Zhang and Hsu Boundary Value Problems (2019) 2019:103 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-019-1216-y a SpringerOpen Journal

RESEARCH Open Access
()]

Multiplicity results for biharmonic equations
involving multiple Rellich-type potentials
and critical exponents

Jinguo Zhang' and Tsing-San Hsu?"

“Correspondence:
tshsu@mail.cgu.edu.tw Abstract

’Department of Natural Science in . . . . . . s .
the Conter for General Education In this paper, a biharmonic equation is investigated, which involves multiple

Chang Gung University, Taoyuan, Rellich-type potentials and a critical Sobolev exponent. By using variational methods
Taiwan , o and analytical technigues, the existence and multiplicity of nontrivial solutions to the
Full list of author information is . .

equation are established.

available at the end of the article
MSC: 47G20; 35J50; 36B65

Keywords: Multiplicity; Biharmonic equations; Rellich-type potential; Critical
Sobolev exponent

1 Introduction
In this paper, we study the following biharmonic equation:

2 k Wi 1252 -2
A=Yy = ul Pu+ Aulu, xe,

u=2%-0, x €082,

=3, =

(Ex)

where £2 ¢ RN (N > 5) is a smooth bounded domain such that the different points a; € £2,

i=12,...,k k>2, % is the outward normal derivative, 0 < u; < i := (W)Z, A>0,

1<g<2*and2*:= AZI—]_\[‘L is the critical Sobolev exponent.

Equation (E,) is related to the following Rellich inequality [22]:

2 1
Y ax<= [ |AulPdx, VaeQ,ucHAQ), (1.1)
2 |9C—61|4 HJ 0

where Hj(£2) is the completion of C§°(£2) with respect to ([, |A - |*dx)"/?. Then the fol-
lowing best constant is well defined:

u?

|x—al*

)dx

. Jo(lAuP —p .

A,(22):= inf 3 , YaefR,u<pu.
HG@MO0r (f, |ul?* dx) 2

Note that it is well known that A, (£2) is independent of £2 and that A,,(£2) is not obtained
except in the case with £2 = RY. Moreover, the minimizers of A, (£2) have been investi-
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gated by some authors (e.g. [3, 10, 11, 19]). Thus, we will simply denote 4, (22) = A4, (RN) =
A,.

In this paper, for Zle wi € [0, 1), we use H2($2) to denote the completion of C{°($2)
with respect to the norm

o 5
= Aul* - - d .
I (/Q<| ul ;j'x_w) x)

By (1.1), this norm is equivalent to the usual norm (fQ | Au|? dx)%.

It is easily to see that Eq. (E;) is variational and its solutions are critical points of the
functional defined in H($2) by

1 1 £ A
A(u):z—uunz——/ P ——/ wlf, ue HAR).
2 2* Jo qJe

Then J; € C'(H3(£2),R) and that

k
miuv 2%_9 ) )
T (), v :/ Aulv - —/ |u| uv—)\/ |u|T*uv, Vve H;($2).
(A ) 17 Z lx — a;]* 2 o) 0

i=1

In recent years problems related with the inequality (1.1) and the equations with bihar-
monic operator have been investigated in several works; we quote [1, 3, 6-10, 13, 18, 19].
On the other hand, the biharmonic problems involving a Rellich-type potential and a crit-
ical Sobolev exponent have seldom been studied; we only find some results in [10, 18, 19].
Thus it is necessary for us to investigate the related biharmonic problems deeply. Very
recently, Hsu and Zhang [16] studied the existence and multiplicity of nontrivial solution
for the following equation:

\
20, ‘u|2 (s)-2
Atu— g =g

u=2%-0, x €082,

=5, =

|uef9~2
u+ A, x €2,

where 2 C RN (N > 5) is a smooth bounded domain such that 0 € 2,0 < < i, 0 <s,
t<4,1<g<2,1>0.

In this paper, we study a biharmonic equation involving multiple Rellich-type potentials
and a critical Sobolev exponent. It should be mentioned that the main technical difficulty
to study equations like Eq. (E;) is the lack of knowledge of the explicit form minimizers to
the best Rellich—Sobolev constant A,,;. However, as in [10] and [19], this difficulty can be
overcome since the unique tool which is necessary to perform the needed asymptotic ex-
pansions is the asymptotic behavior at the origin and infinity of Rellich—Sobolev extremals
and their first derivatives, which is established in Theorem 1.1 of [19]. We are only aware
of the work in [18] which studied the existence and nonexistence of ground state solution
to Eq. (E;) when 22 = RN, k > 2 and A = 0. Furthermore, Eq. (E;) have never been studied
when 2 is a smooth bounded domain and k > 2, and our results are new.

ForO<pu;<panda; € 2,i=1,2,...,k, we can define the constant:

2 2
A inf fg(lAul — M ‘x_uai|4)dx
Hi ‘

ueH3 (2)\{0} (fo lul® dx)zl*
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The authors in [10, 19] proved that A, is attained in R" by the functions

4-N
2

Pli-a) =7 Uy (7 (w—a)),e >0},

where U, (x) is positive, radially symmetric, radially decreasing, and solves

u *
Azu—uiw =u*Y, xeRN\{0},u>0,

which satisfies

Mi — )2 % N
/ <|Ayéti(x_ai)|2_’uiw)dx:/ |y§”(x—ai)|2 dx:Alfi,
RN RN

v —a;|*
Moreover, by setting p = |x|,

U, (p) = 01(p™ ™), asp—0,

Uu(p)=01(p™"™), U (p)=O01(p7"™7), asp— +ox,

where a(u) := ]%f(u), b(u):= %(2 —f(n))and f: [0, 1] — [0,1] is defined as

\/N2—4N+8—4\/(N—2)2+u

f(/,L)I=1— N —4 ) LLE[O,,EL]

From Lemma 2.1 in [18], it follows that for u € [0, 1)

N-4
0<a(u)<6<bu)<28, ©&:= —

Furthermore, there exist positive constants C; (1) and Cy(1) such that
alp) bl(u)
0<Ci(p) < Uu() (1215 + 15178 )" <Calw), VaeRV\ {0},

Without loss of generality, throughout this paper we assume that

(H) O< 1 <pp < < i <L, Yy i < fi, and 2% = 20

In this paper, we define the following constants and notations:

k 2
||M||2=/ (|Au|2— E pit )dxisthe norm in H3(£2);
7

— |x —a;|*
i=1
H™%(£2): the dual space ong(.Q);

(,-) : the usual scalar product in Hj (£2);

B,(a) = {x:|x—a| <r}, B,(a) = {x: |x — al §r}, acRY, r>0;

W= %(NZ -16)(N*-8N), N=9;

k 2
S - fg(|Au|2_Zi:1 i |x_uai|4)dx
= n 5

ueH2(2)\(0} (|l dx) >

(1.2)

(1.3)

(1.4)
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2-q

2 - ¥2 25 -2 g (-9
Agi= 1 Q| 7 s, (1.5)

2% —q 2% —q

2

o lAuP - i) dx

Ar:=  inf > : (1.6)
ueH2(2)\(0) o |ul? dx

Since the embedding HZ2(§2) < L?(£2) is compact, by choosing a minimizing sequence,

we easily infer that A; can be obtained in Hg(.Q), and A; > 0. C,Cy, C,,... denote various

positive constants. For all ¢ > 0, T > 0, O(¢") denotes the quantity satisfying |O(e*)/e"| < C

and o(¢7) means |o(¢7)/e"| — 0 as ¢ — &, 0,(1) denotes 0,,(1) — 0 as n — oo and O;(e7)

(¢ — &¢) means that there exist the constants C;, C, > 0 such that C1¢" < O1(e7) < Ce7 as

& — &o. |$2| denotes the Lebesgue measure of £2 and omit dx in integrals for convenience.
Let 1 < g < 2*, by the Hélder inequality and (1.4), for all u € H2($2), we obtain

*

29 4q

2* " 2* k_
frr= ()" (L) =12 fhare 17)
2 2 2

We are now ready to state our main results.

Theorem 1.1 Let N > 5,1 < q < 2 and assume that (H) holds, then we have the following
results.

(i) Ifx €(0, Ag), then Eq. (E;) has at least one nontrivial solution.

(i) Ifx (0, %Ao), then Eq. (E;) has at least two nontrivial solutions.

Theorem 1.2 Let N > 5, 2 < g < 2* and assume that (H) and one of the following condi-
tions holds:
(i) A>0,q<q<2* where

N 4N -2-b(uy)) }

g = max\ 2, ,
1 { b)) N-4

(11) N28,0<)»<)&1,q:270§l/#k§/$*~
Then Eq. (E;) has at least one nontrivial solution.

This paper is organized as follows. In Sect. 2, we give some properties of Nehari mani-
fold. In Sects. 3 and 4, we prove Theorem 1.1. In Sect. 5, we prove Theorem 1.2.

2 Nehari manifold

In this section, we will give some properties of Nehari manifold. As the energy functional
J;. is not bounded below on H3(£2), it is useful to consider the functional on the Nehari
manifold

M, = {u € Hy(£2)\ {0} :(],’\(u),u> = 0}.

Thus, u € M, if and only if

U700 ) = 1l - /Q 2 /g el = 0. (2.1)
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Note that M, contains every nonzero solution of Eq. (E; ). Moreover, we have the follow-
ing results.

Lemma 2.1 Let N > 5,1 <g<2and € (0, Ag) where Ay is the same as in (1.5). Then J;,
is coercive and bounded below on M.

Proof If u € M,, then by (1.4), (2.1), and the Holder inequality

1 1 A
) = Sl + = A/ l? — ul? ——/ ul?
2 2% Q qJe

2% -2 2% —
22 [ e 22)
q Q
2 2% — g g
> —lul* -2 1 (221727 872 ||ul|”. (2.3)
N 2*q
Thus, J is coercive and bounded below on M. O

Define ¥, : H3(2) — R, by ¥, (1) = (J; (), u), that is,

V() = ||u||2—/9|u|2* —/\/Qlul”’.

Then we see that ¥, € C1(H3(2),R), M, = ¥;1(0) \ {0}, and for all u € M;,

(v =20 =2 [ P =g [ i
2 2
=(2—61)||u||2—(2*—q)/ |l (2.4)
2
:(2_2*)||u||2—x(q—2*)/ |2 (2.5)
2
We split M, into three parts:

M; = {u e M, : (Wi(u),u) > 0},
M = {u eM,: (1//&(14), u) = 0},
M; = {u e M, :<1/f;(u), u) < O}.

We now derive some basic properties of M3, M{ and M;.

Lemma 2.2 Assume that uy is a local minimizer for J, on M, and uy ¢ ./\/lg. Then J (o) =
0in H2(R2).

Proof See [5, Theorem 2.3]. O
Moreover, we have the following result.

Lemma 2.3 If A € (0, Ao), then M = @.

Page 5 of 19
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Proof Arguing by contradiction, we assume that there exists a A € (0, Ao) such that M} #
@. Then, for u € M? by (1.4) and (2.4), we have

2—q % 2% s
> ||M||2=/ lul* < S~ 7 [|lull®
-9 Q

and so

o
e ( 2-4 )2 C s,
2% —q

Similarly, using (1.7), (2.5), and the Holder inequality, we have

2*—q q
S ull?,

2 — 2%
Nl =2 ==L [ w7 <
2-2J, 2

which implies

12|

1

2% — 2% _ 2—q
lual < [xz*—gm z*qs-g} :

Hence, we must have

2-q
_ 2% _9 * *_ _
—-q -9

which is a contradiction. This completes the proof. d

For each u € H3(£2) \ {0}, let

1
. =< 2-g)lul? >z*z>o
"o\ -g) fo

Similar to Lemma 2.7 in [14], we can get the following result.

Lemma 2.4 If) € (0, Ay), then, for each u € H3(£2) \ {0}, the set {tu : T > 0} intersects M;,
exactly twice. More specifically, there exist a unique t~ = t~(u) > O such that t"u € M;

and a unique ©* = t*(u) > 0 such that t*u € M;. Moreover, T% < Tymax < T~ and

h(r*u)=0<rir<1{ L(zu),  Ji(t7u)= sup Ji(tu).

Proof The proof is similar to that of [14, Lemma 2.7] and is omitted. O

3 Existence of ground state solutions in the caseof 1 <g<2
First, we remark that it follows from Lemma 2.3 that

M = M UM;

Page 6 of 19
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forall A € (0, Ao). Furthermore, by Lemma 2.4 it follows that M; and M; are non-empty
and by Lemma 2.1 we may define

o = ueil}\flk])\(u); o = ueiljl\:fq])\(u); o, = ueh}\ft;]'\(u)'

Lemma 3.1 The following facts hold.
(i) Ifr € (0, Ag), then ay, <af <O0.
(ii) If 1 € (0,2 Ap), then o > co for some ¢y > 0.
In particular, for each X € (0, %Ao), we have o] = .

Proof (i) Let u € M;. By (2.4)

2—q *
L > [
2" —q Q

and so

A T R >
h(u)—(2 q)llull +<q 2*)/Qlul
11 1 1\/2-¢ )
1G-2) G7)=0) m
2 q q 2°/\2"-¢q

(2*-2)2-9)

ST ]| <0.
q

Therefore, from the definition of «;, and «;, we can deduce that oy < «} <O0.
(ii) Let u € M. By (2.4)

2-q *
LU I
-9 Q

Moreover, by (1.4) we have

2 _ ol 2
/|u| <55l
2

This implies

1
2— ¥
||u||>< s ") s
2 —q

By (2.3) and (3.1), we have

o2

forallu e M;. (3.1)

2 2*—q g g
> q| = 2-q _ ) |72 S 2
Jo(w) > [Nnun ( e )| |
2og\TE w[2(2-q\52 co 2 2
_ ¥ N _ F_ 2 )N * _ *_,
S(Z=L) TsS (==L} st (2T ier T st
2% —q N\2*-¢q 2*q
q
2 - 2 (2% — g (N-4)
—(Zpy-» 1 1) 1017 s+,
2 2* —¢q 2*q
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Thus, if A € (0, %Ao), then there exists ¢y > 0 such that

Ja(u) >co forall u e M;.

Consequently, this completes the proof. d
Remark 3.2
(i) Ifx € (0, Ap), then, by (1.7), (2.5), and the Holder inequality, for each u € M} we
have
2% —
ful? <52 [l
2-2 J,
2*—¢q 2*-q ¢
<A 121727 §72 [|ull?
2% -2
and so
2+ 3
- 2% -q
Il < |2 2—L 2| =" 54 forall u € M?. (3.2)
2% -2 *

(if) If A € (0, %AO), then, by Lemma 2.4 and Lemma 3.1(ii), for each u € M; we have

Ji(u) = sup /. (tu).
>0
We define the Palais—Smale (indicated simply by the prefix “(PS)-”) sequences, (PS)-
values, and (PS)-conditions in H3(£2) for J; as follows.

Definition 3.3
(i) Forc € R, asequence {u,} is a (PS).-sequence in H3($2) for J; if J () = ¢ + 0,(1)
and J; (u,) = 0,(1) strongly in H™2(£2) as n — oo.
(ii) ¢ € Risa (PS)-value in H3(£2) for J; if there exists a (PS).-sequence in H3(£2) for J;.
(i) J satisfies the (PS).-condition in HZ($2) if any (PS).-sequence {u,} in H3(£2) for J;

contains a convergent subsequence.
Now, we use the Ekeland variational principle [12] to get the following results.

Proposition 3.4
(i) Ifx € (0, Ag), then there exists a (PS)y, -sequence {u,} C M,, in H(2) for J;.
(ii) Ifx € (0, %Ao), then there exists a (PS); -sequence {u,} C M in HZ($2) for J;.

Proof The proof is similar to that of [14, Proposition 3.3] and is omitted. d
Now, we establish the existence of a local minimum for J; on M.

Theorem 3.5 Let N > 5,1 < q < 2 and assume that the condition (H) holds. If . € (0, Ay),
then ], has a minimizer u, in M3 and we have the following results.
@) L) =y = 05;7
(i) u; is a nontrivial solution of Eq. (E;.).
(iii) Jlupll > Oas A — 07,
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Proof By Proposition 3.4(i), there is a minimizing sequence {u,} for J, on M, such that
Ji(ty) =y +0,(1) and  J(u,) = 0,(1) in H>(£2). (3.3)

Since J; is coercive on M; (see Lemma 2.1), we see that {u,} is bounded in H3(£2). Thus,

passing a subsequence if necessary, there exists u; € Hg(§2) such that as n — oo

u, = u; weakly in H3(£2),
u, — u; strongly in L7(£2) for 1 < g < 2%, (3.4)

u, — u; almost everywhere in £2.

It follows that
A/ |un|q—>A/ ;|7 asm— oo0,V1<g<2. (3.5)
fo) o)

By (3.3), (3.4) and (3.5), it is easy to see that u, is a weak solution of Eq. (E;). From
{u,,} C M;, (2.2) and (3.5), we deduce that

2 _2 2 _g
Tlan) = 2= P =2 f 4]
22 2*q Q
2% —
z—k( ") / 0]
2*q 17,
2% —
—>—,\< q>/ 14, |7,
2*q 2

This and J;(u,) — o, < 0 (see Lemma 3.1(i)) yield [, |u;|? > 0, that is, u; # 0. We use
J(m) =1, (|us]) and |uy | € M. Thus by Lemma 2.2, we may assume that u; is a nontrivial

nonnegative solution of Eq. (E;).
Now we prove that up to a subsequence, u, — u; strongly in H3(£2) and J; (u;) = a;.
From the fact u,,, u € M, and Fatou’s lemma, we have

2% -2 9 2" —q
< = —A q
o < J(u3) 30 llz2 ( 2q ) /Q |1 |

2% 2 2% —
< liminf el = A 1 / |14, |7
11— 00 22% 2*q o)

= liminf/; (u,,)
n— 00

=0y,

which implies that J; ;) = o; and lim,,_, « ||, [|* = ||u; || Standard argument shows that
u, — u; strongly in H3(£2).
Next, we claim u; € M;. Indeed, if u; € M;, by Lemma 2.4, there exist unique ;" and

7; such that t,)u; € M], t;u, € Mj and 7 < 7; = 1. Since

d 2
—])\(T;M)L)=0 and ]

= L(tius) >0,
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there exists T € (z;, 7;) such that /; (1, u,) < J,(Tu,). By Lemma 2.4 we get
Lt w) <1(Tw) < (v w) = Ja(uz),

which contradicts /; (1,) = ;. Consequently, u; € M.
Finally, by u; € M7 and (3.2), we obtain

1
2¥ _ 2%, 2-q
lwll < | 2221217 s for all u € M;.
2% -2
This implies that ||z, | — 0 as A — 0%, and completes the proof. O

4 Multiplicity of nontrivial solutions in the caseof 1 <g <2
In this section, we will establish the existence of the second nontrivial solution of Eq. (E;)

by proving that J, attains a local minimum on M;.
Lemma 4.1 If {u,} C H3(£2) is a (PS).-sequence for ], then {u,} is bounded in H3($2).
Proof The proof is similar to that of [15, Lemma 4.1] and is omitted. O

We recall that

2
Jo(Aul — i) dx
A= inf 22 el

wel3@NO) ([ |ul? dx)®

Lemma 4.2 Let N > 5,1 < g < 2 and assume that (H) holds. If {u,} C Hg(.Q) is a (PS),-

N
sequence for J, with c € (0, %A i )> then there exists a subsequence of {u,} converging weakly

to a nonzero solution of Eq. (E;).

Proof Let {u,} C H3(£2) be a (PS).-sequence for J, with ¢ € (0, A%A%[k). We know from
Lemma 4.1 that {u,} is bounded in H3(£2). Then there exists a subsequence of {u,} (still
denoted by {u,}) and u € H3(£2) such that u,, — ug in H3(£2), u,, — up almost everywhere
in 2, and u, — up in L1(£2) for any 1 < g < 2* as n — 00. It is easy to see that /; (1) =0
and

A fg 0] = fg 40l + 0 (L). (4.1)

Next we verify that uo # 0. Arguing by contradiction, we assume u, = 0. By the con-
centration compactness principle (see [20, 21]) there exists a subsequence, still denoted
by {u,}, an at most countable set .7, a set of different points {x;};c s C £ \ {a1,a2,...,ax},

nonnegative real numbers [[;j, v’;/,j € J and iy, Va» Va; (1 < i < k) such that

~ . ko~
| Aty [* = dji = | Auol” + Z/EJ 'U‘xi(s"i + i Ha;Ba;s

2 — u2 g
i \ﬁff:lqz'l4 - dy“i = Hi \x—;z)il‘* + y“i(sai’ (4.2)

* * ~ k ~
|M}’I|2 —av= |M0|2 + ]Ej ijsx} + Zi:l vﬂiaaii
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where §, is the Dirac mass at x. By the Rellich inequalities, we get

~ ~

~ 2 ,
Ma; — KiVa; >A;L,-Vai2*¢ 1<i<k

Claim 1. We claim that 7 is finite and for any j € 7, either
- - N
vy =0 or vy > Ay
In fact, let & > 0 be small enough such that a; ¢ By, (x;) for all 1 < i < k and By (x;) N
Bos(xj) = fori#j,i,je J. Let @} be a smooth cut-off function centered at x; such that
0<¢. <1, ¢, =1 for lx —xi| <e, ¢t =0 for lx — xj| > 2e, NARS % and |A¢L| < S%

Consider the sequence {¢£ u,}; it is obvious that this sequence is bounded in H3($2). Then
(4.1) implies

im (7 (14), $ltan) = 0.

Moreover, by (4.2) we deduce

k
/ > dldva +/ ¢g’d5+)\/ |uo|1¢). dx = limf Auty A1l do. (4.3)
20 Q Q n=ooJo
Then
: koo s L
lim. o o D70, ¢edy =limeo [ D70t e = O
lim, .o f_Q d-“d’f)’ = lim£—>0(fg |u0|2*¢é + ‘)Nx/) = ‘;;/-; (4.4)

lime_o A [ |uol96% dx = 0.

On the other hand, by (4.2) and the weak convergence we can obtain

lim | Au,A(ung))dx = / ¢Ldii + lim / Aun(2Vu, Ve, + usAdL)dx.  (4.5)
7] n—00 Q

n—00 0

Now, by (4.2) it is easy to see that

lim / PLdiL = i, (4.6)
2

e—0

By the Holder inequality, we get

0 < lim
n—oQ

5 , b
< Tim [(/ |Au,,|2dx> (/ |Vun|2|v¢g|2dx) ]
=00 2 2

1

) 2
< C(/ |Vuo|2|v¢g|2dx)
Bae ()

/ Auy(Vu, V) dx
2
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1 N-2

) N 2N
C(/ |V¢{;|Ndx> (/ |Vu0|1\%_Nde>
By, (x/) By (x/)

A

W\
<C / |Vuo|N-2 dx -0 ase—0 (4.7)
BZs(xj)
and
0 < lim / Ay, AL dx
n— 00 .Q

1 1
2 ) 2
< th/ |Au,,|2dx) (/|A¢g|2|un|2dx) ]
n— 00 o 0
1
C(/ | AQL| " uo dx)
BZs(xj)
2 N-4
N N N N
C</ |A¢é|2dx> </ |u0|N—4dx>
Boe (x7) Bae (%)

1
. ¥
§C</ lutg |2 dx> —0 ase—0. (4.8)
BZs(xj)

IA

IA

Thus, from (4.3)—(4.8) it follows that
[y < Vs

By the Sobolev inequality, So va/, # < /T;j, hence we deduce that

N
vy, =0 or vijA04,

which implies that 7 is finite. Claim 1 is proved.
Claim 2. We claim that

N
foreach i=1,2,...,k either ;=0 or v, >Aj%.

In order to prove claim 2, for each i = 1,2,..., k, we consider the possibility of concentra-
tion at points @; (1 < i < k). For & > 0 be small enough such that x; ¢ B, (a;) forallj € 7 and
B.(a;) N By(aj) = @ fori #jand 1 <i,j < k. Let ¢! be a smooth cut-off function centered
at a; such that 0 < ¢! <1, ¢! =1 for [x —a;| <&, ¢! =0 for |x —a;| > 2¢, |V¢!| < % and
|Apl| < 8% Then, by (4.2) and similar arguments to the proof of claim 1, we obtain

lim lim Au,,A(u,,goé) = lim/ oLdii > lim</ | Auo|*@l + /l;i) = fla;»
e—>0n—o00 o =0 o e—0 Q

2 2

. . n i . i g~ . 0 i ~ ~

lim lim i@, =lim | ¢ dy =lim Wi @ + Va; | = Vapr
e=>0n—00 Jo " |x—a; e=0 Jo e—0\Jo |x—ayl

. . * / . i . * / ~ ~
lim lim f |14, |2 @, = hm/ @, dv = hm(/ 1o |2 o, + val.) =g,
e—>0n—00 e—0 £—0

2 2 2
2

u,

lim lim

) i_ forii.
Jm am 9M1|x_a/|4fpg 0 forj#i
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Thus we have

= lim lim <]A(”n) Mn%;) > ﬂal Mi% - ‘3;,'-

e—>0n—00

From (4.5) and (4.6) we derive that Awf);'i%* <1y forall 1 <i<k, and then
N

either v, =0 or v, >Aj.

Claim 2 is thereby proved.
From the above arguments and (4.1), we conclude that

: L,
c= ;}ch (]A(un) - 5(])\(”;1); un))
2 . (11
== lim [ |u,?* + <—-—>}\/ luo|?
N n—oo Q 2 Q
2 11
St e 2w )

jedJ i=1
E<Zv +Zv)
N JjeJ K i=1 “

If v, = VN"/ =0forallie{1,2,...,k} andj € J, then ¢ = 0 which contradicts the assumption
that ¢ > 0. On the other hand, if there exists an i € {1,2,...,k} such that i, # 0 or there

exists aj € J with v; #0, then we infer that

N N
4 2 4

2 ¥ 0 40 7
c> ﬁmln{AO A Ay LAY = AL

N
which also contradicts the assumption that ¢ < A%A,fk, Therefore 1 is a nonzero solution

of Eq. (Ey).

Take 8y > 0 small enough such that Bys,(ax) C §2. Choose the radial cut-off function
n(x) = n(lx|) € C§°(Bas,(0)) such that 0 < n(x) < 1 in Bys,(0) and n(x) = 1 in Bg,(0). Set
ue(x) = n(x — ax)y-* (x — ax), where y:*(x) is the same function as in (1.2). The following

asymptotic properties hold.

Lemma 4.3 Assume that N > 5, ;. € [0, 1), § = A% and 1 < q <2*. Then, as ¢ — 0, we

have the following estimates:

Juge | N )
/Q<|Au8|2—l/«klx+ = AJ, + 02009y,

ax|*

* N *
/ lue|* =Af + O(z?2 (b("k)_‘s)),
2

Page 13 0of 19
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and
O, (eN-9%), ifﬁk) <q <2,

lue? =1 01(eN"9)|Ing|, ifq= ﬁk) (4.11)
Ol(gq(b(uk)—(S)), ifl<g< ﬁk).

2

Moreover, for all N > 8, as ¢ — 0, we have

&), if0 < pg < ¥,
/ |ue|* = 019 JO= < p (4.12)
Ve nel), if = e,
where p* := - (N* — 16)(N” - 8N).
Proof See Kang-Xu [19, Lemma 3.2]. O

Lemma 4.4 Let N > 5, 1 < q < 2 and assume that (H) holds. Then, for any ¥ > 0, there
exists a v, € Hy(2) such that

2 N
sup/y. (tvy) < A, (4.13)
>0 N

N
In particular, oy < 2A%, for all A € (0, Ao).
Proof For t > 0, we consider the functions

g() = J;.(tuse)

=—||ug|| ——/ |u5|2"—x—/ 1|
<t | A |? /||2*A/||q
- Ug|” — Ug|” —A— u
=3 5 & Mk| ﬂk|4 £ £
and

2 "
g(t) = — Au,* - 2
10 2/(| Wl - ak|4) /|u2
t *
el - f| wl”,

where ”ue”ik = fg(lAuslz - Mk \x—ék\4)'
Using the definitions of g and u,, we get

2
g(t) = (tue) < — ||uF|| forall£>0and A > 0.

Combining this with (4.9), let ¢ € (0,1), then there exists ¢y € (0,1) not depending on ¢
such that

2 N
sup g(¢) < NA,;*,(, forallA>0and ¢ € (0,1). (4.14)

0<t<ty
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On the other hand, by the fact that
2 N &N
4 Bl > O,Bz >0,

tzB tZ*B =—B!B*
Igaox 1—2*2 N1 o

and by (4.9) and (4.10), we can get

4-N

_ 2 y >\ *
max®) = e (| )
2 N N * 4-N
(Al}k + O( blui)- 5))) 4 (Alfk + 0(82 (b(ek) ))) 1
2 N
= A + 020y, (4.15)
Hence, for all 2 > 0, 1 < g < 2, by (4.15) we have
supg(t) < sup( (t) - A |u8|‘7>
t>to t>to
2 N tl
< ZAf +O(2br09) 3 0 / |1 |9. (4.16)
N qJe
Now, we need to distinguish two cases.
Case (i): 1<q< andq<2 By (1.3) and (4.11) we haveas ¢ — 0
D) > 0(e20009).

[ = onfe
Combining this with (4.14) and (4.16), for any A > 0, we can choose &, small

enough such that

2 ¥
sup/y (tug, ) < NAM.

t>0

<2.By (4.11) we have

N

Case (ii): m)
0, (eN-19), ifg> %
ifg= bl

/ 4,7 =
2 O1(eN~%|1ng),

m that

Moreover, it follows from b(u) > § and g >

(b(w) - 8) > q(b(n) —8) = N - g8

Combining this with (4.14) and (4.16), for any A > 0, we can choose &, small

enough such that

Sllp} tu <—A/.
t>0 * & N Hk
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From cases (i) and (ii), (4.13) holds by taking v, = u, .
From Lemma 2.4, the definition of «; and (4.13), for any A € (0, A), we see that there
exists £, > 0 such that £; v, € M and

2 N
o) <Ji(6v) <supli(tvi) < —Aj,.
t>0 N

The proof is thus completed. d
Now, we establish the existence of a local minimum of J, on Mj.

Theorem 4.5 Assume that N > 5 and the condition (H) holds. If . € (0, 2 Ay), then ], has
a minimizer U, in M3 and such that:

CRAUARTS

(i) U, is a nontrivial solution of Eq. (E;.).

Proof If 1 € (0, %Ao), then, by Lemma 3.1(ii), Proposition 3.4(ii) and Lemma 4.4, there ex-
istsa (PS)(X; -sequence {u,} C M; in HZ($2) for J; with & € (0, %A%;). Since J;, is coercive
on M, (see Lemma 4.1), we see that {u,} is bounded in H3(£2). From Lemma 4.2, there
exist a subsequence still denoted by {u,,} and a nonzero solution U; € H3(£2) of Eq. (E;)
such that u,, — U, weakly in H3(£2).

Now, we first prove that U, € M;. Arguing by contradiction, we assume U, € Mj.
Then, by Lemma 2.4, there exists a unique #; such that ¢ U, € M;. It follows that

o <J(6 L) < Him T, (£ uy) < lim Jy () = o5

This is a contradiction. Consequently, U, € M;.

Next, by the same argument as that in Theorem 3.5, we get u,, — U, strongly in H3(£2)
and /;(U,) = a5 >0 forall A € (0, %Ao). Since J,(U,) =, (|Uy]) and |U,| € M;, by Lemma
2.2 we may assume that U, is a nontrivial nonnegative solution of Eq. (E;). The proof of

this theorem is then completed. g

Proof of Theorem 1.1 The part (i) of Theorem 1.1 immediately follows from Theorem 3.5.
When 0 < A < %Ao < Ag, by Theorems 3.5, and 4.5, we see that Eq. (E;) has at least two
nontrivial solutions u; and U, such that u, € M; and U, € Mj. Since M N M; =0,
this implies that u; and U, are distinct. This completes the proof of Theorem 1.1. d

5 Existence of solutions in the case of 2 < g < 2*

In order to prove Theorem 1.2, we first establish several lemmas.

Lemma5.1 Let N > 5 and assume that (H) holds and one of the following conditions hold:
(i) >0,2<g<2"
(i) O<A<Ary,g=2.

Then the functional ], satisfies the (PS) condition for all c < c* := %A,%Ik.

Proof The argument is standard and is omitted (e.g. [17]) O
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Lemma 5.2 Let N > 5 and assume that (H) holds and one of the following conditions
holds:
(i) >0,q<qg<2* where

N 4N -2-b()) }

g = maxj 2, s
1 {b(m N-4

(i) N>8,0<A<X,g=2,0<px<pu*
Then as € — 0" we have

2 N
Sup])»(tus) <c'= NA[%](’ (51)

£20
where ) is the same as in (1.6) and u. is the same function as in Lemma 4.3.

Proof For t > 0, we define the functions g(¢) := J; (tu,) and

2 u? 2 .
o(t) :=— Au,|* - £ ——/uz.
0 2L(| N uk|x_ak|4> 5 [

(i) Since A > 0, 2 < g < 2%, a direct calculation shows that sup,.,g(¢) can be obtained at
finite £, > 0 such that

ozg/(tg):tg(nugnz—t?*2 / AR / |u8|‘f).
2 2

Furthermore, t, € [Cy, C,], where C; and C, are positive constants independent of .
From the definitions of g, g and (4.15), it follows that

A
glte) <g(t.) - gtz f |ue |1 < ¢* + 02000y _ C / ot |9. (5.2)
2 2

If g < q < 2%, by (4.11) we have

f |ue |9 = Oy (eN°P). (5.3)
2
Since 2(b(ug) — 8)) > N — g6, from (5.2) and (5.3) it follows that
sup /i (tu.) = g(t.) < ¢*.
>0
(ii) Suppose that N > 8,0 <A <A1, g=2,0 < g < u*. A direct calculation shows that

O<pu<p* = bu)-8>2, w=p" <<= blu)-8=2.

Using a similar argument to (i), we can deduce that sup,.,g(¢) < ¢* is attained at finite
t, > 0. Moreover,

i} t2 . _
glte) <2(t:) -1 / lue|? < ¢ + 020009y _C / Jote|*. (5.4)
2 2
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Then by (4.12) and (5.4) it follows that (5.1) holds as ¢ — 0*. The proof is thus com-
pleted. O

Proof of Theorem 1.2 According to Lemmas 5.1 and 5.2 and applying the mountain-pass
theorem [2, 4], Theorem 1.2 can be concluded to. O
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