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1 Introduction
A lot of papers on fractional differential equations (see, for example, [1-18] and the refer-
ences therein) have been published. As you know, most famous fractional derivations are
the Caputo and Riemann-Liouville derivations. In 2015, Caputo and Fabrizio introduced a
new fractional derivation without singular kernel [19]. Some researchers published some
works about solving different equations including the new derivation (see, for example,
[2, 3, 10, 20-25]). Some researchers investigated some results on dimension of the set of
solutions for some fractional differential inclusions (see, for example, [26]).

Let b >0, u € H'(0,b), and ¢ € (0,1). As you know, the Caputo—Fabrizio fractional
derivative of order ¢ is defined by

Q2-0M@) [ -
CEy¢ _ _ /
Déu(t) = 20-0) /0 exp(l_g(t s)>u(s)ds,

where ¢ > 0 and M(¢) is a normalization constant depending on ¢ such that M(0) =
M(1) =1 [19]. Losada and Nieto showed that FZ¢u(t) = (2%(;1);\/51()5)”(0 + (27;)§M(§) fot u(s)ds
[27]. Also, they showed that M(¢) = % [27]. Hence, the fractional Caputo—Fabrizio
derivative of order ¢ is given by “FD?u(t) = ﬁ fot exp(—ﬁ(t —8))u/(s)ds, when t > 0
and 0<¢ <1 [27]. If > 1 and ¢ € (0,1), then the fractional derivative “*D¢** of or-
der n + ¢ is defined by “FD¢*y := CFDY(D"u(¢)) [27]. Let u,v € H'(0,1) and ¢ € (0,1).
If u9(0) =0 for all s = 1,2,...,n, then FD¢(CFD"(u(t)) = CFD"(CED? (u(t)). Also, we

have lim; .o ¥Du(t) = u(t) — u(0), lim;1 “FD%u(t) = u(t), and FD¥ (Au(t) + yv(t)) =
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ACEDEu(t) + yCEDy(t) [27]. It has been proved that the unique solution for the prob-
lem “F D¢ u(t) = v(t) with boundary condition u(0) = ¢ is given by u(t) = c+a, (v(t) - v(0)) +
b fo v(s) ds, where a, = ((% =1-¢and b, = —2___ = ([19] and [27]). Note that
v(0) = 0. Suppose that u,v € Cg[0,1], u(0) = 0, and there is a real constant L such that
lu(t) — v(t)| < L forall t € [0 1]. Recently, Baleanu, Mousalou, and Rezapour proved that
[CEDEu(t) — CEDEv(t)| < oL for all £ € [0,1] [10]. This leads to [CEDEu(t)| < ((1 o)L
forall £ € [0,1] whenever u e Cr[0,1] and |u(f)| < L for some L > 0 and all ¢ € [0, 1] with
u(0) = 0 [10]. Also, they showed that |“FZ¢ u(t) — “FZ¢v(¢)| < L for all ¢ € [0,1] [10] and so
|“FZ¢u(t)| < L for all ¢ € [0, 1] whenever u € Cr[0, 1] with |u(t)| < L for some L > 0 and all
t € [0,1]. For some more necessary definitions, see [1].

Let u € Cg[0,d], d > 0 and ¢ € (0,1). The extended fractional Caputo—Fabrizio deriva-
tion of order ¢ is defined by [11]

CFDL (1) = (‘;; (u(t) - u(O))exp(—i_t)

¢BE) [ ¢
+ T /(; (u(t) - u(s)) exp<ﬁ(t - s)) ds.
If 1(0) = 0, then we have {FDfu(¢) = 2u(r) — 8L ! exp(- 1 (¢ - s))uls) ds [11].

Lemma 1 ([11]) Let u € H*(0,b), b >0, and ¢ € (0,1). Then FD%u(t) = EDu(t). If u €
Cr[0,b), then lim;_.o FD¢u(t) = u(t) — u(0).

Lemma 2 ([11]) Let0< ¢ < 1. Then a solution for the problem f,FD%t(t) = v(t) with bound-
ary condition u(0) = 0 is given by u(t) = a, v(t) + b, fot v(s) ds.

Lemma 3 ([11]) Let u,v € Cgr[0,1]. If there is a real constant L such that |u(t) —v(t)| <L
forall t €[0,1], then | D u(t) — F D v(t)| < 2 { Lfor all t € [0,1]. If u(0) = v(0), then
K Dful®) - D o) < 255 L.

This result implies that |§,FD5u(t)| < %L for all ¢ € [0,1] whenever u € Cg[0,1]
with |u(¢)| < L for some L > 0 and all ¢ € [0, 1].

We need the following results.

Lemma 4 ([28]) Suppose that Y is a Banach space, F : 1 x Y — Py () is an L'-
Caratheodory multivalued and € is a linear continuous mapping from L*(I,Y) to C(1,))).
Then the mappinge oSx : C(I,Y) = PepevC(, V) defined by (€ o Sx)(y) = €(Sr,) isaclosed
graph mapping in C(I,Y) x C(1,)).

Theorem 5 ([29]) Assume that Y is a Banach space, D is a closed and convex subset of Y,
and W is an open subset of D with 0 € W.If F : W — Py, (D) is an upper semi-continuous
compact map, then either F has a fixed point in W or there is x € W and 8 € (0,1) such
that x € 8 F (x).

Theorem 6 ([30]) Suppose that (V,d) is a complete metric space. If G:Y — Py(Y) is a
contraction, then G has a fixed point.
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Theorem 7 ([31]) Assume that Y is a Banach space, £ € Pyge(Y) and F,G : € —
Py, ev(Y) are two multivalued operators. If Fy+ Gy C € forall y € £, F is a contraction and
G is an upper semi-continuous compact map, then there is y € £ such thaty € Fy + Gy.

Theorem 8 ([32]) Assume that Y is a Banach algebra, D € Py 00()) and Fi : D —
Perevpa(Y) and Fy : D — Py o (Y) are two set-valued maps such that F is Lipschitz with a
Lipschitz constant 8, F is upper semi-continuous and compact, FixJF,x is a convex subset
D for all x € D and N'§ < 1, where N = || F»(D)|| = sup{|| Fox|| : x € D}. Then there isy € D
such thaty € F1yFoy.

Lemma 9 ([26]) Let A mapping [0,1] into P, (R) be measurable such that the Lebesgue
measure of the set {t : dim A(t) < 1} is zero. Then there are arbitrarily many linearly inde-
pendent measurable selections y1(-),...,ym(-) of A.

Theorem 10 ([26]) Let H be a nonempty closed convex subset of a Banach space Y and
F:H — Pepev(H) be a 8-contraction. If dim F(x) > m for all x € H, then dim Fix(F) > m.

2 Main results

Consider the Banach space X’ = C(I) of real-valued continuous functions on I = [0, 1] via
the norm |[|x|| = sup,; [x(¢)|. Assume that ¢,¢: [0,1] x [0,1] — [0, 00) are two continuous
maps such that sup | f(f ((t,s)ds| < oo and sup | fot £(t,s)ds| < 0o. Consider the maps ¢ and
¢ defined by (¢pw)(¢) = fotg(t, s)w(s)ds and (pw)(t) = fott(t, s)w(s) ds. Suppose that n(t) €
L>°(I) with n* = sup,; [n(¢)]. Put & = sup | fotg(t,s) ds| and 1y = sup| fott(t,s) ds|. First, we

are going to investigate the fractional integro-differential inclusion
f,FDfx(t) € f(t,x(t), (px)(2), (gox)(t),]%FDﬁlx(t), CEDP2x(t), ... ,f,FDﬁ"‘x(t)), (1)

with boundary condition x(0) = 0, where ¢, B1,..., Bm € (0, 1).
We say that a function x € X is a solution for problem (1) whenever there exists a func-
tion f € C(I) such that

1) € F(t2(0, (62)(0), (02) (), FDP (), FDP(0), ..., FDPrx(z))
for almost all ¢ € I and x(t) = a.f(t) + b, fotf(s) ds.

Theorem 11 Let F :1 x R™3 — P, . (R) be a Caratheodory multivalued map such that

||.7-'(t,x1,x2,x3,y1,..‘,ym)”p = sup{|y| S .F(t,xl,xz,xg,yl,...,ym)}
< n(t)<|x1| + ool + sl + ) |yi|>
i=1

B(
(1-

Joralltel, x,y; € R, 1<i<3and 1 <j<m.Ifn*(1+& +t+y i
inclusion (1) has one solution.

%2) <1, then

Proof For x € X, define a selection set of  at x € X’ by

Srai=1{f € LI R): f(2) € F(t,x(2), (¢)(8), (p2)(2),

f,FDﬁlx(t),]%FDmx(t), ... ,f,F’Dﬂ"’x(t)) forall ¢ e I}.
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Since F is a Caratheodory multifunction, by using Theorem 1.3.5 in [33], we get Sr,
is nonempty. Define an operator £2: X — P(X) by 2(x) = {g € X : thereexistsf €
SF. such that g(¢) = a.f(¢t) + b, fotf(s) ds for all ¢ € I}. We show that the operator £2 sat-
isfies the hypothesis of Theorem 5. First, we show that £2(x) is convex for all € X.

Let g1, € 2(x) and w € [0, 1]. Choose fi, f» € SF such that g;(¢) = a.f;(¢) + b, fotfi(s) ds
for all ¢ € I. Then we have

[wgl +(1- w)gg](t) =ay; (wf1 +(1- w)f2)(t) +b; /0 (wf1 +(1- w)fz)(s) ds

for all ¢ € I. Since F has convex values, it is easy to check that Sr, is convex, and so
wg + (1 — w)gy € £2(x). Now, we show that £2 maps bounded sets into bounded subsets.
Let B, ={x € X : |x|| <r},x € B,, and g € £2(x). Choose f € Sr, such that

g®)| < ac|f(®)| + b /0 f(9)] ds < acn(®)(Ixl + |[o()] +[$()]
+|$ D) + | DP2R()] + - - + |FDPx(E)|)
b
+ b, /0 (Il + |o@)] + |6 @)

+ | D x(s)| + | DP2x(s)] + - - + | DP(s) ) (s) s

. "\ B(B)
<acn <r+§0r+L0r+;(1_ﬂ)2r)

l

N "\ B(B)
+ben <r+§0r+t0r+;(l_ﬂ)2r)

1

.  B(B)
=7 -r-(1+§0+t0+;(1_ﬂi)2)(d;+bg)57”‘

Thus, ||g|| = max.es |g(£)| < r. This implies that £2 maps bounded sets into bounded sets in

X. Now, we show that £2 maps bounded sets of X" into equi-continuous sets. Let ¢,£, € I
with t; < £, x € B, and g € §2(x). Then we have

g(2) —g(t1)] =

a{f(t2)+b{/0Zf(s)ds—a;f(tl)—bgfolf(s)ds

< aclf(t) —F(0)] + b / If(s)|ds

< r(l +8o+io+ Z (1B—(ﬁﬁl?)2> (n(t2) = n(t1))(a; + by).
i=1 :

Hence, the right-hand side of the inequality tends to zero (independent on x € B,) as
ty — t;. This implies that £2: X — P(X) is a compact multivalued map by using the
Arzela—Ascoli theorem. We show that §2 has a closed graph. Let x, — x., g, € £2(x,)
for all » and g, — g.. It is sufficient to prove that g, € £2(x,). Since g, € 2(x,) for all n,
there exist f, € Sr, such that g,(¢) = a.f,(¢) + b, fot fu(s)ds for all ¢ € I. Thus, we have to
show that there exist f,, € Sz, such that g.(t) = a.f.(¢) + b, fot fi(s)dsforall ¢ € I. Consider

Page 4 of 17
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the linear continuous operator 6: L}(I,R) — X defined by f — 6(f)(t), where 6(f)(¢) =
acf(t) + b, fotf(s) ds for all £ € I. Since 6 is a linear continuous map, by using Lemma 4 we
get 6 o Sr is a closed graph operator. Note that g, € 6 o Sx(x,) for all n. Since x, — x,
and g, — g, there exists f; € Sr(x,) such that g.(¢) = a.f.(¢) + b, fotf* (s)dsforallt € I. For
A €(0,1) and x € A82(x), there exists f € Sx, such that x(¢) = a; Af(£) + b, fot Af(s) ds for all
t € 1. Hence,

m B ’
[%(0)| < Mag +be)n* - (1 +Go+io+ ) a _“22) 1.
i=1 g

Thus, [|x[| = max,e; |x(2)] < Allxll. Put W = {x € X, ¢l < 7(1+ Lo + 10 + Y1y (f_‘f’%;z }. Note

that the operator £2: W — Pep,(X) is upper semi-continuous and compact. In view of
the choice of W, there is no x € 3V such that x € 1£2(x) for some A € (0,1). Hence, by
using Theorem 5, §2 has a fixed point x € YW which is a solution for problem (1). This
completes the proof. d

Now consider the Banach space X = C(I) via the norm
m n
_ CEyB; CE7yj
x|| = max |x(¢)| + max |y DFix(t)| + max |~ ZVx(t)|.
” ” tel | ()| 21: tel |N ()| 21: tel | ()|
i= j=

Here, we investigate the fractional integro-differential inclusion

FD x(t) € F(6,2(0), (0)(0), (p)(0),
CEDAA(E), FDPx(1), ..., FDP (1),

CFIx(t), FI2x(), ..., FTx(8)), @

with boundary condition x(0) = 0, where ¢, 81,..., B> Y15+ --» Vn € (0,1). Similar to the last
case, we say that a function x € C(/,R) is a solution for problem (2) whenever there exists
a function f € L'(I) such that

f@) € F(t,x(2), (9x)(2), (px) (1), § D x(8), F DP2x(2), ...,

S DPx(8)),F I (t),F I (k) ..., SF T (1))

for almost all £ € I and x(t) = a.f(t) + b, fotf(s) dsforalltel.

Theorem 12 Assume that F: I x R™"3 — P, ,(R) is a multifunction such that the
map t — F(t,%1,%2,...,%X3msn) IS measurable for all x1,%2,...,%mn13 € R, the map t —
dp (0, F(¢,0,...,0)) is integrably bounded for almost all t € I and

Hd(f(tyxl»xZ»x3»yl;y21 o3 YmrZ1,225 ¢+ ~»Zn)y

A A / ’r) /
f(t’xl’xZ’xS’yl’yZ’ o ’ym’ Zl’ 22, P ,Zn))

m n
< n(t)<|x1 — &y |+ |xa = x|+ s — | + Zb/" -y + Z|ZJ'_Z1/'|>

i=1 j=1
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Jorallt € I and all x1,%2,%3, %1, %5, X5, Y15« Vi Vi e orVop 210w 12 245 2y ERVIFA <1,

then the inclusion problem (2) has at least one solution, where

o "\ _B(p) BB
A_n(1+n+§o+to+;(l_ﬁi)z)(1+n+z(l_ﬁi)z)

i=1

Proof By using the assumptions of Theorem III-6 in [34], we conclude that F admits a
measurable selection f: I — R. Since F is integrable bounded, f € L'(I,R) and so Sz, is

nonempty for all x € X, where

S]:,x = {f € L1(1¢ R) :f(t) € f(t)x(t)) (¢x)(t)) (‘px)(t)7CFDﬂlx(t))
ﬁFDﬁzx(t), ... ,I%F’Dﬁ”'x(t), CETx(t), F T x(2), . ..,

CFIV”x(t)) forallt e I}.

Define the operator £2: X — P(X) by

2(x) = {g € X : there exists f € Sx, such that
t
gt)=a.f(t)+ b, / f(s)dsforallt e I}.
0

First, we show that £2(x) € Py (X) for allx € X. Let g, € £2(x) for all n > 0 and g, — g, for
some g € X. For each n, choose f,, € Sr such that g,(t) = a.f,(¢t) + b; fotfn(s) dsforallt el
Since F has compact values, there is a subsequence of f, that converges to f in L!(I,R).
Thus, f € S and g, () — g.(t) = a.f(t) + b, fotf(s) dsforallt € I. This implies that g, € 2.
Now, we show that there exists € < 1 such that H;(£2(x), £2(y)) < €|lx — y| forall x,y € X.
Letx,y € X and g; € 22(x). Choose fi € Sr such that gi(t) = a.fi(¢t) + b, fotfl(s) ds for all
t € I. Consider the multifunction F defined by

F(tx(t)) = F(t, %), (9x)(0), () (1), FDPx(0), FDP2x(0), ..., FDPrx(p),

CETV(8), ¥ T2 x(2), ... ., CFI}’”x(t)).

Then we have

Ha(F(t,%(0)), F(£:3(8)) < n(t) (\x(t) —y(®)] + |(92)(®) - ($7)(0)]
+ |(x)(2) — () (@)

+ Y | DPix(e) - T DPy(e))|

i=1

+ 3| () - I”/y(t)|>

j=1
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for almost ¢ € I. Hence, there exists w, € F (¢, ¥(£)) such that
() — we| <n(2) <|x(t) = y(®)] + [(92)(®) = (9)(D)] + |(@2)(2) - (@3)(®)]
+ Y|P ix(e) - Dy (o)

i=1

+ 3| Ta(e) -F Ty(e) |) = M,

Jj=1

for almost ¢ € I. Define V: I — P(R) by V(¢) = {u € R: |fi(t) — u| < M,} for all ¢ € I. By
using Theorem I1I-41 in [34], we get V is measurable. Since £ — V() N Ft, y(t)) is mea-
surable (Proposition III-4 in [34]), we can choose f; € Sx,, such that |fi(£) — £2(¢)| < M, for
almostall £ € I. Define g, € 2(y) by g2(¢) = a.fo(¢t) + b, fotfz(s) ds for all £ € I. Then we have

g1 — 2]l = max|gi(¢) - g(8)] + E maX|CFDﬂlg1(t) -¥Dlig ()]
tel
+ E maX|CFI”g1(t)—CFI”gz(t)Hgl(t)—gz(t)l
Py tel

< aclfi®)—fi(0)] + b /0 (5) —fo(s)| s

()<1+H+Co+to+z (1?31)) )(ﬂ{ +b)lx—-yll,

and so

| DPigi(t) - S DPiga(t)|

B(B:)
D a_pp 81(8) - &(t)|
<n(t) (13_(/23)2 (1 + A+ Lo+ Lo+ ; (IB_(%?)Z)(% +b)llx - yll.

Thus,

|CFIyig1(t) - CFIVigZ(t)| =< |g1 ®) _g2(t)|

< n(t)(l +H+ 8o+l + Z a /‘(;))2)(@; +be)llx -y,

and so

m B :
g1 — gl <n* <1+n+;0+[0+z (,5;3)) )

 B(B; B
< Zl o W)nx—yn = Alx—yl.
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Hence, H;(£2(x), £2(y)) < Allx—y||. Since A < 1, £2 is a closed-valued contraction. By using
Theorem 6, §2 has a fixed point which is a solution for the inclusion problem (2). d

Consider the Banach space X = {x: x, ]%FD‘Six € C(I,R)} endowed with the norm |x| =
max;e; |x(£)| + maxe; |§[FD’3fx(t)|. Here, we review the inclusion problem

D x(t) € F(t,x(2), (¢x)(0), F DPLa(t), FDP2x(8), ..., F DPrx(t))

+G(6,x(2), (px)(2), CETPix(t), FTP2x(t), ..., F Iﬂ”x(t)) (3)

with boundary condition x(0) = 0, where ¢, B1,..., Bx € (0,1). Define the set of the selec-
tions of F and G at x by

Srx={veL'0,1]: v(t) € F (£ x(t), (¢2)(0),

f,FDﬂlx(t),f,FDﬁzx(t), ... ,f,FDﬂ”x(t)) for almostall ¢ € I}
and

Sgx = {v e L'0,1]: v(¢) € Q(t,x(t), (px)(2t),

CETPix(), SFTP2x(2), ..., CFIﬁ”x(t)) for almost all £ € I}.

We suppose that S, # ¥ and Sg . # ¥ for all x € X'. A function x € C(/, R) is a solution for
problem (3) whenever there exist two functions f € H'(I) and f' € H'(I) such that

f@) € F(t,x(2), (¢x)(8), D1 x(8),  DP2x(2), ..., F DPrx(2))

and ' € G(t,x(t), (px)(£), FIPrx(t), FTP2x(8), ..., “F IPrx(t)) for almost all £ € I and

x(t):a;f(t)+b¢‘/(;f(s)ds+a;f/(t)+b§/0f/(s)ds
forallt el

Theorem 13 Let F : I x R"? — P, .,(R) be a multifunction and G : I x R"*?* — P, ., (R)
be a Caratheodory set-valued map. Assume that there exist continuous functions p,m: [ —
(0,00) and n(t) € L*(I) such that t = F(t,y1,...,Yus2) is measurable,

|1 (&x(0), (px)(0), F PP x(t), F DP2x(2), ..., S DP(t)) || < m(2),
|G (8, %(0), (@x)(0), FTPx(0), FTPx(0), ..., TP(8)) | < pl8),

and

n+2

Hd(]:(t;yh~",yn+2),]:(t,y/1,«u,yiﬂz)) = n(t)Z(b’z _y;|)

i=1

Joralltel, x € X and y1,...,¥us2) Visoo Vo E ROIFL=0*(1 + > 14 (f_(ﬁjiz)(l + & +

> (13_(?;2) < 1, then the inclusion problem (3) has at least one solution.
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Proof Put Y = {x € X : ||x|| < M}, where M = (1 + Y7, (f_‘ggz)(npnw + [[m|l). One can
check that ) is a closed, bounded, and convex subset of X'. Define the multivalued oper-

ators A,3:) — P(X) by
t
Ax := {x € X : thereis v € Sx, such that x(¢) = a, v(¢) + b, / v(s)ds for all ¢ € I}
0

and Bx := {x € X' : thereis v € Sg, such that x(t) = a, v(t) + b, fot v(s) ds for all ¢ € I'}. Note
that problem (3) is equivalent to the inclusion fixed point problem x € Ax + Bx. Also,
the operator A is equivalent to the composition 6 o Sz, where 6 is the continuous linear
operator on L'(0,1) into X’ defined by 0v(¢) = a, v(¢) + b, fot v(s)ds. Let x € Y and {v,,}>1
be a sequence in Sx,. Then v,(t) € F(t,x(t), (¢x)(t), FDPrx(t), EDP2x(2), ..., FDPr(t))
for almost ¢ € 1. Since

F(,x(), (9x)(8), D1 x(2), F DP2x(2), ..., F DPrx(t))

is compact for all ¢ € I, there is a convergent subsequence of {v,(£)} (call it again {v,(t)})
such that it converges in measure to some v(t) € Sr, for almost all ¢ € I. Since 6 is con-
tinuous, Ov,(t) — Ov(t) pointwise on I. In order to show that the convergence is uniform,
we show that {6v,} is an equi-continuous sequence. Let 7 < ¢ € I. Then we have

’9v,,(t)—9v,,(r)‘ §a;|vn(t)—vn(t)| +b¢/ ’V,,(s)|ds.

Since the right-hand of the above inequality tends to 0 as ¢ — 7, the sequence {6v,} is equi-
continuous. Now, by using the Arzela—Ascoli theorem, there is a uniformly convergent
subsequence of {v,} (we show it again by {v,}) such that fv, — 6v. Note that Ov € 0(Sr ).
Hence, Ax = 6(Sx,) is compact for all x € ). Now, we show that Ax is convex for all
x €Y. Let u,u’ € Ax. Choose v,V € Sx such that u(f) = a,v(t) + b, fot v(s)ds and u/(t) =
acV'(t) + b, fot V/(s)ds for almost all t € I. Let 0 < A < 1. Then we have

(A + (1 =0)u)(0) = ac (v(E) + (1= AV (2)) + by /t(kv(s) + (1= A)V(s)) ds.
0

Since F is convex-valued, Au + (1 — A)u’ € Ax. Similarly, we can show that B is compact
and convex-valued. Here, we show that Ay + By C Y forallye Y. Let y € Y, u € Ay,
and ' € By. Choose v € Sr, and V' € Sg,, such that u(t) = a; v(t) + b, fot v(s)ds and u/(t) =
acV'(t) + b, fot V/(s) ds for almost all ¢ € I. Hence,

’u(t) + u/(t)| < a;({v(t)‘ + ‘V/(t)|) + b;/o (|V(S)‘ + |1/(s)’)ds,

and so

‘%FDﬂiu(t) +§,FDﬂiu/(t)’ < ’,%FDﬁiu(t)’ + ’ﬁFDﬁiu’(tﬂ

< 2P (o0 + (o)

b;B(B;)
(1-p)?

+

(12l + lmlloo)
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for 1 <i < n. This implies that
I?gX]u(t) +1/(8)] < ac (IIplloo + mllsc) + b (IPllos + 1Mlloc) = 1Pllo + 17]lo

and

CFBi CFENBi,,/ ¢
II;IGZIIX‘N D u(t) +N DPiy (t)’ < (1 ')2

, beBB)

= B:)?

B(B)lplloo + Imlo)
(1-p)? .

(I2llo + limlloo)

(Iplloo + llmlloc)

Thus, |lu+u'|| <1+ Y 1( T ﬂ)2))(||p||oo + ||m|l0) = M. Now, we show that the opera-
tor B3 is compact on ). To do this, we prove that B()) is uniformly bounded and equi-
continuous in X. Let u € B()) be arbitrary. Choose v € Sg, such that u(t) = a,v(t) +
b, fot v(s) ds for some x € ). Hence,

|u(t)| < ac |[v(®)| +h;/]vs)|ds|CFDﬁ' ®)]

a0+ b [ D0 as
0

< B(ﬂz’)(ﬂ; + bc)

== 5 p(t)
B(B:)
= w- P

Thus, maxse; [u(t)] < (a; + b;)npnw = llplloc and max;e; [FD¥u(0)] < FE5 Iplloo fo
i=1,...,mandso |lul| <1+ 7, (1 ﬁ 2)||p||<>O Here, we show that B maps ) to equi-
continuous subsets of X'. Let t,v € I with 7 <t, x € ) and u € Bx. Choose v € Sg, such
that u(t) = a,v(t) + b, fot v(s) ds for all. Then we have

|u(t) — u(t)| < ac (v(t) - v(r)) + by / v(s)ds < ag (v(t) = (7)) + b (£ = T)|Plloo

and | FDbiy(t) - CFD’glu(I)I < 1 ﬂ Iu(t) — u(7)|. Since the right-hand of the inequality
tends to 0 as t — 7, by using the Arzela—Ascoli theorem, we get I3 is compact. Now, we
show that B has a closed graph. Let x, € YV and u, € B(x,) for all n with x, — x and
u, — ug. We show that uy € B(xy). For each n, choose v, € Sg ,, such that u,(t) = a,v,(¢) +
b, fot va(s)ds for all ¢ € I. Again, consider the continuous linear operator 6 : L}(0,1) —

X defined by 6(v)(t) = a,v(t) + b, fo s)ds. By using Lemma 4, 0S¢ is a closed graph
operator. Since u, € 6(Sg,x,) for all # and x,, — x,, there exists vy € Sg 4, such that uy(¢) =
agvo(t)+ by fo vo(s) ds. Hence, uy € B(xo). This implies that I3 has a closed graph, and so B is

upper semi-continuous. Now, we show that A is a contraction multifunction. Let x,y € X
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and u € Ay. Choose v € Sr,, such that u(t) = a,v(¢) + b, fot v(s)ds for all t € I. Since

Hy(F (,x(8), (92)(2), § D1 x(2), ..., T DPrx(2)),

F(63(2), (¢9)(), § D y(e), .., 5 DPy(t)))

<n(t)<1+¢o+2(1 ﬂ)z)n =l

for almost all £ € I, there exists w € F(t,x(t), (px) (), FDPr1x(2), ..., FDPix(t)) such that
V(&) -wl <@ +%+3 1 ¢
U : 1 — 28 defined by

)||x y|| for almostall £ € I. Con51der the multifunction

Ut = {w eR: |v(t) - w{ < n(t)(l + 8o+ Z (IB—(%?V) lx — y|| for almostall£ e ;.
i=1 :

Sincevand n(1+ %o+ Y . 17 B(ﬂ‘ 2) are measurable, we get
U N F(t,x(), (@x)(-), FDPx(), ..., FDPr())

is a measurable multifunction. Choose
V(t) € F(t,x(), (9x)(2), DI x(2), ..., FDPrx(t))

such that |v(t) — V' (£)] < n(&)(1 + &g + Zl 17 2)IIx ylland &'(¢t) = a, V' (¢) + b, fo V' (s)ds
for all £ € I. Since |u(t) — u/(t)| < a,(v(t) V' t)) +b; fo(v(s —V/(s))ds and

S DPiu(t) - FDPiu (1)] <

we get

"B :
rrtlglx|u(t) - u/(t)| <acn* (1 + 8o+ Z a _(ﬁ;))2> [l =yl
i=1 g

+ben’ <1+§0+Z(1 (ﬁﬁ’f)z>||x—yn
. —~ B(B)
=1 <1+Co+;(l_ﬂi)2)||x—y|l

and

. -, . BB " 1
rrtléalxm}:l)ﬁlu(t) ~-ID ()| <n 1 _('12)2 (1 +8o+ ; m) llx = yll|

for1 <i<n.Hence, |u—u/| <n*(1+) 1, 1 ,6)2 YA+Z0+Y 1y (1 ﬂ 5 )l —y||. This implies
that H,(Ax, Ay) < L|lx — y||. Now, by using Theorem 7, the inclusion fixed point problem
x € Ax + Bx has a solution which is a solution for the inclusion problem (3). O
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Now, we are ready to investigate the fractional integro-differential inclusion

CEpy¢ ( x(t) )
N g(t,x(t), (¢x)(2), (px)(2), § DA1x(2), ..., F Donax(t))
€ G(6,x(0), (¢2)(0), ()0, FDAx(0), .., FDP (1)) ()

with boundary condition #(0) = 0, where ¢,¢1,...,85 B1,..., Bk € (0,1), g : I x R™3 —
R\{0} is continuous and G : I x R**3 — P(R) is a multifunction. We say that x € X is
a solution for problem (4) whenever it satisfies the boundary conditions and there exists
v € Sg » such that

x(8) = g(t, x(2), (@x) (1), (9x)(£), § D x(8), ..., 5 D x(t))

X (u;v(t) +b; /tv(s) ds),
0

where

Sg,x = {V € Ll [Or 1] : V(t) € Q(t, x(t)) (¢x)(t)) (‘Px)(t);

S DPx(t), ..., DPrx(t)) for almost all £ € I}.

Theorem 14 Suppose that G : I x R¥*3 — P, (R) is a Caratheodory set-valued map,
g:] x R™3 — R\{0} is a bounded continuous map with upper bound K and there are
continuous functions p,m : ] — (0,00) such that ||G(t,x1,%2, . ..,%k3)|| < m(s) and

n+3

’g(t’xl’xZ; o :xn+3) _g(t7yl!y2; o y_y}'l+3)| E n(t) Z |xi _yi|

i=1

Jorallte LIfn*(1+ 8o+t + > iy (18_(?;2) - K - ||m|| oo < 1, then the inclusion problem (4)
has a solution.

Proof Put S ={x € X : ||x|| <L}, where L = K||m| . It is clear that S is a convex, closed,
and bounded subset of the Banach space X'. Define A, B: S — P(X) by

Ax(t) = g{t,x(t), (p)(2), ((px)(t),f,FD“x(t), ... ,If,FD‘”x(t)}
and

t
Bx(t) = {u € X: thereis v € Sg, such that u(t) = a, v(t) + b, / v(s)ds forall t € 1}.
0

Thus, the problem of fractional differential inclusions is equivalent to the inclusion prob-
lem x € A(x)B(x). Consider the operator B = 6 o Sg, where 6 is the continuous linear
operator on L'(I) into X defined by 0v(s) = a,v(t) + b, fot v(s) ds. Let x € S be arbitrary and
{v.} be a sequence in Sg . Then v,(t) € G(¢,x(¢), (px)(t), (px)(t), T DP1x(2), ..., F DPrx(t))
for almost ¢ € . Since

G (,x(8), (@x)(®), (px)(®), § D 1x(2), ..., 5 D*x(t))
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is compact for all ¢ € I, there is a convergent subsequence of {v,(t)} (show it by {v,(¢)}
again) to some v € Sg . Note that 6v,(£) — 0v(t) pointwise on I because 0 is continu-
ous. Now, we show that {fv,} is an equi-continuous sequence. Let v < ¢ € I. Then we
have |0v,(t) = 0v,(1)| < a;|v,(t) — v, (T)| + b, f: |v,(s)| ds. Thus, the sequence {0v,} is equi-
continuous because the right-hand of the inequality tends to 0 as t — 7. Hence, it has a
uniformly convergent subsequence by using the Arzela—Ascoli theorem. Choose a sub-
sequence of {v,} (we show it again by {v,}) such that Ov, — 0v. Hence, Ov € 0(Sg ) and
so B = 0(Sg,) is compact for all x € S. Here, we prove that Bx is convex for all x € S.
Let x € S and u,u’ € Bx. Choose v,v' € Sg, such that u(t) = a,v(t) + b, fot v(s)ds and
u'(t) =acv'(t) + b, fot V/'(s) ds for almost all £ € I. Let 0 < A < 1. Then we have

t
u(t) + (1 —A)u'(t) = a, (Av(t) +(1- A)v/(t)) +b; / (Av(s) +(1- A)V/(S)) ds.
0
Since G is convex-valued, Au + (1 — A)u’ € Bx. It is clear that A is bounded, closed, and

convex-valued. We show that AxBx is a convex subset of S for all x € S. Let x € S and
u,u’ € AxBx. Choose v,V € Sg, such that

u(t) :g(t,x(t), (px)(2), ((px)(t),f,FD{‘x(t),...,f,FDC”x(t)) X <a; v(t) + by /tv(s) ds),
0
and

U (£) = g (&, x(2), (px) (1), (px)(£), § D %(8), ..., §F D (t))

X <a;v/(t) +b; ‘/.tv/(s) ds)
0

for almost all ¢ € 1. Hence,

Au(t) + (1= 1w (t) = g(2,%(2), (9)(2), (9x)(2),

D)., D (b))

X |:a§ (kv(t) +(1- )»)V/(t))

+ b, /t(kv(s) +(1- k)v’(s)) dS:|.
0

Note that Au + (1 — A)u’ € AxBx because G is convex-valued. Hence, AxBx is a convex
subset of X for all x € X. However, we have

lu(®)| = |g(t, %), (2)(2), (92)(2), §F DL x(8), ..., F D™ x(8)) x (a;v(t) + bg‘A v(s) ds)

<K(a; +b;)|lmlloc =L <1
for all £ € I, and so u € S and AxBx is a convex subset of S for all x € S. Now, we show

that the operator B is compact. It is enough to prove that B(S) is uniformly bounded and
equi-continuous. Let u# € B(S). Choose v € Sg . such that

u(t) :g(t,x(t), (px)(2), (wx)(t),ﬁFD{‘x(t),...,f,FDC”x(t)) X <a; v(t) + by /tv(s) ds)
0
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for some x € S. Since |u(t)| < K(a; + b:)|mlloo, lttlloc = maxee |u(t)| < K(a; + be)|m||oo-
Now, we prove that B maps S to equi-continuous subsets of X'. Letf,7 € Jwitht <t,x € S,
and u € Bx. Choose v € Sg . such that u(£) = a,v(t) + b, fot v(s) ds. Then we have

|u(t)—u(r)| Sa;|v(t)—v(r)| +b;/ |V(s)|ds.

Note that the right-hand side of this inequality tends to 0 as ¢t — 7. By using the Arzela—
Ascoli theorem, we get B is compact. Here, we show that B has a closed graph. Let x, € S
and u, € Bx, for all n with x,, — &’ and u,, — u/. We show that ' € Bx'. For each n,
choose v, € S, such that u, () = a,v,(t) + b, fo vu(s)ds for all £ € J. Again, consider the
continuous linear operator 6 : L'(I) — X such that 6(v)(¢) = u(¢) = a,v(t) + b, fo s)ds. By
using Lemma 4, 6 o Sg is a closed graph operator Since x,, — x’ and u, € 6(Sg,,,) for all
n, there is v/ € Sg » such that u/(s) = a,v'(t) + b, fo s)ds. Hence, v’ € Bx'. Thus, B has a
closed graph and so B is upper semi-continuous. Finally note that

H(Ax, Ay) = | Ax - Ay||

= ntleallx|g(t,x(t), (9x)(2), (px)(8),  DY1x(2), ... ,f,FDl”x(t))

- g(t,y(0), (69)(0), (@) (©), D y(8), ..., D y(8)))|

n B(z;
grr;gx’n <1+§0+L0+Z( (2)2) J’(t)‘

=1 ((1+§o+L0+Z(1 (ii )le—ylloo

for all x,y € X'. Now, by using Theorem 8, the inclusion problem x € AxBx has a solution

which is a solution for problem (4). O

In this part, we show that the set of solutions for the second fractional integro-
differential inclusion problem is infinite dimensional under some conditions. First we
prove the next result.

Lemma 15 Suppose that m € L'(I,RY), F : 1 x R""3 — P, .(R) is a multivalued map
such that the map t & f(¢,%1,%2, ..., X34m+n) is measurable and

”-F(t:xlrxb'~':xm+n+3)” = SUP{W :f € -F(trxlrx2r~~:xm+n+3)} < m(t)

foralmostallt € I and € x1,%3,...,%nins3 € R. Define @ : X — P(X) by

t
D(x) = {ge X :there is f € Sy, such that g(t) :u;f(t)+b¢‘/f(s)dsforalltel}.
0

Then ®(x) € Pep.oeo(X) forallx € X.

Proof Note that @ =0 o Sz, where 6 : L}(I,R) — X is the continuous linear map defined
by 0g(t) = a f(t) + b, fotf(s) ds.Letx € X and {g,} be a sequence in Sz . Then we have

2:(0) € F(t,2(0), (¢0)(2), W2)(8), FDP1(8), ..., FDPrx(e), FTMx(), ..., FT7x(8))
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for almost ¢ € I. Since
J-"(t,x(t), (px)(2), (wx)(t),f,FDﬂlx(t), ... ,E,FDﬁ’”x(t), Fnx@),..., CFIV”x(t))

is compact for all ¢ € I, there is a convergent subsequence of {g,(¢)} (show it by {g,(¢)})
which converges to some g € Sr,. Note that 6g,(¢) — 0g(t) pointwise on I because 6 is
continuous. Here, we prove that {0g,} is an equi-continuous sequence. Let 7 < ¢ € I. Then
we have |0g,(¢) — 0g,(7)| = a.(f(t) - f(1)) + b, frtf(s) ds. Note that the sequence {0g,} is
equi-continuous because the right-hand side of the inequality tends to zero when v — ¢.
Thus, there is a uniformly convergent subsequence of {g,} (show it by {g,} again) such
that 6g, — 0g (we use the Arzela—Ascoli theorem). This implies that 6g € 6(Sr ). Hence,
®x = 6(Sr,) is compact for all x € X'. Now, we show that @« is convex for each x € X.
Letg,g' € @x. Choosef,f’ € Sr, such that g(t) = a.f(¢) + b, f(ff(s) ds) and g'(t) = a.f'(t) +
b, fotf/(s) ds) for almost all £ € I. Let 0 < A < 1. Then we have

Ag(6) + (1= 1)g'(8) = ac (M (&) + (L= L)f'(2)) + be /0 (M (s) + (L= )f"(s)) ds.
Since Sr is convex, Ag + (1 — A)g’ € @x. This completes the proof. O

Note that the fixed point set of @ is equal to the set of solutions for the inclusion problem
(2). Now by using some different conditions, we show that the set of solutions for the
fractional integro-differential inclusion problem could be infinite dimensional.

Theorem 16 Suppose thatn € L'(I,R"), F : I x R™"3 — P, (R) is a multivalued map
such that the function t = F(t,%x1,%2, ..., Xmins3) IS measurable,

m+n+3

H(J__.(t)xlyxbw'vxm+n+3);]:(t;yl1y2nurym+n+3)) Eﬂ(t) Z |xi_yi|

i=1
and || F (6, %1,%2, - . > Xmane3) || = sup{|f|:f € F(&,x1,%2, .. s Xmane3)} < 0(E) for almost all t €
I and € x1,%2, . . .»Xmin+3, Y1, V2> Ymens3 € R. If Lebesgue measure of the set

{t : dimf(t,xl,x2,~u;xm+n+3) < 1f0r50me X15%25 o o5 Xman+3 € R}

is zero and A < 1, then the set of all solutions for problem (2) is infinite dimensional, where

B(B; B(Bi
A=n*l+n++l+y iy (1_(1’2[;2)(1 tnty o (1—(2‘;2)'

Proof Similar to Lemma 15, define the multivalued map @ : ¥ — P(&X) by
t
D (x) = {g € X: thereis f € Sy, such that g(¢) = a.f(¢) + b; / f(s)dsforallt e I}.
0

By using Lemma 15, @x € Py, (X) for all x € X'. By using a similar proof in Theorem 12,
we can prove that @ is a contractive multivalued map. Now, we show that dim @x > k for
alxe Xandk>1.Letk>1,x€ X, and

G(t) = F(t,2(0), (¢x)(®), @20)(0), § D' %(0), § DPx(0), ..., 5 DPx(0),

FINx(t), FIx(t), ..., FIx(t))
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for all ¢ € I. By using Lemma 9, there are linearly independent measurable selections
&1,-..,8 for G. Consider the maps #;(t) = a,gi(t) + b (t) fotgl-(s) dsfori=1,...,k. Assume
that Zf:l a;h;(t) = 0 for almost ¢t € I. Since a;, b, # 0, by using the Caputo—Fabrizio deriva-
tives, we get Zf;l a;gi(t) = 0 for almost ¢ € I. Hence, a; = --- = a; = 0. This implies that
hy,...,hi are linearly independent, and so dim @x > k. Hence, we conclude that the set of
fixed points of @ is infinite dimensional by using Theorem 10. Thus, the set of all solutions
for problem (2) is infinite dimensional. d

3 Conclusion

We guess that researchers will review different more fractional integro-differential in-
clusions in the near future. In this manuscript, we first investigate the existence of solu-
tions for four fractional integro-differential inclusions including the new Caputo—Fabrizio
derivation which has been introduced recently. Also, we show that dimension of the set
of solutions for the second fractional integro-differential inclusion problem is infinite di-

mensional under some different conditions.
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