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1 Introduction
Let w >0 and c € C\ {0}. Consider the c-mean of /1 given by

1 T
M_(h):= lim —/ ch(o)do,

T—o00 2T J_T

whenever the limit exists. For example, for /;(£) = ¢/ and hy(t) = c//“¢", we have that
M. (h1) = 1and M_(h;) = 0. Furthermore, M_ is alinear and continuous operator. Indeed,
if ', (t) — c~¥*h(t) uniformly as n — oo, then M (h,,) — M_(h) as n — oo. Also, note
that when ¢ = 1 we have the mean of /1, M (h) := lim7_, o % f_TT h(o)do . Other properties
of M, appear in Sect. 2.

Let us define the c-ergodic space

AAoc(X) = {h e CR,X): M([Ih]l) = 0}.
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Note that when ¢ = 1 we recover the ergodic space of Zhang (see [29, 30])
AAo(X) :={h e C(R,X) : M(||1]|) = 0}.

We say that f is a (w,c)-periodic function if there is a pair (w,c), ¢ € (C\ {0}), w >0
such that f(¢ + w) = ¢f (¢) for all £ € R (see [22]). It represents periodic functions with ¢ = 1,

ikl and unbounded functions

anti-periodic functions with ¢ = -1, Bloch waves with ¢ = e
for |c| # 1. Linear systems with periodic coefficients produce, by Floquet’s theorem, (w, ¢)-
periodic solutions. This is the case of the famous Hill's and Mathieu’s equations (see [17,

31])

d2
d_tg) + [a - 2qcos(2t)]y =0.

Mathieu’s equation is a linearized model of an inverted pendulum, where the pivot point
oscillates periodically in the vertical direction (see [19]). According to Floquet’s theorem,
these equations admit a complex valued basis of solutions of the form y(¢) = e"‘p(t), t € R,
where u is a complex number and p is a complex valued function which is w-periodic (see
[5, Ch. 8, Sect. 4]). We can observe that the solution is not periodic, but

y(t+w)=cy(t), c=e"teRr. (1.1)

In fluid dynamics, we can find many examples of waves being described by Mathieu’s
equation. The research of Faraday surface waves is very active (see [4, 9, 23]).

Several properties of (w, ¢)-periodic functions have been obtained in [3]. Also, this class
of functions appears for example when the method of Bloch wave decomposition is used in
order to obtain the homogenization of self-adjoint elliptic operators in arbitrary domains
with periodically oscillating coefficients (see [6, 20] and the references therein).

Now, we are ready to introduce the space of (w, c)-pseudo periodic functions. A con-
tinuous function f is said to be a (w, c)-pseudo periodic function if it can be written as
f =g+ h, where g is a (w, ¢)-periodic function and % € AA((X). Note that when ¢ = 1 we
obtain the space of pseudo periodic functions defined in [28, Definition 2 p. 873] (see also
[16]), and when ¢ = —1 we obtain the space of pseudo anti-periodic functions defined in
[27]. When ¢ = €*/®, we will call this set of functions pseudo Bloch-periodic functions.
Also, it should be noted that the space of (w, ¢)-periodic functions, asymptotically Bloch
periodic functions (see [12, 13]), and the space of (w, c)-asymptotically periodic functions
(which basically are sums of (w, ¢)-periodic functions with continuous functions / such
that c™¥“h(t) goes to 0 as t goes to 0o, see [2, Definition 2.5]) are contained in the space
of (w, ¢)-pseudo periodic functions. For other works related to pseudo periodicity, see [10,
14, 25, 26].

We give several properties of (w, c)-pseudo periodic functions including a characteri-
zation in terms of the pseudo periodic functions, uniqueness of the decomposition, and
algebraic properties. Also, we prove a convolution theorem and that the space of (v, ¢)-
pseudo periodic functions is a Banach space with the norm || - ||, defined below (see
Theorem 2.18). Furthermore, we prove that the range of these functions is relatively com-
pact with this norm. A composition result is given and a variety of examples are showed.
We point out that the pseudo periodic, pseudo anti-periodic, and pseudo Bloch-periodic
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functions are defined as a subspace of BC(X), while our results include unbounded func-
tions on R in both periodic and ergodic parts, that is, the cases |c| < 1 and |c| > 1.

The previous results allow us to show the existence and uniqueness of (w, c)-pseudo pe-
riodic mild solutions for the following class of semilinear abstract integral and differential
equations in Banach spaces:

u(t) = f R(t, s)f(s, u(s)) ds, (1.2)
where f and the family R satisfy certain hypotheses. In particular, we obtain (w, ¢)-pseudo
periodic mild solutions for the semilinear first order problem

u'(t) = Au(®) +f (tu(t)), teR,

where A is a closed linear and densely defined operator on a Banach space X which gen-
erates an exponentially bounded Cy-semigroup {7'(£)};>0. The results can be extended to
delayed systems, see Sect. 4.

Furthermore, we prove the existence of positive (w, c)-pseudo periodic solutions to the
Lasota—Wazewska equation with (o, ¢)-pseudo periodic coefficients

Y (£) = =8y(¢) + h(t)e ™) >0, (1.3)

Wazewska—Czyzewska and Lasota [24] proposed this model to describe the survival of
red blood cells in the blood of an animal. In this equation, y(¢) describes the number of
red cells bloods in the time £, § > 0 is the probability of death of a red blood cell, a(¢) is a
continuous and positive function which is related to the production of red blood cells by
unity of time, t is the time required to produce a red blood cell, /(¢) is a continuous and
positive function which describes the generation of red blood cells per unit time.

This paper is organized as follows. In Sect. 2, we formalize the (w, ¢)-pseudo periodic
functions and give some important properties. Also, we show that the space of (w,¢c)-
pseudo periodic functions is a Banach space with a suitable norm and the fact that the
range of this class of functions is relatively compact with this norm. Convolution and
composition theorems will be proved. Several interesting examples are given. In Sect. 3,
we prove the existence and uniqueness of (w, c)-pseudo periodic solutions to the first or-
der abstract Cauchy problem on R. Finally, in Sect. 4, we prove the existence of positive
(w, c)-pseudo periodic solutions to the Lasota—Wazewska model with (o, c)-pseudo peri-
odic coefficients. Also, we show that the solution is exponentially stable.

2 (w, c)-Pseudo periodic functions
Throughout the paper, c € C\ {0}, w > 0, X will denote a complex Banach space with norm
Il - ]I, 2 C X, and we will denote the space of continuous functions as

CR,X):={f :R— X:f is continuous},

the space of ergodic functions as

AAo(X) :={h e C(R,X) : M(||1]|) =0},
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and

AAy(2,X):={he CR x £2,X) : M(|h(x)|) =0

for all x in any compact subset of £2 }

Definition 2.1 ([3]) A function g € C(R,X) is said to be (w, c)-periodic if g(¢ + ) = cg(¢)
forallt € R. wis called the c-period of g. The collection of those functions with the same c-
period w will be denoted by P,.(R, X). When ¢ = 1 (w-periodic case), we write P, (R, X) in
spite of P, (R, X). Using the principal branch of the complex logarithm (i.e., the argument
in (—m,7]), we define ¢ := exp((t/w) Log(c)). Also, we will use the notation ¢ (¢) := ¢//®

and |¢|(2) := [¢"(D)] = |e]"*.
The following proposition gives a characterization of the (w, ¢)-periodic functions.

Proposition 2.2 ([3]) Let f € C(R,X). Then f is (w, c)-periodic if and only if

where u(t) is a w-periodic complex X-valued function.
In view of (2.1), for any f € P, (R, X), we say that ¢"(£)u(¢) is the c-factorization of f.

Remark 2.3 From Proposition 2.2, we can write all f € P,.(R, X) as
f@) =" @Qu(),

where u(t) is w-periodic on R. We will call u(t) the periodic part of f. With this convention,
an anti-periodic function f can be written as f(t) = (~1)"“u(t), where u is w-periodic.
For example, f(¢) = sint can be considered as an anti-periodic function, with w = 7. As
Log(-1) = im, f has the decomposition f(£) = ¢ (¢)u(t), where

cMt) = (~1)77 = et = [cost + isint],
and
u(t) = sint(cost — isint),

which is periodic with period 7.

Let ¢ = e/ for some natural number k > 2, and let f be a (w,c)-periodic function.
Then f is a periodic function with period kw but, in general, it can be written as f(¢) =
e tilkoy(t), where u is a complex periodic function with period w. In particular, if k = 4, a
(w, €"?)-periodic function f can be at the same time a Bloch wave: f(t + w) = e"/?f(t), an
anti-periodic function with antiperiod 2w: f(t + 2w) = —f(¢£), and a 4w-periodic function:

ft+4w) =f(t).
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Definition 2.4 A function /2 € C(R, X) is said to be c-ergodic if ¢ (-£)h(t) € AAy(X), that

is,
M.(lIAl) = 0.

The collection of those functions will be denoted by AA(.(X). Analogously, a function
he C(R x £2,X) is said to be c-ergodic if ¢"(-t)h(t, x) € AAo(§2,X), that is,

Me(li,9)]) =0

for all  in any compact subset of §2. The collection of those functions will be denoted by
AAy(£2,X).

Note that Cp.(X) := {g € C(R,X) : limy;_, o g(¢) = 0} is contained in AA(X). How-
ever, note that L”-integrable functions belong to AA(.(X) but there exist functions L?-

integrable that do not belong to Cp(X).

Definition 2.5 A functionf € C(R, X) is said to be (w, ¢)-pseudo periodiciff = g+ / where
geP,(R,X)and h € AAy(X). The collection of those functions (with the same c-period
o for the first component) will be denoted by PP,,.(X).

Remark 2.6 The preceding collection includes the pseudo periodic functions PP, (X) :=
{f e CRX):f=g+hgeP,(RX),h e AAy(X)}, the pseudo anti-periodic func-
tions PP,1)(X) :={f € CR,X) : f =g + h,g € Po-1)(R,X),h € AAy(X)}, and pseudo
(w, ¢)-Bloch-periodic functions PP, is(X) :={f e CR,X): f =g+ g € P iR, X),h €
AA (X))}

Example 2.7 Let ¢(t) = maxkez{e’(tik2)2}, t € R. It follows from [15, Example 2.5] that
¢ € AAN(R,R). Let

fi(t) =sint + ¢(t), teR.

Then f; is pseudo periodic because g(¢) = sin¢ is periodic with period 27 and pseudo anti-

periodic because g(t) = sint is anti-periodic (with antiperiod 7). Analogously, the function
A= +ot), teR
belongs to PP i, (R,R). The same is true for any ¢ € AAq(R).

The following proposition gives a characterization of the (w, ¢)-pseudo periodic func-

tions.
Proposition 2.8 Let f € C(R,X). Then f is (w, ¢)-pseudo periodic if and only if

@) =cOu), ) =" uePP,X). (2.2)
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Proof It is clear that if f satisfies (2.2) then f is a (w, ¢)-pseudo periodic function. In order
to show the inverse statement, let f € PP, (X). Then there exist g € P,.(R,X) and & €
AAo(X) such that f = g + h. If we write u(t) := ¢ (—£)f () = c/“f(¢), then

u(t) = N (~)g(t) + (=e)h() =: F1(¢) + F>(2).

It follows from [3, Proposition 2.5] that F; € P, (R, X) and by definition of AA((X) we
have that F, € AAy(X). Hence u € PP, (X). O

Remark 2.9 The decomposition in Definition 2.5 is unique, that is, there exist a unique
g€ P, (R,X)and a unique & € AAg(X) such that f = g + h. Indeed, suppose that

f(t) =g1 (t) + hl(t) ZgZ(t) + hZ(t)r glrgZ S ch(R7X): hl: hZ S AAO,C(X)’ te R
Then
u(t) := N (=)f (t) = (=)@ () + (=) (t) = " (-)ga(t) + " (=) hy(2)

belongs to PP, (X) by Proposition 2.2. By the unique representation of the functions in
this space, we have that ¢ (—£)g1(¢) = ¢ (—t)g2(¢) and ¢ (-)h;(¢) = ¢ (—t)h2(2), and conse-
quently g1(¢) = g2(¢) and 7y (¢) = By (¢) for all £ € R.

Remark 2.10 Note that if |c| > 1 then AA((X) C AAo(X), and consequently P,.(R, X) +
AAy(X) C PP,(X).

As a consequence of Proposition 2.8, we have the following basic properties.

Lemma 2.11 Let o € C. Then
(@) (f +g) € PP,.(X) and ah € PP,,.(X) whenever f,g,h € PP,.(X).
(b) Ift €R, then f;(t) =f(t + t) € PP,(X) whenever f € PP,.(X).

Proof The proof of (a) is a consequence of the definition. (b) follows from the invariant
property of the space P,.(R, X) and Lemma 2.16. d

Example 2.12 Let ¢(t) := t| sin t|fN for N > 6. From [1, Example p. 1143] we have that

1

T
Tlirgoﬁ/_T|¢(s)|ds:0

and ¢(¢) — oo at the points £ = 5 + k as [k| — oc. Let
f(t)=2"sint + b'o(t), teR,|b <2.

Then f € PP, _»= (R). Indeed, note that g(¢) := 2* sin¢ is (77, —27)-periodic. Let us prove that
h(¢) := b*¢(t) belongs to AAg_o7 (R).
b s
<§> @(s)

1 T
< lim —/ |(p(s)|ds:0.
T—o0 2T J_r

1 T
lim

— ds
T—o00 2T

! 1
/ |(=27)" (=s)h(s)| ds = lim —
-T

T—o00 2T J_7
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Hence f is a (w, ¢)-pseudo periodic function which is not a (w, ¢)-asymptotically periodic

function.

Example 2.13 Let X = C, |b| < 2. Consider
f(t)y=2'sint + b'h(t), teR,
where / satisfies one of the following conditions:
(a) is integrable, or
(b) LP-integrable for 1 < p < 00, or
(c) asymptotic at t in —oo and oo.

Then f is a (7, —27)-pseudo periodic function. Since ¢"(¢) = exp(% Log(-27)) = 2%€¥, then
by Proposition 2.2 we have that

(1) =2'e"ui(2),

where
u1(t) = sint(cost — isint)

is periodic with period w = . Analogously,
b'h(t) = 2" e uy(t),

where
b\’ .
us(t) = (E) h(t)(cost —isint)

belongs to AA(X). Hence f has the decomposition
h t
f(t) =2 sint + b'h(t) = 2%(cost + isint) |:sin t(cost—isint) + <§> h(t)(cost —isin t)i|.

Example2.14 Letu:R — X be a X-valued periodic function with period w and v: R — X
in AAp(X). Let ¢ : R — C be a function with the semigroup property, that is, ¢(t + s) =
¢(s)p(t) for all £, s € R and such that ¢(w) #0. Then

2(t) = p()ult) + p()v(2), teR,

is a (w, ¢(w))-asymptotically periodic function if ¢(£) := [¢p(w)]" (—£)¢(£) is bounded. As a

particular case, we take ¢(t) = e/ and obtain the pseudo periodic Bloch functions.

Remark 2.15 In general, if u is a (o, ¢)-pseudo periodic function and ¢ is a function with
the semigroup property such that ¢(w) # 0, then z(£) := ¢(t)u(t) is a (w, cp(w))-pseudo
periodicif ¢(t) := [¢p(w)]"(~£)@(¢) is bounded. Moreover, let (z4)ren be a sequence of (w, ¢)-
pseudo periodic functions and (¢x)ren be a sequence of functions with the semigroup
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property and such that ¢x(w) = p # 0 for all k € N. Assume that

> dr(Omi(t)

k=1

is a uniformly convergent series on R. Then

fO =) ee(t)u(t)
k=1

is a (w, cp)-pseudo periodic function if @i (¢) := p™ (~t)Px(¢) is bounded for k € N.

Lemma 2.16 AA(.(X) is translation invariant, and for every h € AAy(X), we have that
M. (g +h) = M.(g) forall g € C(R, X).

Proof Let h € AAy(X) and 7 € R be arbitrary. Then

T
ZLT /T‘}CA(—U)h(o - 1:)|| do
1

T+t

||cA(—u —0)h(u) || du

ToT ) g
CA(—‘L') T+|7| N
< N(~u)h(u)|| du
7 )] H
M=t)(T + 7)) 1 friel
- T 2T +|t|) ./_T_r | (uphtay| e | — 0
as T — oo. The last assertion follows from the linearity of M. O

We recall (see [3]) that the norm in the space P, (R, X) is given by
flloe = sup [[lel*(=e)f @)
te[0,w]

Proposition 2.17 Let f € P, (R, X). Then the range {c"(-t)f(¢) : t € R} is relatively com-
pactin X, that is, given € > 0, for all t € R, there exist x1,...,xy in X such that || c™(-t)f (t) —

xi|| < € forsomei=1,...,k.

The following result guarantees that PP, (X) is a Banach space with the norm defined
below.

Theorem 2.18 PP, .(X) is a Banach space with the norm
”f”pwc = SUP” |C|A(_t)f(t) ”
teR

Proof Let (f,) be a Cauchy sequence in PP,.(X). Then, given € > 0, there exists N € N such
that, for all m,n > N, we have

|[ﬂl _fm”pwc <E€.
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Since f,,f, € PP,.(X), Proposition 2.8 implies that there exist u,,, i, € PP,(X) such that
Jn(8) = (), (2) and f,,(£) = ¢ (£)u,(£). Now, note that for m,n > N

it =t = S0P 16 (8) = 1 (1)
= supl|e” (-2)fn(®) - )
= supl[lel"(-0)[fn(®) ~£,(0)]|
= Iy = Fnllpoe <.

It follows that (u,,) is a Cauchy sequence in PP, (X). Since PP, (X) is complete, then there
exists u € PP, (X) such that ||u, — u||,, — 0 as n — oo. Let us define f(¢) := ¢ (£)u(t). We
claim that ||f;, — f1lyuc — 0 as # — 00. Indeed,

e = fllpoc = suﬂgll el (=)@ -F D]
= SquII lc| (=) (£)un(2) — || (~)c (E)u(e) |

= sup||um(t) —u(t) || -0 (n— 00).
teR

Hence PP,.(X) is a Banach space with the norm || - || yuc. O
We recall the following convolution result.

Theorem 2.19 ([3, Theorem 2.7]) Let f € P,.(R,X) with f(¢) = c*(t)p(t), p € P,(R, X). If
k™ () := cN=)k(t) € LY(R), then (k = f)(t) = f_O:o k(t —8)f(s) € Pyue(R, X).

Lemma 2.20 Assume that k™ (t) := ¢ (=t)k(t) € LY(R). Then h € AA(X) implies that k *
he Ay (X).

Proof It is clear that the convolution & * / is a continuous function. Then

ch £)(k % h)( ||dt<—/ lel( /oo,k(t—s)|uh(s)||dsdt
1 N .
o [l o | asae

/ / )| [ (=t = 9) e = )| ds de

:/ |k~(s)|(%/THCA(—(t—s))h(t—s)” dt)ds

- [ e wlersads

where @7(s) := % f_TT lc™(—(¢ — s))h(t — s)||dt. Since AAg(X) is translation invariant by

Lemma 2.16, then @(s) — 0 as T — 00. Next, since @ is bounded (|| @]l < [|%]| ) and

Page 9 of 20
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k™~ € L}(R), using the dominated convergence theorem, it follows that

o0
lim / |k~ (s)|@7(s)ds = 0.
T—o0 J_oo
Hence k x h € AAy . (X). O

We are ready to present the convolution theorem for (w, ¢)-pseudo periodic functions.

Theorem 2.21 Let f € PP,.(X) with f(t) = ¢"(t)p(t), p € PP, (X). If for some k(t) we have
that k™ (t) := N (-t)k(t) € L'(R), then

(k*f)(¢) = / k(t - s)f(s)ds = c"(¢) (kN *p)(t).
In particular, (k x f)(t) € PP, (X).

Proof Since p € PP,(X), then there exist p; € P,(R,X) and p; € AAo(X) such that p =
p1+pa2-Thenf = fi +f; where f1(£) = ¢ (£)p1(t) € Poc(R, X) and f5(£) = ¢ (£)pa(£) € AAg,(X).
We have

(kxf)(¢t) = fw k(t—s)f(s)ds

= /ook(t—s)fl(s)ds + /Ook(t—s)fz(s) ds
= (ko f1)(8) + (k% f)(£) =: [1(¢) + L (¢).

From Theorem 2.19 we have that [; € P,.(R, X). Next, by Lemma 2.20 we have that I, €
AAp(X). Now, from the definition of f we have that (k * f)(t) = ¢ (¢)(k™ = p)(¢). Hence
(k x f) € PP, (X). O

Example 2.22 Consider the heat equation

ut(xr t) = uxx(xx t)) t>0,xeR,

u(x,0) = f(x).

Let u(x, t) be a regular solution with u(x, 0) = f(x). Then it is known that

1 +oo (x—s)2
u(x, t) = / e % f(s)ds, t>0,xeR.
7t J-x

24/
Fix tp > 0 and assume that f(x) is (o, ¢)-pseudo periodic. Then, by Theorem 2.21, we have
that u(x, ¢y) is (w, ¢)-pseudo periodic with respect to x.

The next lemma is analogous to [15, Lemma 2.1].

Lemma 2.23 Let h € C(R,X) such that sup,g || (=t)h(t)| < 0o. Then h € AAo(X) if and
only if

. 1
(Ve > 0) Tlingo 5T meas(Mr.(h)) =0, (2.3)
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where
Mr.(h) = {t el[-T,T]: ”CA(—t)h(t)H > e}.

Proof Assume that 1 € AAo(X) and suppose that there exists €y > 0 such that % X
meas(Mr(h)) does not converge to zero when T — oo. That is, there exists § > 0 such
that, for n € N,

1
T meas(Mr,, ¢, (h)) =8 forT, > n.

n

Then

1
2T, J-
1

2T, Ju

Ty
| (~t)h(2)|| dt
Tn

1
e omte) ] de + 37 f e (<ey(o)]

Tn.€o [*Tn,Tn]\MTn,eo

1 A
o /M e conto] a

1
T meas (M, ¢, (h)) - €0 > 8¢o,

=

=

which is a contradiction.

Now, assume (2.3). We prove that 1 € AAo(X). By (2.3) we have that there exists M > 0
such that |[¢"(=£)h(t)|| < M, and for all € > O there exists T > 0 such that T > T implies
that

€
M+1

1
5T meas (MT,E (h)) <

Then

1 T 1 1
2T /_ THCA(—f)h(f) | de = > /M . " on@)] dt + /[_T'T]\MT’E | Oh()| dt

1 1
< ﬁM meas(Mr,(h)) + 77 (2T - meas(Mr.¢(h)))

(M -1)e
P il
M+1

+€ < 2€.

Hence i € AAp(X). a

Next, we have the following composition result. The idea of the proof follows from [15,
Theorem 2.4].

Theorem 2.24 Let f(t,x) = g(t,x) + h(t,x) where g(t + o, cx) = cg(t,x) and h € AAo (X, X).
Assume
(@) sup,eg I (=t)f (t,%)|| < 0o forall x € X.
(b) fi(z):= c"(=t)f (¢, c"(t)z) is uniformly continuous for z in any bounded subset K C X
uniformly in t € R; that is, given € > 0 and K C X bounded, there exists § > 0 such
that x,y € K and ||x — y|| < 8 imply that ||fi(x) —fi(y)|| <€ forallt e R.
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(©) hy(x):= c"(=)h(t, " ()x) is uniformly continuous for x in any bounded set of X
uniformly in t € R and

.1 fr
Jim / o) de =0

for x in any bounded subset of X.
If ¢ € PPoc(X), then f (-, ¢(-)) € PPoc(X).

Proof Let ¢(t) = a(t) + B(t) with @ € P,.(R,X) and B € AA(.(X). Then we have

f(to®) =[f(te®) —f(ta®)] +g(t,a(0) + h(t,a(s) =: F(£) + G(t) + H(¢).

By [3, Theorem 2.11] we have that G(¢) = g(¢, «(£)) belongs to P,.(R,X). On the other
hand, note that ¢(¢) := c*(-t)p(t) and ¢1(¢) := ¢"(—t)a(t) are bounded by definition
and Proposition 2.17 respectively. From here we can choose K C X bounded such that
o([-T,T1),¢1([-T, T]) C K. Under assumption (b), ¢"(—£)f (¢, ¢ (£)-) is uniformly contin-
uous on the bounded set K uniform for ¢ € [-T, T], so given € > 0, there exists § := §¢ x
such that [|¢(£) = ¢1()]| = I (=D)p(t) = " (D) (£)]| = I (-2)B(#)|| < § implies that

e (=0)f (& 9(8) = " (=0)f (L @)1l = | (~OF @) | <
forall ¢t € [-T, T]. Then we have that

1 1
lim 5T meas(Mr(F)) < Th_)n;o s meas(Mr,s(B)).

T—o0

Since 8 € AAy(X), Lemma 2.3 yields for the above § that

lim 1 meas(Mr,(8)) = 0.
T—o00 2T ’
From here we can conclude that F € AA(X).

Finally, we prove that H € AA(.(X). Let ¢(¢) := ¢"(-t)a(t) and I = ¢([-T, T]). Then ¢
is uniformly continuous in [-7, T], and therefore I is compact in X. Let € > 0. Then, for
every § = 8(¢) > O, there exist finite open balls Oy (k = 1,2,...,m) with centers in x; € [
respectively such that I C |J}~; Ok. Then, by the uniform continuity of ¢"(—£)h(¢, ¢"(¢)-),

we have that
Ww4m@amyww4m@&mmw<g,tepﬁTL (2.4)

The set B := {t € [-T, T] : ¢(t) € Ox} is openin [-T, T and [T, T] = | J;~, B Let

k-1
E =B, Ec:=B\|JB (k=2,...,m).
j=1



Alvarez et al. Boundary Value Problems (2019) 2019:106

Then E; N Ej = ) when i #j, 1 < i,j < m. Note that
{te[-T,T]: | " (-t)h(t, (@) || > €}
C Lmj{t €[-T,T): | (=t)h(t, a(8)) — " (=) (£, " (E)x) |
k-1
+[e" on( e @Ox) | = €}

cu({ T, T): | 06 a®) - bt Ox)]| =

N1 M
—

u{te[—T,T]:||cA(—t)h(tyC tixe) | = 2})

It follows from (2.4) that {t € [T, T] : ||c"(=t)[A(t, a(2)) — h(t, " (H)x)]]| = 5} are empty

for k =1,...,m. Therefore

S meas (M (h(t,o(9))) = 3 5 meas(My. ({6, ().

k=1

Since h(t, ¢ (t)xx) € AAo (X, X) by (c), we have that

lim %meas(MTe/z( (t,c"()xx))) =0 forallk=1,...,m

T—o0

and therefore

lim LT meas(MTe(h(t,a(t)))) =0,

T—o00

thatis, H € AA((X). To summarize, we have proved that f(-, ¢(-)) € PP,(X). O
Next, we present another composition theorem.

Theorem 2.25 Let f(t,x) = g(t,x) + h(t,x), where g(t + w, cx) = cg(t,x) and h € AAo (X, X).

Assume the following:

(@) he(x) :=c"(=t)h(t,c"(¢)x) is uniformly continuous for x in any bounded set of X
uniformly in t € R and

Jim _/ | o)h(t, (D) de = 0

for x in any bounded subset of X.
(b) There exists a nonnegative bounded function L¢(t) such that

If &%) —f&D)] <Li@llx-yl, teRxyeX. (2.5)

If ¢ € PPo(X), then f (- ¢(-)) € PPc(X).

Page 13 of 20
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Proof Let ¢(t) = a(t) + B(¢) with a € P, (R, X) and B € AAo,(X). Then we have

f(to®) =[f(te@) —f(ta®)] +g(t,a(0) + h(t,a(0) =: F(2) + G(t) + H(¢).
Note that

1

1 T T
T / THcA(—t)F(t) | de = > / e ) I (£, 0®) —f (£ a(t)) | at

1 T
<57 |, | CoL0]e@ -a)] de

(T
:Lfﬁ/_T”c )B@®)| >0, T— oo,

where we have used that Ly(t) < Ly and the fact that 8 € AAo(X). It follows that F €
AAp(X). On the other hand, by [3, Theorem 2.11] we have that G(¢) = g(¢, «(¢)) belongs
to P,c(R, X). Finally, we prove that H € AAo(X). From Proposition 2.17 we have that K :=
{c"(—t)a(?) : t € R} is relatively compact in X. Let € > 0. Then, for every § > 0, there exist
X1,...,% € I such that

k
[ (-ta(t):t e R} C | B(;,8). (2.6)
j=1

Consequently, given ¢ € R we can choose j € {1,...,k} such that
||cA(—t)oz(t) — % || < 8. (2.7)

Since i,(-) = ¢"(-t)h(t, ¢ (¢)-) is uniformly continuous on K uniformly for ¢ € R, then tak-
ing & = §(5) we obtain that

" (=0)[A(t, (O (~Oa(8)) = (- " @)x)] || < % (2.8)

uniformly ¢ € R. From here, we can conclude that

T

1 A A
Tlin;oﬁ 7T||c (=0)[h(t, (t)) = h(t,c"(t)x))]| dt < %

On the other hand, since

: 1 T A A
IJLII;C T /:T Hc (—t)h(t,c (t)-) ” dt=0
on the bounded subsets of X, then
lim 1 ||cA(—t)h(t, CA(t)xj) || dt=0.
-T

Thus there exists N € N such that for all £ > N we have that

1 T
= / e o @) de < . (2.9)
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Next, for all £ > N and some j = 1,2,...,k, we have

/ | (=t)h(t, ) dt<—/ | (=B)[A(t,@(0) = h(t, " (0)x)]|

1 A A
5T /_ T“c (-t (t,c" (%)) | dt

<E€.
Hence
1 T
lim — ||c H(t) || dt=0.
T—o00 2T
Consequently, (-, ¢(-)) € PP,(X). O

3 Applications to abstract integral and differential equations in Banach spaces
Consider the integral equation (see [21])

u(t) = /t R(t,s)f(s, u(s)) ds, (3.1)

where f and R satisfy the following hypotheses.
(H1) f(¢,x) = g(t, %) + h(¢t,x), where g(t + w, cx) = cg(t,x) and h € AAo(X, X) and satisfies

If (&%) —f(&9)] <Lrllx-yl, teRxyeX,
where Lr > 0.

(H2) he(x) := M (-t)h(t, ¢ (t)x) is uniformly continuous for x in any bounded set of X
uniformly in £ € R and

%Ln;oﬁ/‘ ||c (t)x) || dt=0

for x in any bounded subset of X.
(H3) The kernel R satisfies the inequality

”R(t, s) ” <Mk(t-s), t>s,M>0,

where k™ (¢) = " (—-t)k(t) € L1([0, 00)).
(H4) R(t,s) is bi-periodic in the sense of

R(t + w,s + w) = R(t,s), t=>s. (3.2)

Note that, for an arbitrary periodic function a4, the kernel defined by the following relation

R(t,s) := exp(/ta(r) dr)

satisfies hypothesis (H4).

Page 15 of 20
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Theorem 3.1 Assume that (H1)—(H4) hold. Then, if LiM||k™ |1 < 1, the integral equation

(3.1) has a unique (w, c)-pseudo periodic solution.

Proof We define G : PP,,.(X) — PP,.(X) by

G0 [ Ry (su09) ds

o0

for u € PP,.(X) and t € R.
First, we prove that operator G is well defined. Indeed, let ¢(-) = f(-,u(-)). By Theo-
rem 2.25, we have that ¢ € PP,,.(X). Then

t
1Gullpoe < sup / | OR( 9)p(s) | ds
teR %)

< Msup / |cA (—(t - s))k(t - s)| ”C/\(—S)(/J(S) || ds

teR J -0

< Msup/ |l~((t - s)| H c(=s)e(s) || ds
teR J—oc0

t
< Mgl poc sup / 1R(t = 5)] ds < 19l pocl i1 < o0,
teR

—00

Now, since ¢ € PP, (X), there exist functions ¢; € P,.(R,X) and ¢, € AAo(X) such that
@ = @1 + 2. Then we can split G = G; + G, where

(Guaa)(6) = / REH () ds,  (Gou)(t) = / R(t,)¢a(s) ds.

First, we prove that G; € P,.(R, X). By (H4) we have that

t+w

(Gru)(t + w) := / R(t + w,s)p1(s)ds

—00

t
:/ R(t + w,s + w)p1(s + w) ds

o]

—c f R(t,5)91(5) ds = c(Gru)(2).

o0

It follows that G; € P,.(R, X).
Next, we prove that G, € AA((X), that is,

1

T
jim 57 [ e oG] dr -o.

By (H3) we have that
M=) G @)| < f el (=(£ = 9)) |R(&,9) | | ¢ (=5)ga(s) | dis

<M [ Il (= 9)k(e-3)|¢ (St
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= M/ kK~ (t-s) || c(=8)a(s) H ds.

Since ¢, € AAo,(X), the conclusion follows from convolution Theorem 2.21.
Therefore G(PP,.(X)) C PP,.(X). Now, if u,v € PP,.(X), we have

|G - G|

le| () [ R(t,8)[f (s, u(s)) —f (s, v(s)) ] ds

= sup
pwe teR

< sup/ H I (—(t —s))R(t, s) ” Ly - HCA(—S) [u(s) - v(s)] ” ds

teR J -0
o0
< MLyt = Vllpue / k() ds
0
< MLyl =Vl |-

It follows from the Banach fixed point theorem that there exists a unique u € PP,,.(X) such
that Gu = u, that is, u(¢) = f_too R(t,s)f (s, u(s)) ds. O

The previous results can be applied to obtain (w,c)-pseudo periodic solutions to the
semilinear evolution equation

W' (t) = Au(®) +f (tu(t)), teR. (3.3)

We assume the following condition.

(H5) The operator A generates an exponentially stable Cy- semigroup (7'(¢)):>0, that is,
there exist constants M > 0 and « > 0 such that || T(¢)|| < Me ! for each t > 0 and
c>e™“.

Thus, we have the following theorem.

Theorem 3.2 Assume that (H1) and (H5) hold. Then (3.3) has a unique (v, ¢)-pseudo pe-
riodic solution whenever MLy < |k~ |71, where k™ (t) = ¢ (—t)e™ L.

4 Lasota-Wazewska model with unbounded oscillating and ergodic

production of red cells

The theory presented above can be extended to the semilinear abstract problem with delay

¥ (&) =Ay@t) +f(t,y(t-1)), t=0,
¥(t) = (1), te[-7,0],

where 7 > 0 and for which a mild solution is a solution of the integral equation
t
y(t) = T(£)y(0) + / T(t - s)f(s,y(s - ‘E)) ds, t=>0.
0

Here, we need to know a history ¢. Note that y(¢ — t) = ¢(¢ — 7) for £ € [0, 7], and if y is
(w, c)-pseudo periodic, then y(t—t) also is. As an example, we study the important Lasota—
Wazewska model with (w, c)-pseudo periodic variable coefficients.
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The Lasota—Wazewska model is an autonomous differential equation of the form
Y (t) = =8y(t) + he 7D, >0, (4.1)

Wazewska—Czyzewska and Lasota [24] proposed this model to describe the survival of
red blood cells in the blood of an animal. In this equation, y(¢) describes the number of
red cells bloods in the time ¢, § > 0 is the probability of death of a red blood cell, % and y
are positive constants related to the production of red blood cells by unity of time, and ¢
is the time required to produce a red blood cell.

In this section, we study the following model:

¥ () = =8y(t) + h(H)e™ ™), ¢>0, (4.2)

where 7 > 0, h(¢) and a(¢) are continuous and positive functions. Equation (4.2) models
several situations in the real life, see, for example, [7, 8, 11, 18] and the references therein.
We are looking for positive (w, c)-pseudo periodic solutions for certain w > 0, ¢ > 0. Let
f(t,9) = h(t)e*?? and assume:

() T <

(b) & is (w,c)-pseudo periodic;

(c) ais (w, %)—pseudo periodic;

(d) ¢>e;

(e) llahllo < 3.
Remember that y(-) € PP,,.(X) implies that y(- — 7) € PP, (X).

By (d) and (e) we have that f(t,y) = h(t)e"*"? satisfies the hypotheses of Theorem 3.2

since

If (&,31) = f(t,32) < |a(@h(E)|Iy1 - 2| (4.3)

for y1,y, > 0, and its (w, ¢)-pseudo periodic part g satisfies

gt +w,cy) = cg(t,y). (4.4)

By the variation of constant formula

y(t) = e*ty(0) + /t e If (s,9(s — 7)) ds, (4.5)
0

and hence y(0) > 0 implies that y(z) > 0. Note that condition (d) is necessary for positive

~3.9(0), which evaluated at

c-periodic solutions y. In fact, (4.5) and A(t) > 0 imply y(£) > e
t = w implies (d) since [c — e**]y(0) > 0.
Moreover, taking y(0) = ff)oo e%f(s,y(s — 7)) ds, which is well defined, we have that y sat-

isfies

y(t) = /t e If (s,9(s - 1)) ds. (4.6)

oo

Then by Theorem 3.2 we have that (4.6) has a unique solution y* which belongs to PP,,.(X).
Hence y* is also a solution of type PP,.(X) of equation (4.2). Moreover, y* is exponentially
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stable. Indeed, for any solution y of (4.2), z = y — y* satisfies

Z, =-0z +f(t$y) _f(t’y*)
=-8z+f(t,y* +2) - f(t,¥").

Note that

(65" +2) = (657)| < |a(®)h(®)|12!.
Then, taking ||ak||« < §, z verifies that

lz(6)] < e sup |z(s)|
to—T=<s=<fp

fort>tg>0and O < <8 — ||ah|| 0o-

We have proved the following theorem.

Theorem 4.1 Assume that conditions (a) to (e) hold. Then the Lasota—Wazewska model
has a unique (o, c)-pseudo periodic solution which is exponentially stable.
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