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1 Introduction
This paper deals with the following fractional Schréodinger equation:

(~AYu+ V(x)u=Kx)f(u), xeRN, (1.1)

where 0 <5< 1, 2s < N, V(x), K(x) are nonnegative continuous functions, which satisfy
some conditions, and the function f is continuous on RV, (= A)* is the fractional Laplacian
operator of order s, i.e., (~A)u = F1(|£|*.F u), where Z is the usual Fourier transform
in RN. Especially, the potential V(x) vanishes at infinity, i.e., limjy— 100 V(x) = O (shortly
V(0c0) =0).

Since Laskin in [1, 2], for the first time, studied the existence of standing wave solutions
for fractional Schrédinger equation of the form

L0y

ih—— = (=AY + V(@) —fx, ), (tx) e R xRN, (1.2)

the fractional Schrodinger equation has become an important model in fractional quan-
tum mechanics. Recently, the fractional Schrédinger equation has attracted a large num-
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ber of studies for its property, a lot of papers deal with the existence of solutions of it by
using critical point theory, see [3—8] and the references therein.

When s = 1, the fractional Schrodinger equation (1.1) reduces to the following classical
nonlinear Schrédinger equation:

—Au+ V(x)u=Kx)(u), =xe RN, (1.3)

There have been many works focusing on the existence of solutions of equation (1.3) in the
last decades, such as sign-changing solutions, ground state solutions, radially symmetric
solutions, multiplicity of standing wave solutions, and so on, see [9, 10]. Alves and Souto
in [9] studied equation (1.3) with the potential function V(x) vanishing at infinity. They
proposed the following assumptions for V(x), K(x):
(I) Foranyx e RN, V(x),K(x) > 0 holds and K(x) € L*(RYN).
(II) For some R >0 and |A,| <R, then lim,_, , fAmBﬁ(o) K(x)dx = 0, where {4,} C RN
is a sequence of Borel sets.
(111) % € L®(RN).
(IV) For p € (2,2*), then

K(x)
2%—p

Vi(x)2¥2

— 0 as|x| = +o0.

Then they obtained a positive ground state solution of equation (1.3) by using the varia-
tional method.

In [9], Alves and Souto studied the classical nonlinear Schrédinger equation (1.3), but
for fractional Schrodinger equation of the form (1.1), since it is difficult to get compact
embedding in fractional Sobolev spaces, especially when the potential function V(x) van-
ishes at infinity. There are few papers dealing with this aspect. In [11], Li et al. obtained a
positive solution of the fractional Schrodinger equation with vanishing at infinity by using
the variational method. Based on the variational method in [12] of Yang and Zhao, three
solutions have been got for a class of fractional Schrodinger equations with vanishing at
infinity. Especially, as far as we know, there are no results that study the existence of in-
finitely many solutions for problem (1.1). We focus on this topic and obtain some new
conclusions. We make the following assumptions for the function f. Note that we do not
need all assumptions to hold simultaneously.

(fl1) Forall £ e R, f(~t) = —f(¢) holds.

(f2) f(£)t >0 holds for all £ € R, there exists v € (1,2) such that

f@®)] <ci(1+]¢"") forallt € Rand some ¢; > 0.

(f3) limm%o'@ =0.
(f4) There exists a constant d > 0 such that limy,_, o inf % > d, where F(t) = fot f(s)ds.

(f5) f(t)t = 0 holds for all £ € R, and there exist ¢c; > 0 and p € (2,2}) such that
[f(t)| < C2(1 + |t|"_1) for all £ € R and some ¢, > 0.

(f6) 1im; o0 % = 00.
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(f7) There exist two constants p > 2 and ¢3 > 0 such that
fOt-pF@t)=cs(1+¢*) forallteR.
In the following, we present the main results of this paper.

Theorem 1.1 Ifthe functions V, K satisfy (I)—(11I) and f satisfies (f1)—(f4), then (1.1) has
infinitely many small energy solutions uy € H for every k € N.

Theorem 1.2 Assume that V, K satisfy (1)-(11I), f satisfies (f1) and (£5)—(£7), then (1.1)
admits infinitely many high energy solutions u* € H for every k > ko (ko € N).

Throughout this paper, s € (0,1) is a fixed constant, || - ||,, is the usual norm of L (RY),
B,(x) is an open ball centered at x with radius r, ¢; (i = 1,2,...), and C represents different
positive constants.

We organize this paper as follows. The preliminaries of a fractional Sobolev space and
the variant fountain theorems are presented in Sect. 2. In Sect. 3, we give the proofs of
Theorems 1.1 and 1.2.

2 Preliminaries
In this section, we firstly provide a short review of fractional Sobolev spaces. For more
information, we refer to [13, 14].

For s € (0, 1), the fractional Sobolev space H*(RY) is defined by

H*(RY) := {u e L*(RV): /RN(1 + 6P| Fue)| de < +oo},

and the norm is

lleell s = (A;N uzdx+/RN |S|2s|9u($)|2d-§>2‘

For problem (1.1), the working space is defined as follows:

sz{ueHS(RN):/ |g|25|fu(g)|2ds+f V(x)ude<+oo}.
RN

RN

Apparently, H is a Hilbert space with the inner product

(u,v) := ,/RN |E|*F u(€).Fv(E)dE + /1;1\/ V(x)uvdx

and the norm

= (/RN E | Fue)| dt + /RN V(x)uzdx)z.

Denote by L (RV) the weighted Lebesgue space

Li(RN) := {MERN:/ K(x)|u|’dx<+oo}
RN
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equipped with the norm

el vy = (/ 1<(x)|u|'dx> .
RN

In the following, we present the definition of a weak solution of (1.1).

Definition 2.1 We say that u € H is a weak solution of (1.1) if
/ |E|™ Fu(E) Fv(E)dE + / V(x)uvdx = / Kx)f(u)vdx, VveH.
RN RN RN
Define the energy functional for problem (1.1) by
Lo
I(u) .= = u|l” - K(x)F(u) dx.
2 RN

Under our assumptions, I € C'(H,R) is well-defined and Gateaux-differentiable on H, that

is,

(I'w,v)) = /]RN /]RN () - ub)(vx) = vly) dxdy + /]RN V(x)uvdx

| — y[N+2s
- fRN Kx)f (u)vdx forallu,ve H.
Moreover, the critical points of energy functional I are solutions to problem (1.1).
Lemma 2.2 ([13]) Let 0 <s< 1, N > 1 such that 2s < N, then
il 2t v,y < Clltllsayy Y€ HE(RY),

where C = C(N,s) > 0 and 2} = % is the fractional critical exponent. Furthermore, the

embedding H*(RN) < L1(RN) is continuous for every 2 < q < 2% and is locally compact for
all2 < g <2}

Lemma 2.3 ([11]) Assume that (1)—(11I) are satisfied, then the embedding H — L?( (RN) is

compact whenever q € [2,27).

Remark 2.4 From Lemma 2.3, we obtain the following inequality:

il gy < il forq € [2.2]), (2.1)

where d; is the best constant for H — Lﬁ (RN).

In the rest of this section, we state two variant fountain theorems which will be used

later.
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Let X be a Banach space and the norm is || - ||. Denote by {X;} a sequence of subspaces
of X and dim X; < oo for each j € N; moreover, X = Py X;. We define

M= éxa N = @,
j=0 j=k
and
Yi:={u e My : |lull < o}, Zi:={u € Ni: [|ull = ¥},
where ¢ > ¥ > 0. For A € [1,2], I, : H — R is a family of C!-functionals defined by
L(u) := ®(u) — AV (u),

where @ (1) := 1 [|u)|? and ¥ (u) := [ K(%)F (1) dx.

Lemma 2.5 ([15]) Let X be a Banach space. If the functional I, (u) satisfies:
(A1) For x € [1,2], I, (u) maps bounded sets into bounded sets uniformly and
L.(—u) = I,(u) holds for all u € X.
(A2) W(u) >0 holds for all u € X, and W (u) — oo as ||u|| — oo on any finite
dimensional subspace of X.
(A3) For M € [1,2], there exist ¢y > Yy > 0 such that

or(A) = inf  Li(u)>0> Br(A) = inf Li(u
k( ) UEN, |lull=¢ )L( )_ IBk( ) u€Mp,|lull=y )L( )

and

A) = inf  L(u) ask— oo.
Vk( ) UENP=lull }L( )

Then there exist A, — 1, u,(A,) € M,, such that
L I, (whn)) =0 and L, (u(ry)) = wx € [m(2), Be(1)] asn— oc.

In particular, if {u(r,)} possesses a convergent subsequence, then I, has infinitely many

nontrivial critical points {ui} € X \ {0} satisfying I (uy) — 0~ as k — oo.

Lemma 2.6 ([16]) Let X be a Banach space. If the functional I, (u) satisfies:
(B1) For x €[1,2], L (4) maps bounded sets into bounded sets uniformly and
L (~u) = I, (u) holds for all u € X.
(B2) ¥ (u) >0 holds for all u € X, ®(u) — 0o or ¥(u) — oo when ||u| — oo.
(B3) There exists ¢r > Yy > 0 such that

er(A L(u)>g(A)= max L(u), Viell,2]

= inf
u€N, lull=y ueMp, |lull=¢x
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Then
ex(A) < h(A) = inf max L (y(x)), Viel[L2],
nely ueYy

where I, = {n € C(Y,X) : 0 is odd, nlyy, =id, k > 2}. Furthermore, for a.e. ) € [1,2], there
exists {uk(1)}°, such that

sup||u’;(k)|| < 00, I (u’j,(k)) —o00 and I, (uﬁ(k)) — gi(A\) asn— oo.

3 Proofs of the main results
In this section, by using the variant fountain theorem, we prove Theorem 1.1 and Theo-

rem 1.2, respectively.

3.1 Proof of Theorem 1.1

To begin with, we give some lemmas.

Lemma 3.1 Ifp € (1,2}), then we have that

1
L= sup ( K(x)lulpdx)p — 0, k— oo.
RN

UENy, |lull=1
The proof is similar to Lemma 3.8 in [17], here we omit it.

Lemma 3.2 [f(£2) and (f4) hold, then for all u € H, ¥ (u) > 0 holds and if || u| — oo, then
¥ (u) — 00 on any finite dimensional subspace of H.

Proof From (£2), it is clear that ¥ () > 0 holds for all u € H. Let Hy be any finite dimen-
sional subspace of H. In the following we will prove that ¥ () — oo when ||«| — oo on Hy.
Firstly, we show that, for all # € Hy C H, there is

meas{x € RN : K(x)|u(x)| = 0lull} > 0, (3.1)

where 0 is a constant with 6 > 0. To prove it, arguing by contradiction, we assume that
there exists u,, € Hy \ {0} such that

1 1
meas{xe RN :K(x)’u,,(x)’ > —||u,,||} <—, VneN.
n n
Letv, = HZ_Z\I’ then ||v,]| =1 and
N 1] 1
meas{x € R :K(x)’v,,(x)| >—t<—, VneN. (3.2)
n) n

Since ||v,|| = 1, there exists v € Hy with ||v|| = 1, v, — v holds in H. Using Lemma 2.3,

we have

/ K(x)’v,,(x) - v(x)’zdx — 0, asun— o0. (3.3)
RN
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From v # 0 and K(x) > 0, there exist two constants §y > 0 and §; > 0 such that
meas{x eRN: |v(x)| > 80} > o, (3.4)
and
meas{x eRN :K(x)|v(x){ > 81} > 61. (3.5)
For any 1 € RV, we denote
N 1
Dy :={x e RY : K(x)|vu()| < = {,
n
c N 1
D, := {x eR :I((x)|v,,(x)‘ > —},
n
and
Dy := {x eRN: |v(x)| > 80}.

For n sufficiently large, by (3.2), (3.4), and (3.5), we obtain

260

meas(D,, N Do) > meas(Do) — meas(DS) > 5

Therefore,
/ K(x) |Vn(x) —v(x) |2 dx
RN
> / K| - vix)|* dx
D;NDg
z/ K(x)[’v(x)‘z—2’v,,(x)|‘v(x)|]dx
DyNDg

2
> 5o (81 - —) meas{D,, N Dqy}
n

which contradicts (3.3), thus, (3.1) holds.
By condition (f4), for all x € RN and |« > 8, > 0, one has

F(u) > d|u|. (3.6)

Page 7 of 15
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Define D, := {x € RN : K(x)|u(x)| > 0||u|} for u € Hy \ {0}. By (3.1), for any u € Hj with
llull = %2, K (x)|u(x)| > 8, holds as x € D,,. Consequently, from (3.6) we obtain

lI/(u)z/ K(x)F(u) dx
RN

K (x)F () d.

- [ K@Fwds

> d/ K(x)|u(x)| dx
Dy
> dO||u| meas{D,}
> do*||ul,
which implies that ¥ (x) — oo when ||u|| — oo on Hy C H. O

Lemma 3.3 If (£2)—(f4) hold, then for A € [1,2], there exists ¢ > Vi > 0 such that

ar(A): L,(u) = 0> Bi(2) := 1 (u)

= inf inf
UEN,lull=¢x uEMp,|lull =y

and

A) = inf  L(u) ask— oo.
7(3) ueNg =l )

Proof From Lemma 3.1, for p € (1,2}), we obtain

[ K d < cfjule. (37)
RN
By (f2) and (f3), for any ¢ > 0, one has

F(u) < elul® + ce|ul”, (3.8)

where ¢, > 0 depending on €. From (2.1) and (3.8), for u# € Nk, we have

1
L= —||u||2—A/ KG)[elul® + colul"] dx
2 ]RN
1
> —||u||2—28/ I((x)|u|2dx—2c5/ K(x)|u|" dx
2 RN RN
1
> §||u||2 —2dve|ull® - 2c. ¢ ||ull”.

Let die < 1—12, then for any u € Ni with |lu| < 1, we know that

1
Li(u) > 3 llull® = 2¢: |- 3.9)
Choose ¢y = (1208§,‘(’)ﬁ, then ¢ > 0 and ¢x — 0 as k — oo. For any X € [1,2], we obtain

1 2 1
A= inf L) > =(12¢.))>" = =¢7 > 0.
()= inf L= 6( c:Ly) %> 0

Page 8 of 15
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From (3.9), for any u € N with |lu|| < ¢x and A € [1,2], one has
L(u) > _2Cs§]:||u||v = —2CsC]:¢]Z’
which means that

Vie(A) = inf L) >-2c.5py > 0" ask— oo.
ueNg, llull <¢x

Hence, for ¢y — 0 as k — 0o, we get

nf Lu)—0 ask— oo.

A) = i
7e3) ueNg, l|lull <¢x

By (f2)-(f4), there is
F(u) > dlu| - e|lu|* - c.|ul". (3.10)

Hence, if u € My, by the equivalence of norms on a finite dimensional space, one has

L) < ~lull® - /R KWW d

= N =

< —||u||2—d/ K(x)|u|dx+e/ K(x)lu|2dx+c£/ K(x)|u| dx
2 RN RN RN
< llell® = callaal] + cs]lull”.
Therefore, we choose ¥, > 0 small enough satisfying ¢ > ¥ > 0 such that

Br(2) L(u) <0, Vaell,2]. 0

= inf
ueMy,||ull =y

Lemma 3.4 If (f1)—(f3) hold and for A € [1,2], k € N, there exist A, — 1 and u(x,) € M,
such that

L, (#(An)) =0 and L, (u(rn)) > ok € [v(2), Bc(1)]  asn— oo,
then {u(),)} possesses a convergent subsequence in H.

Proof Firstly, we show that {u(},)} is bounded in H. Using (3.8) and the Holder inequality,

for 1, € [1,2] with %, — 1 as # — oo, one has
|uGu)|)? = 20, () + 21, /R KGF(u(,)) dx
< 2w +1) + 24, /RN KG)[e|u(un)]” + ce|ung)|] dx
< 2wk + 1) + co| uhn) | + 7 [ uhn) |-

This implies that {#(%,)} is bounded in H. Passing to a subsequence, without loss of gener-
ality, still denoted by {u(},)}, we may assume that u(A,) — u weakly in H. By Lemma 2.3,
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we have u(,) — u strongly in Li(RN ) for p € [2,2}). Let P, : H — Y,, denote the orthog-
onal projection operator, then

0=1 |y, (u(hn)) = Pul;, (u(1y)).

Thus (PuI; (u(r,)), u(ry) —u) = 0. From u(A,) — u in H, we know that (/7 (), u(A,) —u) = 0
as n — 00. According to the property of the orthogonal projection operator, one finds

J4n) = 2] = [ Pa(u(3)) = ]

= (Pnlkn (M()\n)): u()"n) - M> - <Ii (u)7 u()‘n) - M)

+ Ay / K(x)f(u(k,,))P,, (u()»,,) - u) dx
RN
- /RN K(x)f(u)(u(kn) - u) dx.
From conditions (f1) and (f2), for ¢ > 0 small, we get
[f )| < elul +celul", (3.11)

where ¢, > 0 depending on ¢. Using the Holder inequality, we obtain

A,,/ K(x)f(u()\y,))Pn(u()Ln) - u) dx
RN

< )L,q/ K(x)[e|u()»,,)| +Ce |u(kn)|v_l]Pn(u(kn) - u) dx
RN

<2 / K(x) |u(An) |Pn (u(kn) - u) dx + 2c¢, / K(x) |u()»,,)|v_1Pn (u()»,,) - u) dx
RN RN

< 26K ||oo /R N |6(hn) [P (1) — 1) i + 2, 1K | /R N |uC)|"™ Py () — 1) dx

< 26(|K oo 2t 12 | P (C0) = 1) [, + 26 1K Nl 2t 157 | P (0) = ) |, = O

as n — 00. From (3.11) and the Hélder inequality, one has

‘/}RN K(x)f(u)(u()\,,) - u) dx

5/ K@)[elul + celul""] (u(r,) — u) dx
]RN
<elKllo f |l (M) — ) A + o | K | / |ul" " () — ) dx
RN RN
< &llK ool ]| w(hn) = )], + o IK oo laaally™ | urn) = ], — 0 as m— oo
Consequently, u, — u in H as n — oo. O

Proof of Theorem 1.1 By (£2)—(f3) and A € [1,2], we know clearly that ; () maps bounded
sets into bounded sets. Condition (f1) implies that [, (—«) = I, (), then (A1) of Lemma 2.5
holds.
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From Lemmas 3.2 and 3.3, we have (A2) of Lemma 2.5 holds. Thanks to Lemma 2.5, for
each k € N, there exist A, — 1, u,,(A,) € M,, such that

L1y, () =0 and I, (u(hn)) = ok € [7(2), Be(1)] asn— oco.

It follows from Lemma 3.4 that {(),)} has a convergent subsequence for any k € N. Using
Lemma 2.5, I; has infinitely many nontrivial critical points {u;} satisfying

1
I(ug) = 5 llu || = /NK(x)F(uk)dx -0 ask— 00
R

for any k € N. Consequently, problem (1.1) owns infinitely many small energy solutions.
The proof of Theorem 1.1 is completed. O

3.2 Proof of Theorem 1.2
Lemma 3.5 Assume that (£3), (f5), and (f6) hold. Then there exists ¢y > Y > 0 such that

er(\) = inf  L(u)>g(A)= max L(u), Viel[l,2]
uEN, llull=vk UM ||ull=gx

Proof By (f3) and (f5), for any ¢ > 0, we get
[f ()| < elul +clul’™, (3.12)

where the constant ¢, > 0 depending on ¢.
By (3.7), for u € Ny and ¢ > 0 with Ae < %, one has

L(u) >

1 rE NG
—||u||2——/ K(x)|u|*dx - 5/ K(x)|ul? dx
2 2 RN p RN
1
> gllullz—cgi’llull”‘

Choose y; = (6C8{,f||u||p)2%ﬂ, then for any u € Ny with ||u| = ¥, we can deduce

1 2 1
L(u) > 8(6@;{) 7 = gwkz >0. (3.13)
Therefore,
() inf I, (u) 11//2 0, Vrell,2] (3.14)
e = m u)>— >V, AR .
BT weNolu=ye T 6k

Notice that (3.1) still holds here. Hence, there exists g; > 0 such that
meas(G,) > &, Yu € Ni\ {0}, (3.15)

where G, := {x € RN : K(x)|u(x)| > exllull}. By (f5), there exists a constant R; > 0 with
|u| > Ry such that

1
F(u) = —|ul’. (3.16)
€k

Page 11 of 15
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Consequently, using (3.15), for any u € Ny with |u| > f—/’;, |u(x)| > Ry holds for all x € G,,.
Therefore, by (3.15) and (3.16), one has

1
Li(u) < —||M||2—/ K(x)F(u)dx
2 RN
Lo
<lull”~ [ K&)F(u)dx
2 Gy
1 1
< §||u||2——3f K(x)|u|? dx
€x JGy
1 Ry |lu]|
< §||u||2——2 as{G,}
Ek
1 Ril|u]]
< ~ul® - ——
2 8/(
Lo o 2
< — —
= 2IIMII flull
Lo
——Ellull .

Finally, for any ||u|| = ¢x > max{yx, f—/"}, we obtain

2
g(A)= max L(u) < —%k <0, Viell,2]. 0

u€ Wi llull=px
Proof of Theorem 1.2 From (f6) and (f7), for A € [1,2], we know that [, () maps bounded
sets into bounded sets. By (f1), for all (A, u) € [1,2] x H, we have I, (—u) = I, (u). Therefore,
(B1) of Lemma 2.6 is satisfied.

From condition (f6)

F)

m —— =
lt—>o0 |£]2 ’

we know that ¥ (&) > 0 holds for u € H. By the definition of ®(u), ®(x) — oo holds when
||| = oo, which means that (B2) of Lemma 2.6 holds. Using Lemma 3.5, we have (B3) of
Lemma 2.6 holds. Therefore, by Lemma 2.6, for a.e. A € [1, 2], there exists {u’;()»)};’lil for
k > ko with k € N, one has

sup|uk(3) | < oo, L(us(n) > oo and L (uk(r)) —> g(h) asn—oco. (3.17)
Using Lemma 2.6, for all A € [1,2], we also have

e(2) < (2 = inf max 1, (y (u).

Let & = (6C7§f||u||1’)ﬁ, then & — oo as k — oo. For k > ko with k € N, by (3.13), we have
hi(%) > ex(1) > &, then

hi(X) € [&x, k), (3.18)
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where py := maxyey, [,(y (1)), Ik = {8 € C(By,H) : 8 is odd, §|yy, = id,k > 2} with Y} :=
{ueYy:llull <&}

Choose A,, - 1 as m — oo for A,, € [1,2]. Thanks to (3.17), we know that {u’;()»m)} is
bounded, which implies {u’;()»m)} possesses a weakly convergent subsequence. Similar to
the proof of Lemma 3.4, we know that {u’n(()»m)} has a strong convergent subsequence as
n — oo. Assume that lim,,_, oo 4 (A,,) = u¥(A,,,) for m € N and k > ko. By (3.17) and (3.18),

one has
L (#m) =0 and L, (4" (m)) € 6 p1]  for k> ko. (3.19)
We claim that {u’;(km)} is bounded in H. If the claim is not true, we have ||u*(%,,)|| = oo
asm — o0. Letv,, := ”Z],:Ei”’;” , then ||v,,|| = 1. Without loss of generality, we assume v,, — v

in H. Thanks to Lemma 2.3, we obtain v,, — v in L‘,Z(RN) for p € [2,2}). In the following,
we divide two steps to show our assumption is not true.
Step 1. Assume v(x) # 0 in H. Since

1 Ly, k() / K@)F " (An))
RN

2 ukGu)z " 26k (A |12
B |V, () | K () F (X (0
‘A’”fﬂw Uk () 2 ’

where v,,(x) #0, m=1,2,3,.... By (3.19), (f6), and Fatou’s lemma, one has

1
— =liminfA,, dx — 0,

m—> 00

/ 1V () LK () F (X (1))
RN |uk()\m)|2

which is in contradiction with our claim.
Step 2. Assume v(x) = 0 in H. Using (3.19), we have

Ko (0 (U (o)) = (L], @ (M), 5 (i)
2 ll2* () 12
1V (0) 2K () [ F (" (M) = f (6" Q)" (A1)
o fRN G2 i
Therefore,
k k k

/ Vi (%) [P K () [1 F (e i)\m)) —f (" (o)) tt" (M) PN (3.20)

RN |I/l ()‘m)|2 2
as m — 0o. However, according to (f7), one has

k k k
fim sup Vi ) PK ) [ F (@ (A1) = f @ (o))t (V)] <0, (3.21)
m—00 ZACIE

Combining with (3.20) and (3.21), we have % -1<0,i.e., u <2,wededuce a contradiction
to our assumption. Therefore, {z/,‘l (Am)}isboundedin H. Similar to the proof of Lemma 3.4,
we know that { uﬁ(km)} owns a strongly convergent subsequence with % € H for all k > k,
and k € N. Assume

lim u*(A,,) = (1) = € H.

m— 00
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Using (3.19) and B¢ — oo as k — oo, for all k > ky and k € N, we have
L (uk) =0, I (uk) € [Br, 8] — o0 ask — oo,
which implies that u¥ is a nontrivial critical point of I;. Hence, for k > ko, k € N, infinitely

many nontrivial critical points u* of I; are obtained. From the above discussion, we know
that problem (1.1) has infinitely many nontrivial solutions with high energy, that is,

Il(uk):lnuk”z—/ K(x)F(uk)dx—>oo as k — oo.
2 RN
The proof of Theorem 1.2 is completed. d
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