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1 Introduction

In this article, we investigate a class of nonlinear problems in the Orlicz—Sobolev setting:

~ divia((VuD| Vul) = Ag) + (1), in 2,
u:o, on 89,

(1.1)

where £2 is a bounded domain with smooth boundary 952, X is a positive constant. a(¢) is
such that

o(0) = a(leNt, 70,
0, t=0

is an odd, increasing homeomorphism from R to R. g is an odd, increasing homeomor-
phism from R to R with (¢, — 1) sublinear (see condition (g1)), f € C(£2 x R,R), f(x,0) = 0
with (¢° — 1) superlinear near infinity (see condition (f3)).

When a(|t|)t = ||t with 1 < p < oo, problem (1.1) reads as follows:

-Apu=f(x,u), in$2,
u=0, on ds2.

(1.2)
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The key hypothesis imposed on f is the well-known Ambrosetti—Rabinowitz type con-
dition (AR-condition for short) [1]: there exist T > p, fo > 0 such that

0<1F(x,t) = ‘/.tf(x,s) ds <tf(x,t), VYxe 2,|t|>t. (1.3)
0

It is noted that the AR-condition ensures that f is (p — 1) superlinear at infinity.

However, the AR-condition is restrictive for many nonlinearities. Consequently, there
have been many efforts to remove (1.3). In the case of p = 2, Miyagaki and Souto [2] intro-
duced the following monotone condition: there is so > 0 such that

fx,s)

S

is increasing in s > sy and decreasing in s < —sp, Vx € £2. (1.4)

Li and Yang [3] developed (1.4) to the case of p > 1. Meanwhile, Li and Yang [3] proved
that (1.4) implied the following weaker condition: there is C, > 0 such that, for all s € [0, 1],

F(x,st) <F(x,t) + C,, V(x,t) € 2 x R,F(x,t) = tf(x,t) — pF(x, 1), (1.5)

which is due to Jeanjean [4] and is used in [5, 6] and so on.

Ambrosetti, Brezis, and Cerami [7] initiated the study of semilinear elliptic problems
with concave and convex nonlinearities. They investigated (1.1) with nonlinearities of the
type A4 + u?, 0 < g < 1 < p and obtained the existence of two positive solutions for small
A > 0 by using sub- and super-solutions. Wu [8] studied problem (1.1) in the case when
nonlinear terms exhibit # + Af(x)u? with 0 < g < 1 < p < 2* and obtained two positive so-
lutions by Nehari manifold. Later, Wu [9] considered semilinear problems (1.1) in H*(RY)
and established existence results. Papageorgiou and Rocha [10] considered a p-Laplacian
problem with nonlinearities of the form m(x)|u|"~2u + f(x,u) with 1 < r < p < 0o when f
is (p — 1) superlinear near infinity but does not satisfy the AR-condition. They employed
variational approach and the Ekeland variational principle [11] to show the existence of
two nontrivial solutions.

Divergence operators —div(a(|Vu|)|Vu|) involved in problem (1.1) are more general
than p-Laplacian operators, please see [12-22]. Such operators have been intensively
studied due to numerous and relevant applications in many fields such as plasticity [23],
eletrorheological fluids [24], image processing [25]. When the nonlinear terms satisfy the
AR-condition, problems of type (1.1) have been considered in [23, 26].

In the case of A = 0, Chung [27], Carvalho et al. [28] studied problem (1.1) when f is
(¢° 1) superlinear near infinity without the AR-condition. By variational methods, Chung
[27], Carvalho et al. [28] established existence results under different assumptions im-
posed on f.

In this paper, motivated by [12-14, 16-18], we investigate a class of quasilinear el-
liptic problems (1.1) with concave and convex nonlinearities which do not satisfy the
AR-condition in Orlicz—Sobolev spaces. Using functional techniques and variational ap-
proach, combined with the Ekeland variational principle, we establish existence results of
at least two nontrivial solutions for A > 0 small enough. We emphasize that the extension
from p-Laplacian operators to —div(a(|Vu|)Vu) is interesting and nontrivial, since the di-
vergence operators —div(a(|Vu|)Vu) involved in (1.1) have a more complicated structure,
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for example, they are non-homogeneous. In the case of A = 0, problem (1.1) is studied
in [27, 28], but their hypotheses do not apply when the concave terms are present. Fur-
thermore, multiplicity results are given in this paper, while [27, 28] are concerned with
existence of a nontrivial weak solution under our assumptions. Summarily, our results

complement and extend previous studies such as [10, 27, 28].

2 Preliminaries

@ :R — [0,00) is called an N/ -function [29-31] provided that @ is even, continuous, and
convex with @(¢) > 0 for ¢ > 0, @ — 0ast— 0,and @ — o0 as t — 00. Its comple-
mentary function @ is defined as

D(s) := sup{t|s| - @(t)}, Vs e R,

t>0

then @ is also an \V-function.
Young’s inequality holds true:

sE<P@)+P(s), steR.

If @1, @, are two A/ -functions, we say that @; increases more slowly than @, near infinity
(in short, @; < @,(00)) if there exist two positive constants K, £y such that @ () < @,(K?),
Vt > ty. We say that @; increases essentially more slowly than @, near infinity (in short,
@1 << P;(00)) provided lim,_, ‘Z;Z((If)) =0,Vk>0.

@ is said to satisfy A,-condition near infinity (in short, @ € A,(00)) provided that there

exist positive constants K, £y such that
D(2t) <KD(t) Vt=>ty.

@ € V,(00) provided that D € Ay(c0).
For a measurable function u : 2 — R, denoted as u € L, we define Orlicz space Lo ($2)
by

Ly(£2) = {u el: / qj()»u(x)) dx < oo for some A > O}
2
endowed with Luxemburg norm

||u||(¢)=inf{k>0;/ﬂ¢(@)dx5 1}.

Then (Ly(82), || - ||(@)) forms a Banach space.
In the sequel, we always assume that [30]

1¢—lt OO@—lt
/ ()dt<oo, / ()dtzoo.
0 1

N+1 N+
N

—_

The Sobolev conjugate @, of @ is defined by

t ®—1
O / Nfls) ds, t>0.
0

SN

Let @, (—t) = @,(¢) for all £ < 0. Then @, is an N -function and @ << ®,(0c0) (see [30, 32]).
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An Orlicz—Sobolev space W?(£2) is defined by
W (2) = {u € Lo(2) : D*u € L (£2), |or| <1}
endowed with
lullwre = lull@) + Vil ().

Then (W (£2), | - |ly1.e) forms a Banach space.
Let W&"D(Q) be the closure of C>°(£2) in W ?(£2). By Lemma 5.7 in [33], there exists a
best positive constant 1; such that

xl/ @(u(x))dxf/ (|Vuw)|) dx, Yue Wy?(). (2.1)
2 2

Therefore, Wol’(p(.Q) can be reformed by an equivalent norm |u| := ||Vul/(¢). If @ €
Ay(00) N Vy(c0), then Le(£2)), WH?(82), Wy'?(£2) are separable and reflexive Banach
spaces (refer [30]).
In this paper, we always assume ®(¢) = fot @(s)ds, Vt € R, and
tpt) _ te(t)
= su

1 :=inf < =
sERew =Y TN a0

<N < o0. (®1)

We note that (@;) yields @ € Ay(00) N V,(00) (see [29]).

Lemma 2.1 ([23]) For an N -function & satisfying 1 < gy < ¢° < 0o for all t > 0 and for
some g, °. Then
0
(1) 1l = [ @05 < i) (o) > 1
) ullfy, < [ @@ dx < |11]%) (0 < llullie) < 1).

Lemma 2.2 ([30]) Let $2 be an arbitrary domain. Then Wol’(p(.Q) — Lg,(£2). Moreover,
if 20 is a bounded subdomain of 2, then the imbedding Wol’(p(.Q) — Lp(82y) exists and is
compact for any N -function B with B << ®,(00).

Definition 2.1 ([34]) Let (X, | - ||) be a real Banach space, J € C1(X,R). We say J satisfies
the C, condition if any sequence {u,} C X such that J(x,) — cand ||J'(&1,,) ||« (1 + || 4, ]|) — O
as n — oo has a convergent subsequence. {u,} is called a Cerami sequence at the level
ceR.

Lemma 2.3 ([35]) Let (X, || - ||) be a real Banach space, ] € C*(X,R) satisfies the C, condi-
tion for any ¢ > 0, J(0) = 0, and the following conditions hold:
(1) There exist two positive constants p, n such that J(u) > n for any u € X with ||ul| = p.
(2) There exists a function ¢ € X such that ||| > p and J(¢) <O.
Then the functional ] has a critical value c > 1, i.e., there exists u € X such that J'(u) = 0
and J(u) = c.

We call u € Wol‘d)(.Q) a weak solution of problem (1.1) if, for all v € W()l’¢(f2),

/a(|Vu|)Vu-Vvdx—k/g(u)vdx—/f(x,u)vdxzo.
I?) 2 2
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Let (X, ] - llx), (Y, - lly) be Banach spaces. X < Y means (X, || - ||x) is continuously
imbedded in (Y, || - [ly). X << Y means (X, || - ||x) is compactly imbedded in (Y, || - [ly).

3 Main results
For convenience, we give some conditions.
(1) G < @(c0), lim,_,o 22 G =0, where G(¢) : fo (s)ds, Vt e R.
() (0] < CL+ M(ED), ¥(x, 1) € 2 x R,
where C is a positive constant, #: R — R is an odd, increasing homeomorphism from R
toR, H(t) := fo h(s) ds satisfies H << &,(00) and kg := 1nft>0 > @0,

(f2) lim supt_)0 ‘ < A1 uniformly for almost all x € £2, where A1 is defined in (2.1).

flx t)
(f3) limp— oo 1102

(fs) There exist D; > 1 and a(x) € L'(£2) such that, for all s € [0,1],

= +00 uniformly for almost all x € £2.

F(x,st) < D1F(x,t) + a(x), VY(xt) e 2 xR,

where F(x,t) := tf (x, ) — ¢°F(x, 1), F(x,t) = fotf(x,s) ds.
(®,) There exists B(x) € L'(£2) such that, for all s € [0, 1],

D(st) <D D(t) + B(x), V(v t)eR2 xR,

where @ (t) = p°®(¢) — to(t).
The main result of this paper is given by the following theorem.

Theorem 3.1 Given & satisfies (91) and (P2), g satisfies (g1), f satisfies (f1)—(fa). Then
there exists Ay > 0 such that, for each A € (0, ), problem (1.1) has two nontrivial weak
solutions.

Remark 3.1 From (g1) and (f3), it follows that Wol’d’(.Q) s LI(2), W&’Q(Q) s
Lg(£2), and Wol’(P(.Q) < Ly(£2).

For any X > 0, we define J; : Wol'q)(fz) — R by

ﬂ(u):/;z¢(|Vu|)dx—)\/9G(u)dx—/gF(x,u)dx.

Analogous to that in [32], we can deduce that J, € CI(W/OI’CD(.Q),R), J; Wol’¢(9) —
(Wol’q)(ﬂ)* and the derivative is given by, for all u,v € W&"p(.Q),

)= [

2

a(|Vu|)Vu~Vvdx—A/g(u)vdx—/f(x,u)vdx.
Q 2

So, critical points of the functional 7, are weak solutions of problem (1.1).

Lemma 3.2 Given that (91), (g1), (1), and (f;) hold, then there exist positive constants A,
P, 1 such that, for each A € (0, Ay), J,.(u) > n for any u € W()l'¢(f2) with ||lul| =

Proof By conditions (f1), (g1) and Remark 3.1, there exists a positive constant C; such that

lulG < Cillull, — lullg < Cillull, Yue Wy®(2). (3.1)
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Let p € (0,min{1,1/C;}) for each u € S, :={u € W/Ol’d)(.Q) : lul| = p}, (3.1) implies that
lull) <1, [, Gu(x)) dx <1, and ||ul|x) < 1.
From condition (f;), we deduce that there exist &y € (0,11), 8 > 0 such that

|F(x,t)] < (A —e0)®(£) Vxe2,t] <6 (3.2)

By (f1), one has |F(x,t)| < C|t| + CH(¢) for all x € £2, |t| > 8. Since ]ﬂ is increasing on
[8, +00), we conclude mt) > H9 for |¢] > 8. Combined with (3.2), we get

|F(x,8)] < (A —0)®(8) + CH(E), Vxe2,t€R. (3.3)

By Lemma 2.1 and (3.3), forall u € S,

jk(u):/é(wul)dx—k/ G(u)dx—/F(x,u)dx
2 2 2
dx — d
z/ﬂ(b(wm) x A/QG(u) x

—(Al—80)L¢(u)dx—C2LH(u)dx
(A1 —&0) 0
> <1_1A71°)/gq)(|Vu|)dx—A—c2||u||(hH)

€0 (1]
> —[ull? - Csllul’. (34)
Al
Denote m(p) = £ — C3p"0- o’ , by 1o > ¢°, we have m(p) — 60 >0as p— 0. Therefore,
0
we can choose p >0 small enough such that m(p) > 5= Set A* = >0.

Forall A € (0,A,) and u € S,, applying (3.4), we obtam

g00

€op
T (u) > Z)L =1>0. 0

1
Lemma 3.3 Given that (®1), (g1), and (f3) hold. Then, for any X >0, p > 0, there exists a
function u; € Wol’q’(.Q) such that ||u, || > p and J,.(u,) < 0.

Proof Take a compact set S C §2 with positive measure, we can define 1, € C:°(§2) such
that ug(x) =1forx € S, 0 < ug(x) <1forx e 2 (please see [30]). Then ug € Wl’(p(.Q).

2IIM0H“’

By condition (f3), we deduce that for M := > 0 there exists C; > 0 such that

F(x,t) > Mo|t|*" = C1, Vxe2,teR.

Let ¢ > 1 large enough such that ||£ug]| > 1, by Lemma 2.1,

ﬁ(tuo)=/9q>(|wuo|)dx—xf

G(tuo)dx—/ F(x, tug) dx
o) o)

0 0 0 0
< o | — Mot? / ol dx + Cu 2
2

Page 6 of 13
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0
2|z0|#
St(po<”u0”¢,0_ ”M(?SH /Iuolwodx)+C1M.Q
s

0 0
= —t¥ |luoll* + Cr1pu82.

Due to ||ugl| > 0, we see T, (tug) — —00 as t — +00.
Taking ¢ large enough such that ¢ > max{1, ﬁ}, set u; = tuy, which completes the

proof. d

Lemma 3.4 Given that (®1), (g1), and (f2) hold. Then, for any X >0, p > 0, there exists a
function iy, € Wom([?) such that ||i, || < p and J,(i1;) < 0.

Proof Take a compact set S ¢ £2 with positive measure, we can define i € C>(£2) such
that fig(x) = 1 forx € S, 0 < fip(x) < 1 forx € 2 (please see [30]). Then iy € W&"D(.Q).
We take ¢ € (0,8) (where § is defined in (3.2)) such that ||zl < 1 and ||z l|(g) < 1. By

(3.2), we have |F(x, titg(x))| < (A1 — €0)P(tip(x)) for all x € £2. From Lemma 2.1 and (2.1),
it follows

Tiltio) :/ ®(|Vtﬁ0|)dx—A/ G(tz?to)dx—/ F(, tiio) dx
2 2 2
S‘/;z(p(|vtl:‘to|)dx—)n/;zG(tﬁo)dx—()\l—So)Aé(tﬁo)dx

(A1 —€0) . .
< <1+ » >L¢(|Vtuo|)dx—kLG(tuo)dx

)
< <2—)L—1)/Q<D(C1t)dx—)»/§G(t)dx

< C®(t) - AG(H)uS

(1) <
= G(t)| Co——= —AuS|.
( )|: 2G(t) 128 ]
Due to (g1), we can find ¢ > 0 small enough such that for ||& | = ||tig] < p and
T (tig) < 0. O

Lemma 3.5 Given that (P1), (D2), (¢1), and (fi)—(fa) hold. Then, for each A > 0, the func-

tional [, satisfies C. condition for any ¢ > 0.

Proof Given A >0, ¢> 0. Let {u,} C Wol’q’(.Q) be a Cerami sequence at the level ¢ of 7,

ie.,
To(un) > ¢ and | T ()|, (1 + llunll) = 0, n— oo. (3.5)

First, we shall show that {u,} is bounded.

Otherwise, there is a subsequence, still denoted by {u,}, such that lim,,_, , ||z, || = oo and
|yl > 1 (Vi e N).

We denote w,,(x) := ’ﬁ;ix”), x€ 2, n=12,.... Then {w,} C Wol"b(.Q) and ||lw,|| =1 for

every n € N. Applying the Eberlein—-Smulian theorem, we may assume that there exists
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we W01,4> (£2) such that w, converges weakly to w. From Remark 3.1, it follows that

”Wn - W”Ll(.Q) — 0, ”Wn - W”(G) — 0, ”Wn - W”(H) -0, n— oo (36)
Wu(x) = w(x) a.e.x € 2,n— oo. (3.7)
Claim: w(x) =0 a.e.x € £2.

We suppose 182 := u{x € 2 : w(x) # 0} > 0. Given x € §2y, (3.7) implies that |u,(x)| =

[Wu(x)| - |l4,]| = 00 as m — oo. Furthermore, by (f;) we obtain that, for given x € §2,,

F(x,un(x))  F(x,u,(x))

0
wo@)|” = 00, n— oo. (3.8)
N2, [1¢° |14, (x)|#° [t

From (f3) and the continuity of F on 2 x R, there exists a constant C; such that
F(x,t)> C;, V(xt)e 2 xR,

which implies that

Fun(x) - Cr _ Flx,uux)) - C

0 - 0
ll22,11# lo ()¢

0
|wa()|” >0, Vxe2,VteR. (3.9)
From (3.5), it follows that

c+o(l) = Jh(u,) = /

2

<1>(|Vu,,|)dx—k/

QG(un)dx—/QF(x,u,,)dx.

Dividing the above equality by ||, ||“’0, by Lemma 2.1 and ||u,] > 1,

liminf / Feouw, () |
2

0
Nl 11#

_ liminf, o S Fx, un(x)) dx

llat [1#°
_ ]iminf(fg <D(|Vuz|)dx ~ . G(u,;) dx e+ 0(10)>
n—>00 Iz, 1|# (2153 llz, ||¥
& (|Vu,|) dx 1
< liminf<f9 (IVanl)dz _ c+of 3) <1. (3.10)
n—>00 ll22, |¥ [z, 1|#

By Fatou’s lemma and (3.7)—(3.10),

. Flxu,(x) - C
o0 = llm _—

2" uall?
Flx, -c
< liminf / Fla,uy (%) - Gy ””(x))o L dx
n—00 20 ”un”(ﬂ
Fx, u,(x)) - C
< liminf / Pl ~ G
n—oo Jo [z, 1|¢

Page 8 of 13
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F(x, u,(x)) dx Cidx
= 1iminff9(—”(o)) ~ limsu f”—lo
00 Il 1l® n—oo  [unll?

- liminfM <
00 22, 11#° B

Consequently, we get a contradiction, which implies that w(x) = 0 a.e. x € £2.
Since J, (tu,) is continuous on [0, 1] for each n € N, there exists ¢, € [0,1] such that
T (tuuy) = max;eo,1] Ji(tu,). Due to ||~7{(Mn)||*(1 + [[u,l) — 0, we deduce

(j):(tnun), tn”n) -0, n— o0 (3.11)

Take {sx}72; C (1,00) with sx — +00as k — 0o. Then, for each n, k € N, one has ||sgw,,|| =

sk > 1. From (3.6) and the claim, combining conditions (g1) and (f;), we deduce

/ F(x,skw,,(x)) dx < C'f [|skw,,| + H(skwn)] dx
Q2 9]

< C(llskwnllz1(g) + lIscwnllgn) = 0,  n— oo, (3.12)
and

/ G(skw,,(x)) dx < |Isiwull) — 0, n— oo. (3.13)
2

Due to lim,_, ||u#,| = 00, given k € N, there exists n; > k. For all n > n; > k, one has
. By
Il > s, i.e., 0 < ”M—I;H <1.

From ||sgwy|l > 1, Lemma 2.1 and (3.12), (3.13), for large n € N,

u%\(tnun) = max j)»(tun) = u7)\<s_
te[0,1]

Un
ll2tn I

) = J.(skwy)

/¢(|Vskwn|)dx—kf G(skw,,)dx—/ F(x,siw,,) dx
2] I?) 2

> ||SkWn”(ﬂ0—)L/ G(SkWn)dx—/ F(x,sxwy) dx
2 2
1 1
> E”Skwn”% = 5$7§°~

Let sg = |lugll” > 1, where y € (‘(’;—z, +00) is a constant. For all # > n; > k, one has
1

jk(tnun) = EH”/(”)/WO' (314')

Applying (3.11), (f3), (fa), and (P5), for large ne N,
1 !
%(tnun) = \%\(tnun) - E<c7)\(tnun)7 tn”n) + 0(1)
= / <D(|Vt,,u,,|) dx — A/ G(t,,un)dx—/ F(x,t,u,)dx
Q fo} 2

1 A
—E/ ¢(|thun|)|thun|dx+E/ taung(tyuy,) dx
2 2
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1
+ —0/ Lot f (%, tauty) dx + 0(1)
9" Je

1 — 1 —
= —0/ ¢(tn|Vun|)dx+—0/ F(x,t,u,)dx
9" Je ¢° Je

+ % /;[tn”ng(tnun) - QOOG(tnun)] dx +o(1)

IA

1 — 1 _
E[()[D1¢(|Vu,,|)+ﬁ(x)]dx+ E/;)[DIF(x,uV,)+a(x)]dx+o(1)

- % /;[E(WMHI) + F(x, un)] dx + Cy +0(1)

D
= D1 J3(uy) - W—;(J;wn),un)
+ DIA/ |:G(un) - lou,,g(u,,)] dx + Cy+o0(1)
2 2
<Dic+ D1k<1 - %) / GQu,)dx + Cy +0(1)
2

<G+ Cs/ ®Quy)dx < Cs + Cllun].
2

Combined with (3.14), we have %||uk||7/“’° - C3||un||‘/’0 < Cs. Letting k — o0, then n >
ni > k — oo. From y¢o > ¢°, we get oo < Cz. This contradiction shows that {||u,]|} is
bounded, that is, sup,,c ll#xl := Ko < 00.

Taking into account the reflexivity of W,'? (£2) and the Eberlein—Smulian theorem, we

may assume that 1, converges weakly to u € W,'? (£2). By using Remark 3.1, we obtain
luy — ullpr o) — 0, letn — utll(G) — O, lu, —ull@y = 0, n— oco. (3.15)

Using (f;) and Holder’s inequality, we have

‘A /Qg(u,,)(u,, —u)dx + /Qf(x, u,) (U, — u)dx

§A/ |g(u,,)(u,,—u)|dx+/ [Clun—ul+C|h(x,un)(un—u)|]dx
2 2

< 2A||g(un)H(G)llun —ullg) + Clluy — ull 1)

+ 2C [ ) | g ot = ull - (3.16)

Now, we will show that both ||g(u,) | and [|A(u,)ll 7, are bounded.
Applying Lemma 2.1,

/ G(g(un)) dx < / Ung(1) dx < f G(2u,)dx < Cy + / @ (2u,) dx
2 2 2 2
< Ca+ Cylluy | < 00,

The definition of || - [|(g, yields that ||g(u,,)||(@) <Cy+ C4K‘p0, n=1,2,.... On the other

hand, due to lim;_, %2(2 = 0, there exists ¢y > 0 such that H(2¢) < ®,(t) for all ¢t > ¢y. By
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Lemma 2.4 in [23], we have dj := sup,. tg*’/‘((f)) < A];I_‘”:O < 00. Since Wol’q’(.Q) — Lg,(£2),

/ H(h(uy,)) dx < / H(2u,) dx < Hy(2to) 1182 + f D, (uy) dx
2 2] 2

< Cs + Csllunll(s,) < Co + CeKG® <00, n=1,2,....

Hence, [[1(u,)l| ) < Co + CeKg* <00, n=1,2,....
Combining (3.15) and (3.16), we have

/ g(u,)(u, —u)dx + / flou,)(u, —u)dx — 0, n— oo. (3.17)
o) o)

From (3.5), it follows that fg a(|Vu,|)Vu,-V(u,—u)dx — 0as n — oo. Since u,, converges
weakly to u, Theorem 4 in [36] implies that lim,_. [|#, — u|| = 0. Therefore, J; satisfies
C, condition. O

Next, we give the proof of our main result Theorem 3.1.

Proof A, >0, n >0, p >0 are constants defined in Lemma 3.2. For all A € (0,1,),
Lemma 3.2, Lemma 3.3, and Lemma 3.5 show that the functional 7, satisfies all the as-
sumptions of Lemma 2.3. Then J, has a critical value ¢ > 5 > 0. This shows that problem
(1.1) has a nontrivial weak solution # with 7, (1) = c.

In the following, we prove there exists a second weak solution # # u.

LetB, := {ue Wy *(2): lull < p}, U, = {ue Wy*(2) : |lul < p}. Applying Lemma 3.4,
we deduce that

—o00 < ¢:=inf 7, (u) < 0.
By

Foreach o € (0,infs, J,(u) —infy, J;.(u)), by the Ekeland variational principle [11], there
exists u, € B, such that

Ti(uo) < iélpfjx(u) +o
and

Tilue) < Jo(u) + ollug —ull, Vu#u,. (3.18)
Therefore,

I (ug) < iBnpfj/\(M) +0 < iLfllpfj/\(M) + isfi)fjx(u) - iLfllpfjA(u) = ig)fjx(”),

which implies u, € U,.
Vv e By, take h € (0, p — ||t45 ||), then u, + hv € B,,. By (3.18), we have

Tilue) = To(us +hv) < oh|v|.
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Dividing the above inequality by /# and letting # — 07, one has
(T (uo),v) = 0|Vl

Replacing v with —v in the above inequality, we deduce (7, (u,),v) < o||v|. Therefore,
1T, (us)ll <o.

Summarily, there exist {i,}52; C U, such that J,(i,) — ¢ and || J; (&) < % — 0 as
n — oo. From the Eberlein—Smulian theorem, we may assume i, converges to i € B,,.
(3.17) and Theorem 4 in [36] imply that lim,_, « |2, — #|| = 0. Since J; € Cl(WOl’(p(.Q),]R)
and ||7] (&,)|| — 0, one has J, (&) = lim,_,» J, (&t,) =6 and J, (&s) = ¢, so &2 # 60 and & # u,
which completes the proof. O

By Lemma 3.2, Lemma 3.3, and Lemma 3.5, we can get the following corollary.

Corollary 3.6 ([27]) Given that @ satisfies (P1) and (D»), f satisfies (fi)—(fa). Then

—div(a(|Vul)Vu) =f(x,u), in$2,
u=0, on 082,

has a nontrivial weak solution.

4 Conclusions

Using variational arguments, we establish the existence of two nontrivial solutions for
quasilinear elliptic problems in Orlicz—Sobolev spaces, where the nonlinear terms exhibit
the combined effects of concave and convex without the Ambrosetti—Rabinowitz type
condition.
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