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1 Introduction

Consider two completely plane-parallel layers of immiscible fluids, the heavier on top of
the lighter one and both subject to the earth’s gravity. In this case, the equilibrium state is
unstable to sustain small disturbances, and this unstable disturbance will grow and lead
to a release of potential energy, as the heavier fluid moves down under the gravitational
force and the lighter one is displaced upwards. This phenomenon was first studied by
Rayleigh and then Taylor [37], and is therefore called the Rayleigh—Taylor instability. In
2003, Hwang and Guo [16] mathematically proved the existence of classical solutions of
(nonlinear) RT instability in the sense of L2-norm for a 2D nonhomogeneous incompress-
ible inviscid fluid. Then Jiang and Jiang further showed the existence of strong solutions
of RT instability for 3D nonhomogeneous incompressible viscous fluids in the sense of L2-
norm [18]. Recently, Jiang and Zhao further proved the existence of classical solutions of
RT instability [28]. Similar results of RT instability were established for stratified incom-
pressible viscous fluids, see [26] for instance.

In this article, we are interested in the RT instability of an inhomogeneous incompress-
ible viscoelastic fluid. The RT instability in viscoelastic fluid has been widely studied, see
[15, 25, 27] for examples. Moreover, the RT instability also has been investigated under
other physical factors, such as internal surface tension [12, 17, 41], magnetic fields [4, 5,
19-21, 23, 24, 39, 40], rotation [3, 6, 29], and so on. We also refer to [2, 8, 14, 30, 33-36]
for related progress in other mathematical problems of hydromechanics.
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Recently, Jiang et al. [25] have proved the existence result of strong solutions of RT insta-
bility in an inhomogeneous incompressible viscoelastic fluid. To begin with, let us recall
the equations of an inhomogeneous incompressible viscoelastic fluid in the presence of a
uniform gravitational field in a bounded domain £2 C R3:

pr+v-Vp=0,

Ve + pv-Vv+Vp = puAv+ i divip(UUT - 1)) - gpes,
U,+v-vu -vvl =0,

divv=0,

(1.1)

where p := p(x, £) is the density, v := v(x, £) is the velocity, p := p(x, t) denotes the hydrody-
namic pressure, and U := U(x, ) is the deformation tensor (a 3 x 3 matrix valued func-
tion). The constants u > 0, k >0, and g > 0 stand for the coefficient of shear viscosity, the
elasticity coefficient, and the gravitational constant, resp. ez := (0,0, T represents the ver-
tical unit vector, I the identity matrix, —pges the gravitational force, and the superscript T
the transposition. In system (1.1), equation (1.1); is the continuity equation, (1.1); is the
balance law of momentum, (1.1)3 is the deformation equation, and (1.1), is the incom-
pressible condition.

To mathematically prove the viscoelastic RT instability, we choose a density profile p :=
p(x3) satisfying

p € CH), inf 5 >0, (1.2)
xef2

,5’|x3:x(3) >0 forsomex® € £2, (1.3)

where ' := d/dx; and 9 denotes the third component of x° € £2. It should be noted that

condition (1.3) ensures that there is some sub-domain of 2 in which the heavier part

of (viscoelastic) fluid is over the lighter one, leading to the classical RT instability. Then

(o,v,U) = (p,0,1) defines an RT equilibrium state to system (1.1), where the equilibrium
pressure profile p is defined by

Vp = —pges.
Now, we denote the perturbation around the RT equilibrium state by
e=p-p, o=p-p, V=U-]

then (o, v, 0, V) satisfies the following perturbation equations:

or+v-V(e+p)=0 in £2,
(e+p)vi+(@+p)v-Vv+ Vo in £2,
=uAv+idiv((o + p)(V + VT + VVT)) —goes in £2, (1.4)
Vi+v-VV-Vv(l+V)=0 in £2,
divv=0 in £2.
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For system (1.4), we impose the initial-boundary value conditions:
@V Vlico = (0%+°, V) and v|ye =0. (1.5)

The initial-boundary value problem (1.4)—(1.5) is called the VRT problem for an inho-
mogeneous viscoelastic fluid. In [25], Jiang, Jiang, and Wu proved the existence of strong
solutions of RT instability for the VRT problem in H?-norm under an instability condition.
In this paper, we further establish the existence of unstable classical solutions in the sense
of L'-norm for the VRT problem based on a bootstrap instability method by further ex-
ploiting some new mathematical techniques. Thus our instability result further improves
Jiang, Jiang, and Wu’s one in [25].

In general, it is hard to directly show the existence of a unique classical solution to (1.4)—
(1.5) in L%(£2)-norm. Therefore, we switch our analysis to Lagrangian coordinates. To this
end, we assume that there exists an invertible mapping 70 = go(y) : 2 — $2, such that
02 =¢%9£2) and det V0 = 1. We define the flow map ¢ to be the solution to

3:¢(y,t) =v(¢(y,8),£) in £2,

(1.6)

£(,0)=¢°0) in £2.
We denote the Eulerian coordinates by (x, £) with x = £ (y, £), whereas (y,£) € 2 x R* stand
for the Lagrangian coordinates. In order to switch back and forth from Lagrangian to
Eulerian coordinates, we assume that ¢ (-, ) is invertible and £2 = ¢ (2, ¢). In other words,
the Eulerian domain of the fluid is the image of £2 under the mapping ¢. In view of the non-
slip boundary condition v|y; = 0, we have 3§2 = £(942, £). Moreover, by the incompressible

condition, we have
detVe=1 in&2 (1.7)

as well as the initial condition det V¢© = 1, see [31, Proposition 4.1].

In Lagrangian coordinates, the deformation tensor {(y, t) is defined by a Jacobi matrix

of £(y,¢):

Uly,0):=Viy,0, ie, Uyj:=8g,t). (1.8)
Here and in what follows, 9; denotes the partial derivative with respect to the jth compo-
nent of the spatial variables. When we study this deformation tensor in Eulerian coordi-
nates, we shall denote it by U(x,t) := U(; "' (x,t),t). Applying the chain rule, it is easy to
see that U(x, ) satisfies the transport equation

o +v-VU=VvlU.

Let 1 := ¢ — y, and we define the Lagrangian unknowns by

@ u,p)y,t) = (p, V’p)(ﬁ(% t)’t) for (y,t) € £2 x R*.
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Then, in Lagrangian coordinates, the evolution equations for 9, &, and p read as follows:

ne=u in £2,
0;=0 in £2,
e (1.9)
Our — LA au + V4P = k div4(0(Dn + VnVnT)) — oge; in £2,
divau=0 in £2

with the initial and boundary conditions

(1,8, W)= = (n%,0%u°) and  (u,n)lse = (0,0),
where D := Vi + VT,
Next, we shall introduce the notations involving .A. The matrix A := (A;)3x3 is defined
via AT = (V)™ = (9;¢:)555:
Vaw:= (Vawy, Vawy, Vaws)'  and  Vaw; = (Aydews, Ancdiws, Asidews) "

for a vector function w := (wy, wy, w3), and

div4(fi, fo.f5) = (diva fi,divafo,diva 5)T  and  divfi := Apdify

for a vector function f; := (fi1,fi2,fi3)". It should be noted that we have used the Einstein
convention of summation over repeated indices. In addition, we define A 4X :=div4 VX

and A:= A-1.
Further, we introduce some properties of .A. In view of the definition of A and (1.7), we
see that
A= (A));,5 (1.10)

where A} is the algebraic complement minor of (i, /) th entry (9;{;)3x3. Then we have 9;Aj, =
0, which implies two important relations:

divgu =div(A"u) (1.11)
and
div 4, u = div(A/ u). (1.12)
By virtue of (1.9),, we get ¢ = p°(¢°). Thus, if
p°(¢%) = 5(y3), (1.13)
we have

&= p(s)- (1.14)
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Now we define that

q=p-p(3) (1.15)

where p(¢3) satisfies the equilibrium state in Lagrangian coordinates

Vap(&3) = —p(L3)ges.

Putting the above two relations into (1.9), we have a so-called transformed VRT problem:

Ne=u in £2,

pus — uA qu+ Vaq =k div4(p(Dn + VnVnT)) + gGes in £2,

divau=0 in £2, (1.16)
(n,u)=0 on 452,

()]0 = (n°,u°) in 2,

where G := p(y3 + n3(y,2)) — p(¥3)-

For the derivation of a priori energy estimates of the transformed VRT problem, we shall
rewrite (1.16) as the following nonhomogeneous form, in which the terms on the left-hand
side of the equations are linear:

Ne=1u in £2,

ous +divS(q,u,n) —gp'nzes =N' in £,

divu=-div ju in £2, (1.17)
(n,u)=0 on 342,

(m,W)le=0 = (n°,u°) in 2,

where we have defined that S(q, u, n) := gl — uVu — k pDn and

N = w(div 4 Vau +divV zu) = V 4q + k (div 4(pDn) + div.a(6VnVn'))

nt) pr
+ge3 / / 0" (y3 +s)dsdr,
0 0

and div ; and A ; are defined by the definition of div4 and A 4 with A in place of A,
respectively.

By omitting the nonlinear terms N and —div 4« in (1.17), we get a linearized VRT
problem as follows:

Ne=u in £2,

puy +divS(q,u,n) =gp'nses in £2,

divu=0 in £2, (1.18)
(n,u)=0 on 452,

(1, w)le=0 = (n°, u°) in £2.

Page 5 of 32
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The linearized problem is convenient to analyze in order to have an insight into the phys-
ical and mathematical mechanisms of the VRT problem. In fact, using a standard energy
method, Jiang et al. [25] found stability and instability criteria of the above linearized VRT
problem. Moreover, Jiang et al. [25] further proved that there exists a unique unstable
strong solution in the sense of H?(£2)-norm to the VRT problem, when

20 [ o'w?dx

2 , H':={weH} |divw=0in £2}. (1.19)
werid INPDWIT o) oo wet }

Before stating our main result, we shall introduce the following simplified notations:

/;:/, [P :=1P(2)=W(2),  Hl:=Wo*R), H':=w"*Q),
2

HY:=H.NHY  Hy:=H;NH*', H':={weH"|(w)gq=0},

Flee= 1 e |@)]gy o=y 1l + 113,00
1

E(w) = 211V pDwll} ~¢ / p'lws > dy,

E@) = [n@)|; + @ a)® |, + lucll?,

D®):= [+ [ D@5, + 006D g4 + luall,

a < b means that a < cb for some constant c,

where 1 < p < 00, k is a nonnegative integer, and the positive constant ¢ may depend on
the domain occupied by the fluids and other known physical parameters such as p, u, g,
and «, and vary from line to line.

Next we state our main result in the transformed VRT problem.

Theorem 1.1 Under assumptions (1.2), (1.3), and (1.19), the zero solution to the trans-
formed VRT problem (1.16) is unstable in the Hadamard sense, that is, there are positive
constants A, my, €, and 8y, and (ii°,4°,n*,u") € H* x H> x Hy x Hy, such that, for any
8 €(0,8¢) and the initial data

(1% u®) = 8(7% a°) + 8*(n", u") € Hy x Hj,

there is a unique classical solution (n,u,q) € C°([0, T), Hy x Hy x H?) to the transformed
VRT problem satisfying

(") |

m(T°) |

“3(T6)”L1’

un(7T°) ”Ll Z€

for some escape time T° := % In mz_g& €(0,T), where T denotes an existence time of the solu-
tion (n,u). Moreover, the initial data (n°,u°) € Hy x Hj satisfies the keeping volume con-
dition “det(Vn° + I) = 1 in 2” and necessary compatibility conditions:

div0u’=0 in$2, (1.20)

div g0 (u° - V g0 + (V 404° = A goul®
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— i div_go (B(Dy° + Vn° (Vi) ")) - gGls)/5) =0 in 2, (1.21)
V 404" — A 4ou°
— K div g0 (o (Dn° + Vno(VnO)T)) -gG%3=0 onds, (1.22)
where G° = p(y3 + 13) — p(y3), and A° denotes the initial data of A and is defined by n°

(it should be noted that we automatically have det(Vn + I) = 1 due to the keeping volume
condition).

Remark 1.1 It should be noted that the solution (1, %, q) in the above theorem enjoys the

additional regularity:
(us,q) € C°([0, T), H" x H?), (1.23)
(u,ur,q) € L*((0, T), H* x H* x H?). (1.24)

Remark 1.2 Compatibility condition (1.20) is deduced from the incompressible condi-
tion “div 4 u = 0 in £2, compatibility condition (1.22) from the compatibility condition
“Utli=0 = 0 on 9827, and compatibility condition (1.21) from the compatibility condition
“0¢div 4 u|s=0 = 0 in £2” and the following fact:

divg, u= div(.AtTu) =- div(ATVQ.ATu) = —div g(u - Vqu).
The above relation can be deduced by using (1.12) and (1.16);.

Remark 1.3 Let (,u,q) be constructed in Theorem 1.1. If § is sufficiently small, then, for
each fixed ¢,

¢(y,t): 2 — £ is a homeomorphism mapping,

(1.25)
¢(y,t): 2 — 2 is a C'-diffeomorphic mapping.
We define
0:=p¢5" (%:8)) = b
= u(CH (%, 1), ),
vi=u(l ™ (x,1), 1) (1.26)

o= q(é‘il(x: t): t) _1_7’
Vi=Ve(eNx, t),t) -1,

where £;1 denotes the third component of ¢ . Then it is easy to verify that (0,v, V) is a
unique unstable solution to VRT problem (1.4)—(1.5); meanwhile, we can see that the RT
instability can occur in the VRT problem, when « < «c.

The proof of Theorem 1.1 is based on a bootstrap method, which has its origin in Guo
and Strauss’s articles and has been developed by Friedlander [10, 11] and other authors.
At present, many versions of bootstrap methods have been established in the study of

dynamical instability of various physical models, see [7, 9-11] for examples. In this article,
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we adopt the version of a bootstrap methods in [9, Lemma 1.1] and [28], thus the proof of
Theorem 1.1 can be divided into five steps.

Firstly, in Sect. 2, we construct linear unstable solutions to the linearized VRT problem;
this can be achieved by the modified variational method as in [12, 18, 38, 42]. Secondly,
in Sect. 3, we shall establish a Gronwall-type energy inequality for the transformed VRT
problem by using the energy method in [20]. Thirdly, in Sect. 4, we want to use the initial
data for the linearized problem to construct the initial data for the corresponding non-
linear problem as in [9, Lemma 1.1], but unfortunately the initial data of the linearized
and the transformed VRT problems have to satisfy different compatibility conditions. To
overcome this difficulty, we use the existence theory of Stokes problem and the iterative
technique to modify the initial data of solutions for the linearized VRT problem. Thus the
obtained modified initial data satisfy compatibility conditions (1.20)—(1.22) and keeping
volume condition and are close to the initial data of the linearized VRT problem. Fourthly,
in Sect. 5, we deduce the error estimates between the solutions of the linearized and the
transformed VRT problems based on a method of largest growth rate as in [16]. We shall
use the existence theory of Stokes problem again to modify the error function u (i.e., the
error between the nonlinear and linear solutions concerning u), which does not enjoy the
divergence-free condition (i.e., div #” = 0). Then the method of largest rate can be used to
deduce the desired error estimates. Finally, we show the existence of an escape time and
thus obtain Theorem 1.1.

2 Linear instability

The modified variational method of ordinary differential equations (ODEs) was firstly
found in [12], and later it was extended to partial differential equations (PDEs). Exploiting
the modified variational method of PDEs (see [18, 19]), we can construct unstable solu-

tions to the linearized VRT problem.

Proposition 2.1 Under assumption (1.19), there is an unstable solution
(n,u,q) := e’ (w/ A, w, B)

to the linearized VRT problem (1.18), where (w, 8) € (A N H®) x (H' N H®) solves the
boundary value problem

A2pw=—divS(AB, Aw,w) + gp'wses in £2,
divw=0 in £2, (2.1)
w=0 on 482

with a largest growth rate A > 0 satisfying
A? =~ inf (E(w) + ApllVo ), (2.2)
weA
where A:={w € H! | |/p@ |3 = 1}. Moreover,

ws #0, wh 0 in §2. (2.3)
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Proof We show the proof of Proposition 2.1 by three steps.
(1) At the beginning, we show the existence of classical solutions to the modified prob-
lem

divS(sB,sw,w) — gp'wses = a(s)pw in £2,
divw=0 in £2, (2.4)
w=0 on 452,

where s > 0 is any given.
To this end, we consider the variational problem of the energy functional

als) := in&(E(w) +sF(w))

for given s > 0, where we have defined that F() := ||V ||3. By the definition of E(w)
and @ € A, we can see that E(w) + sF(w) has a minimizing sequence {w"}2; C A, which
satisfies ||/ow"|lo = 1 and ||w"||; < ¢ with ¢ independent of #n. Moreover, we have

a(s) = lim (E(w") + sF(w")).

n—00

By the well-known Rellich—-Kondrachov compactness theorem, there exist a subse-
quence(still labeled by w") and a function w € A, such that w” — w in H},w" — w in

L2. Hence, by the lower semi-continuity of weak convergence, one has
a(s) = liminf(E(w") + sF(w")) = E(w) + sF(w) > a(s). (2.5)

n— 00

It is easy to see that w constructed above is the minimum point of the energy functional
(E(w) + sF(w))/||/pw |3 with respect to @ € H}, and

als) = (Ew) + sSEw))/ I/ pwll3.
Thus, we can get that the point ¢ = 0 is the minimum point of the function
I(t) := E(w + to) + sF(w + tw) — a(s) / aplw + tw*dy € C(R)

for any given ¢ € H}, and I'(0) = 0. So, we directly have the weak form:

¢ [ Fwspss= [spmwiVody=ats) [ pw-ga (26)

From (2.6) we can see that w is the weak solution of modified problem (2.4).
To improve the regularity of the weak solution w, we rewrite (2.4) as the following Stokes
problem:

sVB —Agp =—a(s)pw+gp'wses + k(p'Vws — p'dsw— p"w) in £2,
dive =kp'ws in £2,

p=0 on 0£2,
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where ¢ := (su + kp)w. Applying the existence theory of Stokes problem, we get w is a
solution to boundary value problem (2.4) with an associated pressure 8, and (w, 8) € HZ x
H'. Thus, using the existence theory of Stokes problem again, and a standard bootstrap
method, we can further deduce that (w, 8) € (AN H>®) x H*®.

(2) We assert that

a(se) > a(s;) foranys, >s; >0, (2.7)
als) € CYL(0,00), (2.8)
a(s) <0 on some interval (0, c,), (2.9)
a(s) >0 on some interval (c3, 00). (2.10)

To begin with, we verify (2.7). For given s; > 51, then there exists v*2 € A such that

asy) = E(VSZ) + st(V52).
Thus,

alsy) < E(Vsz) + le(vsz) =alsy) + (s1 - sz)F(vsz) <a(sy),
which yields (2.7).

Next we turn to proving (2.8). Choose abounded interval [4, b] C (0, 00), then, forany s €
[a, b], there exists a function v* satisfying «(s) = E(v*) + sF(+*). Thus, by the monotonicity
(2.7), we have

a(b) - aF (V)/2 > E(V’) + sE(V)/2 > a(s/2) > a(a/2),
which yields
F(V) <2(a(b) - a(a/2))/a=:K foranys € [a,b].
Thus, for any s, 53 € [a, D],
a(s)) —als) < E(v?) + siF(v?) — (E(v?) + 2F(v?)) < Klsy — 51
and
a(s2) —als1) < Klsy —s1l,
which directly imply |a(s;) — a(s2)| < Klsy — s1]. Hence (2.8) holds.

Finally, (2.9) and (2.10) can be deduced from the definition of « and assumption (1.19)

by Friedrichs’s inequality.

(3) We turn to constructing an interval for fixed point: Let

J:= sup{all the real constant s, which satisfy that a(t) < 0 for any 7 € (0, s)}.
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By virtue of (2.9) and (2.10), it is easy to see that 0 < J < co. Further, «(s) < 0 for any s €
(0,7), by the continuity of «(s), we get

a(J) =0. (2.11)
So, by the monotonicity and the upper boundedness of a(s), we see that

lin(l) a(s)=¢ for some negative constant ¢. (2.12)
s—>

Using (2.11), (2.12), and the continuity of «(s) on (0, J), we find by a fixed-point argument
on (0,7) that there is unique A € (0,7) satisfying

A=y-a(A)= /— in&(E(w) + AF(w)) € (0,7).

Thus, there is a classical solution w € AN H* to boundary value problem (2.1) with A
constructed above and with 8 € H' N H*. Moreover,

A=,/-(E(w) + AF(w)) > 0. (2.13)

In addition, (2.3) immediately follows (2.13) and the fact w € H2. This completes the proof
of Proposition 2.1. O

3 Gronwall-type energy inequality of nonlinear solutions

We derive that any solution of the transformed VRT problem enjoys a Gronwall-type en-
ergy inequality by applying a priori estimate method. Let (1, #) be a solution of the VRT
problem such that

sup \[n@;+ [u@)]; =5 € 0,1, (3.1)

where T is the existence time of the solution (7, #). The smallness of § depends on the
domain and known parameters in the transformed VRT problem, and it makes sure the
solution enjoys fine regularity.

3.1 Preliminaries
To begin with, we list some important mathematical results, which will be repeatedly used
throughout this paper.
(1) Embedding inequality (see [1, Theorem 4.128)): Let 2 C R? be a bounded Lipschitz
domain, then

Ifllze Sl for2<p <6, (3.2)
Ifllcooy = Wfllizee S If 1l (3.3)

(2) Interpolation inequality in H/ (see [1, 5.2 Theorem)]): Let 2 be a domain in R3
satisfying the cone condition, then, for any 0 <j<i, & >0,

I S I A < C@Ifllo + llf 1l (3.4)

where the constant C(e) depends on the domain and .
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(3) Friedrichs’s inequality (see [32, Lemma 1.42]): Let 1 < p < 00 and $2 be a bounded
Lipschitz domain. Let a set I' C 082 be measurable with respect to the
(N - 1)-dimensional measure ji := measy_; defined on 982, and let measy_1(I") > 0.
Then

2
Iwllwir S VWL

for all u € WYP(82) satisfying that the trace of u on T is equal to 0 a.e. with respect to
the (N — 1)-dimensional measure [i.

(4) Product estimates (see Sect. 4.1 in [22]): Let 2 € R® be a bounded Lipschitz domain.
The functions f, g are defined in 2. Then

I N1ligh for i = 0;
gl < 3 171 llgll for0<i<2; (3.5)
IFlIzNgll: + IIFNellglls for 3 <i<b5.

(5) Korn’s inequality (see [13, Lemma 10.7]): Let 2 be a bounded domain, then, for any
we Hj,

2 2
Iwli? < IDwi.

(6) Existence theory of (steady) Stokes problem (see [41, Lemma A.8]): Denote 2 C R®
to be a bounded domain of C***-class. Let ju be constant, k > 0, f € H*, f> e H**1,
and f? € H**32(382) be given such that

f frde= | fPndds,
2 082

where 11 denotes the unit outer normal vector of 382, then there exists a unique strong
solution (u,q) € H**? x H*Y, which solves

Vg-uAu=f*, divu=f* in £,

(3.6)
u=f> on 982.

Moreover, any solution (u,q) € H**?> x H**1 of (3.6) enjoys the following estimate:

otz + Ngllier S W 1+ P2 o + 12 D pkesnoy- (37)

Lemma 3.1 Under assumption (3.1), we have:
(1) The estimate for A:for0 <i<3and0<j<1,

IAllcogy + I1Alls S 1, (3.8)
AN < ol (3.9)
”-Att”j 5 || (u’ ut) ||]»+1)

1Al S Il (3.11)
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(2) The estimate ofdivn: for0<i<3and0<j<1,

I divalle < a9l (3.12)
I divaell; < I llaco el (3.13)
I divaeelly < Nllalloeeljon + el el (3.14)

where a(i) =i+ 1for2 <i,a(i)=3for0<i<l.

(3) The equivalent estimate
Iwly S IVawlo S lIwlly  for any w € Hy. (3.15)
Proof (1) We can derive from (1.16); and det(Vno + I) = 1 that
det(Vn +1)=1. (3.16)
Thus, by (1.10), (1.16);, embedding inequality (3.3), and product estimate (3.5), we can
easily get (3.8)—(3.10).
By the definition of A and the smallness of §, we can derive that

AT = (V)2 AT + (Vn)? - V.

Consequently, using product estimate (3.5), we get (3.11).
(2) Since det(Vn + I) = 1, and by determinant expansion theorem, we see that

divy = ((tr(Vr))2 —div n)2)/2 —detVn.

By (3.1) and product estimate (3.5), we directly deduce (3.12) from the above relation. By
(3.9), (3.11), and product estimate (3.5), we can also derive (3.13) and (3.14) from (1.17)3.
(3) Exploiting (3.11) and Friedrichs’s inequality, we can easily get (3.15). O

Lemma 3.2 Estimates of nonlinear terms: Under assumption (3.1):

(1) We have
INYL S Imlls([ )], + llglliv) for0<i<1, (3.17)
IV, S Inlla([ @), + lgls), (3.18)
IV o S T |5 ([, + (.90 ,)- (3.19)

(2) In addition,

N2 = u(divg Va,u+diva, Vau) = Va,q +kd(diva(oVnVnT) + div ;(pDn))
+ gesuls forzg(y,t) p"(y3 +5)ds,
N3 :=kpdivy + pdivy,

we have

1Ny < Imlls || ()| + Haella (llaells + gl2), (3.20)
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N2l S il (na0)],, for0<i<2. (3:21)

Proof Using (1.17),, product estimate (3.5), and (3.8)—(3.11), we can easily get (3.17)-
(3.21). O

3.2 Basic energy estimates

This subsection is devoted to establishing the energy estimates of (1, %), which include
the zero estimate of (1, u) (see Lemma 3.3), the estimates of temporal derivative of u (see
Lemma 3.4), the Stokes estimates of u (see Lemma 3.5), the hybrid derivative estimate of
(n,u) (see Lemma 3.6), and the equivalent estimate of £ (see Lemma 3.7). Next we will

establish those estimates in sequence.

Lemma 3.3 Under assumption (3.1), it holds that

d _ w K =
4 (pn ut ZIDUIZ) dy+ S IVEDIG S | 613, 0) g + VED. (3.22)

Proof Multiplying (1.17), by 5 in L? yields that

d _ . _ _,
4 pn.udy:—/dle(q,u,n)~ndy+f(p|u|2+gp n%)dy+/N1.ndy.

By the integration by parts and the boundary condition, we get

d 7 K
— [ (pn-u+=1vy)? —Iv/pDn|?
dtf(pn | n|)dy+2w; i

5c||(773,u)||(2)+/qdivndy+/Nl~17dy. (3.23)
We define that

—n1(3212 + 93m3) + n1(02130312 — d217203713)
W (n):= | moing —n203ns + m1 (31120303 — 31139312)
710103 + 120213 + 71(01130212 — 0112021)3)

It is easy to check that divn = div ¥ () due to det(Vn + 1) = 1.
Thus we can estimate that

/qdivndy=—/&”(n)-quy§ 11311V qllo-

Consequently, inserting the estimate above into (3.23), then using (3.17) and Young’s
inequality, we immediately have (3.22). O

Lemma 3.4 Under assumption (3.1), it holds that

d - K —
E(H\/Butn% + 5||J7>Du||é -2 / Vq - (Afu) dy) +cllu? < llus)? + VED, (3.24)

d _
E(Z”VAW”g+/K,0]D)uzvutdy) + el S w2 + lus|? + VED. (3.25)
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Proof (1) Applying 9, to (1.17),—(1.17)4 and using (1.17)1, one has

s + Vaqs — WA qus — k div(pDu) = gp'uzes + N2 in £2,
divgu, =—divg, u in £2, (3.26)
u; =0 on d452.

Exploiting integral by parts and (3.26),, we have that

d
fqt divg, udy = T f Vg - (Afu)dy + f Vq - 0,(A u)dy. (3.27)

Then, multiplying (3.26); by u; in L? and using the integration by parts, (3.26),—(3.26)3,
and (3.27), we can compute out that

1d

= K = "
5dt(||\/7mt||%+ 5||ﬁm>u||3—2/w (Afu) dy) + EnvAutné

= f(gﬁ/u33[u3 +N? . u,—-Vgq- Bt(.AtTu)) dy. (3.28)
Accordingly, using product estimate (3.5), (3.15), (3.20), and Young’s inequality, we get
(3.24).

(2) Similarly to (1.11), we have

divauy =-0,diva, u—diva, u, = —div(AtTtu + 2AtTut).

Multiplying (3.26) by uy in L? and using the integration by parts, we can compute out that

d/u _ >
a(Z”VAW”g +/KpID)u:Vutdy) + Iy pus?

= /(KﬁDI/tt :Vu, + Vg - (.AtTtu + 2AtTut) +g,5/u38t2u3 + N2 un) dy. (3.29)

Consequently, making use of product estimate (3.5), (3.20), and Young’s inequality, we
arrive at (3.25). O

Lemma 3.5 Under assumption (3.1), we have

| @)|s,; S Illiva + el foro<i<t, (3.30)
9, 9) || s o < Nl + Nltaello + VED. (3.31)

Proof We apply Bi to (1.17),—(1.17)¢ for j = 0 and 1, and then rewrite the resulting identi-
ties as the standard Stokes problem:

Volg - nAdu=9dM' ingQ,
div &/ = divd/u in £2, (3.32)
8§u =0 on 442,
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where we have defined that
Ml =K dlv(ﬁDT]) +g,5/7}3€3 - ﬁl/tt +N1. (333)
Applying the Stokes estimate to (3.32), we have

||(u,q)”s,i < ||/\/l1 ||l +||divull;; for0<i<l, (3.34)

[9:(u, 9| 503 M|l + 11 divaee s (3.35)
Using (3.13) and (3.14), we can estimate that

| M, + v el S nllia + ol + Il + [N,

MG [l + Idivaells S Haello + lusaello + N llslaeella + NG o

Putting the above two estimates into (3.34) and (3.35), and then using (3.17) and (3.19),
we get (3.30) and (3.31). O

Lemma 3.6 Let (n, u) satisfy assumption (3.1), the following estimate holds:

d—— 2
g1+ [l + 115 S I + llae 1, (3.36)
where the norm ||n|, is equivalent to |1||s.

Proof We shall rewrite (3.32) as a (steady) Stokes problem:

Vq-Aw=M? in £2,
divw=xp'n3 + N3 in £, (3.37)
w=0 on 052,

where we have defined that
M? = —puy +gp'nzes +kpV divy +k (5’ Vs — p'dsn—p"n) + NV, = WU+ Kp.
Note that N/ satisfies
/(Kﬁ/ng +N3)dy=0.
Applying the Stokes estimate to (3.37), we have, for 0 < k <2,
leolZp + NglEy S IsliZey + [M2]+ A2y (3.38)

Moreover, by (1.17);, we easily see that

d = -
iz, = i@ VK punllz,s + €A lE s + Il 1ulZ, - (3.39)

Page 16 of 32
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Using (3.12), we can estimate that
IM?], S lmlls + Naella + 13 + [N, (3.40)

Consequently, exploiting interpolation inequality (3.4), (3.39), and (3.40), we can derive
from (3.38) that

d—o _
g 1T+ e ol + sl + g3

Sl + lael3 + [N + V25 (3.41)

— _ _ _ .
where [l := |Vkpunll + a1 l|lVkpunll3 + az |k pinll3, and a; and a; are positive con-
stants. We get (3.36) by inserting (3.17) and (3.21) into (3.41). a

Lemma 3.7 Under assumption (3.1), we have
& is equivalent to ||n||3 + ||ull3. (3.42)
Proof By (3.30), we see that
I3 + Nl < € < i3+ laell3 + loee 13-
To get (3.42), it suffices to verify
loaclI < Nll + a3, (3.43)
On the one hand, applying 9; to (1.17),, we get, for 0 <i <3,

POy + p'us + Vg = wdivVou + kpdivDon + ko’ divDn

+ k0" (33 + Vs) + go' dinzes + g nzes + N (3.44)

Multiplying (3.44) by 9;u, in L? and using the integral by parts, we get

/,6|8,<ut|2dy = /(u divVou + ko divDon + kp' divDn + «p” (8310 + Vn3)

+gp dmses +gp" nzes + N - 0} qdivu, - / ﬁ’m) - duy dy

=1, (3.45)
Using product estimate (3.5), we can estimate that

1S ([o,w)]| 5+ [N ) ey + lglizll divasello + laellolle 1. (3.46)

Page 17 of 32
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On the other hand, multiplying (1.17), by u; in L?, and then using the integral by parts,
we get

/,6|ut|2dy = /((ATut + fltTu) -Vq - (diVS(O, u,n) +gp'n3es +./\f1) . ut) dy
=1L, (3.47)
Making use of (3.11) and product estimate (3.5), we can estimate that

L] S leello([| (om0, + Inlls 1 Vallo + [N o) + izl [V llo- (3.48)

Putting the above estimate into (3.47), and then using Young’s inequality, (3.17), and (3.30),

we get
e 13 < Mll3 + Nl (3.49)
Consequently, inserting (3.49) into (3.46), we can further deduce that

1Ll S ([ |5+ [N ) el + Digllall divaee o (3.50)

Finally, inserting (3.50) into (3.45), exploiting (3.14), (3.17), (3.30), and Young’s inequality,
we immediately get (3.42). This completes the proof of Lemma 3.7. d

3.3 Gronwall-type energy inequality

With the estimates of (17, #) in Lemmas 3.3-3.7, we can derive a priori Gronwall-type en-
ergy inequality as follows.

Lemma 3.8 There exist an energy functional €(t) and constants §1 € (0,1) and Cy > 0 such

that, for any § < 81, ifthe solution (n, u) of the transformed VRT problem satisfies (3.1), then
(n, u) satisfies the Gronwall-type energy inequality

t t
e+ [ Dlodr <G (” P 1+ [ o Hﬁdf) (351)
0 0
and the equivalent estimate
@) = GE@) S E@) (3.52)

forany t € (0, T), where the above constants 8, and C; depend on the domain 2 and pa-
rameters in the transformed VRT problem.

Proof By Lemmas 3.3-3.7, and then making use of (3.15), Young’s and interpolation in-

equalities, we can deduce that there exist constants ¢, ¢;, and 81, such that, for any § < 81,

%(}3+0D§c%(”(n,u)||§+x/ED)/c, (3.53)
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where we have defined that

- _ " " _
¢:= </ on-udy+ ZM]DH]H%) +01(Z||VAut||g + /K,o]D)u:Vutdy)
= K = _
+c§<||\/5ut||% + 5 1VADullg —2/ Vg - (Afu) dy) + Tl

It is easy to check that

2 2 2 £ 5 2 2 2
Iy + II(M,q)II&1 ey S ES Il + Nully + Nl

Exploiting (3.42) again, there exists a constant §, < 8, such that, for any § < 85, we fur-
ther deduce from (3.53) that

d -
EG +cD < H(n, M)HE/C.

Integrating the above inequality with respect to ¢ and using (3.42) with ¢ = 0, we get (3.51)

by taking 8, := §, and & = &/c for some constant c. O

We can establish the existence of unique classical solution of the transformed VRT prob-
lem by using the standard iteration scheme as in [23, Proposition 3.1]. In addition, the so-

lution enjoys the Gronwall-type energy inequality. So, we have the following conclusion.

Proposition 3.1
(1) Let (n°u®) € HE x H3 and ¢° := n° + y. There exists sufficiently small 8, € (0,1) such
that, if (n°, uP) satisfies

[l + w5 <8 (3.54)
and
2detvVeo =1, divou’=0 ing, (3.55)

then there are a local existence time T™ > 0, depending on 85, the domain, and the
known parameters in the transformed VRT problem, and a unique local-in-time
classical solution (n, u) € C°([0, T™), H* x H®) with a unique (up to a constant)
associated pressure q to the transformed VRT problem, where the solution enjoys the
regularity (1.23)—(1.24) with T™* in place of T .

(2) In addition, if (n, u) satisfies

sup /|0 + )]} <51 forsome T <7,
te[0,T)

then the solution (n, u) enjoys the Gronwall-type energy inequality (3.51) and the
equivalent estimate (3.52) on (0, T).
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Remark 3.1 The initial data of the associated pressure g constructed in Proposition 3.1 is

the weak solution of the boundary value problem

A 40g°/p +div 4o u® - V 4ou®
= div_qo((k div 40 (5(Dn° + Vn°(Vn®)T)) + gG;3 + A 4ou®)/p) in £2, (356)
VAOqO . l_’; ‘

= (i div 40 (p(Dn° + Vo (Vn®)T)) + gG;3 + nA 4oul) - 1t on 9£2,

where 7 denotes the unit normal. It should be noted that test functions for the weak form
of (3.56); belong to H' (referring to (3.64) in [25]). Since there exists 83 such that, for any
Inllz < 83,

IVgllo < IVaqllo and 770,

thus we easily see that, for any ||°||3 < 83, the weak solution g° € H' of (3.56) is unique

up to a constant for given (n°, u°).

Remark 3.2 Note that, for any classical solution (1, #) with an associated pressure g con-
structed by Proposition 3.1, for any &, € (0, T™), (1, u)|;~¢, automatically satisfies (3.55)
with (1, %)=, in place of (n°,u°). If we consider (1, u)|;;, as a new initial data, then the
new initial data can define a unique local-in-time classical solution (7, #) constructed by

Proposition 3.1.

4 Construction of initial data for nonlinear solutions

For any given § > 0, let
(na, ua’ qa) — SeAt(ﬁO, 1710, éO)’ (41)

where (7°,°,3°) := (w/ A, w, B) and (w, B) € (AN H>) x (H' N H*) comes from Proposi-
tion 2.1. Then (n?, #*) is a solution to the linearized VRT problem and enjoys the estimates,

forany i, j >0,

[9F(n* 0, q%) |5 < cCirf)se™. (4.2)

Moreover, by (2.3), for x°:=7i° or #°,

Py Py ey P (4.3)

Next we modify the initial data of the linear solution (n?,u#?,4%), so that the obtained new

initial data satisfy the necessary compatibility conditions (3.55) and (3.56).

Proposition 4.1 Let (i°,1°,¢°) be the same as in (4.1), then there exist a constant 8, (de-
pending on (7°,1°,3°), the domain, and the parameters in the transformed VRT problem)
such that, for any § € (0,34), there is a couple (n*,u’,q") € Hy x Hy x H? enjoying the fol-
lowing properties:
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(1) The modified initial data
(n5, ud, qp) = 8(7°,4°,3°) + 8*(n", u",q") (4.4)
belongs to Hy x Hy x H? and satisfies (3.55) and (3.56) with (n}, ud, q3) in place of

0% u%,q°).
(2) Uniform estimate:

I+ | wsa) 2, < G (5)

where the constant Cy > 1 depends on the domain and the known parameters, but is

independent of §.

Proof We rewrite (n5,u$, qd,7°, 4% °) by (n°,u?, 4%, 71, 11, ) for simplicity.

Recalling the construction of (7, &z, ), we can see that (7, i1, ) satisfies

divp=divie =0 in £2,
Apii+divS(q,it,7) = go'fles  in £2, (4.6)
(m,u)=0 on 4£2.

If (n", u', q%) € Hy x Hy x H? satisfies

divy" = O(n"), divu® = —div g5 (z + 6u")/6,

divAaT=8divAait in £2,

divS(q",u",n") — gp'nzes (4.7)
=NYS,u8,q%) + ApY — pul - V 45u°) /8%  in £,

" u",7r)=0 on 452,

where (n°,u4’,¢’) is given in the mode (4.4), % := n® +y, A® := (V£?)!, A% := A — I and
O(n®) := 872 div ¥ (87 + 8%n%). Then, by (4.6), it is easy to check that (n°,u%,4°) belongs to
H§ x H3 x H* and satisfies (3.55) and (3.56) with (7%, 4%, 4°) in place of (n°, 4, ¢°). In fact,

(n’,u®, ¢°) satisfies

ASi+ 1’ -V 51
+(V 459" — rc div_gs (5 (D’ + Vn‘s(Vr;‘S)T)) -9G’es —nA pu’)/p= AT in 2,
where G° = 5(y3 +n3) — p(y3), which automatically implies (3.56). Next we construct such

(0%, u*, q") enjoying (4.7).
(1) To construct 1, we consider a Stokes problem, for a given function & € Hg(£2),

Vo —nuAn=0, divy=0(§) in $2,
n=0 on 052,

(4.8)

Page 21 of 32
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where O(£) := § 2 div ¥ (87} + 62£). Using product estimate (3.5), we can estimate that

|0@©)||; < c(1+5818 14+ 8115113 + 8°1€13) < cr (1 +8°1ENS)-

By virtue of [ O(§) dy = 0 and the existence theory of Stokes problem, we can derive that
there exists a solution (, @) € Hf x H 3 of (4.8). In addition, it holds that

|25, < [0@)] 5 < er(1+81513), (4.9)

where the letter ¢; denotes a fixed constant dependent on §.
Now, we construct an approximate function sequence {(n”,@")}>°; such that, for any

n>2,

V" — uAn™ =0, divy” = O(n*!) in £,

(4.10)
7 =0 on 82,
where € Hy and |[n}]l4 < 2¢;. From (4.9) we also have, for any 1 > 2,
[, < er(1+ 8" ),
which implies
(" @) [g, =201 (4.11)

for any n > 2 and any § < 1/2¢;.
We can further show that {(n”,@")}°; is a Cauchy sequence. Noting that

V@™ o) = puAm™ -n") =0,  div(y"! -n") = 0n") - O("") ing2,
nn+1_nn:0 on 942,

using Stokes estimate, it holds that

[ =™~ [, < c[O(n") o™ ) [, (4.12)
Thus, making use of (4.11) and product estimate (3.5), we get

[o(") =00 [, < edn" ~n""],.

Inserting the above inequality into (4.12) and taking § appropriately small and that
{(n", ™)}, is a Cauchy sequence in H* x H?, for some limit function ",

(n"@")—> (n",@") in Hy x H>.

Accordingly, we can take to the limit in (4.10) as # — oo to see that the limit function
(n", ") satisfies

Vo' - uAn* =0, divn' =0(n") in 2,
n'=0 on ds52.

(4.13)
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So 1’ satisfies det(Vn® + I) = 1 for appropriately small §. Moreover, by (4.11), we have
|, < 2e1. (4.14)

(2) Noting that 4215 < [17° || for sufficiently small §, where 7" is constructed in step (1),
thus, following the construction of ", for sufficiently small §, we can easily get a solution
(T, ) of

V¢ - uAY =0, divY =48div 2 —div ;37 in £,
T =0 on 0f2.

Moreover, by the Stokes estimate,
1, @), SN8div g5 it = div gs Tlls S ¢(82 + 81T lla),

where the constant c is independent of . The above estimate implies, for sufficiently small
3,

[r.0)g, < 8. (4.15)

~

(3) Following the construct of " as in (1), we can also construct (4", g"). We consider the
following Stokes problem for a given function (w,p) € Hg x H>:

Vq - nAu = M3w,p), divu = —div 45 (i + dw)/8  in £2,
u=0 on 452,

(4.16)

where 1" is provided by (4.13), and we have defined that
M3 (w,p) := kpDn” + gp'nses + (N (87 + 8°n", 81 + 8°w, 8G + 8%p)
+ APY — p(8ik + 8*w) - V 45 (814 + 8°w)) /8.

It is obvious that — [ div 45 (& + dw)/8 dy = 0. So, by the existence theory of Stokes prob-
lem, we can see that there exists a solution (u,q) € H3 x H* to (4.16), and the solution
satisfies

||(u,q) Hs,1 < ||M3(w,p) ||1 + HdiVAa(it + 8w)||2/8. (4.17)
By (3.17), (4.14), (4.15), and Young’s inequality, we have, for some constant ¢;,
| ), < e2(1+8*(Iwl3 +lIpll3))- (4.18)

Next, we can construct an approximate function sequence {(x",4")}2, such that, for

any n > 2,

Vq" - nAu" = M3, q" ), diva” = —div g5 (% + du™ ")/ in £2,
u" =0 on 052,

(4.19)
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where u! € H3 and ||(u}, ¢%)|ls1 < ¢2. By (4.18), we know that

16 ) s, < a0+ 82 (w5 + ' 15)

for any n > 2, which implies that
| (" q") s, =< 2c (4.20)

for any # and any § < 1/2c¢;.
We further prove that {#”,4"};°, is a Cauchy sequence. Noting that

V(qm-l _qn) _ /LA(M"+1 _ un) — MB(un’qn) _ MS(un—l,qn—l), in £2,
div(™! — u") = —div g (" — u"1)/8 in £2,

Wyt =0 on 32,

exploiting the Stokes estimate, we get

|| (un+1 _ un’qnﬂ _ qn) ||S,1

S MW", q") = MWL q" ) |+ [div s (" = ") -
By (3.17) and product estimate (3.5), we further have

|| (Mn+1 _ un’q’“l _ qn) ”S,O 5 cé || (Mn - un—l’ qn - qn_l) || S,0’

which presents that {(x",¢")}%°; is a Cauchy sequence in H3 x H? by choosing sufficiently
small 8. Therefore, we can directly get a limit function (u',q") € Hy x H? as in step (1),
which solves

Vq' — pAu' = M3y, u’), divu' = —div z(& + 6u")/8  in £2,
u" =0 on 082

by (4.19). Hence u’ satisfies div 45 4’ = 0 for sufficiently small §. Moreover, by (4.20),
1", g") sy < 2cy, which, together with (4.14), yields (4.5). O

5 Error estimates
We define that

Go=ylili+lal5+ ez,

RS 80 = min{81,82,83, C384}/2C3 <1,

and (nd, u?) is constructed by Proposition 4.1. By Proposition 3.1, there exists a (nonlinear)
solution (n, ) with an associated pressure g of the transformed VRT problem with initial
value (1§, #5). To estimate the error between the (nonlinear) solution (1, %) and the linear

solution (1%, #?) provided by (4.1), we define an error function (n9, u4) := (n, u) — (n®, u?).
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Proposition 5.1 Let (n,u) be the classical solution of the transformed VRT problem with
initial value (n3, ud) with an associated pressure q, and 0 € (0,1) be a small constant such
that (3.9)—(3.11) and (3.20) hold for (n, u) satisfying (3.1) with 6 in place of 8. For given
constants y and B, if

VI3 +lul3 <o, e’ <B, (5.1)

[n@ 1+ (a0, g@) I, + el

t
o [ (tona@) 2, + ) de = (e 52
0
on some interval (0, T), then there exists a constant Cy such that, for any § € (0,1) and any
te(0,7),
[l + a6 l0 = CavsPed e, (5.3)

where x =n oru, X = W or H, and Cy is independent of T.

Proof Subtracting the transformed VRT and the linearized VRT problems, we get

nf =ud in £2,
puld + Vg — nA au — k div(pDn) — div S(g®, u?, n?)
=gGes + N* —gp'nie in 2,
gGes gp 1363 (5.4)
divAud:—divAua in £2,
(4 ud)=0 on 952,
(%, uY)| 10 = 82(n", u") on £,
where
N* =k (diva(pVnVnT) +div 1(5Dn)).
Applying 9, to (5.4),—(5.4)4 to have
,5uft + VAq;i - /LAAI/!? — k div(pDud)
= udivV gud = V 1% + pdiv g Vauld + go'ufes + N2 in £2, 55)
div g ud = —div g, u—div 3 u in 2, '
ul=0 on 942.

Following the argument of (3.28), we can formally infer from (5.5) that

1d = AT . a
3 VA5 4 Et) =2 [ (g (ATw) + 9" (A) &) + ] V.
= /((MdiVVAu? +pdiv  Vaud -V ;182 + N?) - ud) dy

- f(qu (A u) + Vg 3, (ATu2)) dy =: Ry (o).
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Integrating the above identity in time from 0 to ¢ yields that
t
|7l + £ w20 [ ]9 o ae
t
= 2([ Ri(7)dt + Ry(2) — R2(0)> + E(ud|,:0) + ||\/EufH§|t:0, (5.6)
0
where we have defined that
Rt = [ (Ve (AT) ¥ (AT

Noting that (1, u) satisfies estimates (3.8)—(3.11) and (3.20), thus, exploiting (4.2), (5.2),
and product estimate (3.5), we have

t
/ Ri(t)dr < 83634, (5.7)
0

Similarly, we can estimate that

Ry(2) S 8%, (5.8)
which also yields that
R,(0) < 83347, (5.9)

Noting that #4(0) = 84", we have
E(u]1=0) < 8%[ur]); < 8332, (5.10)
Next we turn to deriving the estimate for || ﬁuf 2]¢=0- Recalling that
div uf = —div o, (flTu),

thus, taking the inner product of (5.4); and u¢ in L? and using the integration by parts, we

have
/ plud|* dy = /(u(diVA Vau +divV zu) - V zq - divS(0,u, 1)
+gGes —gp'njes + N*) - ud dy + / va* - 8,(A u) dy. (5.11)
Following the arguments of (3.43), we infer from (5.11) that
[Vou{ g < oe™ (%€ + |n ], + ),
which, together with the initial data (5.4)s, implies that

|v/oud||3lo < 8332, (5.12)



Tan and Wang Boundary Value Problems (2019) 2019:149

Accordingly, putting (5.7)—(5.10) and (5.12) into (5.6) yields
t
”\/ﬁuf ||3 + ZM/ |Vaul ”5 dr < -E(u?) + 8% (5.13)
0

To deal with —E(u), we consider the following Stokes problem:

Vo - Au=0, divii=—divju in £,
u=0 on ds2.

Using the existence theory of Stokes problem, we get a solution (i, @) € Hy x H*. More-
over,
lalls < I div g ulla S 8%, (5.14)

We define that v¢ := 44 — i, then it is easy to see that v € H>. Applying (2.2) to —~E(19),

we get

~E() < A%V g+ Al 95

which, together with (5.1) and (5.14), immediately implies
() < VAR ¢ A V|2 v e’
Inserting it into (5.13), we arrive at
Al e on [ 19 fode < 21VA Ly« anlva e e, (s1s)
In addition,

t ¢ . t
o [1vudlsde < [0ty e 1AL ) dr < [ |9 e + e
0 0 0
Furthermore, we can deduce from (5.15) that

t
||\/Euf ||§ + 2/L/ ||Vu‘ri ||édr < AZH\/Eud ||§ + AM”VudH(Z) + 834, (5.16)
0

Recalling the initial data u(0) = 6?4, by exploiting Newton—Leibniz’s formula and

Young’s inequality, we find that
t
AM” Vud”(z) = 2A/ /,uVud :Vuddydr + 84A,1L||Vur ||(2)
0

t t
<A f [ Vi | de + o / |Vl |2 dr + cs%e.
0 0
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Then we derive from (5.16) that
CIVEL V12 < AlVE 240 /0 | de + s, (5.17)
In addition,
SIVE =2 [ oty < TVl v Al |y
Putting the previous two estimates together, we get the differential inequality
SV vl <2a(1pe e [ o) e, 619
Recalling u4(0) = 6?4, we apply Gronwall’s inequality to (5.18) to deduce that
N |Vl de < e ( | et 2ar d4r 58 ||§) <P, (5.19)
Further, we can infer from (5.16), (5.17), (5.19), and Friedrichs’s inequality that
a5 + e + 162 o ym) < 86 (520
Now we turn to deriving the error estimate for n. It follows from (5.4); that
SR AN
Thus, using (5.20) and the initial data n%(0) = 82", it follows that
I, < [ el e+ 2], S Vo 521

Noting that L? < L' and H! < W1, then we can derive (5.3) from (5.20) and (5.21). This
completes the proof of Proposition 5.1. O

6 Existence of escape times

Let & < 8y, (n%, u4) be defined in Sect. 5 and (1, %) be the classical solution constructed in
Sect. 5 with an existence time [0, T™%). Let € € (0, 1) be a constant, which will be defined
in (6.7). We define

TP = A In(eo/8) >0, ie, 8e’T =, (6.1)

T" := sup{t € (O, Tma") | \/Hn(r)”fL + ||u(r)H§ < 2C36 for any 7 € [0, t)},

T = sup{t € (0, Tma") | || (n, u)(1) ||0 <2C38e”" forany 7 € [0, t)}.

Noting that

@1 + @] o = V1[5 + [d]15 = o8 < 2Csd0 < 8 0 s, (6.2)
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thus T* > 0, T** > 0 by Proposition 3.1. Moreover, by Proposition 3.1 and Remark 3.2, it
is easy to see that

(@) 2+ [u(T7)[2 = 2Cs80, i T* < o0, (6.3)

| ) (T) ||, = 2C38e2T, if T < T™. (6.4)

We denote 7™ := min{7%, T*, T**}. Noting that (, «) satisfies

sup / [n@)]; + |u®]; <81,

0<t<Tmin
thus, for any ¢ € (0, 7™"), (n, u) enjoys (3.51) and (3.52) with (1}, #5) in place of (7%, u°) by
the second conclusion in Proposition 3.1. Since ||(1, )(¢)|lo < 2C38e*? on (0, T™"), from
estimate (3.51) and (6.2), we derive that, for all £ € (0, T™"),

t t
e@) + / D(t)dr < ¢p8%e*t + A/ ¢(r)dr (6.5)
0 0
for some positive constant cy. Applying Gronwall’s inequality to (6.5), we arrive at
t
E(t) <82 (e“‘ + A/ AT df) < 82?4,
0

Inserting the above estimate to (6.5), we have

t
E(t) + / D(r)dr < 8%,
0

which, together with (3.52), yields that, for some constant Cs,

E@) + /0 D) dr < (Cs8e™)” < C2el. (6.6)
We define
= min (17800 1781,
and
€ ::min{%,cé—?),%,zlm—é}> , (6.7)

where 6 and C; come from Proposition 5.1 with y = Cs and 8 = €. By (4.3), mg > 0. Noting
that (n, u) satisfies (6.6), €9 < 8/Cs and B = €y, then, by Proposition 5.1 with y = C5, we
directly have (5.3) for any ¢ € (0, T™"). Furthermore, we get the relation

7% = 7™ o T* or T*, (6.8)

which can be proved by contradiction as follows:
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If 7™ = T*, then T* < 0o. Noting that €y < C38¢/Cs, thus we infer from (6.6) that

In(@) 2+ [(12)]2 = G0 < 2C380,

which contradicts (6.3). So, T™"  T*, Likewise, if T™" = T**, then T** < T* < T™, Since
€0 < C3/2C4, then we can infer from (4.1), (5.3), (6.1), and the fact ¢y < C2/4C? that

[ () g = 10w ) (T g + [ (0%, u) (T7) | = 8™ (Co + Ca/ e T™)

< 8e2T7(C3 + Cy/eq) < 3C38e T 12 < 2C38e4T,

which contradicts (6.4). Thus, T™" # T**. This completes the proof of (6.8).

By (6.8) and the definition of 7™", we have that 7% < T* < T™*, By (6.6) and the
fact €y < 8,/Cs, we have that ,/|n(®)|12 + |u(t)|3 < 8,. Then we can see that (n,u) €
C°([0, T), H3 x H?) for some T € (T%, T™>), and (1, 4, q) also enjoys the regularity men-
tioned in Proposition 3.1.

Noting that /€y < m/2Cy and (5.3) holds for ¢ = T?, then making use of (4.1), (5.3), and
(6.1), we immediately deduce that

(T = AT = (T

>8e"T (| 70|14 - Cav/8eAT*) = (mg - Can/e)eo = moeol2,
where x = 13, nn, 43 or uy. This completes the proof of Theorem 1.1 by taking € := m€(/2.

7 Conclusion

In this paper, we prove the existence of classical solutions of RT instability in L!-norm in
Lagrangian coordinates based on a bootstrap instability method with finer analysis, if «
is less than the threshold xc. Moreover, we also get a unique classical solution for the RT
instability in L!-norm in Fulerian coordinates by further applying an inverse transforma-
tion of Lagrangian coordinates. Our instability result in Eulerian coordinates improves the

known one that the solutions of RT instability shall be in H2-norm in [25].
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