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—div(Ix||VulP2Vu) = f(Ix)|ul"u, xeRY,

X |VulP2 84 = g(IxDlul" Ty, on ORY,

(0.1)

where RY = {x = (', xy)|x' € R"",xy > 0} and ORY = {x = (', xp)|x' € R*" xy = 0}.
When the weight functions satisfy some suitable assumptions, we prove that
problem (0.1) has no nontrivial bounded solutions with finite Morse index.
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1 Introduction and main results

In this paper, we consider the following problem:

—div(|x|"|VulP2Vu) = f(|x])|ulu, xeRY, w1

|7 | Va2 8% = g(|x])|u|?'w,  on ORY, '
wherea>0,7>1,g>1,p>2and RY = {x = («,xn)|x’ € RN71,xy > 0} denotes the upper
half-space in RV,

Liouville type theorems have been widely applied to research the nonexistence of non-
trivial solutions for elliptic equations. Liouville theorem was first announced in 1844 by
Liouville [1] for the special case of a doubly periodic function. The classical Liouville-type
theorem states that a bounded harmonic (or holomorphic) function defined in the entire
space RN must be constant. Liouville type theorems for solutions with finite Morse in-
dices have been widely studied in the past few decades. The idea of using Morse index of
a solution to study a semilinear elliptic equation was first explored by Bahri and Lions in

[2], where the following problem was considered on the half-space:

~Au=ulPtu, xeRV,

(1.2)
u=0, ondRY.
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The authors proved that (1.2) has no nontrivial bounded solution with finite Morse in-
dex when 1< p < ]’Y,—j Later, many authors considered the positive solutions of (1.2) by
some delicate methods. In [3], Chen and Li considered the positive solutions of (1.2) by
the moving plane method. The authors first proved that the solution is symmetric and
constant, then deduced that this constant is just zero. Inspired by the idea in [3], many
scholars applied similar methods to research solutions of elliptic equations, see [4—7] and
the references therein. Yu [8] studied (1.2) with a Neumann boundary condition. By using
an energy estimate and Pohozaev identity, the author gave a result on the nonexistence of
a finite Morse index solution.

In [9], Gidas and Spruck considered the elliptic problem

—Au=|x|*ulPu in £2. (1.3)

N+2
N-2
(=00 if N =2). If a # 0, problem (1.3) is complicated and less is known. For a < -2, the

If a = 0, the authors proved that (1.3) has no positive solutions if and only if 1 < p <

authors in [9] established an important result that (1.3) does not possess positive solutions
in any domain £2 containing the origin. For a > -2, however, problem (1.3) is difficult
and there are fewer results since some classical techniques fail for this case. In [10], Phan
and Souple studied the positive bounded solution of (1.3) for the special case a > 0 and
N = 3. The authors proved that (1.3) has no positive bounded solution in £ = RN for
l<p<ps(a)=(N+2+2a)/(N-2) (= oc0if N = 2).In[11], Dancer et al. also studied problem
(1.3) with @ > -2, and classified the existence and behavior at infinity of positive solutions
with a finite Morse index. In order to get the results on finite Morse index solutions, a
duality method was applied in [11]. It is worth noting that the result on radial solutions of
problem (1.3) is complete, see the following proposition in [9, 12].

Proposition A Let N >2,a>-2andp > 1.

(i) Ifp < ps(a), then (1.3) has no positive radial solution in 2 = RN,

(ii) Ifp > ps(a), then (1.3) possesses a bounded, positive radial solution in 2 = RN,
For other manuscripts on Liouville-type theorems for nonlinear elliptic equations, we refer
the readers to [13-20].

In recent years, a Liouville-type theorem for a higher order equation was also studied.
Hu [21] considered the fourth order elliptic equation

A%y = |x|*lulP 'y in 2. (1.4)

Applying the monotonicity formula and blowing down sequence, the author established a
Liouville-type theorem for finite Morse index solutions. In [22], D4vila et al. studied (1.4)
for the case @ = 0 and £2 = RY. The authors gave a complete classification of finite Morse
index solutions. Theorem 1.3 in [22] generalized a similar result of Farina in [23] for the
classical Lane—Emden equation.

Some scholars applied the Liouville-type theorem for elliptical equations with the p-
Laplace operator. In [24], the authors considered the following p-Laplace elliptic equations
with exponential growth

—Apu = f(x)e", xe RN, (1.5)
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There are few works on the elliptic equation with the p-Laplace operator and exponential
growth. By choosing a special test function, the authors gave the result on the nonexistence
of positive stable solution for (1.5).

In our paper, we consider solutions of (1.1) in Sobolev space W'?(|x|~%,RY). The weight
functions f(|x]) and g(|x|) in (1.1) are radial. We are interested in the nonexistence of solu-
tions with a finite Morse index. Our proofs in this paper are partly motivated by [14]. Since
a > 0, problem (1.1) is singular at x = 0, and we need more a delicate energy estimate and
computations. We want to point out that the solutions in our problem (1.1) may change
sign, thus the moving plane method mentioned above does not work.

Denote by J(u) the natural functional to problem (1.1), that is,

1 1
_ - P\ ylP dx — —— r+1d
J () p/Mm |Vul? dx r+1/Mf('x')'”' x

1
- N dx'. 1.6
q+1/aMg(\x|)|u| x (1.6)
We define the function
Qulp) = / x|~ | Vul? dx + (p - 2) / x|~ |VulP~*(Vu - Vo)? dx. (1.7)
RN RN

It is well known that the Morse index i(x) is defined as the maximal dimension of all sub-
spaces X € CA(RN) such that Q,(¢) < 0.
In order to get our result, we make the following assumptions:
(A1) There exist bg >0, do >0, b > w and d > % — 2a — 1 such that
F(xD1x|™? = by and g(|x|)|x|¢ — dj as |x| — oo.
(A2) f(x|) € CL(RN\{0}) is radial and nonnegative in RY, and g(|x|) € C'(IRN\{0}) is
radial and nonnegative in 9RY.
(As3) The functions f(r) and g(t) satisfy

(t"f(1))' >0, Vr=|xl € R¥\{0}, (t°g(1))' >0, Vr = x| € IRY\{0},

where u = [Np—-(r+1)(1+a-N)]/pandw=[(N-1)p—(qg+ 1)(N —p — pa)l/p.
Our main result on (1.1) is listed below.

Theorem 1 Assume N > 2 and suppose functions f(t) and g(t) satisfy assumptions (A1)—
(A3). Let u € WYP(|x|=%,RY) be a bounded solution of (1.1). If i(u) < 0o, then u =0 in RY.

This paper is organized as follows. In Sect. 2, we establish several lemmas and estimates.
In Sect. 3, we give a Pohozaev identity and then complete the proof of Theorem 1.

2 Preliminary results
In order to study the solutions with a finite Morse index, we will establish several lemmas.
We first define a cut-off function ¢, ¢ € [0,1] as

0, |x|<torlx|>2s,
(pr,s(|x|) = (2~1)
1, 2t <|x|<s.

Furthermore, |V, s(|x])| < % for T < |x| <27 and |V, s(|x])| < % for s < |x| < 2s.

Page 3 0of 13
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Lemma 2.1 Assume u(x) is a solution of (1.1) with a finite Morse index, then there exists
7o > 0 such that Q,(upq,s(|x])) > 0.

Proof Let i(u) = k and g(z,s) = Q,(up, s(|x|)), where s > 27 > 275 > 0. Assume on the con-

trary that there exist s,, — 00, 7, = 00 such that s,,,,1 > 2741 > Tis1 > 28, and
gy sm) = Quues, s,,) <0 form=1,2,.... (2.2)

Then, one gets from (2.2) that ug,,,, # 0 for V1 < m < k + 1. Note that {ug,,, }**L have

disjoint support, which implies that {ug,, , }X*} are orthogonal in L?(RN) and linearly

independent, so the dimension of the space
M1 = span{ug.,,, }l:n+=11 (2.3)

is k + 1. Furthermore, one gets from (2.2) that Q,(/) < 0 for any & € My,;. Thus, the
Morse index of u is at least k + 1, which contradicts i(x) = k, and we complete the proof of
Lemma 2.1. O

Now, we give some estimates.

Lemma 2.2 Assume (A1)—(As). If u is a bounded solution of (1.1) with a finite Morse index,
then

/ S (lxl) [ dx < 00, / g(|¥|) 1wl dx’ < oo. (2.4)
RN RN
Proof We prove the first claim of (2.4). For this purpose, we will divide our proofinto three
cases.

(i) r>p-1+ bﬁp.
According to Lemma 2.1, there exists 7y > 0 such that Q,(u¢y, ) > 0 for s > 219, that is,

q/aRNg(WDl”'qﬂ‘pfo’sd"/”/RNf(le)wfo,sdx

+ +

< / ||~ |Vl (Vs s + uV @ry ) doc
RY
—a —4 2
+(p- 2)/N ||~ |Vul? (Vu . V(szo,s)) dx
RY

- -2
. |~V P~ tpry s VUV o s dx

=-D x|~ | VulP g2 cdx+2(p - 1) i

+(p—1)/ IVul*| Vol dx. (2.5)
RY ’
On the other hand, multiplying (1.1) by ugofo,s and integrating by parts, one gets

/}R S )™ g s+ /3 S D™ g s

+ +

— 2
- [ it ds

R

+2 / N X |V ulP 2 ugpy, VuV ¢, s dx. (2.6)
R

+
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It follows from Lemma 2.1 that there exists 7y > 0 such that

q/amfyg(|x/|)|”|q+l‘pfo’s ax'+ r/ﬂwf(lxl)lul’*lwfo,s dx
<@-1) /}R IV d
+2(p-1) /RN |x|"’p|Vu|p’2u(pTOYSVuV<pTO,S dx
F =1 [ VP TP

Inserting (2.6) into (2.7), one gets

q/ g(|x/|)|u|q+1<pro,sdx/+r/ f(|x|)|'4|”1g0$03dx
oY RY
<G-0] [ f(m)ur 1 e
1.2 _ 2 2 9
+/;;]R{¥g(|x|)|u|q+ ¢T0,sdx/i| + (p— 1) A{y x|~ |V ulP~%u |V(/7r0,s| dx.

That is,

(g-p-1) / ([ 1wl prosdx’ +(r—p-1) f Sl ul™ g, dx
R

i

<(p-1 / | IV Vg do.
Ry

Then, we get that

(2.7)

(2.8)

(2.9)

(@-p-1) / (% )l s dx’ < (p=1) / WPVl Vs dx (2.10)

and

(r-p-1) / Sl g2 dx < (p-1) f IVl Ve d
R

+

In the following, we prove that

r+l
fﬂwf(lx|)|u| dx < 00.
By (2.11), we get that
(r-p-1) / (I%0) |l 2, Ao

<-1) [ IV T d
Ry

(2.11)

(2.12)

Page 5 of 13
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=(p-1) 61" IV ul U |V ey | e

To<|x|<270

fp-1) f W2 |V ulP 212 Vg
s<|x|<2s

p-2 2

Pz 2
p p
<(- 1)( f |x|-“P|Vu|de) ( / |x|‘“P|u|P|W|de)
T0<|x|<270 T0<|x|<210

p=2 2
p p
+(p- 1)(/ x|~ | Vul|? dx) (f |~ |ul? |V, 1P dx)
s<|x|<2s s<|x|<2s '

2
<ci(r)™ / |~ |ul? | VulP dx)? + cy(s) 247> / |ul? dx. (2.13)
T0<|*|<270 s<|x|<2s

By Holder inequality, one gets

+1-p

f Iul’”dxf( / f(lxl)lul”ldx)m ( f (1) dx) (2.14)
s<|x|<2s 29 295

where £2; = B;\ﬁnJ for s > 279, and B! is defined in (3.1). Thus, it follows from (2.13) and
(2.14) that

[ Gt a

+

2(r+1-p)

SCHCZ(S)W(/Q f(|x|)|u|’“dx)”l(/9 f(|x|),++_pdx) T @)

Note that s > 279 > 1, thenifr>p -1+ %,we get

. _—bp_ __br
/ S(Ixl) 77 dx < ¢ / |77 d < 3| (2.16)
92&

225

Combining (2.15) with (2.16), we obtain
_p 2N(r+1-p)-2bp _2(a+1) 1 %
/ F(1xl) 7 dx < co + c1|2s] 20D _/ S (ll) ™ dx
29 225

2
7+1
=co +c1s]’2? (/ S (ll) ] dx) , (2.17)
92&

where

_2N(r+1-p)-2bp
- p(r+1)

2(a+1)<0. (2.18)

In the following, we will prove the first part of (2.4) by contradiction.
Suppose fRyf(|x|)|u|”1 dx = 0o. Then one gets by (2.17) that there exists a constant
o > 0 such that

G(s)= [ f(ll)lu""dx <o (/Q S (ll) ]+ dx) mz"s". (2.19)

25

Page 6 of 13
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Integrating (2.19), we get

2 ym+l
Gls) < arm2rm? st (G(2m+1s)) D" (2.20)
where
B 2 4 1+B8+B%+---+p" 1=, 1 — 00
= <1, - ... = —— asm .
ril Yin 1-8 1-8

On the other hand, by our assumption, the solution is bounded. So, there exists M > 0
such that |u(x)] <M in BRT and

G(21s) = /

92m+15

3
F(I1xl) "t dx < —boM”l/ |x|? dx
2 92m+ls
(2m+1S)N+b

3 WN
= —poM 2 2.21
20 N+b (2.21)

Then we get from (2.20) and (2.21) that

(2m+1s)N+b (2 ymrl
N+b )

3
G(S) <a’m 2”’”951””9 <5boa)N

= coa?™ QYm+(m+1)(N+H)B" ™ cym6+(N+b)" ! ) (2.22)

where 6 is defined as (2.18).
Note that, when m — o0,

1

Yo + (4 DN + D)™ — gy = 2 19

B P (2.23)
Yy + (N + BB = o =L "¢,

p-1
Then, there exists ¢, > 0 such that
B

G(s) < cstO, s> 219, m > 1. (2.24)

Since By < 0, (2.24) yields G(co) = 0, which contradicts !/1]R1+\1f(|x|)|u|’+1 dx = 0o. Thus, we
complete the proof of (i).

(i) I<r<p-1+ bﬁp.
For a large 79 > 0, we get

p r N__bp
/ f(lxl) 1 dx < c/ |x| 1P dx < c(219)" 1P < 1. (2.25)
295 29

Then, we get from (2.15) and (2.25) that

f Fllel) ™ dx <1 + cz(s)2“( / Sl dx) . (2.26)
2 225
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Suppose f]Mf(|x|)|u|’“rl dx = 00. Then there exists a > 0 such that

2
r+1

G(S)=/Qf(|x|)|u|p“dx§as(2“"2)(/9 f(|x|)|u|”1dx>

m+1
< ans—(2ot+2)}’m G(2WI+1S)13 . m= 0’ 1, 2’ L (2.27)

Thus, one gets from (2.21) and (2.27) that
G(S) < Coayms—(2a+2)ym+(N+b)ﬁm“ 2(m+1)(N+b)/f5m*1 ) (2.28)

Since y,, = Yo = ’;%1 as m — oo and B < 1, we obtain G(co) = 0, which contradicts

1

fm;f(|x|)|u|’+1 dx = 00. The proof of (ii) is completed.
(i) r=p-1+2.

For this case, there exists a constant ¢y > 0 such that

2s

o )
/ S(Ixl) 7P dx < / || 717 d < cOf ptdp < cos. (2.29)
29 §295

A

Moreover, similar to case (i) and (ii), we can obtain

2
sy
G(s) < ¢1 + cps D (/ f(|9c|)|u|"rl dx) , (2.30)
$29s
and there exists a constant « > 0 such that
_ (L)(WHI)
G(S) < aVmg (2a+1)ym (G(2m+ls)) r+1
< coa”™ s~ QarDym+(N+a)p" ! o (m+1)(N+a)p™ ! (2.31)

If f]Rz+\zf(|ac|)|u|”1 dx = 0o, we can similarly get from (2.31) that G(oo) = 0, which is a con-
traction. As a result, we complete the proof of (iii).

Next, we will prove faRQ’ g(|x' ) |u|T dx’ < oo.

It follows from (2.10) that

/];O\BO g(‘x/|)|u|q+1dx/§/ Ng(‘x/|)|u|q+l¢2dx/§f |x|—aplvu|p—2u2|v¢|2dx
S TO

AR RN

([ NE(f N
=5 X" |Vul” dx ||~ |ul” dx
S 29 §295
4 N
r+ _p pir+
CS—Z—Za (/ f(|x|)|u|r+1 dx) </ f(|x|)r+1—p dx)
225 225

<cs’. (2.32)

IA

Noting that 6 < 0, we get from (2.32) that

/ g% [) 1wl dx’ = 0. (2.33)
]RN—I\BTO

Furthermore, we get the second claim in (2.4), and the proof of this lemma is completed. [
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3 The proof of Theorem 1
In this part, we will complete the proof of Theorem 1. To make the proof clear, we give the
following symbols;

St={x= (¥, an) e RN x R* ¢ |x] = s},
[x=(x,0),x e RN || <5},

aBY = {x = («,0),x e RN |x'| =5},

B! ={x=(«,xy) e RV' x R* : |x] <.

(3.1)

It is obvious that 9B} = S; U B}, where R € R*. In order to prove the nonexistence of
solutions, we need to establish the following Pohozaev identity for problem (1.1).

Lemma 3.1 Let u be a solution of (1.1), then for any R > O the following equality holds:

(5-1 —a) R ey ML R C

/ 1[N - Dg (1)) + |« [¢ (1) d’ = = / x| Val? dix

q+ 1
-R r+1 —-a,
= S(Ix1)ul ds+ 2 [ e vup s
r+1 aBI+€ p S;e
. g(Ixl)u|?*! do (3.2)
q+1Js89

Proof Multiplying (1.1) by x - Vu and integrating, we get

N
ou ou
_ P\l " \x.Vudx = / "Ly — dx. 3.3
Z/ 8x]<|x| [Vul 8x,->x udx ; B;ef(|x|)|u| ux 3%, x (3.3)
For the right-hand side of (3.3), we have
N ou
r-1 i_d
Z/B+f(|x|)|u| ux ™ x
r+12/ (o (Il ™) e
1 dx — Z/ (/ xj |x| ||s|’ 1safs)d
r+1Z/ ;- uf () |l dS - /f(|x|)|u|”1dx

_ 4 r+1d
_r+1/3,;f('x')"‘””' x

R
= / S(lxl) "t ds
B

r+1

/ (F (1) + Jelf (] Il ™) . (3.4)

r+1 B}

Page 9 of 13
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For the left part of (3.3), we have

al 3 u
- Z/ — <|x|_“p|Vu|p_2—>x -Vudx
B 0x; ax;

]

al 9 u
=—Z/ —<|x|“p|Vu|p2—x~Vu> dx
e 0x; 0x;

j
N
a a 02
N / || Va2 2L Z(a,,—” +x,»—”) dx
B;e ax, i1 8x,» Bxlax,
N ou
= Z/ (|x|‘”"|Vu|p2—vjx : w) ds + f x|~ |Vul? dx
i Jos; 0% B
N N
ou 0%u
+ || VulP? — Y x——— dx.
; BI+? ax,» ; Bxiax,'
For the first and third terms of the right-hand side of (3.5), we get

N ou
> / <|x|“p|Vu|p28—v,~x : w) ds
j=1 9B} %

/)

= ||~ |Vul? dS

Sk

N4 ou
J -1 L !
+ ?zl /ngﬂx )] s P, dx

1
q+

=/ x|~ |Vul? dS +
Sk

N-1
1
= | |x|™|Vulf dS + / xig(1x)) || T v do
v/slg qul; 9B " ( ) '

1 = 3
L2 [ g )
i=1 YPr g

q+
1 +1
/ (x - vg(lxl)|ul ™) do
1 Jogg

1 = 1 / 1 Ki /
12 [ s g () g

= | |xI"®|VuPds +
S+
R

q+
= | |x|™®|Vul’ dS + + R f g(Ixl)[u*! do
Sk L Jogy
1 ! / / / /
~ i J, v + e

and

N o 92
Z/ | Va2 S " S g
' /m 0x; 0x;0x;

i=1

(3.5)

N-1
i i / q+1\ _ q+1i . / ] /
12 [, L b D) -t )

Page 10 0f 13
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N
- EZ/ |x|’”1"xii(|Vu|1’)dx
P B 0xi

N 1Y
- _/ X" |V ul? dx + —Z/ x|~ |V ulPx:9; dS
By P Josy

4
N "
+a Z/ x| P 2L Vul? dx
-1 Y Bk Il
-N _ R _ _
=— |x| " |Vul? dx + —/ %™ |VulP dS +a | |x|"?|Vul’ dx. (3.7)
P Js; P Josj B}
Thus, (3.2) follows from (3.3)—(3.7). O
Now, we give the proof of Theorem 1.
Multiplying (1.1) by # and integrating, one gets that
/ |x|‘“”|Vu|pdx:/ f(|x|)|u|’+1 dx+/ g(|x’|)|u|q+1dx/. (3.8)
RN RN RN

We need to prove

liminfR(/ f(|x|)|u|”1d5+/ |x|‘“”|Vu|”dS+/ g(|x|)|u|q+1da):o. (3.9)
R—o00 B} B} BY

Assume on the contrary that (3.9) is wrong. Then there exists a constant § > 0 such that

liminf R (/
R—o0 9B

R

f(|x|)|u|”1dS+/ |x|-“P|Vu|PdS+/ 0g(|x|)|u|q+lda)=8. (3.10)
0B},

B
Then, there exists Ry € R* such that
R(/ F(l) ul™*! dS + / x|~ |VulP dS + / g(Ixl)[u) ! da) >8/2 (3.11)
9B} B B

for all R > Ro.
Writing R, = Ry + n, n = 1,2,..., there exists ¢, € (R,_1,R,) such that for n =1,2,...,
there holds

Ry
/ </ f(|x|)|u|’+1d5+/ |x|-“P|Vu|PdS+/ g(|x|)|u|q“do>dR
Ry-1 \J0B} B 9B
=¢n</ f(|x|)|u|”1d5+/ |x|’“p|Vu|1"dS+/ g(|x|)|u|q+1do>
3B} 3B} 9BY

Bz Bz

> 8/2. (3.12)

Furthermore, we get

/(/ f(|x|)|u|”1d5+/ |x|-“P|w|PdS+/ g(|x|)|u|q“da>dR
0 aB% 9B 9BY

R
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[ee] Ry

ZZ/ </ f(|x|)|u|”1d5+/ |x|‘“”|Vu|”dS+/ g(|x|)|u|q+1da> dR
oo Y Ru1 \J 0B B B

= 00, (3.13)

which contracts the result of Lemma 2.2, and we get (3.9).
Thus, letting R — oo in (3.2), it follows that

(g —l—az) /M x|~ |Vul? dx — %/RN laa|"* [NF (I%1) + |x[f" (1) ] dx

= q+1 _ / A / /
[ v () + e () 610

For any n € R, we get from (3.8) and (3.14) that
N N
— 1l-g- —apv pd_ o r+1 d
(p a n)fwlxl Vul? d <r+1 n)/ﬂwlul £ (1) dx
_/ | |xlf” (|61 do
RY

N-1 1
— _ q+1 / / v / /
_(q+1 n)/mﬁ"u' g(|%'|) dx +q+1/ ]+V|x lg'(|«']) da’. (3.15)

IR

Particularly, when n = ¥ — 1 — 4, it follows from (A3) that # =0 in RY. Thus, we complete
P
the proof.
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