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1 Introduction

In this paper, we consider the following Kirchhoff plate equations:

uy + Au+ n(®h(u) =0, in 2 x (0,00), (1)
U= a_u =0, on Iy x(0,00), (2)
av

—u+ /tkl (t—s)Pru(s)ds =0, on I7 x (0,00), (3)
0

8_u + /tkz(t—s)dﬁlu(s) ds=0, onlTlj x(0,00), (4)

aw Jo

u(x,0) = uo(x, t), uy(x,0) = u1(x), in £2. (5)

In system (1)—(5), u = u(x, £) is the transversal displacement of a thin vibrating plate sub-
jected to boundary viscoelastic damping and an internal time-dependent fractional damp-
ing. The integral terms in (3) and (4) describe the memory effects. The causes of these
memory effects are, for example, the interaction with another viscoelastic element. In the
above system, n € C1(0, c0) is a positive nonincreasing function called the time-dependent
coefficient of the frictional damping and uy and u; are the initial data. The functions
ki,ky € C1(0,00) are positive and nonincreasing, called relaxation functions, and / is a
function that satisfies some conditions. Denoting by @;, @, the differential operators

0Au 0D-yu
®1u=Au+ (1-p)D1u, Dyu=——+(1-p)
av a8

’
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where
2 2 2 2
Ditt = 201 Valhyy — Vi Uy — V3 U, Dou = (V] = 3 )thy + V12 (thyy — Uy),

and p € (0, %) represents the Poisson coefficient. The vector v = (v1, ;) denotes the unit
outward normal and § = (-vy, v;) denotes the external unit normal to the boundary of
the domain. The stability of the Kirchhoff plate equations in which the boundary (inter-
nal) feedback is linear or nonlinear has been studied by several authors, such as Lagnese
[1], Komornik [2], Lasiecka [3], Cavalcanti et al. [4], Ammari and Tucsnak [5], Komornik
[6], Guzman and Tucsnak [7], Vasconcellos and Teixeira [8] and Pazoto et al. [9]. For the
existence, multiplicity and asymptotic behavior of nonnegative solutions for a fractional
Schrédinger—Poisson—Kirchhoff type system, we refer to Xiang and Wang [10]. There ex-
ist a large number of papers which discuss the plate equations when the memory effects
are in the domain or at the boundary. Here, we refer to Lagnese [11] and Rivera et al. [12]
for the internal viscoelastic damping. They proved that the energy decays exponentially
(polynomially) if the relaxation function k decays exponentially (polynomially). Alabau-
Boussouira et al. [13] obtained the same results but for an abstract problem. Regarding
the internal damping, if the viscoelastic term does not exist and n = 1, the problem (1)
was studied and analyzed in the literature such as by Enrike [14] who established an expo-
nential decay for the wave equation with linear damping term. This result was extended
by Komornik [15] and Nakao [16] who used different methods and treated the problem
when the damping term is nonlinear. For the boundary damping, Santos and Junior [17]
showed that the energy decays exponentially if the resolvent kernels r decays exponen-
tially and polynomially if r decays polynomially. In the presence of n(¢), Benaissa et al.
[18] established energy decay results which depend on / and 7(t). In all the above work,
the rates of decay in the relaxation function were either of exponential or of polynomial
type. In 2008, Messaoudi in [19] and [20] gave general decay rates for an extended class
of relaxation functions for which the exponential (polynomial) decay rates are just special
cases. However, the optimal decay rates in the polynomial decay case were not obtained.

Specifically, he considered a relaxation function k that satisfies
K(t) < -k (), t=0, (6)

where p = 1 and £ is a positive nonincreasing differentiable function. Furthermore, he
showed that the decay rates of the energy are the same rates of decay of the kernel k.
However, the decay rate is not necessarily of exponential or polynomial decay type. After
that, different papers appeared and used the condition (6) where p = 1; see, for instance,
[21-30]. Lasiecka and Tataru [31] took one step forward and considered the following

condition:
K (t) < -G(k(z)), (7)

where G is a positive, strictly increasing and strictly convex function on (0,R¢], and G
satisfies G(0) = G'(0) = 0. Using the above condition and imposing additional constraints
conditions on G, several authors in different approaches obtained general decay results
in terms of G; see for example [32-36], and [37]. Later, the condition (6) was extended
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by Messaoudi and Al-Khulaifi [38] to the case 1 < p < 3 only and they obtained general
and optimal decay results. In [34], Lasiecka et al. established optimal decay rate for all
1 < p <2, but with y(£) = 1. Very recently, Mustafa [39] obtained optimal exponential and
polynomial decay rates for all 1 < p <2 and y is a function of ¢. The work most closely
related to our study is by Kang [40], Mustafa and Abusharkh [41] and Mustafa [42]. Kang
[40] investigated the system (1)—(5) whereas n(t) = 1 and

Gi(-rj(t)) = -ri(t), Vi=1,2, (8)

and established general decay results. Mustafa and Abusharkh [41] considered the system
(1)—(5). But with the condition

/(0 = G(-rj(t)), Vi=1,2, )

and /(t) = 0. They established explicit and general decay rate results. Very recently,
Mustafa [42] studied system (1)-(5). However, under the same condition (9) he obtained
a general decay rate result. Our contribution in this paper is to investigate the system (1)—
(5) under a very general assumption on the resolvent kernels ;. This assumption is more
general as it comprises the earlier results in [40, 41] and [42] in the presence of &(¢) and
the very general assumption on the relaxation functions. Furthermore, we obtain our re-
sults without imposing any restrictive growth assumption on the damping and take into
account the effect of the time-dependent coefficient 5(t). The rest of the paper is as fol-
lows: In Sect. 2, we give a literature review and in Sect. 3, we state our main results and
provide some examples. In Sect. 4, some technical lemmas are presented and established.
Finally, we prove and discuss our decay results.

2 Preliminaries

In this section, some important materials in the proofs of our results will be presented. In
this paper, L?(£2) stands for the standard Lebesgue space and H; (§2) the Sobolev space.
We use those spaces with their usual scalar products and norms. Moreover, we denote by
W the following space: W = {w € H*(2) : w = 3—1“ =0on Iy}, and 7; is the resolvent kernel

of kLT(;)’ which satisfies

1 , B 1, N
k;(0) (ki*ri)(t)— k), Vi=1,2,

rile) + TR

where * represents the convolution product

(F % 9)(t) = /0 £t -9)g(s) ds.

From (3) and (4), we get the following Volterra equations:

0] ! ki x @ !
U+ ——K; *x Qo = ——uy,
) T Ko

1 1 0
Pru+ ——ky * Pru = e

k»(0) T ky(0) By
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Taking 7; = ﬁ, for i = 1,2, and using the Volterra’s inverse operator, we get
1

DQou = 1y{us + ry *uy}, on Iy x (0,00),

ouy u

(151”:_-[2{8_+r2>k—t}, OHFIX(O,OO);
Vv

av

In our paper, we assume that #y = 0, so we have

¢2u:t1{ut+r1(0)u+r/1>ku}, on It x (0,00), (10)

ouy ou , Ju
Diu=-T9y — +12(0)— +7ry%x — ¢, onljx(0,00). (11)
av av av

Throughout the paper, c is a generic positive constant and we use (10) and (11) instead of
(3) and (4).

2.1 Assumptions

(A1)

(A2)

(A3)

We assume that £2 C R? is a bounded domain with a smooth boundary I" = I U
I'1. Here, the partitions I and I are closed and disjoint. We also assume that
meas(Ip) > 0, and there exists a fixed point xy € R? such that 7 - v <0 on Iy and
m-v >0 on I'1 where m(x) := x — x and v is the unit outward normal vector. This
assumption leads to positive constants §y and R such that

m-v>68,>0 onl; and ’m(x)-v|§R, Vx € $2.

We assume that /2: R — R is a C° nondecreasing function and there exists a strictly
increasing function /o € C*(R*) with /(0) = 0 such that

ho(Is]) < |h(s)| < hg'(ls]) forall |s| <,
o(Isl) = |(s)] = 15" (1) W)
cils| < |h(s)| < calsl forall|s| > ¢,

where c1, ¢;, € are positive constants. In the case /g is nonlinear, we assume that
the function H defined by H(s) = v/sho(+/s) is a strictly convex C? on (0, o], where
ro > 0.

We assume that r; : R* — R*, for i = 1,2, is a C? function satisfies

tlim ri(t) =0, r;(0) > 0, rit) <0, (13)
—00

and there exists a positive, differentiable and nonincreasing function &; : R* — R*.
We also assume that there exists a positive function G; € C1(R*), G; being a linear
or strictly increasing and strictly convex C2 function on (0, R;], R; > 0, with G;(0) =
G;(0) = 0, such that

70 = EOG(-r(8), (i=1,2) V>0, (14)

Furthermore, we assume that the system ((1)—(5) has a unique solution

ueL®(RSHY(2)NW)NW2(R; W) N W (R LA(82)).

Page 4 of 26
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This result can be obtained by using the Galerkin method as in Park and Kang [43] and
Santos et al. [17].

Remark 2.1 1t is worth noting that condition (12) was considered first in [31].
Remark 2.2 Using Assumption (A2), one may notice that sh(s) > 0, for all s # 0.

Remark 2.3 If G is a strictly increasing and strictly convex C? function on (0, 7], with
G(0) = G'(0) = 0, then it has an extension G, which is a strictly increasing and strictly con-
vex C? function on (0,00). For instance, if G(r;) = a, G'(r1) = b, G"(r1) = ¢, we can define
G, fort>r, by

Gt) = %tz +(b—cr)t+ (a + %;’12 _ bn). (15)

The same remark can be established for H.

Now, we define the bilinear form a(-, -) as follows:
a(u,v) = / {uxxvxx + UyyVyy + P(UaVyy + UyyVax) + 2(1 — ,o)uxyvxy} dxdy. (16)
o)
It is well known that v/a(u, u) is an equivalent norm on W, that is,

,61 ”M”]zvﬂ(_g) = a(ur M) = 182”74”?.[2(9)7 (17)

for some positive constants 8; and B;. From (17) and the Sobolev embedding theorem, we

have, for some positive constants c, and cy,
lull® < cpa(u,u), and |Vul® <calu,u), YueH*(R). (18)

The energy functional associated with (1)—(5) is
1
E(2):= 3 |:/ e + alu, u) + ‘le (r@®ul* - (r; o u)) d]"i|
2

n
1 d
A ol )]

where (f 0 g)(t) = [y (£ - 5)lg(£) - (s) | ds.
Our main stability results are in the following two theorems.

ou
av

3 The main results
Theorem 3.1 Assume that (A1)—(A3) are satisfied and hy is linear. Then the solution of
(1)—(5) satisfies, for all t > t;,

t
E(t) <cie 9% if G is linear, (20)

t
E(t) < szgl (m1 / a(s) ds), if G is nonlinear, (21)
1
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where c1, ¢o, My and my, are strictly positive constants. Ga(t) = ftr s(;+(s) ds, G =min{Gy, G,},
and o (t) = min{n(t),&(t)} where &(t) = min{§,(¢),£:(t)}. G1, Ga and £(t), &(t) are defined
in (A3).

Theorem 3.2 Assume that (A1)—(A3) are satisfied and hy is nonlinear. Then there exist
strictly positive constants cs, ca, ms, Ma, €1 and &, such that the solution of (1)—(5) satisfies,
forallt>t,

t
E(t) < Hfl (03 / o(s)ds+ c4>, if G is linear, (22)
t1

where H, () = [ 1= ds and Hy(t) = tH'(e12).

2(s

ms

p— _1 _—
E(t) < mu(t —t1))Ws ((t— tl)fttl o (5)ds

), if G is nonlinear, (23)

where Wy(t) = tW'(eot), W = (@_1 + ﬁ_l)’l and G, H are introduced in Remark 2.3 .

Remark 3.1 ([44]) In (21), one can see that the decay rate of E(¢) is consistent with the
decay rate of (-r}(t)) given by (14). So, the decay rate of E(¢) is optimal.

In fact, using the general assumption (14), and taking into account the fact that G =
min{G1, G5} and o (¢£) = min{n(¢), £(¢)}, we have

t
-ri(t) < G5 (/ - )a(s) ds), vt > -7 (r),

Ti

where G5(t) = tr ﬁ ds. Using the properties of G, we get

r 1 r 1
G4(t)=/t G G) dSE[ @ds:G:;(t).

Also, using the properties of G4 and Gs, we have
G;'(t) = G5' (o).

This shows that (21) provides the best decay rates expected under the very general as-
sumption (14).

Example 3.3
(1.A) hy and G are linear and n(t) = 1.
Let ri(t) = —a;e 0+ where b; >0 and a; > 0, Vi = 1,2, so that Assumption (43)
is satisfied, then r{(¢) = &(£)G;(~r}(t)). We take a = min{a;,a,}, b = min{b, b,},
G =min{Gy, Gy}, £(¢) = min{&;(¢), &,(¢)} and o (¢) = min{n(¢), &(¢)}. Hence, G(¢) = ¢,
&(t) = b and we let o (£) := by = min{1, b}. For the nonlinear case, assume that
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ho(t) = ct and H(t) = ~/tho(\/t) = ct. Therefore, we can use (20) to deduce
E(t) < cie™, (24)

which is the exponential decay.
(1.B) kg and G are linear and n(t) = z%‘
Let r)(t) = —a;e”%*), where b; > 0 and a; > 0, Vi = 1,2, so that Assumption (A3)
is satisfied, then r (£) = &(¢)Gi(-ri(t)). We take a = min{ay, as}, b = min{b,, b},
G =min{Gy, Go}, £(£) = min{&;(¢), & (¢)} and o (¢) = min{n(£), E(¢)}. Hence, G(¢) = ¢,
b

&(¢) = b and o (¢) = ;5. For the nonlinear case, assume that h(¢) = ct and

H(t) = /tho(V/t) = ct. Therefore, we can use (20) to deduce

c
Et) s ———. 25
()_1+ln(t+1) (25)
(2) hy is linear, G is nonlinear and n(¢) = 1.
Let ri(t) = —ae™, where 0<g<1and a; >0, Vi = 1,2, so that Assumption (A3)
is satisfied, then r (£) = &;(¢)Gi(-r|(t)). We take a = min{a;, a3}, G = min{G;, G,},
&(t) = min{&(¢),62(¢)} and o (¢) = min{n(¢),£(¢)}. Hence, §(¢) = 1 and

G(t) = qitll. In this case, o (t) = 1. For, the boundary feedback, let /y(¢) = ct,
(In(a/t))d~

and H(¢t) = «/tho(x/t) = ct. Since

;o (L=q)+qln(alt)
GO = —n@)e

and

G”(t) _ (1- q)(ln(a/tl) + l/q)’
(In(a/t)a*!

the function G satisfies the condition (A3) on (0, r] for any r > 0. We have

Gt = [ ——d gL
’ f SG(5) S‘/t sli—q+qmq ™

q
< 1/11% u%_lduf (1n—)_
q Jin¢
Then (21) gives
E(t) < ke, (26)

which is the optimal decay.
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(3)

hg is nonlinear, G is linear and n(¢) = m.

Let ri(t) = —a;e”?1*9 where b; >0 and a; > 0, Vi = 1,2, so that Assumption (43)
is satisfied, then r} (¢) = &:(¢)Gi(-ri(t)). We take a = min{a;, a3}, b = min{b,, b},
G = min{G1, G}, £(¢) = min{&;(¢), £&,(¢)} and o (¢) = min{n(£), £ (¢)}. Hence, G(¢) = ¢

and &(¢f) = b. In this case, o () = (b%). Also, assume that /o(t) = ct?, where

t+e) In(t+e

g>1and H(¢) = v/Eho(v/E) = ¢t . Then
-2
H,7Y8) = (et + 1) 7.

Therefore, applying (22), we obtain

C

[1+In(In(¢ + €))] 7T

E(t) < (27)

hy is nonlinear, G is non-linear and n(¢) = 1.

Letri(t) = (1_:’52 , where a; > 0, Vi = 1,2, is chosen so that Assumption (A3) holds.
We choose a = min{a,, a,}, then r}(t) = b;G;(-rj(t)). We select b = min{b,, by},
G = min{Gy, Gy}, £(£) = min{&;(¢), &(¢)} and o (¢) = min{n(¢), £(¢)}. In this example,

G(s) = s3, £(t) = b. For the boundary feedback, let /o (¢) = ct> and H(t) = ct3. Then

3
W= (6" ey = ()

2
and
3s -1++/1+14s 2
Wa(s) =
V1 +4s 2

3s 352 3s

= + —_—
2/1+4s /1+4s 2
3s 3s2 3s 3

< 3

—+—=— — =cs2.
T2 2ys 2

Therefore, applying (23), we obtain

E(t) < T
(t—t1)3

For the proofs of our main results, we state and establish several lemmas in the following

section.

4 Technical lemmas

In this section, we introduce some lemmas which are important in our proofs of our main

results.

Lemma 4.1 ([1]) Let u and v be functions in H*(2) and p € R. Then we have

J

(Azu)vdx =a(u,v) + /

{((DQM)V— (Q§1u)a—u} ar (28)
n 8\)
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and
1
/ (m.Vv)A%vdx = a(v,v) + 5 / my[vi, + Viy +20VixVyy + 2(1 - /O)Viy] dr
2 r

+/ [(dﬁzv)m.Vv—(dﬁlv)i(m.Vv)] ar. (29)
r 8])

Lemma 4.2 Under Assumptions (A1)—(A3) and considering Remark 2.2, the energy func-
tional E satisfies, along the solution of (1)—(5), the estimate

T
Et) = _El,/ (2|ut|2 — 7 (Olul* + 7 o u) ar
n

o (Z
2 Jn

<0. (30)

2 2

,, | 0u
_rz(t)

v

aut
av

a
+75 0 _u) ar - n(t)/ ush(u;) dx
av Q

Proof The proof can be established by multiplying Eq. (1) by #,, integrating by parts over
£2, and using (28) and the boundary conditions (10) and (11). With the help of the ideas

in [44], one can establish the following two helpful lemmas.

Lemma 4.3 Fori=1,2,0<q; <1, and for

o0 /2
Cyy 1= / O e and 60 = () - ar0) (31)
o 1 —aris)
we have
t 2
</ 1yt = 9)|uls) — u(t)| ds) < Cyy (61 0 1) (2), (32)
0
L du(s) dult) 2 du
</(; ry(t—s) R ‘ds) <Cq (92 o a—v)(t). (33)

Lemma 4.4 There exist positive constants dy, d, and t, such that
r/(t) > —diri(t), (i=1,2)Vte[0,11]. (34)

Lemma 4.5 Under Assumptions (A1)—(A3), the functional

Yy () :=/Q(m.Vu)u,dx (35)

satisfies, along the solution of (1)—(5), the estimate

1 1
Vi =3 m.v|ut|2dl"—§/ |ut|2dx—<1—%0—%)a(u,u)
2

In

2
71
+— | [lw)® + i @ul*]dl +
2e n & I

2
Cy
D> [ g, ouydr
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2 9 9 2C, B
L2 D)2 2 (ar + 2 2/ (920_u>df+£/h2(ut)dx
2e Jp L] Ov av 2¢e n av 2 /o
_|L_ee / m.v[u2 + U2+ 2p Uty + 2(1 — p)u ]dF. (36)
2 2 I XX yy xy

Proof By direct integrations, using (1), and using (29) with v = i, we obtain

%(t):/ﬂ(n«Vut)utdx+/g(m-Vu)uttdx

1 1
=— m-v|ut|2dF——/ |ut|2dx—a(u,u)—r/(t)/ h(uy)(m - Vu)dx
2 n 2 2 2

—/ |:((D2u)(m -Vu) - (qblu)i(m . Vu)} ar
r 81}

1

-5 / m[ul, + uiy + 20Uty +2(1 — ,o)ufcy] dr. (37)
r

Since uyyityy — (uxy)2 =0 on I}, we have

Unxlhyy + 2(1 — p)uﬁy =(Au)?> onTy. (38)
Now, as u = ‘g—': =0 on Iy, we have Dyu = Dyu =0 on I and
d
a—(m.Vu) = (m.v)Au. (39)
v

Combining (37), (38) and (39), (37) becomes

1 1
w105 [ motupdr = [ s atuw - [ on- Vi) ds
2 In 2 k9] 2
+l mv(Au)ZdI"—1 mu[u2 + U2+ 20Uty + 2(1 — )uz]dF
2 . 2 . XX yy PUxxUyy o Xy

Iy In

—/ (@zu)(m.Vu)dF+/ (@m)i(m.Vu)dF. (40)
n n av

Now, Young’s inequality leads to

1
(@) V) dl| < — | |®ul?dl + & | \m.vuldr, (41)
n 2e n 2 n
d 1 ) e 3 2
(Pr1u) —(m.Vu)dI'| < — |Pru|”dl’ + — —(m.Vu)| dr, (42)
Ial av 2¢e n 2 n av

where ¢ is a positive constant. Using (17) and (18), the fact | m(x) |< R, and the trace theory,
we obtain

2

i(m.VLt) ar

/ |m.Vu|2dF+/
n n v

< R%c;alu, u) + R/ mv[ul, + uiy + 20 Usthyy + 2(1 — ,o)uiy] dr. (43)
n
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Furthermore, using (17) and (18) and the property of the function 7(t), we have

2

‘n(t)/ h(u,)mNudx| < g/ h2(ut)dx+1%a(u,u). (44)
2 2

Combining (40)—(44), we have

1 1 A A
Yit) < = m.vlutlzdl"——/ |y |2 dox — -0 g a(u, u)
2/ 2/ 2 "2

1 1 c
+— [ |PwufPdlr + — | |®u*dl + —/ W () dx
2¢e n 2 7]

2¢e n
1 eR
_ |:§ - 71| / m[u, + uiy + 20Uty + 2(1 - p)uiy] dar, (45)
I

where Ay = R%c;. By direct computation and using (4.3), we arrive at
Y P g

(r; *u)(t) = /t ri(t —s)u(s)ds = /t r(t - s)[u(s) —u(t) + u(t)] ds
0 0
= /t AR s)[u(s) - u(t)] ds + /t r1(¢ —s)u(t)ds
0 0
__ / e - 9)[ult) - ()] ds + / (= syule)ds
0 0
= —/ r(t - s)[u(t) - u(s)] ds + r1(6)u(t) — ri(0)u(t)
0

< [Cuy 01 0)(®)] + 1y (Dult) - 1 (Ou(z), (46)

similarly, we can show that

(r; x z—i‘)(ﬂ < [caz (92 o g—”)(w} R e CALO) (47)

% av v

then from the boundary conditions (10), (11) and using (46) and (47), we have

Dou < Ty {uay + 11 (Ou + [Coy (61 0 u)(t)]% b

1

5 9 9 :

Bt < 1] 2 () 4 | Cy (020 2 ) 0)| Y. (48)
av av av

Substituting the inequalities (48) in (45) and using the fact m.v < 0 on Iy, (36) is
achieved. O

Lemma 4.6 Under Assumptions (A1)—(A3), the functionals

1//2(t)=/F/0Ml(t—s)lu(s)|2dsdx,

wg(r):/n /Ot,U«z(t—S)

: (49)
dsdx,

ou(s)
av
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satisfy, along the solution of (1)—(5), the estimates

Yy (t) < %(r; ou)(t) + 3r1(())/ |u(t)|2 dx,
I

) (50)

ou(t) dx,

¥3(t) < %(r’z ° %)(t) +3r2(0)

I
where pi(t) = [, (=ri(s))ds, i =1,2.

Proof Taking the derivative of the first equation in (49) and using the fact ) (¢) = r{ (), we

have

Wl (t) = r1(0) F1|u(t)|2dx+/r1/o P (t - s)|uts)| dx
[ 2
= rl(t—s)|u(s)—u(t)| dsdx
I Jo

+ 2/1‘1 u(t)/otr’l(t—s)(u(s) —u(t)) dsdx + ri(t) /1‘"1 |u(t)|2dx. (51)

Using the fact lim;_, o, 71(£) = 0, and Young’s inequality we have the following:

2/r1 u(t)/0 rl(t—s)(u(s) —u(t)) dsdx
<2y |u(s)|2dx+wf /tr;(t—s)|u(s)—u(t)|2dsdx
- n 2y JnJo

§2yﬁl|u(s)|2dx+/;)Tjj(s)/rl/Otri(t—s)|u(s)—u(t)|2dsdx

_ Vl(o)
2y

2 t , 2
52yfn|u(t)| dx /1‘1/0 P (e - 9)|us) - u(t)|” dsdx

§2r1(0)/ |u(t)|2dx—%/ /tri(t—s)|u(s)—u(t)|2dsdx. (52)
I I Jo

Combining (51) and (52) and using the fact that p;(f) < ©1(0) = 1(0), the first estimate in
(50) is established. Similarly, we can establish the second estimate in (50). O

Lemma4.7 Under Assumptions (A1)—(A3), the functional L(t) := NE(t) + N1vy1 (t) + noE(¢),
where N, Ny, ng > 0, satisfies along the solution of (1)—(5) the following estimate:

L) < —mE(t)—jI/tr;(t—s) |u(t) - u(s)|* dxdl
t In

t
_l/ 7t —s) ou(t) Ju(s)
4 t In

av av

2
dl +c / W (u) dx, Vt>t. (53)
2
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Proof Using L'(¢) = NE'(£) + N1y, (£) + noE'(t), combining (30) and (36), using the proper-
ties of r; and r} given in Assumption (A3) and using | m - v |< R, we obtain

RN; Njt? N;t?
L) <- (nN——l‘ ﬂl) Iu:FdF‘(sz— m)/
2 2e n 2¢ I
by Npt?
_N1<1——0—870> (u,u) + 217:1/ r%(t)|u|2d1“
£ n

2
Nyt duy
+ r2( )| —
2¢e n av

Nit2C, N1t2C, d
o0 g ouyar + 2T / (onﬁ) ar
2e n 2e n av

3ut 2
av

ar

dF——/ |y |? dx

1 ¢€R
-N; (5 - 7) f mv[uﬁx + uiy + 2 lxlhyy + 2(1 - u)uiy] ar
n

N, N 0
_ ITI/(lou)dF— ”Zf <rgo_”>dr
2 n 2 n av

+mE'(¢) + N2 /hz( /) dx. (54)

Then choosing 0 < & < min{g, L 2 AO} S0 that R 50andcy:=1- }‘70 - % >0 and using

lim;_, o 73:(¢) = 0, for i = 1,2, we obtaln

RN; Nit2 N2 du, |*
L) < —(oN- 2L 200 > dl - (N — 24 / gus
2 2e n 2¢ In

av
2C,
——/ ot |2 dx — Nlcoa(u,u)+L/ 61 ou)dl”
2€ n

N, Nit;C, a N I
+—16/h2(ut)dx+L/ bho L )dr - 1’1/ (" ou)dI’
2 Q 2¢€ Ial 8\) 2 In

N u
_ Mt / <rg o —) dr + nyE (). (55)
2 Jn F)

ar

In this case, we choice N large enough so that

N1T12
TN — >0,
2e
RN, Nt?
N - L D0 g (56)
2 2¢e

Then (55) reduces to

N, Nyt2C,
L'(t) < ——1/ |ty |2 dx — Nicoalu, u) + Mt e
2 Jo 2e I

N N t2C, 0
IC/ hz(ut)dx+L/ (Ozoﬂ) ar
2 2¢e n av

N N 0
_ 171 / (i‘i/ ° Ll) dar - 172 / (rg o _M) dal’ + VloE,(t). (57)
2 r 2 n av

6y o u)dI’
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Recall that v/ = ar} + 6;, i = 1,2, and use (19), to obtain

Nin NwCor ) [0 ar
2 2¢ N

Nity  Nit2C, d N
_ (a2 _Mhte / 920—u dF+—IC/ W (u;) dx,
9 % n v 2 Jo
N N;
! 106/ (r’lou)dl"—rz 1Olf
2 n 2

Now, our purpose is to have, for i = 1,2,

Nt N2\ N7
;_%<£j>;a (59)

N
L'(t) < —71/ Iutlzdx—Nlcoa(u,u)—<
2

d
(r/2 o a—u) dI + mgE'(t) Vt>1t. (58)
v

As in [44], we can deduce that ;;C,, — 0 when o; — 0. Then there exists 0 < a; < 1 such
that if o;; < arg;, then

€
< ————.
" 4oy TN,
Now, we choose 0 < «; = ﬁ < 1, to obtain
Nit? 1 N7
c, (M) L _Nm (60)
2€ 8u; 4
and hence, we have
2
T T7Cy,
N2 -—=)50, i=1,2 (61)
2 2¢€

and then (58) becomes
L'(t) < —]\% /Q |y |> dx — Nicoa(u, u) + % /Q W (uy) dx,
- %/Fl (r/1 o u) ar - %/Fl (r’2 o 3—3) dr + noE (¢). (62)
From (34) and (30), we notice that, for all £ > ¢,

_/“ r;(s)/ |u(t) - ult —s)|* dr ds
0 In

<X [V [ |uw) - ute -9 dr ds < —E@),
dl 0 I

)

1 tl A
§£A5@

(63)

ou(t) ~ ou(t —s)

2
dar ds
av v

ou(t) ~ du(t —s)

2
“ AT ds < —cE'(t).
v Jdv
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Then, using (62) and (63), we have for all £t > #;

N 1 [t
L/(t)g—_lf |ut|2dx—Nlcoa(u,u)——/ r/l(s)f |u(t)—u(t—s)|2d1"ds
2 Jo 4 Jy n

t
_l/ s [|2AD =9 g
4 t n 8\) 81)
N1C 2 ,
+—/ h”(u;) dx + (ng — ¢)E'(¢). (64)
2 Jo

Now, we choose g so that 1o — ¢ > 0, then (53) is established. Moreover, we can choose N
even larger (if needed) so that

L(¢) ~ E(¢). (65)

Lemma 4.8 [45] Under Assumptions (A1)—(A3), the solution satisfies the estimates

/ W (uy) dx < c/ uh(u;)dx, if hy is linear, (66)
21 21
/ W () dx < cH™! (J@®) = cE'(¢), if ho is nonlinear, (67)
21
where
10 = [ w(Oh(um(©)dr <0 (68)
21

and
21 = {xe 2 |ut(t)| 581}.

Lemma 4.9 Assume that (A1)—(A3) hold and hy is linear. Then the energy functional sat-
isfies the following estimate:

f+w E(s)ds < cc. (69)
0

Proof Let F(t) = L(t) + y2(¢) + ¥3(2), using (50) and (64), and using the trace theory, we
obtain for all t > #;

/ N 1, 1/, ou
F(t)S—TI/Q|ut|dx—N1coa(u,u)+ Z(rlou)(t)+ E(rzo %)(t)

Nlc

+_
In

2
W2 (u)dI +Srl(O)/;2|u(t)|2dx+3r2(0)‘/;Z 8211(11,‘) dx. (70)

Using (17) and (18), we arrive at

F() < _% /Q el dx — (N1co = ¢r)a(u, u) + i(r/1 ou)(t) + le(ré ° z_:>(t)

+c | H(u)dr, (71)
In
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where ¢, = (3¢,71(0) + 3¢,72(0)) and ¢, ¢, are given in (18). Here, we choose N large enough
so that Nico — ¢, > 0. After that, we can choose N even larger (if needed) so that (56) holds.

Now, we have
F'(t) < -bE(t) + c/ ush(u;) dx
o
< —DE(t) - cE'(¢t),

where b is a positive constant. Therefore,

b/tE(S)dsfFl(tl)_Fl(t) < Fi(t) <00, (72)
where F;(t) = F(t) + cE(t) ~ E. O

Now, we define

L(t) = / tr/l'(s) /F |u(t) - u(t —5)|” dI" ds < —cE'(0),

b= f’”z s)fn 2

drI' ds < —cE (t).
Lemma 4.10 Under Assumptions (A1)—(A3), and if hy is linear, we have the following

(73)
ou(t) B ou(t —s)

av v

estimates:
L 2 1——1(qh(?)
/tl —rl(s)/Q |u(t) —u(t—s)| dxds < gGl ( 50 ) (74)
and

ou(t) odu(t-s)
v v

2 1 1
drds<-G, ( (75)
q

[

and if hy is nonlinear, we have the following estimates:

[0 [ 0 ute - o vt < 2 &' (o) (76)

q (t - 0)&:(0)
[

qu(t)  du(t—s)|? (t- tl)gl( gl (t) )
q )
where q € (0,1), G, and G, are the extensions of Gy and G, respectively, such that G, and

qu(f))
&) )

(77)

dr ds <
v v 5= 2 \t-0)&0)

G, are strictly increasing and strictly convex C? functions on (0,00)

Proof Case I: if h is linear: we define the following quantities:

(0 :=q/t./ |u(t) - u(t —s)|* dI" ds,
1 JI
t 2

ral) = q / /F ag‘f}t)—iv drds, (78)

ou(t —s)
d
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where by (69), (19) and (16) we can choose g so small such that V¢ > ¢,

rt) <1, i=1,2. (79)
Since G; is strictly convex on (0, R;] and G;(0) = 0, we have

Gi(02) <0Gi(z), 0<6O<landze(0,r], (80)
where r = min{R;, Ry}. Without loss of generality, for all ¢ > ¢;, we assume that [;(¢) > 0,

i = 1,2, otherwise we get an exponential decay from (53). Using (14), (79), (80) and Jensen’s

inequality, we have

1 ! I 2
L(t) = m i A(B)ri(s) ‘/Fl q|u(t) - u(t—s)| drI ds

1
qkl(t) t

=

M (DE1(5)Gr (-7 (s)) /1: qlu(t) - u(t - s)|2 dr ds

> 0 t:gl(S)G1(—)»1(t)r/1(s)) /Fl q|u@) —M(t—s)|2d[‘ s

- &1(2)
- q)"l(t) 151

51(1«‘) e o
qkl(t) MGy (q/tl -r1(s) '/Fl |u(t) — u(t - s)| dFds)
= El_() t_ / B B 5

= " Gl< /1 rl(S)/rl |M(t) u(t S)| df'ds),

This gives

, 1 qh(¢)

Gl(—kl(t)r/l(s))/r q\u(t)—u(t—s)|2d1"ds

u(t) du(t—s)|?
v v

Similarly, we can show that
qu(t))

ftl"z“) R ards= G (sz(t)

Case II: if hy is nonlinear: we introduce the following functionals:

til /j/r |u(t) - u(t - 5)|> dI ds,

v
then using (16), (19) and (69), we can choose g so small enough so that V¢ > ¢,

kg(t) =

)\4(t) =

dF ds, (81)

(D) <1, i=34. (82)
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Using (14), (80), (82) and Jensen’s inequality, we get

1 ! I 2
L(t) = 7o ). Ag(t)rl(s)/rq|u(t)—u(t—s)| drl ds

1
=
q)"3(t) 12}

Ag(t)fl(S)Gl(—r/l)/rq|u(t)—u(t—s)|2dl“ds

= ) t: £9G (450 ) /F glut) - u(t - 5)|" dr ds

_ a0
“qr3(t) Jy

(t—t1)&:(2) ¢ ,
ZW 3G 1<(t t)/ _”1(5)/1_|”(t)—”(t—5)| dFds)

) (t—t;)él(t)a((t_qtl) /tl _ri(s)fr |u(t)_u(t_s)|2d1“ds>.

This gives

> o (t-t)—1( qh(t) )
/n rI/r|u(t) u(t-s)|"dr ds < 7 G <(t—t1)$1(t) '

Similarly, we can have

[

5 Proofs of our main results

G1(-13(0)7,(5)) /F qlu(e) - u(t - )" dI ds

Bu(t) ou(t — s)

Here, we prove the main results of our work given in Theorem 3.1 and 3.2.

Proof of Theorem 3.1, case 1, G is linear We multiply (53) by the nonincreasing function
o (t). We use (14), (30) and (66), and invoke (14) to have

o ()L (t) < —mo (t)E(t) — co (t) /tr;(s)/ !u(t) - u(t—s)‘2d1“ ds
t I

_w(t)/::/z(S)/n

< -—mo ()E(t) + c/r [(r’l’ ou)(t) + <r’2’ o 8;11()t))i| drl’ +co(t) ./9 h2(u,) dx

< —mo (£)E(t) — 2cE (¢).

u(t) u(t—s)|?
v - av

ar ds+ ca(t)/ W u)dx Vt>t
fo)

This gives
(0L +2cE) < -mo (t)E(t), Vt=>t. (83)
Using the fact 0/(£) <0, we have o L + 2cE ~ E, and we can obtain

't
E() < e 70, (8

(t-t)—1( qh(®)
GG ((t—n)&(t))' D
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Proof of Theorem 3.1, case 2, G is nonlinear Using (53), (66), (75) and (74), we get

L'(?) g-mE(t)-cftr;(s)/ |u(t) - ut —s)|* dI dis

t In
L du(t) u(t-s)|? )

_Cft, v (s) N dFds+c/Qh(ut)dx Vit

< -mE(t) + ;I@_1<q11(t)> + 1@_1 (qIZ(t)) —CcE'(t)

o(2) q o(t)
< _mE(@)+ G (M) —CcE®), (85)
q o(2)

where I(£) = max{l,(¢),,(¢)} Vt > t;. Let F1(¢) = L(¢) + cE(t) ~ E, then (85) becomes

Fi(t) < -mE(t) + ¢(G)™ (%(tt))), (86)

we notice that the functional F,, defined by

— E
For(t):=G (Soﬁ%)fl(t)
satisfies
a1 F(t) < Et) < ayFa(t) (87)

where o1, >0, and

Fit) = soi (((g G (80%>]—](t) +G (eo%)]—]/(t)

<_-mE(t)G <80 %) +¢G <80 %)@‘1 (%(;)) (88)

As in the sense of Young (see [46]), let G be the convex conjugate of G, then

— —/\ -1

G (a) :a(G) -

@ -G[(G) (@], ifae(0,G ()] (89)

and G satisfies the generalized Young inequality
AB<G'(A)+G(B), ifAe(0,G(1],Be(0,r]. (90)

So, with A = @,(80%) and B = @_1(%) and using (19) and (88)—(90), we arrive at

< —mE(t)G <80%) + CSOEWG <80EW> + C<m). (91)
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So, multiplying (91) by o (¢) and using the fact that 80% <r, @/(80%) = G’(ao%), gives
E E E
o (8)F,(t) < —mo (t)E(t)G' (80%) + co(t)eo% /<£0%> +cql(t)
E E E
<-mo(t)E(t)G (80E((—(t)))) + co(t)eO%G’ (80%) —cE'(1).
Now, for all £ > ¢ and with a good choice of &g, we obtain
, E®)\ (. E®O)Y E(®)
F3(t) < —moff(f)(%)G (%w) = —mod(t)Gs(E(O)), (92)
where F3 = 0 F; + cE ~ E satisfies, for any B3, f4 > 0,
B3 F3(t) < E(2) < BaF3(2), (93)

and Gs(¢) = tG'(got). Since G5(2) = G'(eot) + £0tG” (€02). Since G is strictly convex over (0, 1],
we find that G5(t), Gs(t) > 0 on (0, 1]. Then, with

B3 F5(2)
E(0)

R(t) = ,
using (93) and (92), we obtain

R(t) ~ E(¢) (94)
and then

R(t) < -mo(t)G3(R(2)), V=1,

where m1; > 0. We, after integration over (¢3,¢), get

! _R/(S) t
/tl ok B =™ / 1 o (s) ds.

Hence, by an appropriate change of variable, we get

eoR(t1) 1 t
f — —~dt>m / o (s)ds.
soR(2) TG/ (7) t

Thus, we have
1 t
Rit)< =G [m [ o(s)ds), (95)
&o f

where Gu(t) = ftr SG%S) ds. Here, we used the strictly decreasing property of G4 over (0,r].
Therefore (21) is established by virtue of (94) and hence we finished the proof of Theo-
rem 3.1. O
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Proof of Theorem 3.2, case 1, G is linear Multiplying (53) by o (¢), using (67), gives, as o (t)

is nonincreasing, the following:

o ()L (t) < -mo (t)E(t) +c /

In

|:(r/1/ou)(t) + <rg 0 8;‘5}”)} ar +co(t)/9h2(ut)dx

< -mo (t)E(t) — 2cE (t) + co(t)/ K2 (u,) dx
2

< -mo (t)E(t) - 2¢E'(t) + co () (H' (J(2)) — cE'(2))
< —mo (£)E(t) — 3¢E'(t) + co ())H ™ (),

(oL +3cE) < -mo()E®) + co(t)H™" (](t)), vVt > 1. (96)
Therefore, (96) becomes
L(t) <-mo(®E®) +co(OH (1), Vt>1, (97)

where £ := oL + 3cE ~ E. Now, for ¢; < rg and ¢y > 0, using (97) and the fact that £’ <0,
H'>0,H"” >0 on (0,ry], we notice that the functional £;, defined by

L1(2):=H (81%>£(t) +coE(t)

satisfies, for some o3, 04 > 0.

asLi(t) < E(t) < aaly(2) (98)
and
L(8) =g g((é)) H” (80%) L)+ H (so%>£’(t) +coE (¢)
<-mE(t)H’ (80%) +co(t)H' (eo%>1{-l(](t)) +coE/(2). (99)

Now, let H* be the convex conjugate of H (see [46]), then, as in (89) and (90), with A =
H'(e1 £) and B = H™'(J(2)), (99) gives

L(t) < -mE@)H’ (81%> +co(t)H* <H/ (81 %)) +co(B)J(t) + coE (t)
<-mE(t)H' (81 %) + csla(t)%H/ (81 %) —CcE'(t) + coE (¢).

Choosing suitable ¢; and ¢y, we find, for all ¢ > t;,

L)< —co(t)i((;;H’ <81 %) =—co(t)H, <81 %), (100)
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where Hy(t) = tH'(e1t). We have H)(t) = H'(e1t) + e1¢H"(e1t). Since H is strictly convex
over (0,79], we find that H}(¢), Hy(¢) > 0 on (0, 1]. Then, with

asLy(t)

Ri(t) = FOR

using (98) and (100), we have

Ry (t) ~ E(2), (101)

R|(t) < —c30 ()Hy(Ry(2)), VE=1,

where ¢3 > 0. Thus, we integrate over (¢, £) to get

t
R,(t) < H;! (Cg/ O’(S)dS+C4), Vt>t, (102)
5]
where ¢, > 0, and H;(¢) = ftl % ds. O

Proof of Theorem 3.2, case 2, G is nonlinear Using (53), (67) and (77), we obtain

—_ q1(?) 0
L'(t) <-mE@) + c(t - 11)(G) | ———— | + cH ' (J(t)) - cE'(¢). 103
() < -mE() + c(t - 1)(G) ((t—tl)a(t) +cH ™ (J(2)) - cE () (103)
Slnce limy 400 75 t = 0, there exists ¢, > £; such that .=~ < 1 whenever ¢ > f,. By setting
6 = — <1 and using (80), we obtain

H'(J0) < (t—t1)171<(t](tz )), Vi > ty,
-4

and then (103) becomes

L'(t) < -mE(t) + c(t - 1)(G) ™! (%) vl - o) ( (tlftzl)>

—CcE(t), Vt=>t. (104)

Let L1(¢t) = L(t) + cE(t) ~ E, then (104) takes the form

/ =1 ql(t) —1( J(t)
Ll(t) < —mE(t) +C(t—t1)(G) (m) +C(t—t1)H ((t—t1)>1 (105)
Let r3 = min {r, 7o}, x (t) = max { t—qti(t i m} and W=(G)'+H ) L

So, (105) reduces to
L) < -mE@) +c(t - )W (x(0), Ve=to. (106)

Now, for ¢, < r3 and using (103) and the fact that £ <0, W’ >0, W’ > 0 on (0, 3], we find
that the functional L,, defined by

. v &2 E( )
Ly(t):=W <t— y E(O)) 1(8), Vi=t,
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satisfies, for some as, o6 > 0.

asLa(t) < E(t) < aeLs(t) (107)
and, for all £ > &5,
0= (0 e e0)” (5 Eo)no
W’(fﬁ - %)Li(t)
< —sz(t)W’(ft1 : %) rolt- mw’(ftl : %) wWl(x(®).  (108)
Let W* be the convex conjugate of W’ (see [46]), then as in (89) and (90),
Wa) =a(W) (@ - W[(W) (@] ifae(0W ()] (109)
and W* satisfies the Young inequality,
AB<W*(A)+ W(B), ifAe(0,W(rs)],Be(0,r3] (110)
Therefore, taking A = W'(;2 - £8) and B = W~ (x(¢)), (108) gives
Ly(t) < —mE(t)W/<ti2tl . %) rele- t1)W*<W’<ti2tl . %))
+c(t—t1)x(2)
<o (255 ) -0 o (7 o)
(111)

+c(t—t1)x (2).
Using (68) and (73), we observe that
(t-t1)o () x () < —cE'(o).

So, multiplying (111) by o (), using the fact that &, % < r3, gives

oo (e EQ EW) (e E0
o (H)L5(t) < —mo (H)E(t)W (t— t1 . m) + cgy0(£) - m (t— 7 . m)
—CcE(t), Vt>t.

Using the property of o (¢), we obtain, for all ¢ > £,

/ ) E(¢)
(o(t)Ly + ¢E) () < —mo () E() W (t iZtl ' %)

&2 E(t)
t—t %)

+ csza(t)& W//<
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Therefore, by setting L3 (¢) := o (£)La(t) + cE(t) ~ E(t), we get

/ S & E@) E®) . & E@)
L3(t) < —ma(t)E(t)W <t‘— tl . Eﬂ) +C82U(t) . mW <t‘— tl . Eﬂ>'
This gives, for a suitable choice of &5,
, E(2) . & E@)
s =m0 (g5 ) (555 ) vz
or
mo<%) W/(til : %)a(t) < Li(t), Vt=t. 112)

An integration of (112) yields

LOES) N\, &2 Els) -
/;2 mo(%)w (s—tl . %)0(3) ds < —/t Liy(s)ds < Ls(2). (113)

2

Using the facts that W/, W” > 0 and the nonincreasing property of E, we deduce that the

map ¢ +— E(¢) W/(tf—il . %) is nonincreasing and, consequently, we have

E&)\ ., & E®\ [
mo(%)w/<t_tl %) /tz G(S)ds

"O(E®) . &2 E
=< ‘/tz I’VI0<EW)W (S_ f . EW)O'(S) ds SL?,(tz). (114)

Multiplying each side of (114) by ﬁ, we have

1 E(t) " 2] E(t) /t ms
— )W R ds < . 115
m°<t—t1 (0)) (t—tl E(0) tza(s) =14 (115)
Next, we set Wy (£) = tW'(e,£) which is strictly increasing, then we obtain
1 E@® t ms
Wol ——  —— ds < . 116
o 2<t—t1 E(O))/tza(s) g (6}

Finally, for two positive constants m3 and m4, we obtain

E(t) <malt- tl)W21(#50(3)dS>' (117)

This finishes the proof of Theorem 3.2. d
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