,¢1,...,8n) € (2 \ B(x%, £)) x [0,d] x -+ x [0,d] with
d>0;
V) m(2)Y" 15 dPLRp’ +Bp’)max(x e xv FG6 81, 8n) <

N
- 1 coN1-L)r2 1
[T 117, fB 0,8) F(x,d,...,d)dx, where B; = (ch;diwnpN)?i, R; = %( r(1iA%) )i
and V ={(&1,..., S0 2y |;;7|m = 1_[” }forsome,B >0and1<i<n.

We now state our main results.

Theorem 2.1 Ifthere exist positive constants B, d with Y,
H(F), hold, then there exist an open interval A C [0, +00) and a constamt o such that, for

(dR; ,)p' > H" - and hypotheses

each A € A, problem (1.1) has at least three solutions in X whose norms are less than o .

Proof Let

pl dx,

&) = ZIIVMzIIp, Z /

i=1

J/(u):/ F(x,ul(x),...,u,,(x))dx
I?)
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and
@(u) = D (u) — A (u)

for each u = (u3,...,u,) € X. Our method is to apply Theorem 1.1 to ¢ and ¥. From
standard results, we can obtain that @ is locally Lipschitz and weakly sequentially lower
semicontinuous. Since W()l’pi(Q) (p; > N,i=1,...,n) is compactly embedded into C(£2)
and F satisfies hypotheses H(F); (ii) and (iii), the above assertion remains true for ¥.

Furthermore, from hypothesis H(F); (iii), for each X > 0, one has

lim (CD(u) - klI/(u)) = +00. (2.1)

||zt]| = +00

Now, given A > 0, we claim that @ (u) — AW (u) satisfies nonsmooth PS-condition. Let

{(t14>---»Uni)}x=1 C X be a sequence such that

|‘p(”1,k’---;un,k)| SM for allki 17 (2.2)

m?(Urg...,upr) = 0 ask — +oo.
Set (Mik,k"' ,u;k) € 091 k..., Unk) satisfying m? (Ui i,..., Unk) = ||(”T,k _ ,uﬁ,k)Hx*,k >

1. The interpretation of (u] --- ,uy ) € 0¢(U1, ..., Unk) is that u]; € 0y QUi g, ..., Unk),

oty € Oy, @(Un s - ., Unk). We know that

Ui g = Puy (U s+, Unk) = A1k
(2.3)
MZ’/( = ¢un (ul,kx cees Mn,k) — AV
where y;x € 3y, F(%, Ui, ..., Uni) for 1 <i<m.
(D Wik s Un i) 1) = [ VUL P72V sk Vyrdx + [ by ()| ur kP2 iy dix,

<¢un (ul,k; cees Mn,k)’yn> = /Q |Vun,k |pn_2vun,kvyn dx + f_Q bn(x)lun,k |pn_2un,kyn dx

for all y; € W()l’pi(Q), 1 < i < n. By virtue of (2.1), the sequences {(u1,...,Unk)} are
bounded. Hence, by passing to a subsequences if necessary, we may assume that u;x — u;0
in Wé’p"(.Q), Uik — Uip in LPi(2), ujx — u;p as k — +oo for a.a. x € 2, u; € LPi(§2) and

1 <i <wn.From (2.2), we obtain
(Puuy (U -« ) e = t1,0) = A [ Vgt — t1,0) dox < ecllur i — o] Wi (@)

(¢un (ul,lo LR un,k)r Upk — un,0> -2 f_Q yn,k(un,k - un,O) dx < gk“Mn,k - Mn,O” Wé:]’n Q)



Yuan et al. Boundary Value Problems (2019) 2019:50 Page 7 of 11

where y;x € 0, F(%, 1 4, ..., ) for 1 <i <m, g = 0 as k — +00. Since

fgbl N i P20y g (U p — ur0)dx — 0 as k — +00,

fg () s i [P1~ 2l’lnk(urzk Upo)dx — 0 ask— +00

and
fg Ykt —u10)dx — 0  ask — +oo,
fg Yk (Unk — Uno)dx — 0  ask — +oo,
we have

limsup_, , oo (A1(#1,0), U1k — t1,0) <0,

lim SUPk_; 400 <An(un,k)r Upk — un,O) <0.

Noting that A;,...,A, are mappings of type (S,), we obtain u; x — w10 in Wé’pl(ﬂ),...,
Upk —> Upp in W/Ol’p”(Q). This means that (uy, ..., Uyk) = (U1,0,-..,Unpo) in X. So we have
proved that the function ¢ satisfies the nonsmooth PS-condition.

Next, we need to show that @ and ¥ satisfy (i) and (ii) of Theorem 1.1. Let v(x) =
(v1(x),...,v,(x)) satisfying

0 ifx € 2\ B(x° p),
vi(x) = 1 d ifx € B(x°, £), (2.4)
Ulp— /38— ifx € B )\ B, 5),
and r = CWL[T. It is obvious that v = (vy,...,v,) € X. In particular, from computation, we
i=1F1

have that

N 1 7y [2d\
Ivwilly; = o 1= ra+NH\p
2

for 1 <i < n. It follows from the above equality that

(v>—Z;||W,||"Z +Z / bl dx

i=1

n% 2d\?
>Z ( 2N>F(1+N)< )

and

()—Z—IIW |”‘+Z/ x)|vil? dx
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n N n
I 1 T2 Zd)
< — 1-—)—— bid’w ,
=Ly’ ( 2N)F(1+N)(p sz et
i=1 2 i=1
_ N
where b; = supx6 o bilx), on = F ( N) is the measure of the N-dimensional unit ball. Since

I % > l_[ff -, we have @(v) > r. We claim that supg,)., ¥ () < rg(v By virtue of

condition H (F)l(lV) we have

/_ F(x, ax),..., C,,(x)) dx + / F(x, ax),..., é,',,(x)) dx>0. (2.5)
2\B(O,p) B(x0,0)\Bx0,5)

From hypothesis H(F);(v), (2.4), and (2.5)

B Jawp Fod,....d)dx
m( )(x,fl,.f,rflyfl))ééxv (x ¢1(w) ¢ (x))< ]_[,':1191 Zlepli(dleIi’t sz)

B Jawog Fwd,....d)dx
<
~c[lLp ()

B [oFxvi(x),...,vu(x))dx
~ [l pi cp(v)
oY)
"o’

Therefore, we have tested all the conditions of Theorem 1.1 and the proof is completed. [J

In the following, from Theorem 2.1, we will deduce some results. Consider the following

elliptic system:

—Ap uy € X3y, F(x,u1,...,u,) in £2,

(2.6)
—Ap, Uy € A0y, F(x,u1,...,u,) in 2,

u;=0 forl<i<mnonaf2.

The hypotheses on the nonsmooth potential F are the following:

H(F),:F: 82 x R" — R is a function such that F(x, ¢1,...,,) satisfies F(x,0,...,0) =0,
(i), (ii), (iii), (iv) are the same as those in hypotheses H(F);.

V) m()Y", dz;)l’t max, 41 YYYYY oeaxv F@ s 8n) < l'[” fB(xO o Fx,d,...,d)dx,

5 epN(1 —W)n 1 Gl
whereRizz(W)Pz and V ={(¢1,..., &)l X0y - —ﬂ }for1<z<n

Then we have the following corollary.

Corollary 2.1 Assume that there exist positive constants d and  with y_ | W;i > ﬁ
i i=1Pi
and hypotheses H(F), hold, then there exists a constant o > 0 such that problem (2.6) has

at least three radically symmetric weak solutions in X whose norms are less than o .

Page 8 of 11
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Next, we consider the following elliptic system:

—Apur + by (@) |ur P2y € ADy, F(ua, ..., u,) in £2,

(2.7)
—Np vy + by (%) |y P21y € 10y, Fut1, ..., u,)  in £2,

u; =0 forl<i<mnonodS2.

Firstly, we give our assumptions on the nonsmooth potential F.
H(F)3: F:R" — R is a function such that F(0,...,0) = 0 and also
(i) for almostall R” > (&y,...,¢4) > F(&1,...,¢n) € R is locally Lipschitz;
(i) F(l1reworn) <o+ > 1, 14]%) for almostall & € R, £ < p;, 1 <i < n, « is a positive
constant;
(iii) F(¢1,...,¢4) > 0 for each (¢4,...,¢,) €[0,d] x - -+ x [0,d] with d > 0;

N
N Y
m(£2) Zl 1y dPLRPz +sz)max ,,,, enev F(C1s.008n) < 721\111(/31/1%)12_[?71”17(61,...,d),

N
- 1 eoN(1-2)m2 1
- . APi N p; =2 2N i
where B; = (cb; dPiwnp™)?i, R; p( oY) )Pi and
V=A{(C1 )l lg;,‘pl = I—[n } for some p>0,8>0,1<i<n.
The corollary is the following.
Corollary 2.2 If there exist positive constants d, p, and B with )., @Ry ,)p L an and
bi i=1Pi

hypotheses H(F)s hold, then there exist an open interval A C [0,+00) and a constant o
such that, for each A € A, problem (2.7) has at least three solutions in X whose norms are

less than o.

Now, we consider another particular elliptic problem with a nonsmooth potential.

—Apu + b(x)|ulP~2u € A3, F(x,u) in 2,
u=0 on d52.

(2.8)

Our assumptions on the nonsmooth potential are the following:
H(F)4: F: 2 x R~ Ris a function such that F(x,0) = 0 and
(i) forall¢ e R, £2 > x+> F(x,¢) is measurable;
i) foralmostallx € £2,R > ¢ + F(x,¢) € Ris locally Lipschitz;
(iii) F(x,¢) <a(x)(1+|¢|*) for almost allx € 2 and all ¢ € R, £ < p;
(iv) F(x,¢) > 0 for each (x,¢) € (82 \ B(°, £)) x [0,d] for some d > 0;
) m

N
PN gp N_1)7 2 -
(Q)(%]ﬁl)”2 + chdPwy pN )Max ey F@®,¢) < ﬂfB (x, d) dx,

where V:{§|—,31l’ < <,81l’}.

(i

(v

Corollary 2.3 Ifthere exist positive constants d and B with (dR)? > B and hypotheses H(F),

N
hold, where R = (#_U”Z)P then there exist an open interval A C [0, +00) and a con-

stant o such that, for each A € A, problem (2.8) has at least three solutions in X whose

norms are less than o .
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If we drop the x-dependence in F(x, ), then problem (2.8) turns into

—Apu + b(x)|ulP~?u € 10, F(u) in £2,
u=0 on d52.

The hypotheses on the nonsmooth potential functional F are the following:
H(F)s: F: R — R is a function such that F(0) = 0 and
(i) for almostall R 3 ¢ — F(¢) € R is locally Lipschitz;
(i) F(¢) <a(l+]¢|") for almost all [¢| € R, where ¢ < p and « is a positive constant;
(iii) F(¢) >0 for each ¢ € [0,d] and d > 0;
)

» gV ¥ 2 NaPepNEN-1r2 |1
(iv) m(£2)(R +B1”)max§‘sﬁ% F(¢) < Nra F(d) where R = ( s \ZR

B = (chdP wyp )11’.

Corollary 2.4 If there exist positive constants d, p, and B with (dRY > B and hypotheses
H(F)s5 hold, then there exist an open interval A C [0,+00) and a number o such that, for

each . € A, problem (2.9) has at least three solutions in X whose norms are less than o .

In the following, we give an example. For the purpose of simplicity, we drop the x-
dependence in F.

Example Set

e u(12 —u) —11e' ifu>1,
u?(1-u) ifo<u<l,
u?(u+ 1) if —1<u<o,

u(u+12)-11et  if —co<u<-1,

where 2 = {(x,y) € R? : 5% + y* < 36}. Choose x° = (0,0), p = 4p 2N 2,8=1,d=4.
Then from a simple computation, we have ¢ = 1% ,R= 4‘/_ ,B= M

F(u) satisfies hypotheses H(F)s.

.Itis easy to see that

72 ns ns
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