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vi=Av+ Bu-ay, xe§2,t>0,
0=Aw+yu-48w, x € $2,t>0,
ulx,0) = up(x), v(x,0) = vo(x), xef2

with homogeneous Neumann boundary conditions in a smooth bounded domain
§2 C R" (n > 2). Let the chemotactic sensitivity x (v) be a positive constant, and let the
chemotactic sensitivity &£ (w) be a nonlinear function. Under some assumptions, we
prove that the system has a unique globally bounded classical solution.
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1 Introduction
In this paper, we consider a quasilinear attraction—repulsion chemotaxis system with non-
linear sensitivity and logistic source

ur=V-DW)Vu) =V - (Sw)x w)Vv) + V- (Fm)Ew)Vw) + f(u), x€£2,t>0,
ve=Av+ Bu—av, xe 82,t>0,
0=Aw+yu-iw, x€2,t>0,
ulas) _ vlas) _ dwlst) x€92,t50,
u(x, 0) = uo(x), v(x, 0) = vo(x), x €2,

(1.1)

where £2 C R" (n > 2) is a bounded domain with smooth boundary, and % denotes the
derivative with respect to the outer normal of 3£2, «, B, ¥, and 8 are positive parameters,
and x (v) and & (w) represent chemosensitivity. We assume that the functions y (v) and & (w)
satisfy the following hypotheses:
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(H1) the function yx (v) = xo, which is a positive constant;

(H,) the function &(w) = %0 for all w > 0, where & is a positive constant.
Here xq is the strength of the attraction, and & is the strength of the repulsion, u(x, ),
v(x, £), and w(x, £) denote the cell density, the concentration of the chemoattractant, and
the concentration of the chemorepellent. We assume that

D(u), S(u), F(u) € C*([0,00)) (1.2)
and there exist constants Cp > 0 and m > 1 such that

D(u) > Cp(u + 1), (1.3)
The function f : [0,00) — R is smooth and satisfies f(0) > 0 and

f(u) <a-bu" (1.4)
with a > 0, b > 0, and 1 > 1. The initial data comply with

uy € WH*(2) with g > 0in £ and uy £ 0,

(1.5)
v € W(2) with vy >0in 0.
Chemotaxis describes the oriented movement of cells along the concentration gradient
of a chemical signal produced by cells. The prototype of the chemotaxis model, known as
the Keller—Segel model, was first proposed by Keller and Segel [3] in 1970:

u;=Au—-V-(ux(v)Vv), x€£2,t>0, (L6)
V= Av+u-—v, xe 2,t>0. .

When yx (v) is a positive constant, a global solution is studied by Osaki and Yagi [8] for
n = 1; a global solution is investigated by Nagai et al. [7, 16] for n > 2; the blowup solutions
X0

are proved by Herrero ea al. [2, 12]. For the case where x (v) < Trarf? &> 0,and k > 1, the

global classical solution is asserted by Winkler [17]. For the case x (v) = £ with a positive
constant x < \/g , a global classical solution is explored by Winkler [18].
Moreover, when D(u) = 1 and f(u) = 0, Tao and Wang [11] studied the following chemo-

taxis model:

ur=V-DW)Vu) =V - (ux(v)Vv) + V- (uEW)Vw) + f(u), x€£2,t>0,
0=Av+u-v, xe2,t>0, (1.7)

O=Aw+u-w, xe 82,t>0.

The global boundedness of the solutions was obtained in high dimensions, and blowup
solutions were identified in R?.

In the case where x(v) and &(w) are positive parameters in (1.7), D(u) satisfies (1.3),
and f(u) satisfies (1.4), a unique global bounded classical solution was deduced by Wang
[15]. When f(«) = 0 in (1.7), x (v) and &(w) are positive functions, D(u) satisfies (1.3), and
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f(u) satisfies (1.4), the global classical solutions are asserted by Wu and Wu [19], who
obtained an important estimate of [, |Vv|*dx. Note that this method is not applicable
for the general f(u) in our paper. For more details about chemotaxis system, we refer the
interested readers to [1, 5, 6, 9, 13, 14].

Motivated by [11, 15, 17—19], we consider a quasilinear attraction—repulsion chemotaxis
system with nonlinear sensitivity and logistic source. Our main results are given as follows.
Theorem 1.1 Assume that (1.2)—(1.5), (H1), and (H,) are valid. Moreover, suppose that

0<S(u) < Cs(u+1), 0<F(u)=Cr(u+1)°, (1.8)

and

- 2
Sl ne (L 57

0<s< %+2<n+2)—l, ne(”T*z,n+2),
m

— 7]6[1’1+2,00).

(i) Ifo €(1,n), then (1.1) admits a bounded global classical solution.
(i) If o € (n,m), then (1.1) admits a bounded classical solution.

(iii) If m > max{1, %, ”"—f}, then (1.1) admits a bounded global classical solution.

The local existence and uniqueness of system (1.1) can be derived from Lemma 2.1 in
[4], and hence we only state the result and omit its proof.

Lemma 1.1 ([4]) Suppose that (1.2)—(1.5) are valid. Then there exist a maximal existence
time Tax € (0, +00) and a unique triplet (u,v,w) of functions that satisfy

ue CO(§ x [0, Trmax)) N Cz’l(ﬁ X [0, Trmax))s
ve Co(§ X [0, Tmax)) N CZ'I(E X [0, Trmax)) N L>((0, Trax); WI'I(Q))r (1.9)
w € CO(82 x [0, Trnax)) N C*1 (82 X [0, Tinax)) N L¥((0, Trmax); WH(£2))

with | > n and
u=>0, v=>0, w>0 in 2 x (0, Tmax)-
In addition, if Tpnax < +00, then
Jim sup([1e, 0] (2) + [0 iy + [0 ey = (110

Lemma 1.2 Let (u, v, w) be the solution of system (1.1). Then there exist a constant m* such
that

b
/u(x,t)dem* ::max{/ uo,ilfﬂ}, t € (0, Trmax)- (1.11)
2 2 b
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Proof Integrating the first equation of system (1.1) over £2, we have

d
—/ udx=a|§2|—b/ u" dx. (1.12)
dt Jo 2
Due to n > 1 and Young’s inequality, we derive
u<u"+1. (1.13)

Combining with (1.12), we have

d
—f udxf—b/ udx + (a+b)|$2|, (1.14)

which yields (1.11). O

Lemma 1.3 (Gagliardo—Nirenberg inequality) Let r € (0,a) and ¥ € WY2(2) N L"(£2).
Then there exists a constant Cgyn > 0 such that

¥ lle(2) < Can(IV 120 19 iy + 1V Il @) (1.15)

with

S~
|

A* =

+ |RIx

NI

- €(0,1).

NI

Lemma 1.4 Let 2 be a bounded domain in R" with smooth boundary, and let vy €
WLo°(82). Suppose that there exists a constant C such that

lull gy < Cr, t€ 0, 7).
For the problem

vi=Av+Bu—-av, xe€82,t>0,

ava(a‘c;t) -0, x€082,t>0,

(i) if1 <k<mn,then
O |y <C  forallje 0, k), (1.16)
W) = "n—k)’

(ii) if k = n, then (1.16) holds for all j € (0, 00);
(iii) if k > n, then (1.16) holds for j = co.

Lemma 1.5 ([20]) For any h € [1, -"), there exists a constant Cy > 0 such that
IVv(, )] <Co £€ (0, Trax)- (1.17)
Lemma 1.6 ([21]) Forany h € (1, ﬁ), there exists a constant C3 > 0 such that

IVv(, 0] p < Cs £ € (0, Tray). (1.18)



Yan and Yang Boundary Value Problems (2019) 2019:120

2 A priori estimates
Lemma 2.1 Suppose

k+m-1

d d
E/f)(u+1)kdx+%/g|VV|2ﬂdx+D1/Q|V(u+1) 5 |2dx

bk
+ (u+ D" Vdx+ | |Vv|*P dx
277+1 o o
<Dy / (u+ 1) Vdx + Ds,
2

where

_ ZCDk(k - 1) D, = CFEOk(k - 1)

=~ - = s Ds is a constant.
(k+m—1) 2 ’

! k+o-1

Ifo € (1,n), then there exist constants E; > 0 and Ey > 0 such that

i /(u+1)kdx+/ |\Vv|* dx ) + E1 /(u+1)kdx+/ IVv|?# dx ) <E,
dt Q Q k9] 2

for sufficiently large k.

Proof Since o € (1, 1), by Young’s inequality we have

/ (w+ 1)k ldx < C4/ (u+ 1) Vdx + Cs
17 2
and

/ (u+1)rdx < Cq / (u+ 1) Vdx + Cy.
2 2

(2.1)

(2.2)

(2.3)

(2.4)

Combining (2.1), (2.3), and (2.4), we get that there are positive constants E; and E; such

that

i /(u+1)kdx+/ IVv|? dx ) + E; /(u+1)kdx+/ Vv|?$ dx | <E,.
dt o o Q 2

Lemma 2.2 Suppose

k+m

d d _
E/Q(u+1)kdx+a/;z|Vv|2ﬂdx+D1/Q‘V(u+1) i l‘zdx

bk
+ —/ (u+ 1)kt dx+/ |Vv|* dx
2n+1 o o

§D2/ (u+ l)k""_1 dx + D3,
2

where

2Cpk(k —1) D, - Créok(k - 1)

==, = B D5 is a constant.
(k+m—1)2 2 k+o-1 :

1

O

Page 50f 13
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If o € (n, m), then there exist constants Es > 0 and E4 > 0 such that

%(L(u+l)kdx+L|VV|2ﬂdx> +E3(/Q(u+1)kdx+/g|VV|2’3dx> <E; (26)

Proof By Lemma 1.2 and the Gagliardo—Nirenberg inequality there exists a constant Cg >
0 such that

/ (u+ 1)1y
2

k+m-1 12
= ”(”+ 1) ||L2
k+m=1 || 21* k+m-1 2(1_)L*) k+m-1 /2
= Con([V D [2 e 0 8 4 e S )
<G|V + )™ |5 +1), 2.7)
where
k+m-1 _ 1
_ 2 2
W= Gt T €(0,1).
2 n 2
By Young’s inequality we obtain
/ (u+ 1) dx < Co f V@ +1)"5 | dx + Cro. (2.8)
2 2
Since o € (1, m), by Young’s inequality there exist C;; > 0 and Cj3 > 0 such that
k+o—1 k+m-1
/ (u+1) dx <Cn; / (x+1) dx + Cqs. (2.9)
2 2
Hence, combining (2.5), (2.8), and (2.9), we obtain (2.6). O
Lemma 2.3 Suppose
d d e
—/ (u+1)rdx+ —/ |Vv|2ﬂdx+D1/ ‘V(u+ 1)k 5t ‘zdx
dt Q dt ko] 2
bk
+ —/ (u+ 1)K 1 dx +/ |Vv|* dx
2n+1 o o
<D, f (w+ 1) dx + D;, (2.10)
Q
where
2Cpk(k -1 Créok(k -1
D, ok( ) D, = w, Ds is a constant.

T hk+m-1)?2 k+o-1

If m > max{1, %, %’2}, then there exist constants Es > 0 and Eg > 0 such that

4 /(u+1)kdx+/ |Vv|*P dx +E5(/ (u+1)kdx+/ |Vv|25dx)§E6. (2.11)
dt\Jo Q Q Q

Page 6 of 13
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Proof By the Gagliardo—Nirenberg inequality there exists Ci3 > 0 such that

k+o-1 ktm-1 2;(k+ :11)
(v +1) dx=||(u+1) 2 | e

2kso—1)
L k+m-1
< Con([ 90 D s D 12
e (k+o—1)
+ | e+ l)k 3 ”i#)zkw_11
k+m-1 Al-%
<Cs(|[V@+1) 2|, +1), (2.12)
where
LM S ke m =k + o ~1) = n(k+m-1)
- 1_§+M T (k+o-D[2-n+nlk+m-1)]

The condition m > max{1, %} and sufficiently large k guarantee that

k+f-D[2-n+nlk+m-1)]
=nk+o-1)k+m-1)+(k+0o-1)(2-n)
=nk+o-1)k+m-1)+(k+m-1+0—m)2-n)
>nk+o -1)(k+m—1)—nlk+m—1)+(2—-n)o —m)+22m-1)
>nlk+o -1)(k+m—1)—nk +m-1).

Hence A1 € (0,1).

Since m > max{1, ZZ

=21 we obtain
n

k+o-1 e (1)
kim—1 " e

By Young’s inequality we derive

k+m-1

/W+NW4w5c%/Wm+nz > dx + Cys. (2.13)
2 2

Therefore (2.10) and (2.13) yield (2.11). O

Lemma 2.4 Let n > 2. Defining

gy Wern=1 - 2AB-Dken-1) (214)
n+m-—2s k+n-3
and
B_B A
VT Si)»,' o1
Sk i) = T wilk By = St = =23, (2.15)
w2t Booa-3+h

we have

Page 7 of 13
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() ifne(, ﬂ] s< - 1 , then for sufficiently large k, there exist B > 2 and

h e [1,-%) such that

8i(k,B;h) € (0,1) and wilk,B;h) <2, i=2,3. (2.16)

) ifne (™2 n+2),s<2+ 1) _ 1 then for sufficiently large k, there exist B > 2 and

2(n+2)
he (X, =) such that (2.16) holds.

n— 1’n+2 n

Proof By computation we verify that (2.16) is equivalent to
rAsh B M B Mok o
i > h, >—=—-—, >—-—, =23
l 2 2 n

Thus it is sufficient to ensure that

Ak

ri>h, B>=—-—, =23 (2.17)
2 n

(a) For &k € [1, ;5] by the continuity of / it suffices to prove the case & = .. To prove

(2.17), we need to prove

k -1 1 k -1 k -3
Rl - <,3<<-H7 + il , (2.18)
n+m-2s n-1 2 2(n-1)
n(m +n —2s) n(k +n-3)
— +1-n, 1. 2.19
- LT P ke 219

m+n _ n-1 1

3 , there exists

Since s <

n(m +n - 2s)
k>max{1l,m+1-25,3-n,———+1-n

2(n—1)
such that

k+n-1 1 k+n-1 k+n-3
- < + ,
n+m-2s n-1 2 2(n—1)

so (2.18) and (2.19) are satisfied. Hence (2.17) holds.
(b) We note that ne (”*z,n + 2) ensures the interval 1 € (-

). By the continuity

n-1’ n+2 n

of h,leth =~ (2.17), we need to show that
k+n-1 +2 +2
1 - 7 <B< " k- —2 + al (2.20)
n+m-2s n+2-n 2m+2-n) 2n+2-n) 2n+2-n
and
n +m—2s n-2)+2n+2
n(n )—n+L ﬁ>n( )+ 2( )' (2.21)
2n+2-1n) 2(n+2-n)
Since s < 7 + ZEZ:;L; — 1, there exists

nn +2(n+2)

k>max{1l,m+1-253-n,
2m+2-n)

~(n+m—2s)+1—n}
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such that
k -1 2 2
b e SRS (5 e Y W s o S L (2.22)
n+m-2s n+2-n 2n+2-n) 2m+2-n) 2n+2-7n
Then (2.20) and (2.21) are satisfied, and hence (2.17) holds. O
Lemma 2.5 For the second equation in (1.1), E > 0, and B > 2 we have
d / 9 -1 2
— [ VP dx+ — / V|Vv|?|" dx
at Jo B Je | |
<[4B(B-1) + Bn] / W Vv 2dx + E (2.23)
2
forallt € [0, Trax)-
Proof The proof can be found in [18]. d

Lemma 2.6 Under assumptions (1.2)—(1.5), (H1), and (Hs), let n > 2 satisfy

mA_ml o forne (2]

7+ géZ:g)) -1 forne (”7*2,71 +2),
m

0 forn € [n+2,00),

and let S(u) and F(u) satisfy (1.8). If o € (1,n), there exist sufficiently large k and t €
[0, Thnax) such that

||M||Lk(9) =C. (2.24)

Proof Multiplying by (u + 1)*! the both sides of the first equation in (1.1), we have

1d
—— / (u+1)rdx+ Cplk - 1)/ (u + 131V u? dx
k dt 0 2
< xo(k=1) f S(u)(u + 1) *Vu - Vvdx
2
- Cp(k - 1)/ (u+ l)fg—o(u +1)*2Vu - Vwdx
o w
+a / (u+1)'dx-b / (u+ D" dx (2.25)
2 2

for all £ € (0, Thax)- Since (u + 1)" < 27 Y(u" + 1) for n > 1, this implies that

. 1
u" > F(u+1)”—1.

Then (2.25) can be rewritten as

1d

b
%E/Q(u+1)kdx+CD(k—1)/;z(u+ 1)k+m—3|vu|2dx+ F/Q(u+1)k+'7—1 ”
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< xolk—1) f S(u)(u +1)**Vu - Vvdx
2

—cp(k—1)/g(u+1)f%°(u+1)k-2w-dex+(a+b)/Q(u+1)k-1dx

L+ L+ (2.26)
where
I = xo(k - 1)/ Sw)(u + 1) 2Vu - Vvdx
2

< xoCs(k-1) f (4 + 1)F2 V2| V] dx
2

-1
§—CD(k )f(u+1)k+m’3|Vu|2dx
2 2
3C3(k
+ ﬁ / (u + 171 7y d, (2.27)

Similarly, we have

-1 1
12=—CF(/<—1)/ (u+1)k+f—2@Vqudx= M/ (u+ 1)k+f—1V~<—dex),
Q w o w

k+f-1
and then
Crlk—1)& k+f1< 2, 1 )
b= k+f-1 /( +1) Vv +WAW >
Crlk-1
_ Crlk- 1)50 1)kes-1
< Gl Do / (u+ dx. (2.28)

For all £ € (0, Tax) with Ci¢ > 0, we obtain

La+b)= / (u+ 1) dx
2

b
<— f (u+ 1) dx + Ce. (2.29)
21 Jo

Combining (2.23), (2.27), (2.28), (2.29), and Young’s inequality, we deduce

%/ u+1)kdx+_/ (V| dx + ZCDk(k D/‘V(

-1)2
bk
+—/(u+1)k+”_1dx+ /‘V|Vvlﬂ|2dx
0 0 2
2C2k(k -1 Créok(k -1
< Xo Cs (( )f(u+1)k+25—m—llvv|2dx+ FSO ( )8 (M+1)k+f_1dx+C16
1o} k+f—1 Q

+[4B(8 -1) + pn] / W |\Vv* 2 dx + E

2

Page 10 0of 13
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= o / (u+ 1)k+- 1dx+C17/ |Vv|*2dx+c18/ |V|* dx

Cpgok k 1
+ e

Kif 1 / (u+ 1) dx + Cpo (2.30)

with Ci7, Cis, C19 > 0 and X, A3 as shown in Lemma 2.4 for all £ € (0, Tpnax). By Lemma 1.5,
Lemma 1.6, and the Gagliardo—Nirenberg inequality we have

/|Vv|’\idx
2
A
ol [NAZH
LA
< |V 2195+ 19w )
Siri
<Cyu|VIVVIP|,) +Cn

diki

with A;, §; as in Lemma 2.4, where i = 2, 3. Since w; = 5

< 2, by Young’s inequality we have
/ Vv dx < c23/ |VIVVIP|? + Coa. (2.31)
2 Q2
From (2.30) and (2.31) we have that there exist constants D, D, D3 > 0 such that

d d =
—/(u+1)kdx+—/ |Vv|2ﬁdx+D1/ |V(u+1)k 2 1| dx
dat Jo dt

/(u+1)k“’ 1a’x+/ |Vv|? dx

2 n+l
<D, / (u+ 1) dx + Ds, (2.32)
I?)
where D; = Z(CDk(kl)lz and D, % By Lemma 2.1 we have
d
—(/ (u+1rdx+ / |Vv|?# dx) + Cys (/ (u+1)rdx+ / |Vv|*# dx)
dt\Ja 2 17} Qo
<Cy (2.33)

for all £ € (0, Tiax)- By an ODE comparison argument we obtain (2.24).
For n € [n + 2,00), from the Lemma 1.6 we have

/ |Vv|* dx < C. (2.34)
2

In addition, s < @ is equivalent to k + 2s —m — 1 < k + n — 1, so by (2.30), (2.34), and

Lemma 2.1, using an ODE comparison argument, we derive (2.24). 0

Remark 2.1 If o € (1, m) in Theorem 1.1, then by (2.32), Lemma 2.2, and Lemma 2.4 we
obtain (2.24).

Page 11 0f 13
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Remark 2.2 If m > max{1, %, %‘2} in Theorem 1.1, then by (2.32), Lemma 2.3, and
Lemma 2.4 we obtain (2.24).

Proof of Theorem 1.1 For k > 7, by Lemmas 1.4 and 2.6 there exists a positive constant Cy;
such that

||V('! t) || wloo(2) = C27’
Using the elliptic regularity theory, we have
w0 k() = Cos. (2.35)

Then, for a sufficiently large &, by the Sobolev embedding theorem there exists a positive
constant Cyg such that

By using Lemma A.1 in [10] we conclude that u is uniformly bounded in £2 x (0, Tmax)-
Thus there exists a positive constant Cs such that

”M(, t) “Loo =< CSO: te (0, Tmax): (2.37)

that is, (&, v, w) is a global bounded classical solution to (1.1). O
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