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1 Introduction
We investigate the asymptotic behavior of solutions to the Cauchy problem of the coupled
nonlinear parabolic systems by the following initial value problem:

ou

E:Au”‘+v”, xeR"t>0, (1)
a ) (=

8_1; =AV" + (|x| + 1)2(q P m)uq, xeR"t>0, (2)

u(x,0) = uo(x), v(x,0) =vp(x), x€R" (3)

where ¢ > p>m > 1and 0 < uy, vy € Cyp(R") are nontrivial.
The related studies trace back to 1966, when Fujita [5] first investigated the Cauchy prob-

lem of the semilinear equation

du =Au+u’, xeR"%,t>0,

at
and showed that the problem does not have any nontrivial global nonnegative solution if
1 <p <pc=1+2/n, whereas there exist both nontrivial global (with small initial data) and
non-global nonnegative (with large initial data) solutions when p > p. = 1 + 2/n. Then, it
was proved that p = p, belongs to the blow-up case by Hayakawa [10], Weissler [11], and
Kobayashi [21]. We call p, the critical Fujita exponent and the similar results as the blow-
up theorem of Fujita type. There have been many various extensions of Fujita’s results
thence, such as different types of parabolic equations, kinds geometries of domains, dif-
ferent nonlinear reactions, nonhomogeneous boundaries, etc. One can refer to the survey
papers [1,2,4,8,9,12, 13, 17, 22, 23, 25] and the references therein.
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The critical Fujita exponent for the Cauchy problem of

ou
—=Au"+u’, xeR"t>0
ot
was investigated by Galaktionov et al. in [6, 7], where p > m > 1. It was proved that p, =

m + 2/n. The Cauchy problem

d
ou_ Au” + x|, xeR",t>0
ot
with o > —2 was considered by Qi [15] who proved that p, = m + (2 + 0)/n. The authors in

[19] considered the Cauchy problem
A du m A n
%" — = Au” + |x|2uf, xe€R"t>0, (4)
ot

where p>m >1and 0 < Ay < Ay < p(A; + 1) — 1. It was proved thatif m<p <p.=m +
(2 + A2)/(n + A1), then every nontrivial solution of equation (4) blows up in a finite time. If
P > p., there exist both nontrivial global and non-global solutions, with small and large u,
respectively, to the initial-value problem (4). Martynenko and Tedeev [14] considered the
Cauchy problem of the following equation with an inhomogeneous density and a source
term:
p(x)i—l: = div(um_1|Vu|q’1Vu) +uf, xeR"t>0,
where g>0,m+g-2>0,p>m+qg—1,and p(x) = |x|* or p(x) = (x| + 1)*, A < 0. Under
some restrictions on the parameters, the authors researched if any nontrivial solution to
the Cauchy problem blows up in a finite time and established a sharp universal estimate
of the solution near the blow-up point.
In 1991, Escobedo and Herrero [3] investigated the following coupled systems:

G] 0
—M:Au+v”, —V:Av+uq, xeR"t>0,
ot at

where p, g > 0, and showed that a Fujita curve is

2
(pg)c=1+—max{p+1,q+1}.
n

If 1 < pq < (pg)., any nonnegative nontrivial solution blows up in a finite time, whereas if
pq > (pq)., there exist both nontrivial nonnegative global solution (with small initial data)
and nonnegative blow-up solution (with large initial data). In [16], the authors studied the
following Newton-filtration system:

0 0
—uzAu”’+v”, —VzAvm+uq, xeR",t>0 (5)
ot ot

with 0<m <1, p,g>1, and pg > 1. It was proved that the critical Fujita exponent is

2
(»q). = m* + ;max{p+ m,q + my}.
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However, for the case m > 1, the Cauchy problem of (5) does not have any results. The
main difficulty is that it has a finite velocity of the disturbance propagation, but the prop-
agation velocities of two equations may be different, that is why we choose the two special
equations.

In this paper, it is proved that the critical Fujita exponent to the problem can be for-
mulated as p, = m + 2/n. The main methods are inspired by [15, 19, 20, 24, 26]. We
can prove that there are the blow-up solutions by using the integral estimation method.
And the existence of nontrivial global solutions is shown by constructing self-similar su-
persolutions. For the system coupled by reactions, solutions to one equation may influ-
ence another equation. In order to guarantee the existence of the self-similar supersolu-
tions, we set perturbation term (|x| + 1)*. Specifically, this ensures that the self-similar
supersolutions to systems (1)—(3) of u(x,2) = (¢ + 1)™1U((¢t + 1)1 (|x| + 1)) and v(x,t) =
(t+1)"2V((t + 1)72(|x| + 1)) have the same support, i.e., B; = 2. The determination of
depends on the definition of the supersolutions. By simple calculation, o1 = a3 = 1/(p - 1),
B1=Br=@p-m)/(2p-1)),and u = (g — p)/B. Thus, we select (x| + 1) to the power of
2(q-p)p-

The paper is organized as follows. Section 2 lists some preliminaries such as the defi-
nition of solution, the well-posedness of problem (1)—(3). Then, several useful auxiliary
lemmas are given. At last, we obtain the blow-up theorems of Fujita type for problem (1)—

(3).
2 Preliminaries
In the following, we define the subsolutions, supersolutions, as well as solutions to prob-

lem (1)-(3).

Definition 2.1 Let 0 < T < +00. A pair of nonnegative functions (u,v) is called a super
(sub) solution to problem (1)—(3) in (0, T) if

v € ([0 T), L (B")) N L0, TiL™ (R?)),

and for any 0 < ¢, ¥ € C*}(R" x [0, T)) vanishing when ¢ near T or |x| being sufficiently

large, the following integral identities are satisfied:

T T
/ /Rn u(x,t)z—(':(x,t)dxdt+/ /ﬂum(x,t)Aw(x,t)dxdt

/ / V”(x,t)<p(x,t)dxdt+/ uo(x)p(x,0)dx < (=)0,

//nv(x,t) (x,t)dxdt+/f V(x, O) A (%, £) dx de

Koaq
+/0 /n(|x| + 1) U (x,t)xﬁ(x,t)dxdt+/Rn vo(x)¥r(x,0) dx < (>)0,

where u = 2(q — p)/(p — m). When it is both a supersolution and a subsolution, (x,v) is
called a solution to problem (1)—(3) in (0, T').
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Definition 2.2 A solution (u,v) to problem (1)—(3) is said to blow up in a finite time 0 <
T < +00, which is called blow-up time, if

|G O] ooy + V)| oy = +00 ast— T
Otherwise, (u,v) is said to be global.

Next, we will give the existence theorem and the comparison principle to problem (1)-

(3).

Theorem 2.1 (Local existence theorem) When 0 < ug, vo € Lt _(R")NL®(R"), the Cauchy

loc
problem (1)—(3) admits at least one solution locally in time.

Theorem 2.2 (Comparison principle) Fort € (0, T), let (u*,v*) and (u**,v**) be two solu-
tions to system (1) and (2) with nonnegative initial data uj(x), v§(x) and uf*(x), v§*(x),
respectively. If (uf(x), vix)) < (us*(x), vi*(x) a.e. in R”, then (u*,v*) < (u™,v**) a.e. in
R” x (0, T).

As to the proofs of Theorems 2.1 and 2.2, one can see [18, 19] and the references therein.

3 Blow-up theorems of Fujita type
In this section, we establish the blow-up theorems of Fujita type for problem (1)—(3).
Firstly, we consider the case p < p,.

Theorem 3.1 Assume that m < p < p. = m + 2/n. Then any nontrivial solution to problem
(1)—(3) blows up in a finite time.

Proof Let
17 O E |x| E ]"
Y (x) = { cos %(|x| -, 1<x|<2,
o, x| > 2.
For [>1, set

Vi) = w(’{) xeR".

Then

C c A c
Vol <7 [ave)] < 5 1A¥i)| _ C

¢[ 12) Vx e BZI\BI)

where C > 0 is a constant independent of /, and B, is the ball in R” with radius  and center
at the origin. Let (u, v) be a nontrivial solution to problem (1)—(3) in (0, +00). Owing to
Definition 2.1, we can obtain, for any ¢ € (0, +00),

e, )91 (x) dx = /

By,

I . u” (x, ) Ay (x) dx + /R” VP (x, )Y (x) dx,
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4 v e = /

dt Jr By

v (x, t)AI/f[(x)dx+/ (I| + 1)”uq(x,t)1//1(x) dx

]RVI
in the distribution sense. Thus,

iwl(t) > —/ u’”(x,t)‘Alpl(x)|dx+ ZQ/ (I] + 1)#uq(x, B)v(x) dx
By R”

dt
- / V™ (%, )| A (%)| dx + / VW(x, £)Y(x) d,
By R”
where
wi(t) = / (u(x,t) + Ov(x,0))Yu(x) dx, >0
RVI
and 6 is to be determined. Using the Holder inequality, one gets

/ u”(x,t) | Awl(x)| dx
By

:/ um(x,t)|A1m(x)|dx
By \B;
(g-m)lq

f(/ (Il + 1) | Ay e) \‘”“”wf’”’“”“d">

By \By

mlq

x ( / (Il +1)" 2 (x, O)9u(0) dx)

By \B;

mlq
< Ciln—z—(nﬂt)m/q (/ (|x| + l)ﬂuq(x, DY) dx)
Rn

and

/v"‘(x,t)|A1pl(x)|dx
By
_ / V7, )| )| de
By \By

(p-m)/p
< ( f | Ay @)y ) dx)
By\B;
m/p
X ( Vix, £)yr(x) dx)
By\B;

mlp
561/1"‘2-'""“’( s () dx) ,

R”

where C}, C{ > 0 independent of /. Combining these inequalities with (6), we obtain

m/
iWz(lf) > </n(|x| +1)" ul(x, )y () dx) '

dt
(q-m)lq
x (19 ( / (Il + 1) (x, £) () dx) - clzn-z-mwwq)
R”

(6)

Page 5 of 11
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mlp
+ < VP (i, )ri(x) dx)
RVI

(p-m)/p
X <(/ W(x, £) Y (x) dx) - Clln_Z_m”/PJr@) @)
RVI

with C; = max{C}, C{}. It leads to

(g-1)/
/ u(x,t)lﬁz(x)dxi(/ (|x|+1)“‘“‘f‘”1m<x)dx>q !
R” R”

1/q
X ( f (1l + 1) u (e, )y () dx)
Rr[

and
(p-Dlp 1/p
| vowt s < ( e dx) ( (5, Y1) dx> ,
R” R” R”
which imply that
/ (I + 1) 0 (x, £) () doe
R”
Ch(from wl, £) Yy (%) dx)1- 141 if —gn+n+ pn <0,
=\ Cs(fpn ul(x, £)¥1(x) dx)(In D™V, if —gn+n+pu=0, (8)
Ca fn u(x, £) (%) dx)?, if —~gn+n+pu>0
and

n

Wx, H)yi(x) dx > C 1P+ </ v(x, £)yr(x) dx)p, 9)

R”

where C), C}, Cs, Cy > 0 are the constants independent of /.

For the case —gn + n + u < 0, one can select

g 1P W q-p 2
= n-— = n-— .
p+1 p+l p+1 p—-m

It follows from (7), (8), and (9) that

d q~\ mlq
0= (e ([ wmomwar) ) (o

q-m
+ C;(q—m)/ql(—qn+n+u)(q—m)/q+6‘ </ u(x, t)wl(x) dx) )

p\ mip
+erWM</ Wmnm@ym>> ({U**W@”
R}’l

" p_m
+ Cz(me)/Pl(—WPJrn)(p—m)/p (/ v(x, L‘)lﬁz(x) dx> >
RVI

Page 6 of 11
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q
> —CI DO () 4 Gyl ( / u(x, 1)) dx)

n

j2
+ Cyl o (/ v(x, £)y(x) dx) , (10)
RVI
where C; = min{C}, C;}, C = max{C;C}, C; CJ}.
Set
—p*qn — p*n + pgmn + pmn + 2pq — 2p*
A= + .
p+Dp-m)
Note that -gn + n+ p + 60 = —np + n— p6 = A. So, for any ¢ > 0,
in(t) > _Cln—2—mn—(m—l)0WM(t)
dt - !
q p
+ C21A<</ u(x, £)y(x) dx> + </ Pv(x, £)y(x) dx> )
R R
> wy(8)(~Cr 2= m=0 4 2P Gyl - min{wh T (8), wi T (2))). (11)

Owing to p < p., we get
n-2-mn-(m-1)0 < A.

Recalling w;(0) is a nondecreasing function of [ € (0, +00) with sup{w;(0) : [ € (0, +o0)} > 0,

we have
Cpr=2omn=m=0 <=, 14 - min{w! ™" (0), w{ " (0)}. (12)
Then (11) and (12) yield
d _ .
GM0=2 PN min{wf (6), wl(8)}, t>o0.
Since g > p > m > 1, there exists a constant 0 < 7' < +00 such that
wi(t) = /R” (u(x, £) + Pv(x, t))l/fl(x) dx— +o0 ast— T
Owing to supp v;(x) = By, we find that
”u(-,t) ”LOO(R,,) + Hv(-,t)HLm(R,,) —+00 ast—> T,

that is, (¢, v) blows up in a finite time.
For the case —gn + n + p = 0, select 6 = 0. It follows from (7), (8), and (9) that

m/
%wl(t) > <C3(ln D ( /R () dx>q> '

q-m
x (-clz"-Z-V"("*ﬂ)/hc;"’”)/q(lnl)-W-UW-m)/q( f u(x,t)wl(x)dx> )
R~
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p\ mip
+ <C§’l‘”‘“” <f v, £)Yr(x) dx) )
R}’l

% (_Cllnz;«nn/p
1\ O=m)IP {(—np+n)(p-m)/p p_m
() Ve Yl dx ) ). (13)
RVI

Owington—-2-m(n+up)/q <0,n—2—mnlp < (~np+n)(p—m)/p,and w; is a nondecreasing
function of [, there exist §’,8” > 0, [ > 1 such that

d m "
4 = (Colinp a0y ( fR ulx,Yi(x) dx)
X (%C(qu)/q(ln [)~la-Dig-miq </Rn u(x, )y (x) dx)q_m>
11 1-np+n\MIp "
+ (Czl P ) (An v, £) Y (x) dx)

p—m
X (%(Cé’)(”"”“"l(‘”"*”“”"””f’< / V(x,t)lllz(x)dx) )
R~

> 5 </ o, EY() dx>q " (/ v Vi) dx>q
R7 R

> 275 - min{w! (), w!()},

where § = min{§’,§”}. Thus, there exists a constant 0 < T < +oo such that («, v) blows up
in a finite time.
For the case —gn + n + p > 0, we still select & = 0. By a similar argument as the case

—qn +n+ p =0, we can also prove that any nontrivial solution blows up in a finite time. [

Turn to the case p > p.. To prove the existence of a nontrivial global solution to problem

(1)-(3), we research self-similar supersolutions to system (1) and (2) of the following form:

uw ) = u((t +(i)+ﬁ1()|:| + 1)), 5.0) = V(¢ +(1)+51()|ic| + 1))’ )
where (x,£) € R" x [0, +00),
o= 1%’ B = 2’(;__";).
If U,V € C([0, +00)) with U™, V™ e C([0, +00)) satisfy
()0 + " B ) B 0) oll) + VPG <0 (15)
(v o)+ P22 EEL oy 6y g s av) + Ut <0 (16)

||

for any r > 0, x € R”, then (14) implies that («, v) is a supersolution to system (1) and (2).

Page 8 of 11
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Lemma 3.1 Letp > p. and

1/(m-1)
+

Ur)=V(r) = (n-Ar?) , r>0, (17)

where s, = max{0,s} and n > 0 is sufficiently small, while
-1 1 _
A= " -+ p-m .
dmp-1)\n 2

Then there exists sufficiently small n > 0 such that (u,v) given by (14) and (17) is a super-
solution to the system of (1) and (2).

Proof A simple computation can lead to
" n-1 / "
(L[m) (r) + T(Um) (r)+ Bri'(r) + alU(r)

1/2
_ <i (ZA_m _ﬂ)rzul‘m(r) + <a— M))I,I(r), O<r< <1> .
m-1\m-1 m—1 A

By the definition of A, we choose 1; > 0 sufficiently small, and when 0 < < 11, we obtain
, no1 / 0 1/2
U™ () + —=(U") (r) + pri'(r) + al(r) <0, 0<r< (Z) .
r

Owing to (U™)'(r) = =242 (r) < 0, then, for 0 < r < ()2,

m-1

n—-1 |x|+1

(le)”(r) + W(U’")/(r) + Bri’(r) + all(r)
" n-1 / , n-1 1 /
= (L[”’) (r) + (L[m) )+ Brid’ (r) + al(r) + —— - m(u’”) (r) <O. (18)
r r
Similarly, for each 0 < 1 < 11, we have
o om=1 |1, ,
(V ) (r) + . ™ (V ) (r)+ BrV'(r)+aV(r) <0, (19)
r x
where 0 < r < (4)2. The definitions of I/, V imply that
r“Uq_l(r) < A—M/Z,7[(p—l)(q—m)]/[(m—l)(p—mn’ Vp"l(r) < n(p—l)/(m—l),

where0 < r < (%)”2. Together with (18) and (19), for sufficiently small 0 < 7, < n; and when
0 <1 <1y < n1, we get (15) and (16). Since U, V € C1([0, +o0)), (1, v) is given by (14) and
(17) which is a supersolution to system (1) and (2). O

Theorem 3.2 Let p > p.. Then there exist both nontrivial global and blow-up solutions to
problem (1)—(3).

Proof The comparison principle and Lemma 3.1 yield that problem (1)—(3) with small
initial data admits a nontrivial global solution. Next, let us show the existence of a blow-
up solution to problem (1)—(3) with large initial data.
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Fix [ > 0 and let (1, v) be the solution to problem (1)—(3). Set

wi(t) = / (u(x, t) + v(x, t))l//l(x) dx, t>0.

From the first half of the proof of Theorem 3.1, we know that when —gn + n + u < 0, we
use the Holder inequality to get

d .
Ewl(t)

> —Cllnz”’”<</ u(x, £)y(x) dx)m + (/ v(x, 1)y (x) dx)m)
R” R”

+ / (Il + 1)" (%, )Yy () dox + / v (x, £)r(x) dx
R R
a
> —C "2 (E) + Chlm e (/ u(x, £)yr(x) dx)
Rn

p
+ Gy < / v(x, &) (x) dx)
Rn

> W) (=C1 "™+ 27PCy - min{ W (), Wi (0)}),  £=0, (20)

where Cy = min{Cy[™"P*", CJ[~#"*"*!'} is a positive constant that depends only on #, p, g,

and /. If (ug, vo) is so large that
Cim 2 < 27V, - min{ @ 7"(0), W] "(0)},
then (20) leads to

%w,(t) > 27, - min{W) (£), W] ()}, £>0.

By the same method above, one can show that («, v) must blow up in a finite time. Similarly,

we can prove that blow-up solutions to problem (1)—(3) with large initial data exist when

—qn+n+u=>0. O
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