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1 Introduction
In this paper we investigate a blow-up result for the following quasilinear viscoelastic wave

equation:
t
|| 1hys — A+ / gt—s)Au(s)ds— Au, =0, in §2 x (0,00), (1.1)
0
ulx,t)=0, on Iy x [0,00), (1.2)
u  ou;

t
— + —/ g(t—s)a—u(s) ds +f(u;) = \ulP~u, on I x [0,00), (1.3)
ov v 0 av

u(x,0) = up(x), u;(x,0) = up(x), in £2, (1.4)

where £2 C R” is a bounded domain with sufficiently smooth boundary 92 = I, U I7,
Iy N I =@, where Iy and I are measurable over 962, v is the unit outward normal to
952, and g is a positive function.

For the case of p = 0, problem (1.1)—(1.4) arises in the theory of viscoelasticity and de-
scribes the spread of strain waves in a viscoelastic configuration [1-3]. Messaoudi [4] stud-
ied the following initial-boundary value problem:

Uy — Au+ fotg(t —8)Au(s) ds + alu )" u; = blul’~u, in 2 x (0,00),

u(x,t) =0, on a2 x [0,00),

where m > 1, p > 2, a,b > 0 are constants and g : R* — R* is a nonincreasing function.
Under suitable conditions on g, he proved that any weak solution with negative initial
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energy blows up in finite time if p > m. He [5] also extended the blow-up result to certain
solutions with positive initial energy. Song and Zhong [6] considered the viscoelastic wave
equation with strong damping:

Uy — AU+ fotg(t —8)Au(s)ds — Au, = |ulP?u, in 2 x [0, T],
ulx,t) =0, x€ds.

Recently, Park et al. [7] showed the blow-up result of solution for the following viscoelastic
wave equation with nonlinear damping:

Uy — A+ fotg(t —8)Au(s)ds + h(u;) = |ulP~>u, in 2 x (0, 00),
u(x,t) =0, on a2 x (0,00).

They obtained the blow-up of solution with positive initial energy as well as nonpositive
initial energy under a weaker assumption on the damping term. Liu and Yu [8] studied the

following viscoelastic wave equation with boundary damping and source terms:

Uy — Au+ fotg(t —s)Au(s)ds =0, in £2 x (0,00),
u(x,t) =0, on I, x [0,00),

B [0 g(t—9)54(s)ds + " 2u, = w2, on I} x [0,00).

They proved the blow-up result of solutions with nonpositive initial energy as well as pos-
itive initial energy for both the linear and nonlinear damping cases. In the absence of the
viscoelastic term (g = 0), the related problem has been extensively investigated, and re-
sults concerning the global existence of solution and nonexistence have been studied (see
[9-14]).

For the case of p > 0, Cavalcanti et al. [15] considered the following problem:

[Pty — At — Autyy + fotg(t —s)Au(s)ds—yAu; =0, in £ x (0,00),
u(x,t) =0, on a2 x (0,00).

They showed a global existence result for y > 0 and an exponential decay result for y > 0.
In the case of y = 0, Liu [16] proved the nonlinear viscoelastic problem:

|te|P1hys — At — Ay + fotg(t —8)Au(s)ds = blulP~?u, in £2 x (0,00),
u(x,t) =0, on 32 x (0,00).

He discussed the general decay result for the global solution and the finite time blow-up
of solution. In the absence of the dispersion term —Auy, Song [17] investigated the nonex-
istence of global solutions with positive initial energy for the viscoelastic wave equation

with nonlinear damping:

o4 P sz — At + fotg(t—s)Au(s) ds + |u|"2u; = \ulP~u, in 2 x[0,7T],

ulx,t)=0, x€08.
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Recently, Hao and Wei [18] established the blow-up result of solution with negative initial
energy and some positive initial energy for the quasilinear viscoelastic wave equation with
strong damping:

|te|Puays — A+ fotg(t—s)Au(s) ds — Auy = |ulP~%u, in 22 x (0,00),
u(x,t) =0, on a2 x (0,00).

To our knowledge, there are few blow-up results of solution for quasilinear viscoelastic
wave equation with boundary nonlinear damping and source terms. Motivated by the
previous work, we study the blow-up of solution with nonpositive initial energy as well
as positive initial energy for the quasilinear viscoelastic wave equation with strong damp-
ing and boundary weak damping.

This paper is organized as follows. In Sect. 2, we recall the notation, hypotheses, and
some necessary preliminaries. In Sect. 3, we prove the blow-up of solution for (1.1)—(1.4).

2 Preliminaries
In this section we give notations, hypotheses, and some lemmas needed in our main result.
We impose the assumptions for problem (1.1)—(1.4):
(H1) Hypotheses on g
The kernel g : [0,00) — [0, 00) is a nonincreasing and differentiable function sat-
isfying

1- /ooog(s) ds:=1>0. (2.1)

(H2) Hypotheses on f
Let f : R — R be a nondecreasing C* function with f£(0) = 0. Assume that there
exists a strictly increasing and odd function & : [-1,1] — R such that

lE@] <|f)| < |E7"(s)| forls| <1, (2.2)
arls|" "t < |f(5)] < anls|™" for|s| > 1, (2.3)

where a,, a, are positive constants and £ ! represents the inverse function of £.
(Hs) Hypotheses on p, m, and p

2(n-1)

2<m,2<p ifn=1,2, 2<m,p < ifn>3, (2.4)
. 2 .
O0<p ifn=1,2, 0<,o§—2 ifn>3. (2.5)
’/1_

As usual, (-,-) and | - ||, denote the inner product in the space L*(£2) and the norm of the

space LP(£2), respectively. For brevity, we denote || - || by || - ||. We introduce the notations:
(w,V)ry =/ ux)vix)dr, - llgr =1 llzay), 1=<g=<o0,
I
the Hilbert space

V={ueH(R2):ulp =0}
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(|, is the trace sense), endowed the equivalent norm || Vu||. We recall the trace Sobolev

embedding
2(n—-1
Ve L) for2<g<r= (n-1)
(n-2)
and the embedding inequality
Vllgr <BIVv|l forvelV, (2.6)

where B > 0 is the optimal constant. We define the energy associated with problem (1.1)—

(1.4) by
G o253 (1- [ as) vl
+= (g o Vu)(t) - = ||u(t)||p v (2.7)
where (g o Vu)(t) = fO‘ g(t = s)||Vu(t) — Vu(s)||* ds. It is easy to find that
E't) = —(f(ut(t)),ut(t))rl + %(g/ oV )(t) ||v (t) || —IVu|® < 0. (2.8)

Therefore, E is a nonincreasing function.

Next, we define the functionals:

1(t) = (1 —/0 £(s) ds) [vu@)” + (¢ o Vi o) = [u@)]} 1,
1o =3[ (1- [ e9as) 1vu0 ]+ go Vo] - Ljucol;
5 pI’

Similar as in [8], for £ > 0, we define

h(t) = 1‘;1f Oili%)H(ku)

Then, we have

0<hy<h(t)<supH(Au) fort=>0,
A2>0

where

) _p—2< l )p/(p—2)
0=~ _2 ’
2p \ B

p- ( 1 - [y g(s)ds)IVult ||2+(govu)(t))p/(p—2)
2 .

sup H(\u) = l@)I1? 1,

A>0
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Lemma 2.1 (Lemma 4.1 of [8]) Suppose that (H,)—(Hs) hold. For any fixed number § < 1,
assume that (uy, ur) € V x L2(2) and satisfy

1(0) <0, E(0) < 8hy. (2.9)

Assume further that g satisfies

o0
-2
/ g(s)ds < 5 P : , (2.10)
0 P2t [5Rp-220-9)]

where § = max{0,8}. Then we have I(t) <0 forall t € [0, T), and

ho < p-2 [(1 - /(;tg(s) ds) ||Vu(t)“2 +(go Vu)(t)]

2p
)
<p2p |u®] . tl0D. (2.11)

Throughout this paper, we define
K(t) = 8ho - Et), (2.12)

which, from (2.8), is an increasing function. Using (2.7), (2.9), and (2.11), we see that

o 1
0 < K(0) < K(t) < 8ho + 5 |u®]} 5, <polu®], ,, t<l0.D), (2.13)
where pg = (p;;)g + 1%,

Moreover, similar as in [5], we can show the following lemma which is needed later.

Lemma 2.2 Let the conditions of Lemma 2.1 hold. Then the solution u of problem (1.1)—
(1.4) satisfies

||u(t) H;,Fl <G ||u(t) ”ﬁ,n’ tel0,T), forany2 <s<p, (2.14)

where Cy is a positive constant.

Proof If 1wl = 1, then [u(@)I, r, < Iu(®)I2 .
If |u(®)llp,r; <1, then

2

’

o < BV

|u®],,, < [u®)]
where we used (2.6). Then there exists a positive constant C; = max{1, B2} such that
lu®)| - < Cl(””(t)”irl + || Vu(e) HZ) forany2 <s <p. (2.15)

vl —

By (2.1), (2.7), (2.12), and (2.13), we get

! 1 ‘
E||w(t)||25 E(1- /0 g(s)ds) [Vue)|
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p+2

o 1 w2 1 1
<d8hg—K(t) - ? ”ut(t)”p - E(g o Vu)(t) + 1_7 ”u(t) ”ﬁ,]‘l

<8hy+— Hu(t)” (2.16)

pl’
Using (2.13), (2.15), and (2.16), we have the desired result (2.14). a
We state the well-posedness which can be established by the arguments of [5, 19-21].

Theorem 2.1 Assume (H,)—(Hs) hold. Then, for every (ug,u1) € V x L2(2), there exists a

unique local solution in the class
ueC([0,T);V), u, € C([0,T);L*(R2)) N L™ (I x [0,T)) for some T > 0.

3 A blow-up result
To show the blow-up result for solutions with nonpositive initial energy as well as positive

initial energy, we use the similar method of [8]. Our main result reads as follows.

Theorem 3.1 Let (H,)-(H3) hold and p > m, and the conditions of Lemma 2.1 hold. More-

over, we assume

. 08hopn )’%1
: (1)<((p—1)m| ’ (3.1)

where 0 < 6 < min{2¢y,2¢,}, 0 < n < 915, and ¢, and c; will be specified later. Then the
solution of problem (1.1)—(1.4) blows up in finite time.

Proof To show this theorem, we use the idea given in [4, 5]. We assume that there exists
some positive constant M such that, for ¢ > 0, the solution u(¢) of (1.1)—(1.4) satisfies

Jue@ 725+ [Vu@) |+ |u); , <M. (3:2)

Let us consider the following function:

L(¢) = KO (¢) /!ut Pu(t dx+—HVu H , £>0, (3.3)
p+1
where
. 1 p—m
0<o<min{l, ——,——— 1. (3.4)
p+2 pim-1)

From (1.1)—(1.3), we obtain

P42

@] - e Vu)]’

L) = (1- )K" (OK'(t) + — :
P+ -

+£/(; g(t —5)(Vu(s) Vu(t)) ds—s(f(ut t)) u(t)) +8||u(t ”p,n‘ (3.5)
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Using Young’s inequality, we get

ftg(t - s)(Vu(s), Vu(t)) ds
0
= /tg(t —5)|Vule)|* ds + /tg(t —5)(Vuls) = Vaule), Vult)) ds
0 0

> (1 - %) /0 () ds|| Vu(®)|* - t(g o Vi) 2) (3.6)

T

for some number 7 > 0. By (3.5) and (3.6), we have

L'(t)>(1-0)K@®)K'(t) +

@]} —e|vuo)|’
(1_%) / g(s)ds”Vu(t)”
—e1(g o Vu)(t) — e (f (1)), u(t)) + & u(t) ”p,rl' (3.7)

Applying (2.7) and (2.12) to the last term ||u(t) ”Zn in the right-hand side of (3.7), we find
that

L'(t)y>1-0)K°(t)K'(t +

@]} -e|vuo)|’

(1 - 4—) f g(s) ds”Vu(t)H —et(go Vu)(t) - g(f(ut(t)) u(t))
2 P
2 o]0+ ( - /0 ¢ ds) [vu@)|?

+ g(g o Vu)(t) p8h0>

+& (pl( () +

/ 1 +
= (1-0)K° (K (t)+8(p —+ p’i2>||ut(t)}}’p’+§

+ e(g - r)(g o Vu)(t) + epK () — & (f (:(2)), ”(t))n

G- (v e

From (2.11), we see that

L'(t)>(1-0)K K (¢t) + s( 1

LG
+ a[(l - +(1- 8)<— — 1) |(go Vu)(®) + epK(t) — e (f (ue(0)), u (1,‘))1,1

+e[(1—8)(§—1> {( 8)(” ) }/t s)ds]HVu(t)”2 (3.8)

for some T withO<t <1+ (1— 3)(%’ —1). Using (2.10), (3.8) can be rewritten by

/ —0 / 1 +
L'(t)> (1-0)K (t)K(t)+£<p+1 p+2)|| w ()]

+ec1(go Vu)(t) + ecy || Vu(t) || +epK(t) - 8(f(ut(t)), u(t))rl, (3.9)

Page 7 of 11
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where
c1=(1—r)+(1—(§)(§—1> >0,
and

c2=(1-§)<§—1) - {(1-8)(%-1) + %}/Otg(s)ds>0.

Let us put Iy = {x € I : |uy(x,¢)| <1} and I'p = {x € I7 : |uy(x, £)| > 1}. Then we obtain
the inequalities which are given in [21]:

[ Pl 0)uts 01 = —|| w@?, + LA g, s,
' pn
and
u" m (Wl 1)
f F (w6, 0)) s, ) de < — ||ui(e) ||p n K( ), w>0.
I m ’

Inserting these into (3.9), we obtain

e(m - 1)

mum

1
+8<,0+1 ,0+2>” tt)||p+2+scl(govu)(t)
|| ol

pn

L= {(1 o)K7 () - }K( )

+8cy || Vu(t H +epK(t) ol

”m' (3.10)

Adding and subtracting ¢6K(¢) in the right-hand side of (3.10) and applying (2.7) and
(2.12), we get

, gy =) Lp
L0z {a-ok o0 - D0 o g+ 22 - ol

+e(c1—§)(goVu)(t)+s{cz—g< /g(s )}”Vu(t)H +e(p—0)K(t)

o_n ep” . )
' 8(; - 7) @], - L= [uto) ], + 20310

_ 8(p—1)|F1|(
pn

b
1

£71(1)7 (3.11)

Now, we choose u = (kK=° (t))~" , k >0 will be specified later. Using (2.13), (2.14), and
(3.4), the seventh term in the rlght—hand side of (3.11) is estimated as

1-m
= T o0 ) e
m

o, I

Skl—m

> _

23" u)| 7V = —e ok o) |

. (312)

pI’

Page 8 of 11
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o (m-1)
where C, = CopoT. From (3.11) and (3.12), we obtain

, ekm-1), . . , 1
L(t)z{(l—a)—T}K (t)K(t)+8(p+1+p+2 p+2>H, ]M

+ 8(61 - %)(g o Vu)(t) + 8(62 - %) ”Vu(t) ”2
0 m
re( -1 -k o,

P42

_p_
1

A - 1)|I;
+ e(p— OK(D) + 08y — LN o g7 (3.13)
pn
We take 6 such that
0 < 0 <min{2c1,2¢,}, (3.14)

then we can choose 71 > 0 sufficiently small so that & — 7”~! > 0. And then, we select k > 0
large enough such that
0

____Cklm
p p

and then take ¢ > 0 with

(1-0)- 781((7:1_ Yoo k0«

3
U Ug dx + §||Vuo||2 >0.

Condition (3.1) gives that

051, — P gyt s (3.15)
1
Using (3.13)—(3.15) and 2¢; < p, we have
L@ = C(|w@|)5+ | V@ | + [u@]? , + K@), (3.16)

here and in the sequel C denotes a generic positive constant. By arguments similar to those
in [18], we get

(L) ™ = KO+ [w@]7 + [Vu@] + |uo} ). (317)
Indeed, using Young’s inequality and

[0l wnas] = [0
we obtain

<‘ /9 |ut(t)|put(t)u(t)dx>]_g = c(|u®| 57 + ue|15"). (3.18)
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1-0)(p+2

where % + % = 1. By using (3.4) and taking y = P b £42

) _
> 1, we get 17 = o0

Since K is an increasing function, from (2.13) and (3.2), we have

B B
B 2 20-0) 2 20-0)
i (BIM) K(t) < Po(BIM)

L _pis
|u@][5 < B [Vu@)] K(0) KO0

|u®] > (319

where B; is the embedding constant. Similarly, from (2.13) and (3.2), we obtain

poM =

[vue)| 77 <mrs <7
K(0)

||u(t)||1’ﬂ. (3.20)
From (3.3), (3.18)—(3.20), we find that (3.17) holds. Combining (3.16) and (3.17), we con-
clude that

L'(t) > C(L(t))ﬁ fort > 0.

—1=0___ Furthermore, we have

Consequently, L(¢) blows up in time 7* <
co (L(0)) T-o

p+2

P | Vu@)| + |u@)]? ) = oo.

tim (Juto)

This leads to a contradiction with (3.2). Thus the solution of (1.1)—(1.4) blows up in finite
time. O

4 Conclusions

In this paper, we study the blow-up of solutions for the quasilinear viscoelastic wave equa-
tion with strong damping and boundary nonlinear damping. In recent years, there has
been published much work concerning the wave equation with nonlinear boundary damp-
ing. But as far as we know, there was no blow-up result of solutions to the viscoelastic
wave equation with nonlinear boundary damping and source terms. Therefore, we prove
a finite time blow-up result of solution with positive initial energy as well as nonpositive
initial energy. Moreover, we generalize the earlier result under a weaker assumption on
the damping term.
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