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—(a@+b [ps IVUPP d)Au+VXu+@u=~f(u), xeR’
~A¢ =12, xeR?,

where g, b are positive constants, V € C(R? R™). By using constraint variational
method and the quantitative deformation lemma, we obtain a least-energy
sign-changing (or nodal) solution uy, to this problem, and study the energy property
of up. Moreover, we investigate the asymptotic behavior of uy, as the parameter b \ 0.
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1 Introduction
In this paper, we discuss the existence and asymptotic behavior of sign-changing solutions
for the Kirchhoff-Schrodinger—Poisson systems

—(@a+Db o3 IVulPdx)Au+ V(x)u + ¢u=f(u), xR

(1.1)
—A$=u?, x€R3,

where a,b >0, V € C(R3,R*) such that H ¢ H'(R?) and the embedding

H— L1(R®), 2<g<6,

is compact, denoting by H!(R®) the set of radially symmetric functions in the Sobolev
space H'(R3), we define

HYNR?) = {u e HY(R3) : u(x) = u(|x|)}, if V(x) is a constant,

{u € DY*(R?): [p3(alVul® + V(x)u*) dx < +o0}, if V(x) is not a constant.
with the norm

Jual? = f (alVal + V) .
R
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As for f, we assume that f € C}(R, R) and satisfy the following assumptions:
(f1) f(s)=0(|s|) ass— 0;

(fZ) llms%oo'&g) = 0;

(3) lim,_, o0 s(j) = +00, where F(s) = [; f(¢) dt;

(fa) Jlr(—sg) is an increasing function of s € R\{0}.

s
It is noticed that, to avoid involving too much details for checking the compactness,

M,

assumptions on V were first introduced in [60].
The nonlocal operator (@ + b [p3 |[Vu|* dx) A comes from the Kirchhof-Dirichlet prob-
lem

—(a+b [, |VulPdx)Au=f(u), xe€,
MIO, anQ,

(1.2)

where 22 C RY is abounded domain or 2 = RN, 2 > 0, b > 0 and u satisfies some boundary
conditions. Problem (1.2) is related to the following stationary analog of the equation of
Kirchhoff type:

Uy — <a+b/ |Vu|2dx)Au = f(x, u), (1.3)
2

which was introduced by Kirchhoff [22] as a generalization of the well-known D’Alembert
wave equation

9%u

dul?
dx) — =f(x,u), (1.4)

—_— _+_ —_—
Poe "\ n Tar ), |ox

?u (po E (*F
dx?

for free vibration of elastic strings.

Kirchhoff’s model takes into account the changes in length of the string produced by
transverse vibrations, so the nonlocal term appears. For more mathematical and physical
background of Kirchhoff-type problems, we refer the reader to [8, 40, 50].

After the pioneer work of Lions [28], a lots of interesting results to problem (1.2) or
similar problems were obtained in last decades; see for example [14-19, 24, 26, 32, 34, 36,
37,41, 43, 45, 51, 52, 57, 59, 64, 65]. For the sake of space, many interesting results we do
not cite here.

Especially, many authors pay their attention to find sign-changing solutions to problem
(1.2) or similar problems and indeed some interesting results were obtained. For example,
Zhang et al. [65] used the method of invariant sets of descent flow to obtain the existence
of sign-changing solution of problem (1.2). It is noticed that, combining constraint varia-
tional methods and the quantitative deformation lemma, Shuai [45] studied the existence
and asymptotic behavior of least-energy sign-changing solution to problem (1.2). Soon
afterwards, under some more weak assumptions on f (especially, a Nehari type mono-
tonicity condition been removed), Tang and Cheng [51] improved and generalized some
results obtained in [45]. For more results on sign-changing solutions for Kirchhoff-type
equations, we refer the reader to [14, 15, 17, 32, 34, 36, 43, 52] and the references therein.

When a =1, b =0, system (1.1) reduces to the Schrédinger—Poisson system

“Au+Vx) +p@u=f(u), xeR3

(1.5)
—-A¢ =u?, x e R3,
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System (1.5) comes from the time-dependent Schrédinger—Poisson equation, which de-
scribes quantum (nonrelativistic) particles interacting with the electromagnetic field gen-
erated by the motion. For more details of the mathematical and physical background of
the system (1.5), we refer the reader to [6, 7] and the references therein. In the past several
decades, there has been increasing attention toward systems (1.5) or similar problems, and
the existence of positive solutions, multiple solutions, bound state solutions, multi-bump
solutions, semiclassical state solutions has been investigated; see for example [3-6, 9, 25,
29, 33, 35, 42, 44, 48, 49, 54, 55, 58, 67].

For sign-changing solutions, Alves and Souto [1] proved that system (1.5) possesses a
least-energy sign-changing solution in which R? be replaced by bounded domains with
smooth boundary. Soon afterwards, Alves, Souto and Soares [2] improved and general-
ized results obtained in [1] to on whole space R3. Via a constraint variational method
combining the Brouwer degree theory, Wang and Zhou [60] investigated the existence of
least-energy sign-changing solutions for the system (1.5) when f () = |u|’"'u, p € (3,5). By
using the constraint variation methods and the quantitative deformation lemma, Shuai
and Wang [46] studied the existence and the asymptotic behavior of least-energy sign-
changing solution for system (1.5). Latter, under some more weak assumptions on f, Chen
and Tang [11] improve and generalize some results obtained in [46]. For the other work on
a sign-changing solution of system (1.5) or similar problems, we refer the reader to [5, 20,
21, 27, 30, 56, 68] and the references therein. It is noticed that there are some interesting

results, for example [10, 13, 53, 61], considered sign-changing solutions for other nonlocal

problems.
For u € H, let ¢, be unique solution of —A¢ = 1? in D?(R?), then
1 u(y)
00=1 [ (16)
4 Jrs [x -yl

Using the expression of (1.6), we see that the system (1.1) is merely a single equation on

u:
—(a+b/ |Vu|2dx>Au+ V(x)u + ¢, (x)u = f(u). (1.7)
R3

So, the energy functional associated with system (1.1) is defined by

1 S|
Iy(u) = —/ (oleu|2 + V(x)uz) dx + é(/ |Vu|2dx) + = Gu(X)u? dx
2 R3 4 R3 4 R3

—/ F(u)dx. (1.8)
R3
Moreover, under our conditions, I, € C1(H,R), and we have
VARAE f (aVuVy + V(x)mp)dx+b/ |Vu|2dx/ VuViy dx
R3 R3 R3
+ / Guuy dx —f fW)y dx, (1.9)
R3 R3

for any u,y € H.
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The weak solutions of system (1.1) are critical points of I,. Moreover, we call u a sign-
changing solution to (1.1) if u is a solution of (1.1) with u* # 0, where

ut(x) = max{u(x),O}, u (x) = min{u(x),O}.

For system (1.1) contains both nonlocal operator and nonlocal nonlinear term, the
study of system (1.1) become technically complicated. In recent years, there were some
scholars paying attention to system (1.1) or similar problems; see [12, 23, 31, 38, 63, 66]
and the references therein. However, to the best of our knowledge, few papers consid-
ered sign-changing solutions to system (1.1) or similar problems. Via gluing the function
methods, Deng and Yang [12] studied the sign-changing solutions for system (1.1) with
f(W) = |ulP~2u, p € (4,6). But they did not study the energy property and asymptotic be-
havior of this solution.

Inspired by the work mentioned above, in this paper, we seek the least-energy sign-
changing solutions to system (1.1). Asin [1, 11, 17, 45, 46, 59], we first try to seek a mini-
mizer of the energy functional J;, over the following constraint:

My ={ueH:u™#0, (I(w),u*) = (I,(w),u”) =0},

and then will prove that the minimizer is a sign-changing solution of system (1.1).

The following are the main results of this paper.

Theorem 1.1 If the assumptions (f1)—(fa) hold, then the problem (1.1) has a least-energy
sign-changing solution uy,, which has precisely two nodal domains.

Theorem 1.2 Under the assumptions of Theorem 1.1,
I,(up) > 2¢p

where ¢ = inf,en;, Ip(1), N == {u € H\{0} : (I} (1), u) = 0} and uy, is the least-energy sign-
changing solution in H obtained in Theorem 1.1. In particular, ¢, is achieved either by a
positive or a negative function.

Theorem 1.3 If the assumptions of Theorem 1.1 hold, then, for any sequence {b,} with
b, — 0 as n — 00, there exists a subsequence, still denoted by {b,}, such that u,, — u
strongly in H as n — 0o, where uy is a least-energy sign-changing solution in H of the prob-
lem

—alu+V(X)u+ou=f(u), xcR3

(1.10)
~A¢p =i, xeR?,

which changes sign only once.
2 Some technical lemmas

In this section, we prove some technical lemmas related to the existence of sign-changing
solutions of system (1.1).
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Lemma 2.1 Assume that (f,)—(fs) hold, if u € H with u* #0, then:
(i) There exists a unique pair (s, t,) of positive numbers such that s,u* + t,u~ € M.
(i) The vector (s, t,) is the unique maximum point of the function ¢: R, x R, - R
defined as (s, t) = I,(su* + tu™).
Proof (i) Having fixed u € H with u™ #0, let
g(s,t) = (1,; (Su+ + tu‘),su*)
= / [aV(su* + tu‘)V(su*) + V(x)(SLfr + tu‘)su*] dx
R3
+ b/ |V(su+ + tu‘)|2dx/ V(Su+ + tu‘)V(su*) dx
R3 R3
+ / Ot +tu- (Su+ + tu‘) (su*) dx — / f(su+ + tu‘)sz/r dx
R3 R3

:sznu+||2+b/ (52|Vu*|2+t2|Vu‘|2)dx/ 2|Vt da
R3 R3

+ / sty
R3

2
=52Hu+||2+bs4</ }Vu+|2dx> +bs2t2f |Vu+|2dxf |Vu’|2dx
R3 R3 R3
+s4/ ¢u+|u+|2dx+s2t2/ ¢u—|u+|2dx—/ f(su*)su*dx, (2.1)
R3 R3 R3

u*|2dx+f s2t2¢u—|u*|2dx—/ S (su®)eu* dx
R3 R3

h(s,t) = (I, (su™ + tu™), tu”)

:t2||u‘||2+b/ (s2|Vu+|2+t2|Vu‘|2)dx/ 2|V | d
R3 R3
e [ ol Pass [ ool P [ () s
R3 R3 R3
2
:t2||u‘||2+bt4</ |Vu‘|2dx> +bt252/ |Vu+|2dx/ V| dx
R3 R3 R3
+tt / b |u|* dx + 25 / e || dx - / £t )eu d. (2.2)
R3 R3 R3

We will show that there exists r € (0, R) such that

g(r,t) >0, h(s,r)>0, Vs, telrR] (2.3)
and
g(R,t) <0, h(s,R)<0, Vs, te[rR], (2.4)

where R > 0 is a constant.

By assumption (f;) and (f;), for any ¢ > 0, there exists a positive constant C, such that

f(s)s <es* + C.ls|°, forallseR. (2.5)
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Then we have

2
g(s,t)ZSZHM+”2+bs4(/ ‘beyzdx) +bs2t2f ’Vu+|2dx/ |Vu_|2dx
R3 R3 R3
+s4/ ¢u+|u+|2dx+s2t2/ ¢u—|u+|2dx—8/ |su+|2dx
R3 R3 R3
—Cg/ |su+|6dx
R3
ZszHu+”2+s4/ P
R3

- C2C8s6/ |u+|6dx
R3

u*‘zdx+52t2/ ¢u—‘u+‘2dx— Cyes? ”u* Hz
R3

> (1= o) ut |’ +5* / bur
R3

u*|2dx+szt2/ ¢u—|u*|2dx

R3

—C3s6/ |u+|6dx, (2.6)
R3

where C;, C;, Cs are positive constants.

On the other hand, since u* # 0, there exists a constant § > 0 such that meas{x € R3,u* >
8} > 0. In addition, by (f3) and (f2), we deduce that, for any L > 0, there exists 7 > 0 such
that j% > L for all w > T. Therefore, for s > %, we have

/ f(su*)su+ dx > / D) (su+)4 dx > Ls4/ (u*)4 dx. (2.7)
R3 {u

se) (SuT)3 {u+ (x)>5)

Choose L sufficiently large so that

L/ (u+)4dx
{u*(x)>8}
2 2
>2<%(/‘ |Vu*|2dx) +é<f |Vu‘|2dx> +/ ¢u|u*|2dx).
2 R3 2 R3 R3
Suppose ¢ < s, we have
2
g(s,t)fszuu+”2+bs4(/ ‘beyzdx) +bszt2f ’Vu+|2dx/ |Vu_|2dx
R3 R3 R3
+s4/ ¢u+|u+|2dx+s2t2/ ¢M—|u+|2dx—Ls4/ (u+)4dx
R3 R3 {ut (x)>3}
20,4+ 12 b 4 +2 2 b 4 -2 2 4 +2
§s||u || + =5 /|Vu } dx ) + =t /|Vu | dx) +s / ¢u+|u | dx
2 R3 2 R3 R3
2
+szt2/ ¢u—‘u+|2dx+bs4<f |Vu+‘2dx> —Ls4/ (u+)4dx
R3 R3 {ut (x)>8)
2 2
Ssz||u*||2+3—hs4(/ {Vu*|2dx> +és4</ |Vu|2dx) +s4/ ¢u|u+|2dx
2 R3 2 R3 R3

—Lst / (u*)4 dx
{u*(x)>8}

Page 6 of 20
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2 2
:s4<3—b( |Vu+|2dx) +é(/ |Vu_|2dx>
2 R3 2 R3
+/ ¢>u|u+|2dx—L/ (u+)4dx)
R3 {u*(x)>8}

+5 || u* “2 (2.8)
Similarly, we derive that
h(s,t) > (1 - C48)t2HM_ ”2 + t4/ Do |u’|2dx + s2t2/ Dur ‘u”zdx
R3 R3
- C6t5/ ’u‘fdx (2.9)
R3

and

2 2
h(s,t)ft‘*(%(/ |Vu|2dx) +é(f {w*|2dx>
2 R3 2 R3

+/ ¢u‘u‘|2dx—L/ (u‘)4dx) + % ||u
R3 {u=(x)>8}

2

, (2.10)

ifs<t.

Hence, in view of (2.6), (2.8), (2.9), (2.10) and Miranda’s theorem [39], there exists some
point (s, t,) such that g(s,, ¢,) = h(sy, t,) = 0. That is, s,u™ + t,u™ € M,.

We now prove that the pair (s,, ,) is unique and consider two situations.

Case 1.u e M,,.

If u € M, we have

(Il’,(u), u*) = <I,’,(u), u‘) =0.

That is,
2
||u+||2+b(/ |Vu*|2dx> o [ [vuPax [ |vuPax
R3 R3 R3
+/ bt u+|2dx+f ¢u—|u+|2dx:/ f(ut)ut dx, (2.11)
R3 R3 R3
2
Hu‘||2+b(f yw—fdx) o [ Vi as [ vl as
R3 R3 R3
+/ ¢u—|u”2dx+/ ¢,4+’1[|2dx=/ S )u dx. (2.12)
R3 R3 R3

We prove that (s,, £,) = (1,1) is the only pair of numbers so that s,u* + t,u~ € M.
Suppose that (3,,%,) is another pair of numbers so that 5,u* + £,u~ € M. According to
the definition of M,, it is easy to obtain

2
sg||u+||2+bg;5(/ |Vu+|2dx> e A M
R3 R3 R3

it [ gl Pasei [ ool lae [ Gy as 21
R3 R3 R3
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and

2
2|+ sz;(/ |Vu|2dx> w625 [ v [ Vil as
R3 R3 R3
o8 [ bl Pas e85 [ o
R3 R3
Without loss of generality, we can suppose that 0 < 5, < #,. Thus, from (2.13), we get
2
2wt + b§f;<f ]Vu+|2dx) et [ vt P [ |vuPax
R3 R3 R3

+§i/ ¢u+|u+|2dx+§if ¢u—|u+’2dx
R3 R3

2
553,||u+||2+b§g(/ |Vu*|2dx> w657 [ vuPa [ vl as
R3 R3 R3

+§3/ ¢u+‘u+‘2dx+§iii/ b || dx
R3 R3

P = fR e s (2.14)

- / Gt .
R3

So,

2
%||u*||2+b</ |w+|2dx> o [ Vi as [ vl as
Su R3 R3 R3

12 ) f(gu'f) +
+/R3¢u+ u ‘ dx+/Rg¢u—|u } dx < - —53 u' dx. (2.15)
Combining (2.15) with (2.11), we get
e . (8,u*)  flou')\, |
o= (1

If s, < 1, the left side of the above inequality is positive, which is absurd because the right
side is negative by condition (f}).

Therefore, we obtain 1 <, < £,.

Similarly, by (2.12), (2.14) and 0 <3, < f,, one has

G-l = [ (1 bac) )y’ as (217)

tEu)? (u)?

Thanks to (fy), we must have £, < 1.

So, s, =f, = 1.

Case 2. u ¢ My,

If u ¢ My, then there exists a pair of positive numbers (s, ) such that s, u* + t,u™ € M,,.
Assume that there exists another pair of positive numbers (s, £,) such that s,u* + £, ,u” €
M. Define v:=s,u* + t,u” and v :=s,u* + t,u", we get

/ /

v+ 2y =sut +tum =V e M.
Su u

Page 8 of 20
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Thanks to v € M, we find that s, = s}, and £, = £,,.

(ii) From (i), we know that (s,, ¢,) is the unique critical point of ¢ in R, x R,. By the
hypothesis (f;), we conclude that ¢(s, £) — —oo uniformly as |(s, £)| = 00, so it is sufficient
to show that a maximum point cannot be achieved on the boundary of (R,,R,). If we may

suppose that (0, £) is a maximum point of ¢, it is easy to deduce that

@L(s,t) = (Ib (su+ + Zu‘));

:s/ a|Vu*|2+V(x)|u*|2dx
R3
2
+s3(/ |Vu*|2dx> +s22/ |Vu*|2dx/ |Vu’|2dx+33/ ¢u+|u*{2dx
R3 R3 R3 R3
+1522/ O u’|2dx+ lZ2s/ o -\u*|2dx
2 R3 “ 2 R3 “

—/ fsu®)u" dx
R3

>0,

for s small enough.

That is, ¢(s, £) is an increasing function with respect to s if s is small enough.

From the above discussion, we know that the pair (0, £) is not a maximum point of ¢ in
R, x R,. O

Next, we consider the minimization problem

my = inf{Ib(u) ‘U € ./\/lb}. (2.18)

Lemma 2.2 Assume that (f1)—(fa) hold, then my, > 0 is achieved.
Proof Firstly, we prove my, > 0.

For every u € My, we have (I (), u) = 0. So, according to (2.5) and the Sobolev embed-

ding, we have

2
||u||2§/ (a|Vu|2+V(x)u2)dx+b</ |Vu|2dx) +/ ¢u|u|2dx=/f(u)udx
R3 R3 R3 R3
<e |u|2dx+C€/ |u|® dx
R3 R3

<eCillul® + Callul®. (2.19)

Selecting ¢ = %, it is easy to see that there exists a constant « > 0 such that ||u|? > a.
On the other hand, we obtain, by the condition (f;),

H(t):=f(t)t—4F(t) >0, teR, (2.20)

and H(¢) is increasing when ¢ > 0 and decreasing when ¢ < 0.
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Then we have

1

Ip(u) = I(u) 2

1 1
I/ , > _ 2>_ .
(I (), u) = 4IIMII e

That is, n1, > ia > 0.

In the following, we prove that m, is achieved.

Let {u,} C My, be so that I;,(«,,) — m,. Then {u,} is bounded in H. And there exists 1, €
H such that u converges to u:bt weakly in H. Since u,, € M, we can get (I, (u,), ut) =0,

ie,

||u,ﬂ|2+b/ |Vun|2dx/ |Vuj|2dx+/ ¢un|uj|2dx=/f(u;)ujdx. (221)
R3 R3 R3 R3

Analogous to the discussion in (2.19), there exists 8 > 0 such that ||u£||> > g foralln € N.
Thanks to (f;) and (f;), for any é > 0, there is a positive constants Cs such that

f(s)s < 85> + 85| + Cs|s|P, forallseR.

So, by u,, € My, we have

B < ||uf||2</ f(uf)ufdfo/ |uni|2dx+C5/ |uf|pdx+5/ |uff|6dx.
R3 R3 R3 R3

In view of the boundedness of {u,}, there exists C; > 0 that satisfies

B <38Ci+ C5/ |t |” dx.
R3

B

Choosing § = TR from the above equality, we can obtain

/ |uﬂpdxz i > 0.
R3 2C2

So, according to the compactness embedding H < LI(R3) for 2 < q < 2*, we have

i [fdx> L (2.22)

]R3|u - 2C2.

That is, u; #0.
By Lemma 2.1, there exists (s, , £,,) € (0,00) x (0,00) such that

Up 1= Sy, U, + by, Uy € My,
We assert that

0 <8y, by, < 1.
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In fact, by (f1), (f2) and the compactness lemma of Strauss [47] we see that

lim | f(u;)u; dx= / f(uzc)uhi dx,
R3

n—00 Jp3

lim F(uy;)dx = / F(u}f) dx.

n— 00 ]RS RS

(2.23)

Since the embedding H < D'? is continuous and we have weak semicontinuity of the

norm, we have
”ufH2+b/ |Vub|2dx/ |Vubi’2dx
R3 R3
< lim inf(||uni||2+b/ |Vu,,|2dx/ !Vu,ﬂzdx). (2.24)
n—00 R3 R3

By (1.6) and the Hardy-Littlewood—Sobolev inequality, we have

lim inf / || dx = / b, || dx. (2.25)
n—00 R3 R3

Therefore, thanks to {u,} C My, (2.23), (2.24) and (2.25), we obtain
||z¢1,:7t H2 + b/ |Vub|2dx/ |Vubi|2dx + / bu, |uf|2dx < / f(uff)ubi dx.
R3 R3 R3 R3
That is,
(Il’,(ub), ubi) < liminf(lé(u,,), u:ﬂ =0. (2.26)

Suppose that s,, > t,, >0, thanks to s, 1} + t,,u; € My, we have

2
sib”u,;“z+bs§b</Ra|Vug}2dx> L st /stul*,fdx/ﬂ;gwuﬂzdx

4
+Sub/3¢”Z
R

2
zsib”u*”Z+bs‘;b(/Rs\Vu,j|2dx> et [ Vi [ |Vig s

4
+S,, f bu;
R3

= A3f(sub 1)) Su, Uj, dx. (2.27)

uz|2dx+s§b /RS ¢u;|u2|2dx

u;,Z dx+sibt§b /ﬂ;g ¢uz|u2’2dx

Combining (2.26) and (2.27), we have

1 L2 flsuup)  f@g)\, \a
(_ i 1)||ub I [ ( S (uz)g)w,,) .

If s, > 1, the left-hand side of this inequality is negative. But from (f3), the right-hand side

of this inequality is positive. So, we have s, < 1.
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From the above discussions and (2.20), we get
my, < Ip(up) = 1p(thp) - Z(U,(M_b), 77
1 +112 1 —12 1 + + +
= sl Gl 5 [ (i), -4 (s))

1
+ Z/ (f(tubug)tuh”l: - 4F(t”bul;)) dx
R3

1

< illubll2 + Z/RB(f(ub)ub —4F (up)) dx

. 1
= nlingo lnf(lb(un) - ZL<I[/;(MH)’ un)) = Mmy.

It follows from the above fact that s,, = ¢,, = 1. Then i, = u;, and I(#3) = m;. The proof
if finished. O

3 Proof of main results

Proof of Theorem 1.1 We just prove that the minimizer i, for (2.18) is indeed a sign-
changing solution of system (1.1), i.e., I, (1) = 0.

Since u;, € My, we have I (up)u}, = 0 = I, (up)u; . By (ii) of Lemma 2.1, for (s, £) € (R, x
R,) and (s,¢) # (1, 1), we obtain

Iy (suj, + tuy) < Iy (uj, + uy) = my. (3.1)

If I (up) # 0, then exist § > 0 and A > 0 such that ||, (v)|| > A for all [|[v — u|| < 3.
Choose o € (0,min{1/2,8/+/2||u||}). Let 2 = (1 - 0,1 +0) x (1 —0,1+0) and 5(s, t) :=
suy + tuy, (s,t) € 2. From (ii) of Lemma 2.1, one has

myp :=maxl, on < mp. (3.2)
a2

For ¢ := min{(m;, — m,)/2,A58/8} and S; := B(up, ). By Lemma 2.3 of [62], there exists a
deformation & such that:

() €(1,u) =uif u & I,*([mp — 28, my + 2€]) N Sas;

(b) (LI, Ns) L™

(¢) I,(E(,u)) <Iy(u) forallu e H.

Firstly, we need to prove that

(rrtl)a)}2 I(£(1,n(s,2))) < mp. (3.3)

By Lemma 2.1, we know I,(1)(s, £)) < m1, < my + €, which shows that
n(s,t) e """

At the same time, we have
(s, ) = ) = 2((s = 12263 |* + (¢ = D5 ") = 201w > = 82,

that is, 5(s, t) € Ss, ¥(s, £) € 2.
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Therefore, according to (b), we have I,,(§ (1, n(s, £))) < m — e. Hence, (3.3) holds.

In the following, we show that &(1,n(D)) N M, # @, which contradicts the definition of
my.

Let us set ¥ (s, t) := £(1,n(s, t)) and

Wo(s, ) = ({1 (n(s, ), 45, (I (n (s, £)) 13))
({2 (sub + tuy ), up ), (I (suefy + tusy ), 13))
=

§01 §02 st )

Wi (5,1) = (;(1;,(1/[(3, 0)9* 60} {1 (45,0), 976 t)>>.

By direct calculation, we have

2
M‘ :||u;||2+3b</ |w,;|2dx> o [ v [ (Vi
as 1,1) RN RN RN

+3<[RS¢MZ

/¢u;|u2|2dx—/f/(MZ)(Mg)de, (3.4)
R3 R3

A1 (s, ~ o2 / 2 / st
T —Zb/l;NWuA dx RN|Vub| dx+2 R3¢ub|ub| dx, (3.5)
M —Zb/ }Vub’ a’x/ ’Vub‘ dx+2/ buy ’ub| dx, (3.6)

M‘ :||u;||2+3b(/ |Vu;|2dx> o [ v [ (Vi s
Bt (1,1) RN RN RN

2
+3/ ¢u;|ub| dx+/ d’“Z
R3 R3

i} /R S ) ) dx 37)
Let

) 5 d
Mo W},(SS ) (pz | 0)
| 9e1(s,t) |(1 r)(pg s,t)

ot |(

By condition (f5), for s # 0, we have

f(s)s* = 3f(s)s > 0.
Then

8(/)1(51 t) '

<—2”@”2_zb/l;N|vuzy2dx/RN]vuZ’2dx—2/Rg %;]ug]zdx:

a(pz(S,t) <—2||L[ZH2_2b/ |Vu;|2dx/ |VMZ|2dx—2/ ¢u+
or w RN RN R3 b

Therefore, we have

det M > 0.
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Since Wy(s, t) is a C! function and (1, 1) is the unique isolated zero point of ¥y, by using
degree theory, we deduce that deg(¥, D,0) = 1. So, combining (3.2) with (a), we know
that g = & on dD. Consequently, we get deg(¥;,D,0) = 1. Hence, ¥;(so, %) = 0 for some
(s0,2p) € D, such that

g(lr 7](80’ to)) = W(SO! tO) € Mb;
which is a contradiction according to (3.3).

From the above discussion, we conclude that u,, is a sign-changing solution for problem
(1.1).

Finally, we prove that i, has exactly two nodal domains. By contradiction, we suppose
that i, has at least three nodal domains 2, £25, £25. Without loss generality, we can sup-
pose that u; >0 a.e. in £2; and u;, < 0 a.e. in £2;. Define

ub,‘ = Xﬂiuh’ i= 1) 2: 31

where

1, xGQl’,

X2, =
0, xeRN\£,

and uy, # 0 and (I'(up), up,) =0 for i =1,2,3.
Let v:= up, + up,, then v = uy, and v~ = uy,, i.e., v* #0. Then there exists a unique pair
(s, t,) of positive numbers such that
Sylp, + LyUp, € M.
Hence, we have

Iy(syup, + tyup,) > my. (3.8)

Thanks to (I} (up), up,) = 0, we obtain (I} (v),v*) < 0.
Similar to the proof of Lemma 2.2, we have

(sy,%,) €(0,1] x (0,1].

So, by (2.20), we have

1 -/
0= E(Ib(ub),ub3>

1 2, b 2 * b 2 2
= —lup, |I” + - / |Vuy, |~ dx +—/ [Vuy, | dx/ |V, | dx
4 4 R3 4 R3 R3
b 9 9 1 9 1
+ = [Vup,|"dx | [Vup|"dx+ — [ Gu,up, dx—— | fups)up, dx
4 R3 R3 4 R3 4 R3

1 b 2y
< lup I + = / |V, |* dx +—/ |Vubl|2dx/ |V sy, |* dx
4 4 ]R3 4 R3 ]R3
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b 1
+ 1/1;3 IVul;jz|2dx/l%3 IVubs|2dx+ Z_L/Rs qﬁubuigdx—/l;sl-“(uhg)dx

b b
<Ib(ub3)+—/ |Vub1|2dx/ |Vub3|2dx+—/ |Vu52|2dx/ |Vub3|2dx
4- R3 R3 4- R3 R3

1 2 1 2
t2 /R3 Puy, U, dax + 1 [1;{3 Duy,, U, Ax.
Consequently, from the above inequality, we obtain

myp < Ip(s,up, + t,up,)

1.,
= Iy(syup, + tythp,) — Z(Ib(svubl + bylhp, ), Sylhp, + Lyl
spllup, |17 + £ Ny |1

1
: . fR 3 (Eﬂsvubl Vs, — E(s,ity, )) dx

. /R 3 (if(tv%)tvubz _ F(tvubz)) dx

[& &

- 2o, I* + Nlp,
- 4

+ ,/]1{3 (if(btbl)ubl —F(ub1)> dx + AS (if(”bz)”bz _F(Mb2)> dx
= Ip(up, + up,) — %(1;/,(%1 + Upy), Uy + Uy )

1 1
<Ip(up,) + Ip(up,) + Ip(up,) + 1 /Rs ¢uh2uil dx + 1 AS ¢’4b3 "‘131 dx
1 2 1 2 1 2 1 2
+ Z/ngbuhlubzdx+ Z/]Rs¢ub3ub2dx+ Z_L/qub”blu%der 1 R3¢ub2ub3dx
b b
+—/ |Vub1|2dx/ |Vub3|2dx+—/ |Vub2|2dx/ |Vub3|2dx
2 R3 R3 2 R3 R3

b
+—/ |Vub1|2dx/ |V, |* dx
2 Jg3 R3
)

=Ip(up

= My,
which is impossible. Thus, u;, has exactly two nodal domains. g

Proofof Theorem 1.2 Similar to the proof of Lemma 2.2, for each b > 0, there exists v, € \j,
so that [(vp) = ¢, > 0. By standard arguments, it is easy to see that the critical points of
I, on N, are critical points of I, in H, that is, I;(vp) = 0. Therefore, vy is a ground-state
solution of (1.1).

According to Theorem 1.1, problem (1.1) has a sign-changing solution u; which changes
sign only once. Let u, = u;, + u;,, as in the proof of Lemma 2.1, there exist unique s, > 0
and bu; > 0 such that

Sup Uy € Ny, tuy Uy, € N
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Thanks to (I} (u}), u;) <0, (I (u;),4,) <0, and similar to proof in Lemma 2.2, we obtain
Suj € (0,1) and ty; € (0,1).
Thus, by (ii) of Lemma 2.1, one has

2 < Ib(sug uy) + Ib(t,,;u;) < Ib(sug wy + by uy) < Iy(uj, + uy) = my.
It follows that ¢, > 0, which cannot be achieved by a sign-changing function. O

Lastly, we shall analyze the asymptotic behavior of u;, as b — 0. In the following, we
regard b > 0 as a parameter in problem (1.1).

Proof of Theorem 1.3 For any b > 0, let u;, € H be the least-energy sign-changing solution
of (1.1) obtained in Theorem 1.1. We shall proceed through three steps to complete the
proof.

Step 1.1f b, — 0 as n — oo, then {u,, } is bounded in H.

Choose a nonzero function n € C®(R3) with n* # 0. In view of (f3), for any b € [0,1],
there is a pair (A1, A2) € (R, x R,) independent of b, such that

(I, (}an* + 2am™), Man*) <0
and
(L, (Mn* +22n7), kan7) <.

Hence, according to Lemma 2.1 and similar to the proof in Lemma 2.2, for any b € [0, 1],
there exists a unique pair (s, (b), t,(b)) € (0,1] x (0,1] so that

i = 5y (B)han” + £, (B)han” € M, (3.9)

Thus, for any b € [0, 1], we have

Iytu) = 1) = () ~ {153, 7)

1
il + 5 [ (i - ar i)

IA

_ 1 _ _
il + 5 [, (i + Cai) s
R

N N N

IA

1 1
o P+ g [P+ 5 [ (I« Condla ) o

+
|

1
4/Rg(czmnw%czxg|n—|6)dx
= C*, (3.10)

where C* does not depend on b. So, letting n — o0, it follows that

1 1
C* + 1= 1y, (up,) = Iy, (up,) - Z_L< b, (U ) Up,,) > Z”Ml’”nz’ (3.11)
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which implies that {u;,} is bounded in H.
Step 2. Problem (1.10) possesses one sign-changing solution .
Since {uy,} is bounded in H according to Claim 1, going if necessary to a subsequence,

there exists #y € H such that

up, —~up inH,
up, — iy in L1(R?) for g € (2,6), (3.12)

up, = 4o a.e.in R3,

We assert that u is a weak solution of (1.10). In fact, because u;, is the sign-changing
solution of (1.1) with b = b, then, by (3.12), we have
ll24s,, — uoll* = (I}, (us,) — Iy(1h0), s, — o)

—b,,/ |Vubn|2dx/ Vuy,(Vuy, — Vug) dx

R3 R3

- / By, 1, (11, — ) i + / Fluty, ot — 1) dx
R3 R3

- /Sf(uo)(uhn —ug)dx — 0, asn— oo.
R

So, uy # 0 and u, changes sign only once.

Step 3. Problem (1.10) possesses a least-energy sign-changing solution vy. Furthermore,
there exists a unique pair (s;,,%,) € [0,00) x [0,00) such that s, v§ + t,v; € M, and
(Sp,rtp,) = (1,1) as n — oo.

With a similar argument to the proof of Theorem 1.1, we see that (1.10) possesses a
least-energy sign-changing solution v, (for the existence of vy, we also refer to [46]), where
I5(vo) = ¢l and (I}) (vo) = 0.

Hence, by Lemma 2.1, it is easy to see that there uniquely exists the pair (sp,,t,) €

(0,00) x (0,00) such that s, v§ + ¢,V € Mp,. Then we have

2
(sbn)2||v5||2+b,,(sbn)4</ |VV3|2dx> +bn(shntbn)2/ |VV5|2dx/ (Vg | dx
R3 R3 R3
+(s,,n)4/ ¢V6|V8|2dx+(sb,,tbn)2/ v vy | dx
R3 R3
:/ S (56,38, v dx, (3.13)
R3
2
(tb,,)2”1/6||2+bn(tb,,)4<f |VV5‘2dx> +b,,(tbnsbn)2/ ‘Vv5|2dx/ ‘Vvalzdx
R3 R3 R3

V5}2dx

+(tbn)4f ¢v5’V6‘2dx+(tbnSbn)2f by
R3 R3

= /R . 1 (8,536, Vg d. (3.14)

Page 17 of 20
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According to (f3), (fa) and b, — 0 as n — 00, {sp,} and {¢;,} are bounded. Up to a sub-
sequence, suppose that s,, — so and £, — fo, then it follows from (3.13) and (3.14) that

SSHVSHQ .p.sg/m{3 ¢V6|V6|2dx+sgt§ /R3 ¢V6|V8|2dx+:/S.zf(x,sova)sovgdx (3.15)

and

t§||v5||2+tg/ ¢V6|V6|2dx+s3t§/ bt V5|2dx:/f(x,tov5)tov5dx. (3.16)
R3 R3 2

Thanks to vy being a sign-changing solution of problem (1.10), we get
+|2 + |2 +2 +\,,+
(| +/ by |v§] dx+/ ¢V6|V0| dx = f S vg)vh dx (3.17)
R3 R3 2
and
2 _2 2 -
”Vo || +/ ¢V5|Vo| dx+/ ¢"6’V0‘ dx:ff(x,vo)vo dx. (3.18)
R3 R3 Q
Then, by (3.15)—(3.18), it is easy to see that (so, tp) = (1, 1).
Now, we prove that u is a least-energy sign-changing solution of (1.10) in H which

changes sign only once. According to Lemma 2.1, we derive that

Io(vo) < Io(uo) = im Iy, (up,) = lim Iy, (14, + 1, )

< 1im Iy, (S5, V5 + to, Vg ) = Io(V§ + V) = To(vo). (3.19)
n— 00
The proof is thus complete. g
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