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1 Introduction
In this paper, we study the existence of multiple positive solutions to the Kirchhoff equa-

tion with competing potential functions:

—(e%a+eb [p3|VV))Av+ V(x)v = K(x) v}y inR?, @)
v>0, veH\(R?, '
where ¢ > 0 is a small parameter, a, b > 0 are constants, 3 < p < 5, V(x) and K (x) are positive
continuous functions satisfying
(H) inf,gs V(x) = V >0, K(x) > 0 and K(x) is bounded.
In recent years, the elliptic Kirchhoft type equations have been studied extensively by

many authors, and they are related to the stationary analogue of the equation

Uy — (a + b/ |Vu|2>Au =g(x,t) (1.2)
fo)
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proposed by Kirchhoff [14] as an extension of the classical D’Alembert’s wave equation
for free vibrations of elastic strings. Kirchhoff’s model takes into account the changes in
length of the string produced by transverse vibrations.

Some early classical studies of Kirchhoff equations were those by Bernstein [4] and Po-
hozaev [21]. Equation (1.2) received much attention after Lions [18] had proposed an ab-
stract framework to the problem. In 2006, Perera and Zhang [20, 31] obtained existence
and multiplicity of solutions via variational methods. Recently several interesting results
can be found in Azzollini [2], Li et al. [15], Li et al. [16], Liang et al. [17], Wu [29], Zhang
[30], etc.

On the other hand, the well-known Schrédinger equation

—?Av+ V(x)v=f(v) inRN, (1.3)

has been paid much attention to after the celebrated work of Floer and Weinstein [11].
Many famous mathematicians have obtained a lot of interesting results, we only refer to
[5,6,9, 22,26, 27] and the references therein.

Recently, many authors have studied the existence and concentration behavior of pos-
itive solutions for Kirchhoff type equations in R3. In [12], He and Zou studied (1.1) with
subcritical nonlinearity. In [23], Sun and Zhang investigated the uniqueness of positive
ground state solutions for Kirchhoff type equations with constant coefficients and then
studied the existence and concentration behavior of Kirchhoff type problems in R® with
competing potentials. For more interesting results, we refer to [10, 13, 24, 25] etc.

In [8], Cingolani and Lazzo studied the existence of multiple positive solutions to the
nonlinear Schrédinger equation with competing potential functions

—2Av+ V(x)v=K@x)|vP2v+ Q) u|"?u inRN. (1.4)

They related the number of solutions with the topology of the global minima set of
a suitable ground energy function. If Q(x) = 0 in (1.4), the ground energy function is
V(2p+2N—Np)/(2p—4) (x) /KZ/(p—2) (x)

Inspired by [8], we consider the existence of multiple positive solutions for the Kirchhoft
equation (1.1) where a nonlocal term s |Vv|? appears in it. Because of the nonlocal term,
the method of proof in [8] cannot work directly for our case, and several special difficulties
would be faced. For example, we cannot get the Palais—Smale condition if we deal with it in
a completely the same way as in [8], which forces us to develop new techniques to solve it.
Moreover, the appearance of a competing potential function K(x) and the nonlocal term
in (1.1) will bring troubles to the uniform estimate in Sect. 4.

Let us denote by M the global minima set of the function g(x) := ‘miix, ie.,
)
M= {g eR®:g(£) = inf g(x)}. (1.5)
xeR3

We recall that, if Y is a closed subset of a topological space X, catyY denotes the
Ljusternik—Schnirelmann category of Y in X, namely the least number of closed and con-
tractible sets in X which cover Y. For § > 0, we denote

M; = {x € R? : dist(x, M) < 8}.
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Our main result is the following.

Theorem 1.1 Suppose that (H) holds and

2

ol

. 2
VA

> > inf 3 , (1.6)
limsup K71 (x) *<B> K71 (x)
|x|— 00

then, for any 8 > 0, there exists g5 > 0 such that equation (1.1) has at least caty, (M) solu-
tions for ¢ € (0, &5).

Remark 1.2 By assumption (1.6), the set M defined in (1.5) is not empty and is a bounded

closed set in R3.

Remark 1.3 Consider the following Kirchhoff equation with constant coefficients:

—(a+Db | VVP)Av + myv =nlvlP-lv  inR?,

(1.7)
v>0, veHYR?),

where a,b > 0 are constants, 3 < p < 5, m, n > 0 are taken as variable parameters here. We
define c(m, n) by

clmyn):= inf I17"(v),
veN ()

where 1" is the energy functional and N is the Nehari manifold associated to (1.7),

ie,

(m,n) 1 2 2 b 2 2 1 +1
") = = (ale| +my ) + = Vv ) - —— n|v|?
2 R3 4 R3 p+ 1 R3

and

2
.MWW={veH%R3wm;/(mvw%um%+b(/|vwﬁ :/'me1.
R3 R3 R3

Then, by Lemma 3.6 in [23], we know that c(m, n) : R* x R* — R* is continuous. More-

over, let my, my, n1,ny >0, then

2

2 2 1 2
c(my, m) < c(my,ny) if and only if mf’l

1
It <md™ P iny . (1.8)

[T

Now we define the ground energy function G(£¢) which was first introduced in [27] by
G(§):=c(V(£),K(§)) for&eR’.

Then by (1.8) we know that & € R3 satisfies G(£) = inf,.gs G(s) if and only if & € M, where
M is defined in (1.5). Now define ¢ := inf g3 G(s).



Sun Boundary Value Problems (2019) 2019:85 Page 4 of 18

Let V4, and K, be defined as

Voo = llirln inf V(x), Ky :=limsup K(x),
X[— 00

|| =00

and let ¢ := ¢(Voo, Ko ). If Voo = +00, define ¢y, := +00. Then, by (1.8), we get that condi-

tion (1.6) is equivalent to
€0 < Coo- (1.9)

2 Preliminaries

First let u(x) = v(ex), then equation (1.1) becomes the following equivalent equation:
—(a + b/ |Vu|2)Au + V(ex)u = K(ex)|ulP'u  in R3. (2.1)
R3

Let E, := {u € H'(R%): [53V(ex)u?® < +00} be the Hilbert subspace of H'(R?) with the

norm

12
llullg, = </RS (alVul* + V(ax)u2)> )

Then a weak solution of problem (2.1) in E is a critical point of the energy functional

I, : E. — R given by

L(u) = %/RS (alVul® + V(ex)u®) + Z(/ |Vu|2) / K(ex)|ulP*L.

Moreover, I, € C}(E,,R). We define the Nehari manifold for (2.1) by

2
N; = {u € E\{0}: As(a|Vu|2 + V(ex)u?) +b</R3 |Vu|2) = /}RSK(M)WV’”}.

That is,
N, = {u € E/\{0} : (IL(u), u) = 0}
By [23], we have

Lemma 2.1 For any u € E,\{0}, there exists unique t(u) > 0 such that t(u)u € N; and the

maximum of I (tu) for t > 0 is achieved at t = t(u).
We denote by S(u) := (I.(u), u), then we have the following.

Lemma 2.2 For any ¢ > 0, there exist o, T, > 0 such that, for any u € N,

lulle, =00, (S'(w) 1) < 7. (2.2)
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Proof Since the embedding E, < L"(R3) is continuous for 2 < r < 6, then we have that,

for any u € AV,
0 < [lull, 5/ K(ex)|ul*' < G ||K||oo||u||§:1»
R3 '

where C; is a positive constant, and which implies the first inequality in (2.2). Furthermore,

2
(S'(u), ) = 2|l 3, +4b(/ |Vu|2> —(p+ 1)[ K(ex)|ul?*!
]R3 ]R3

= —2||u||)2§£ -(-3) /]R3 K(ex)|ulP! < _2||u||,25£ <20, = —T,,

which gives the second inequality in (2.2). d

By Lemma 2.2, we know that (see Chap. 6 of [1]) ; is a C! manifold of codimension one
in E, and M, is a natural constraint for L, i.e., if u is a critical point of I | 5, (I constrained
on N;), then u is a weak solution of (2.1) in E,.

Now define the ground energy ¢, of functional I, by ¢, := inf,c .. I (). By Lemma 3.4 of
[23], we know that there exists ¢ > 0 such that ¢, > ¢ for each ¢ > 0 and limsup, _, o+ ¢. < ¢o,

where ¢ is defined in Remark 1.3. Moreover, we can prove the following.

Lemma 2.3

liminfc, > c.
+

e—=0

Proof By [23], there exists a positive ground state solution u, of (2.1) which satisfies
I.(ue) = c. for sufficiently small ¢ > 0. Now, by contradiction, we assume that there exist

do > 0 and a subsequence {u,, } of {u.} such that c,, = I, (u,,) — co — dy, i.e.,

1 1 1
/RS [Z(“W“SUZ + V(ekx)ugk) + (E - m)K(Skx)Wsk |p+1] — ¢o — do. (2.3)

From [23], we know there exists {y,, } C R3 such that &k, — %0 € M (defined in (1.5)),
and if we let wy(x) := u, (x + y, ), then wy — wp in H'(R3), where wy is the unique positive

ground state solution of

_<a + b/3|VW0|2>AW0 + Vi(xo)wo = K(xo)wh.
R

Then ¢q = f]R3 [i(ﬂ|VW0|2 + V(xo)wd) + (2 = 1)K (x0)|wol?*'] and there exists py > 0 such

4 p+l
that

1

1 1 1
/ [—(a|vW0|2 + V(xo)wg) + <— - —>1<(x0)|w0|1’+1] > co — —dp. (2.4)
BPO(O) 4 4 pt 1 3

Page 5 of 18
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By (2.3) and w(x) = u,, (x + ¥, ), we can choose large and fixed p; > po such that

1
/ |:— (oz|Vwk|2 + Vierx + ekygk)w,%)
Bp1(0)

(2.5)
+ (% - Iﬁ)l((skx + skygk)|wk|1’+1:| <co— %do.
Thus letting kK — o0 in (2.5), by &y, — %o and wx — wp in H', we have
1/ (alVwol? + V(xo)wp) + (1 - L) K(xo)|wolP*! <o - z010,
4 Bpy (0) 4 p+1 By, (0) 3
which contradicts (2.4). O

To obtain the multiplicity result of problem (2.1), we need the following two results:

Lemma 2.4 (see Theorem 5.20 of [28]) If I.|n.. is bounded frow below and satisfies the
(PS). condition for any c € [infu;, I, d], then I | n, has a minimum and If contains at least
catlglf critical points of I | nr,, where If ={uelN, :I(u) <d)}.

Lemma 2.5 (see Lemma 4.3 of [3]) Let I', 2%, 2~ be closed sets with 2~ C 2. Let ® :
2= —TI',B: I — 2% be two continuous maps such that p o @ is homotopically equivalent
to the embedding 1d : 2~ — 2*. Then catr(I") > catp+(£27).

3 Palais-Smale condition

In this section, we prove that the functional I, satisfies the Palais—Smale condition on
N;. We say that I, |, satisfies the (PS). condition if any sequence {u,} C N; such that
I (u,) — cand ||I[(u,)]l« — O contains a convergent subsequence. Here ||I}(x,)||. denotes
the norm of the derivative of I, restricted to N at the point u, € N..

Lemma 3.1 For ¢ > 0 sufficiently small, the constrained functional 1. |y, satisfies the (PS),
condition for c < ¢, Where c, is defined in Remark 1.3.

Proof Since the ground energy ¢, of functional I, satisfies limsup,_, o+ ¢ < ¢o and ¢g < ¢xo
by (1.9), we know that the set {# € N : I, (1) < ¢} is not empty for ¢ > 0 sufficiently small.
Let {u,} C NV, be such that

I.(4,) —> ¢ and ||I;(un)H* — 0. (3.1)

As {u,} C N, we have

11 11 >
L(u,) = =--—— /a|Vu,,|2+V(sx)ufl+ -——— b / |V, |?
2 p+1) Jgs 4 p+1 R3
1 1
>\ 5= eI, -
2 p+1 ¢

Then by I (#,) — ¢ and ¢ < ¢x we know that {u,} is bounded in E.. Thus there exists
(R%)

u € E, and if necessary a subsequence of {u,} such that u, — u in E,, u, — uin L



Sun Boundary Value Problems (2019) 2019:85 Page 7 of 18

for 1 <t <6, and u, — u a.e. on R3. We have to prove that u, — u strongly in E, and

ueMN.,.

First we show that if ||} (u,)||. — O then I (u,) — 0, which implies that {x,} is a (PS).
sequence for the unconstrained functional I,. Indeed, by ||I.(,) . — 0, there exists y,, €
R such that I/ (u,) — 1,S'(u,) = 0, where S(u) = (I, (1), u). Then we have

0 = S(tt) = (I (), th) = pn(S (), ) + 0(1).

From Lemma 2.2, there exists t. > 0 such that (S'(#,), u,) < —t., then by the above equality
we have that u, — 0 as n — co. By the definition of S(#) and the boundedness of {u,}
in E,, we know that ||S'(x,)| is bounded. Thus from I () = ©,S'(u,) + o(1) we can get
I'(4,) — 0,as 1 — o0.

Now we prove if u,, — u strongly in E, then u € N;. Since u, € N, we have

2
/ (z/z|Vu,,|2 + V(sx)ui) +b<f |Vu,,|2> =/ K(gx)|u,|P*L.
R3 R3 R3

If u,, — u in E,, then passing to a limit in the above equality, we have

2
2 2 2 — p+1
/Rg(awm + V(ex)u ) +19</I‘{3 |[Vu| ) /RgK(stm ,

which implies that u € ;.
In order to prove u, — u in E, it suffices to show that, for any § > 0, there exists R > 0
such that

/ (51|Vu,,|2 + V(sx)ui) <8 foreachneN". (3.2)
[x|=R

Indeed, by (3.2), we first show that u,, — u in L7*1(R3). For any § > 0, by (3.2), there exists
R > 0 such that

p+l # 2 2 t 1
79 <C a|lVu,|* + V(ex)u, | <Cs2, (3.3)
[x[=R [%|>R

where C > 0 is a constant which is not dependent on R and 7. Since u,, — u in L}, J'CI(R?’),

we have that for the fixed § and R in (3.3), there exists N € N* such that, for n > N,

piT

p+

(/ Iun—u|”*1> <é. (3.4)
|*|<R

Combining (3.3) and (3.4), we can know that u, — u in LP*}(R3). Next we show that by

(3.2), we can prove u,, — u in E,. Note that

(I () = I (u0), 1y — ua)

= <a+b/ |Vun|2)/ Vu, - V(u, —u)
R3 R3
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— 2_ 2 . e
+/]R{3 V(ex)(u, — u) <61+19‘/]R3 V| >/}RS Vu-V(u, —u)
= [ e = )y )
R3
_ AN _ 2 2
= <a+b./RS [V, ) /RSW(M" u)| +,/RS Vex)(u, — u)
2— 2 . . p—
+b(/]RS [Vu,| /R3 [Vu| ) /]RS Vu-V(u, —u)

—/ K (ex) (lunl " st — |lP ™ 11) (= 10)
R3

> ||un—u||§—b</ |W|2_/ |Vun|2>/ Vi V(i - u)
R3 R3 R3
—/ K () ([0~ 1ty — 0P ) (40 — w),
R3
which implies that
||un—u||§s(Ig(un)—I;(u),un—u)+b(/ |W|2—/ |Vun|2)
R3 R3
/ Vu~V(un—u)+/ K(sx)(|un|”‘1un—|u|p_1u)(un—u).
R3 R3

Since u, — uand I (u,) — 0, we have (I (u,) — I (u), u, —u) — 0 as n — oo. By the bound-
edness of {u,} in E;, we have

b</ |Vu|2—/ |Vu,,|2)/ Vu-V(u, —u)— 0,
R3 R3 R3

as n — 0o. Furthermore,

‘ / K(ex) (Jtn 11— [P 0) 1 — 10
R3

. AN A\

— - +

< IKlo f [t P ™ 1ty — |t ua| 7 / |t — ul? .
R3 R3

Since {u,} is bounded in L?*!(R?) and u,, — u in L?*1(R?), we have

/ [<(<9x)(|un |p_1un - |u|p_lu)(un -u)— 0,
R3

as n — 00. Thus we have ||u,, — u||, — 0 as n — o0, i.e., u, — u in E,.

Now we are in a position to prove (3.2) to complete the proof of Lemma 3.1. By con-
tradiction assume that for some subsequence {u,, } (we denote {u;} for the simplicity of
notations) and some 8y > 0

/ alVur|?* + V(ex)ui > 8 (3.5)
lx|=k

for any k. By the choice of c and Remark 1.3, there exists 1 > 0 such that ¢ < ¢(Vi — 1, Koo +
n) =: ¢, and ¢, < ¢. Let R(n7) > 0 be an integer and such that V(ex) > V, — n and K(ex) <

Page 8 of 18
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Ky + 1 for [x| > R(n). Forany r > 0, we define A, := {x € R®: 7 < |x| <r+1}. Thenasin [8],

we can know that there exists r > R() and if necessary a subsequence of {u} such that
/ a|Vu|? + V(sx)u,z( <. (3.6)
Ay

Now we fix r = r(n) > R(n) so that (3.6) holds. Let p € C*®(R?) be such that p(x) = 0 for
lx| <7, p(x) = 1for |x| >r+1,0< p <1,and |Vp(x)| <2 foranyx € R3. Define wy := pu.
As uy € N, we have

I.(uy) = (% - I%) /RS al|Vu|? + V(ex)uz + <1 - m) (/ |Vuk|2>

Define

L(wy) := (%—p11>/ al|Vwg|? +V(sx)wk+<4 p+1> (/ |Vwk|2>

then by the definition of wy and (3.6), we have

L(wi) < I () + O(n), 3.7)

where |O(n)| < Cn and C > 0 is a constant.

Now let 6 > 0 be such that g,wy € N;. If 6; < 1 (up to a subsequence) for k=1,2,3,...,
then by (3.7) we have

L (Oxwi)

11 11 >
- (5 oy 1)9,3 /Ra alVwi* + V(ex)wi + (4_1 - ﬁ>b9f</3 |VWk|2)
1 1 2 2
- - a|Vwk| + V(sx)wk+ - |Vwk|
2 p+1 4 p+1

= Is(Wk) = Is(uk) + O(’Z) (38)

IA

Now we assume 6 > 1 for each k. Since (I, (6xwy), xwi) = 0, we have (I} (wi), wi) > 0 by
Lemma 2.1. Denote I(wy) by

i(wk)zf a|Vwk|2+V(gx)w,%+b/ |Vuk|2/ |Vwk|2—/ K(ex)|wi|P*L,
]R?’ R?’ ]R?’ R3
then we have

(I (), wie) = T(wi)| < le alVurl* + V(ex)ug,

r

Page 9 of 18
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where C; > 0 is a constant which does not depend on r. Then, by (3.1) and (3.6), we have

I(wg) = O(n) + o(1). Since (I (wi), wi) > 0, we have

(L (wi), wie) = T(wi) ”’(/Rs |wk|2—/RS |Vuk|2) /R |Vwil?

< I(wy) +b/ |ka|2/ |V wi|*
Ay R3

<I(wg) + O(n) = O(n) + o(1). (3.9)
By the definition of wy and (3.5), we have
/ alVwi|? + V(sx)w,z( > 8o + O(n). (3.10)
R3

Then by 6wy € N, (3.9) and (3.10), we have that {6y} is bounded and (see the similar
result (6.13) in [8])

O =1+ 0(n) +o(1). (3.11)
Thus by (3.7) and (3.11) we have

I (Orwi) < Ie(ug) + O(n). (3.12)
From (3.8) and (3.12), up to a subsequence of {w}, we have

L (Oxwi) < Le () + O(n). (3.13)

Let Wy := Opwy, and let §; be such that G vy € N,, the Nehari manifold defined as in Re-
mark 1.3, with m = Vi, —n and n = K, + 1 in (1.7). From

2
/a|vwk|2+(voo—n)w§+b<f |va|2)
R3 R3

2
5/ a|Vﬂ/k|2+V(8x)17v,2<+b(/ |vwk|2>
R3 R3

= / K(ex)|ivg P!
]R3

< / (Koo + 1),
]R3

we can know that 6, < 1, the above equality holds because wy = 9wy € N;. Now, by
Lemma 2.1, the function

£ . ot _ 5\
h(t) = — (alek| + V(sx)wk) +—b [Vl
2 R3 4 R3

tp+1

- / K(ex)|wy P!
p+1 Jgs
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is nondecreasing for ¢ € (0, 1). Thus, by (3.13) and (3.1),

é/? ~ 2 _, bz, =12 ’
6= % [ aivinl +(vw—n)wk+19k(43|ka| )

Ap+1 9*2
o [ ety < / AVl + Viex)i}
R R

1

2 19+
+ ek(/ |Vwk|) 1<(sx)|wk|1“1

1 b S |
5—/ alVing)* + V(ex)w; + — / | Vi) ——/ K (ex)|wy?*!
2 R3 4 R3 p+1 R3

= Is(ﬁ/k) = Is(ekwk) = Is(uk) + O('?) <c+ 0(77) + 0(1)

Letting kK — 00, n — 0 and by the continuity of ¢, with respect to n (see Remark 1.3), we
know that ¢y, < ¢, a contradiction which concludes the proof. O

4 The maps @, and 3,
In this section we construct two mappings @, and S, in order to apply Lemma 2.5 to prove
Theorem 1.1.

Let § > 0 be fixedand n € C{°(R?) such that 0 <7 < 1,7 =10nB;(0), 7 = 0on R3\ B,(0),
|Vn| < C for some C > 0. For any y € M (defined in (1.5)), we define

Vo)) = n(”ﬁy )wy(”;y )

where w” is the unique positive ground state solution (see [23]) of

—~(a+Db Vv AV + V(y)v=K(@)lvPlv  inR?,

(4.1)
v>0, veHYR?).

Let w be such that w” = Aw(ux), where u? = V(y) and A = (V(y)/K(y))iﬁ , then w satisfies

—(a+ b%fkg IVV2)Av+v=|vflv inR3,

(4.2)
v>0, veHYR?).
A}
Since £ = Y2 ~0) VP ") then by the definition of M we know that, for any y € M,
KP1(y)
2 1
AZ Vpi72
— = L ()/ =/,
71(y)
where L is a positive constant. Thus we have that, for y € M,
w = aw(ux), (4.3)

2
where w is the unique positive ground state solution of (4.2) with % =L.

Page 11 0of 18
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I, (£W,
Now let £, , > 0 be such that I, (¢, , ¥; ;) = maX;o I (t¥;,) and d % t ”

@, : M — N, by @,(y) := t, )W, ,.

lt=t., = 0. We define

Lemma 4.1 Uniformly for y € M, we have
81_i>%1+ I ((ps (3/)) = Co» (4.4)
where ¢ is defined in Remark 1.3.

Proof We first show that ¢, , — 1 as ¢ — 0*. Since £, , ¥, , = D.(y) € N, we have

/R(a|vw5y|2+\/(ex )+£ b(/ |Wf8y|2> —tf’;l‘ésl((sx)|%,y|p”.

By the definition of ¥, , and (4.3), after a change of variable, we get

L 2
/ (La|Vw|2 + —Zv(g +y)w2) +o(l) + tgyb<L/ \Vw|? + 0(1)>
B u (0) 2 2 " B u (0)

NG
- 1(Kiy) | 1<<% ‘ y)w’”l + 0(1)). (4.5)
£©

By the definition of u and (H), we know that as ¢ — 0*, % — +00 uniformly for y € M.

S

’|8x

Moreover, for |x| < 4 +y| is bounded and i—f +y— yas & — 0% uniformly for y € M.

Then we have as ¢ — 0+ and uniformly for y € M,

/B (0)
L L

/ —V(—x+y) f —2V(y)w2=L/ w,

B u (0) u? 1% R3 MU R3

L ex L
— K whl > 1( WPl :L/ wh*L,
K(y) /B u (0) < 1 ) K(y) Jr v R3
NG

Now assume that there exist #), To such that 0 < o < t,, < Tp, and let £,, — T > 0 as

La|Vw|®> — La/ [Vw|?,
R3

Si

S

& — 0%, then by the above estimates we have

2
/ (oz|Vw|2 + wz) + bTZL(/ |Vw|2) = Tp_lf wh*l
R3 R3 R3

Since w is the ground state solution of (4.2), we have

2
/ (oz|Vw|2 + w2) + bL(/ |Vw|2) = wh*l
R3 R3 R3

these imply that

(177" -1) /Rs (alVw|?> +w?) + BL(T?™' - T?) (/Rg |Vw|2>2 =0.
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If T < 1, then the left part of the above equality is less than 0, and if 7' > 1, it will be larger
than 0, which yields that 7' = 1.
Now we prove that ¢, , - 0. Otherwise, from (4.5), we have

/ (6l|VW|2 + wz) =0,
R3

which is a contradiction. Also from (4.5), we have that z,, + +00 as p—1 > 2. By the above
arguments, we can see that £, , — 1 uniformly for y € M as ¢ — 0.
Note that

I ((ps ()/)) = Is(ta,ylps,y)

2

P £ 2
= Q(L/ (alew|2 + w2) + 0(1)) + ﬂb((/ L|Vw|2) + 0(1))

2 R3 4 R3

tf;l +1 L 2 oy L 2 ’
—p+1<L/st” +0(1)>=§/1;3(a|Vw| +w)+zb(‘4{3|VW|)

~ B e o) = Liyw) + o), (4.6)
p+1 R3

where [ is the energy functional of equation (4.2) with % =L in it. Let I” be the energy
functional of (4.1), then we have

Co = Iy(wy)

:%/ a|vw 2+ Vi) (w (/ |W|> /31(@)(wy)”“

1)\2 A 2
alVw|* +——/ Vw? Z_(/RzWWP)

1 Ap+1
-— / K(y)w?*!
p+1 13 Jps
1 2, oo, L 2 ? 1 +1
=L| - (a|Vw| +w )+ —b [V -— wl* ) = LI (w),
2 Jr3 4 R3 p+1 Jrs
thus from (4.6), we prove that lim,_, o+ I, (@, (y)) = co. (]

Remark 4.2 If there is no competing potential function K(x) in (1.1), i.e., K(x) = 1, then
in equation (4.1), K(y) = 1. In this case, for different y € M, V(y) is the same, then the
positive ground state solution w” of (4.1) is the same function for every y € M. But in our
case, because of the competing function K(y) in (4.1), the ground state solution w” may
change for different y € M, this causes troubles in the proof of (4.4), and we develop the
technique of rescaling to solve the problem.

Let p > 0 be such that M5 C B,(0) := {x € R®: |x| < p}. Define y : R> — R3 by y(x) =«
for |x| < p and y(x) = px/|x| for |x| > p. Consider the mapping B; : N, — R3 given by
Be(u) := fRS r(enu , then as the proofin [8] and by (4.3) we have that

lirg+ Be (cbs (y)) =y uniformly for y € M. (4.7)

Page 13 0f 18
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Now define k(g) := SUP, e pr [Ie(D:(¥)) — co|, then Lemma 4.1 yields that #(¢) — 0 as ¢ —
0*. Let

Nei={ue N, 1 L(w) < co + h(e)}, (4.8)

then by the definition of 4(¢) we know that, for any y € M and & > 0, @.(y) € N, and
N #0.

Lemma4.3 Lete, — 0t and u, € /\78”. Then there exists {y,} C R® such that the sequence
{t0u(x + y,)} has a convergent subsequence in H*(R3) and &,y, — y € M.

Proof Asin [23], for u, € J\~/S”, we define a measure 1, on R3 by

wn($2) = /Q[i(aWunF + V(s,,x)uf,) + (i - l%)[((snx)|un|p+l:|.

Since 0 < ,(R3) = I, () < co + h(e,), then along a subsequence if necessary, as &, — 0",
wn(R?) = & < co. (4.9)

Moreover, let V = inf, g3 V(x) and K = sup,.g3s K(x), then by Lemma 3.3 of [23],c>¢ >0
where ¢ = ¢(V,K) is defined in Remark 1.3.

By the concentration-compactness lemma of P.L. Lions in [19] and as the proof in
Lemma 4.1 in [23], we know that there exists a sequence {y,} C R? such that, for any
h >0, there is p > 0 such that

/ du, >c—h. (4.10)
Bplym)

Now we prove that {¢,y,} is bounded. Otherwise, assume that |¢,y,| — 00 as n — oo.
Since u,(R3) is bounded, we know that w,, := u,(x + y,) is bounded in H'(R3). Therefore
there exists wy € H'(R®) such that up to a subsequence, w,, — wy in H'(R3), w, — wj
in LfOC(R?’) for 1 < 7 < 6, and almost everywhere in R3. Furthermore, by (4.10), we can
prove that w,, — wy in LT (R3) for 1 < 7 < 6 and wy # 0 in H'(R3). Let 6., > 0 be such that
BsoWo € Ny, the Nehari manifold associated to (1.7) with m = V, and # = K, in it. Then
as the proof in the Appendix of [8], we have 6, < 1; and furthermore, {¢,,} is bounded.

Assume that {¢,y,,} converges to some y (up to a subsequence), we now prove that y € M

and that w,, — w strongly in H'(R3). Since u, € N, and w,, = u,(x + y,), we have

2
/ alVw,|* + V(s,,x+8,,y,,)wf, +b</ |Vw,,|2) =/ 1((8,,x+£,,y,,)|wn|p+1.
R3 R3 R3

Taking the lower limit of both sides of the above equality and by ¢,y, — y, we have

2
/aIVW|2+V(y)w2+b</ |Vw|2> 5/ K(y)|w|P,
R3 R3 R3
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Now let 6, > 0 be such that 6,w € N,, the Nehari manifold associated to (4.1), we have that
6, <1 by Lemma 2.1. Let I” be the energy functional associated to (4.1). Then

co < c(V(0),K(») < P (6yw)
= 192/ alVw)? + V(y)w* + L 91’*1/ K(y)|wlP
4 y R3 4 P+1 Y R3

1 1 1
5—/ alVw* + Vipw* + | = - — /1<(y)|w|1’+1
4 R3 4 p+1 R3

<1li 'f1 Vwa?+V W2 1 1
< 1}111_1)})2 2 RBal Wul® + V(ewx + e,y.)W,, + 1_p+1

. / K(eux + €49,) Wy |”+1:| =liminfl, (u,) = ¢ < co, (4.11)
R3 n—00

which implies that 6, = 1 and ¢(V'(y), K(y)) = co. Thus we have y € M. Moreover, I,(w) = co,
hence w is a ground state solution of (4.1). The strong convergence w,, — w in L (R3) for
1<t <6and(4.11) give

liminf/ alVw,|> + Vie,x + sny,,)wﬁ = f alVw|? + V(y)w?. (4.12)
n—>oo  Jp3 R3
From (4.12) we can prove that w, — w in H'(R?). O

Lemma 4.4 For any § >0, we have

lirg sup dist(ﬂs(u),M(g) =0.
e—>0t =~

ueN;

Proof The proof is similar to the proof of Lemma 5.1 in [8] or Lemma 4.7 in [13], we omit
it here. O

5 Proof of Theorem 1.1
For § > 0, by Lemma 4.1, Lemma 4.4, and (4.7), there exists &5 > 0 such that, for any ¢ €
(0, &5), the diagram

M3 N5

is well defined. Moreover, by (4.7), the mapping B; o @, is homotopic to the inclu-
sion Id : M — Mj;. Now set /\7; =N.N {u € N, : u > 0in R3}, then similar to [8] (or
[7]), by Lemma 2.5 we have that cat (/\7;) > caty, (M); and furthermore, catyy, L) >
2catyg; (M). Lemma 2.4 shows that I, has at least 2catyy, (M) critical points on N.. Now, in
order to prove Theorem 1.1, we only need to show that the critical point u € N, cannot
change sign for sufficiently small ¢ > 0. Indeed, if # = u* + u~ with u*™ % 0 and u~ 5 0. First,

because u € N;, we have

L(u) < co + h(e), (5.1)
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where /(g) — 0 as ¢ — 0. Since u € N, we have

1 1 1 1 2
IF — - 2 - - \v/ 2
e <2 p+1)”u”53+<4 p+1>b</ms| ul)
1 1 2
L L)
€ 4 p+1 R3
11 2
fe (i L)
g 4 p+1 R3

=: L(Lf) +1, (u‘), (5.2)

v
N
N =

|
<

+ | =
—
——
=

i

where I, () is defined by I, () := (2 — 1) ||u ullg, + (5 = 5)b(fzs [Vul*).

2 p+l 4 p+1
Since u* # 0, there exists t* > 0 such that t*u* € N;. Multiplying equation (2.1) by u*

and integrating over R3, we have

(d +b/]R3 |VI/£|2) /]RS |Vu+i2 + /R3 V(Sx)quZ _ABI((Sx)iu+|p*1 0

which implies that

(1,F +\ _ +2 +2 +2
(L(u*),u >—<a+b/Rg|Vu | >/Rs|Vu| +/RSV(8x)u

_/ I((sx)\u*rwrl <0. (5.3)
R3

Since t*u* € NV, we have (I./(t'u"),t"u*) = 0. Then from (5.3) we get that 0 < ¢* < 1. Now

Ce 1nf I(u) <I, (tJr +)

ueNe

T A (e P
(2 1ﬂ+1>H Iz, + (4 pj—l) (/ |V”|> =L (u"). (5.4)

Similar to (5.4), we can also prove that I.(u) > c.. Now by (5.2), we have that I, (u) >

I.(u") +1,(u”) > 2c., which contradicts (5.1) by Lemma 2.3. Thus we can assume that there
exist at least catyy, (M) critical points that are positive on R® and by the maximum principle
they are strictly positive. Now the proof of Theorem 1.1 is complete.
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