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1 Introduction
The dynamics of charged particles of one carrier type (e.g., electrons) can be described by

the compressible Navier—Stokes—Poisson equations:

p¢ +div(pl) =0,
(pU)¢ + div(pU ® U) + VP(p) — div(h(p)D(U)) - V(g(p)divU) = pVP, (1.1)
AD =p-b,

where (x,£) € 2 x (0,00), p = p(x,t) and u = u(x,t) represent the density and velocity
functions of the electrons, respectively, at position x € 2 C RN (N = 2,3) and time ¢ > 0;
P(p) = p” (y > 1) denotes the pressure, D(U) = %(VU+ VUT) is the stress tensor, /1(p) and

g(p) are the Lamé viscosity coefficients satisfying
h(p) >0, h(p) + Ng(p) > 0. (1.2)

The function b = b(x) is the doping profile for the ions. We assume that b is a smooth

function satisfying

b(x) >0, | llim b(x)=b>0. (1.3)
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The self-consistent electric potential @ = @ (x, £) is coupled with the density and the dop-
ing profile through the Poisson equation.

Such a problem without the Poisson term was studied by many authors; it can be written
as

or +div(pl) =0,
(oU)s +div(pU @ U) + VP(p) — div(h(p)D(U)) - V(g(p)divU) = 0.

(1.4)

When the viscosity coefficients i(p) and g(p) are both constant in (1.4), the one-
dimensional problem has been studied extensively, see [14, 19, 29, 30] and the references
therein. For the multi-dimensional case, the local existence and uniqueness of classical so-
lutions are known [28, 31] in the absence of vacuum. The authors of [35] showed both the
well- and ill-posedness for the mild solutions of the Navier—Stokes system with dissipation
through the generalized Carleson measure spaces of initial data that unify many diverse
spaces. Matsumura et al. [24—-26] proved global existence of smooth solutions for data
close to a non-vacuum equilibrium. In particular, the theory requires that the solution
has small oscillations from a uniform non-vacuum state so that the density is strictly away
from the vacuum and the gradient of the density remains bounded uniformly in time. The
situation becomes more complex for arbitrary data (which may include vacuum states).
The major breakthrough is due to Lions [22] (see also Feireisl et al. [11]) who obtained
global existence of weak solutions when the exponent y is suitably large, where the only
restriction on initial data is that the initial energy is finite, so that the density is allowed to
vanish. However, as emphasized in many related papers [15, 16, 20, 21, 36], the regularity,
uniqueness, and dynamical behavior of the weak solution for arbitrary initial data remain
largely open for compressible Navier—Stokes (CNS) equations with constant coefficients.

By some physical considerations, Liu, Xin, and Yang in [23] introduced the modified
CNS equations with density-dependent viscosity coefficients for isentropic fluids. In fact,
as presented in [23], while deriving the CNS equations from the Boltzmann equations by
the Chapman-Enskog expansions, the viscosity depends on the temperature, and corre-
spondingly on the density for isentropic cases. However, for these more physical models
new mathematical challenges are encountered. Degeneration at vacuum occurs because of
the dependence of viscosity coefficients on flow density, which makes it very difficult to de-
rive a uniform a priori estimate for the velocity and trace the motion of particle paths near
vacuum regions. Moreover, it is not known yet whether or not the vacuum states form for
global (weak) solutions to (1.4) even if initial data is far from vacuum. With the help of BD
entropy for (1.4) and the compactness results, Bresch et al. have made significant progress
on the global existence of weak solutions to the multi-dimensional CNS equations and the
2D shallow water model where either a drag friction or a cold pressure term is involved; we
refer to [1-3, 27] and references therein. For the spherical symmetric case, [8, 12, 13] show
the global existence of weak solutions of the CNS with density-dependent viscosity, and
in [17] the authors have established the regularity for the CNS equations with density-
dependent viscosity in H? and H* under certain initial assumptions. Recently, Alexis F.
Vasseur and Cheng Yu [34] have given a breakthrough result of the existence of global
weak solutions for 3D compressible Navier—Stokes equations with degenerate viscosity
and large initial data, possibly vanishing in vacuum, by deriving a Mellet and Vasseur [27]
type inequality for weak solutions.
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For the coupling system of Navier—Stokes and other equation, many authors have given
significant results. G.M. Shao and X.J. Chai in [32] proved the unique existence of solutions
for the 2D coupling system of Navier—Stokes and electronic equation (i.e., electrohydro-
dynamics system). Concerning the Navier—Stokes—Poisson (NSP) system, there are also
extensive studies about the global existence and dynamical behavior of solutions. For the
constant viscosity, Ducomet and Feireisl [5] considered the full NSP equations and proved
that, when y > %, there exists a global-in-time variational weak solution. Ducomet et al.
[6] have also proved that there exists a global weak solution to the barotropic compressible
NSP equations with nonmonotone pressure, provided that y > % Donatelli [7] considered
the Cauchy problem for the coupled NSP equations and gave a positive answer to the exis-
tence of local and global weak solutions. Zhang and Tan [39], by using the theory of Orlicz
spaces, have proved the existence of globally defined finite energy weak solutions. Cai and
Tan [4] also proved that the system has a global weak time-periodic solution for the NSP
equations in a bounded domain with periodic boundary condition as soon as y > % and
when the external force is time-periodic. Tan and Wang [33] studied the stability of the
steady state of the compressible NSP equations and proved the global existence of solu-
tions near the steady state for the large doping profile.

However, for the case of density-dependent viscosity coefficients, the problem is much
more challenge because of the degeneration near the vacuum and the related results are
limited. Alexander Zlotnik [40] proved the global-in-time bounds for solutions and stud-
ied the large time behavior around a hard core. Under small perturbations, Zhang and
Fang [38] obtained the global existence and uniqueness of the weak solution for the spher-
ically symmetric case and without a hard core, also showing that such a system is sta-
ble. B. Ducomet et al. [10] considered the Cauchy problem for the Navier—Stoles—Poisson
equations of spherically symmetric motions in R?, and they proved that the problem ad-
mits a global weak solution, provided that the polytropic index y satisfies y > 1. Duan and
Li [9] studied the multi-dimensional compressible NSP system with y law pressure in the
simulation of the motion of gaseous stars for y € (g, %].

Inspired by [10] and [12], in the present paper, we consider the global existence of the
three-dimensional spherically symmetric solutions of (1.1) with degenerate viscosities; for
simplicity, we deal with the case i(p) = p, g(p) = 0, and take D(U) = VU. Our result holds
true for general /(p) = p%, g(p) = (& — 1)p* for some o > ]\% (N =2,3). We construct a
suitable approximate system and, to exclude the singularity at the origin » = 0, consider
the radial symmetric approximate system only on the annular domain. The global exis-
tence of classic solutions to such an approximate system can be obtained by the standard
arguments. Then we obtain the a priori estimates required in the L' stability analysis.
Therefore, by taking a limit, we show that a global spherically symmetric entropy weak
solution to (1.1) exists for general initial data with finite entropy for y € (1, 3).

It is different from the situation in [10] where the two viscosity coefficients need to sat-
isfy the relation wu(p) = u1¥(p), A(p) = 2u1(p¥’ (p) — ¥(p)), and u(p) also has to satisfy

another condition u(p) < CpVT4, i.e., the viscosity coefficient u(p) in [10] needs to be
bounded by a function depending on p and y. However, in this paper, we consider two
viscosity coefficients /(p) and g(p) of the form h(p) = p*, g(p) = (@ — 1)p*, and « only

needs to satisfy o > A% (N =2,3).
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2 Preliminaries
The following lemmas are two standard compactness results and will help us in Sect. 5 get

the strong convergence of the solutions.

Lemma 2.1 (Aubin-Lions Lemma) Let Xy, X and X, be three Banach spaces with Xy C
X C Xj. Suppose that X, is compactly embedded in X and that X is continuously embedded
inXy.For1<p,q<+00, let

W ={uel?([0,T);Xo) | du € LI([0, T); X1)}. (2.1)
(i) Ifp < +o0, then the embedding of W into LP([0, T1; X) is compact.
(i) Ifp = +oo and q > 1, then the embedding of W into C([0, T]; X) is compact.
Lemma 2.2 (Egorov’s uniform convergence theorem) Let f,, — f a.e. in 2, a bounded
measurable set in R", with f finite a.e. Then for any € > 0 there exists a measurable subset

2. C 2 such that |2\$2¢| < € and f,, — f uniformly in $2., moreover, if

fo—f aeinf2,

fu € LP(2) and uniformly bounded, for any 1 < p < +00,
then, we have

fu—f strongly in L*(§2),for any s € [1,p).
3 Main result

In this paper, we set k(p) = p, g(p) = 0 and D(U) = VU in (1.1), for simplicity. Then the
isentropic compressible Navier—Stokes—Poisson system (1.1) becomes

pr +div(pl) =0,
(o), +div(pU @ U) + V¥ —div(pVU) = pVP, (x,t) € 2 x (0,00), (3.1)
AD=p-b.

The initial and boundary conditions are

(0, PU, P)1=0 = (po(x), mo(x), Po(x)), in £2, (3.2)
I

m=plU=0, v 0, onas2, (3.3)
v

here v is the unit outer normal vector on 952. Consider a spherically symmetric solution
(p,u) to (3.1) in a ball £2 of radius R centered at the origin in R%. Then

,O(X,t) =,0(}",t), U(X,f) = M(r!t)fr @(X,t) =¢(V,t),
g (3.4)
b(x) = b(r), r=1x|,
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and system (3.1) is changed to

pr + (pu), + 2224 =0,

(pw) + (pu? + ), + 22— (ou,), - p(2%), = pby, (3.5)

¢rr+%¢r=p—b’

for 0 < r < R. The corresponding initial data and boundary conditions are

(0, ptt, @) e=0 = (po, Mo, $o), (3.6)
/OM(O, t) =0, pu(R; t) =0, ¢r(0y t) =0, ¢V(R) t) =0. (3'7)
Moreover, by solving (3.5)3, we get ¢, = % [ ps*ds — %5 [ b(s)s*ds =: f, — fy.
First we obtain the following usual a priori energy estimates for smooth solutions to

(3.1)-(3.3).

Lemma 3.1 If (p, U) is a smooth solution to (3.1)-(3.3) and the initial assumption (3.31)
is satisfied, then the following inequality holds for T > 0O:

1 1 4 ¢
/{—pu2+—|v¢|2+p—}dx+/ / p|VUP dxdt < C, (3.8)
el2 2 y-1 0 Je
here C is a positive constant.

Proof Multiplying (3.1); by %2, (3.1); by ﬁ and (3.1); by U, then summing up and inte-
grating the resulting formula with respect to x by parts, one can easily get

d L on 1 2, PV 2
— —pU*+ =|VP|"+ ——tdx+ [ p|VU|"dx<O. (3.9)
dt o 2 2 ]/_1 2

Integrating the above formula with respect to ¢, we obtain

I 5 1 2 p” ! 2
/{—pLI + =|V®|* + }dx+//p|VU| dxdt
2l2 2 y-1 0 Jo

y

1m2 1
5/{——°+—|ch0|2+ o }dx. (3.10)
el2p0 2 y-1

Integrating by parts yields

/ |V¢0|2dx=—f ®o(po — b) dx
2 2

<llpo - b”Lp(.Q)”(pOHLp’(Q)
< 1o = BlIZp o) 100 = bl 13 (g) | Poll ) (3.11)

where 1+ L =1,1 -6, 120
p b p B 1

Then by Hardy-Littlewood—Sobolev imbedding theorem, one has

||q)0||Lp/(9) < C(B)llpo— Dbl

Page 5 of 40
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here 1 = 1% + % Hence we have

B
/Q IV @o|* dx < C(B)llpo = bll 5y o0 = bl 1(g)- (3.12)

1 1 2 1 1 1 [’ 1-60 6 3
ItfollowsfromF=17+§,1—7+17=1,1—’=E+T and0<0<1that§<,6<§,thus

Wi2(2) — LF(R2).
Under the initial assumption (3.31), we can deduce

/ IV@o[* dx < C(B)ll po = bllyia gy llpo = bllji(g, < C. (3.13)
2

Returning to (3.10), we can obtain the desired basic energy estimate (3.8).
It is also easy to get the following usual a priori energy estimate for smooth solutions to
(3.5)-(3.7):

d (%(1 R
7 { 5 (pu2 + ¢>r2) + 1 }r2 dr + / ,o(ufr2 + 2u2) dr <0, (3.14)
0 Y- 0
and then
R 1 1 py t R
/ {—pu2 + =2+ }rz dr + / / p(ulr* +2u*) drds < C, (3.15)
o 12 2 y-1 o Jo
where C is a positive constant. O

Furthermore, system (3.1) admits an additional a priori estimate, as observed by Bresch,
Desjardins, and Lin [3], which reads as follows for three-dimensional spherically symmet-
ric equations (3.5):

Lemma 3.2 If (p,u) is a smooth solution to (3.5) with p > 0, then the following inequality
holds:

d R 1 2 1 py R 4 Y 2
— - 1 i 2d / —((p2 d
), {2p|u+(0gp)| +2¢,+y_1}r T+ A J/((,o )rr) r
R
+/ {(,o—b)2 +,ob}r2dr§ C, (3.16)
0
ie.,
d (*(1 , > 1, p" o, (R4, v, 2
— = = d —((p2 d
dt/o {2pu + e+ |(/0)r| +2¢>r+y_1}r r+/0 y((p ),r)” dr
R
+/ {(p -b)?+ ,ob}r2 dr<C, (3.17)
0
where C is a positive constant.
Proof Multiplying equation (3.5); by M, we have
1 2.2 1 2
, |( ng)rl r + |( ng)rl (purz)r -0 (3.18)

2 2

Page 6 of 40
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Furthermore, (3.5); implies that

(l(lng)r|2r2) (|(10gp)r|2> 2
o + pur
2 ‘ 2 ,

= _,Orl'trrr2 - prur(log p)rrZ =20, Uyt + 20,1. (319)

Adding (3.18) and (3.19), then integrating the result equation over (0, R), one gets

d [ pl(log p),* R
o %ﬂ dr = / (2,0,1/5 - ,o,u,,r2 - prur(log o)yt — 2prurr) dr. (3.20)
0 0

Using integration by parts and (3.5);, we also get that

d R
e /0 (log p), pur® dr

R R
- [ “tog phatpur ars [ (pur?) tog phuar
0 0

R
+ / (pruurr2 + ,oufr2 +dpun,r + 20,U°1 + 4,0u2) dr. (3.21)
0

It follows from (3.5), that

R
/ (log ), (o) dr
0
R R 4 y 9 R
- [ portog o) ar = [ 2[(0%) P~ [ (our?) g p)
0 0 0

R R
- / ity dr + f (p,u,,rz + pruty(log p), 1 + 2pput,r — 2,o,u) dr. (3.22)
0 0

Returning to (3.21), we have

d R
. fo (log p), pur? dr

R R R
= / p¢,(log p),r* dr - / é((p%),r)zdﬂ / (orttrer® + pyur(log p),r*
0 o VY 0

+ 20,Uy ¥ — 20,1 + ,oufr2 +Apun,r + 2p,u%r + 4,0142) dr. (3.23)

Summing (3.20) and (3.23) then using integration by parts, we have
d (* log p),|? Rq
—/ (logp),pu+M rzdr+/ —[(p%) r]zdr
R R
= / p¢,(log p),r? dr + / (pufr2 + dpun,r + 20,U°1 + 4pu2) dr
0 0

R R
= / o¢,(log p),r* dr + / ,o(ufr2 + 2u2) dr. (3.24)
0 0
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Combining (3.24) with inequality (3.14), one obtains

d (®(1 2 1., o’ ], Ra  yo o
%/0 {§p|u+(logp)r| +§¢>r+ _l}r dr+/0 —((p2),r) dr

Y
R
< f pi,(log p)r* dr. (3.25)
0

We now estimate the right-hand side of (3.25). Integrating by parts and using the bound-
ary condition (3.3), as well as the property of function b(x), we obtain the following:

R
/ p¢,(10gp),r2dr:/ V& - Vpdx
0 2

:/ V<D~V(,o—b)dx+/ V& -Vbdx
Q2 2

=—/(,o—b)2dx—/ pbdx+/ b*dx
2 o)

2
<- (p—b)2dx—/,obdx+C
2 2
R
=—/ {(o = b)*+ pb}r*dr + C. (3.26)
0

Substituting the above inequality into (3.25), one obtains the desired estimate (3.16), and
so the lemma is proved. O

Now we give a definition of weak solutions to (3.1) with the initial and boundary condi-
tions (3.2) and (3.3).

Definition 3.3 A pair (p, U) with p > 0 a.e. is said to be a weak solution to (3.1) provided
that p € L™(0, T; L} (£2) N LY (£2)) N C([0, 00); W (£2)*), \/p € L=(0, T; H'(2)), \/pU €
L>®(0, T; L*(£2)), where W1°°(£2)* is the dual space of W*(£2), and the equations are
satisfied in sense of distributions. That is, it holds forany £, > t; > 0and ¥ € C'(£2 x [0, T])
that

/ py dx
2

and for ¥ = (Y1, ¥2,¥%) € C (2 x [0, T]) satisfying ¥ (x,£) = 0 on 382 and ¥ (x, T) = 0, it
holds that

5] ty
:/ / (oY + pU - V) dx dt, (3.27)
t 1 I

T
fmo~t/f(-,0)dx+f /{ﬂ(ﬁu)~8tw+ﬁU®ﬁU:Vw}dxdt
2 0o Je
T T
+/0 /prdwwdxdt-mvu,vw):/() /;vacbwdxdt, (3.28)

where mg =m0 and the diffusion term is defined for any ¢ € CY(2 x [0,T]) as

T
wvuvin == [ [ Jaaw - avdsa

T
—2 / / (VAU) - (V/p - V)i dxdt (3.29)
0 2

Page 8 of 40
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and
AP =p-b ae. (3.30)
In this paper, the initial data are assumed to satisfy

0o >0 a.e. in £2; my=0 a.e.on{x69|p0(x):0};

2 2+ (3.31)
w2y  eiiey Mo ei@),
o 00"

with 7 € (0, 1) a suitably small constant. It follows from the above assumption that
polly™ € LNR);  poll? € LN(R2). (3.32)
Then we have the following global existence result.

Theorem 3.4 Let N =3, 1< y < 3. Assume that (3.31) holds and the initial data have the
form

X

,/' )

po = po(|xI), Uo = uo(]x])

then the initial boundary value problem (3.1)—(3.3) has a global spherically symmetric
weak solution

p=p(xe)  U=u(lxe)>

in the sense of Definition 3.3 satisfying for all T > 0,

p(x,8) € C([0, TEL3(2)), /pU € L™(0, T;LX($2)), (3.33)
/,o(x,t)dx:/ 0o(x) dx, (3.34)
2 2
T
sup /(py+|ﬁU|2)dx+f /|ﬁVU|2dxdt§C, (3.35)
te[0,T] J 2 0 2
and

2 ! 52
sup / VPl dx+/ /|¢7>2| dxdt <C, (3.36)
te[0,T] J 2 0 2

where C is a constant.

Remark 3.5 It can be checked easily that, for N = 2, the conclusions in Theorem 3.4 hold
true for any y > 1.

4 Approximate solutions

The crucial step in the proof of Theorem 3.4 is to construct smooth approximate solutions
satisfying the a priori estimates required in the L!-stability analysis. The key point is to
obtain lower and upper bounds of the density. In this section, we construct the suitable
approximate solutions and obtain their estimates.

Page 9 of 40
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4.1 Approximate system in Euler coordinates and the estimates

To this end, we study the following system as an approximate system of (3.1):

P+ le(pu) = 01
(oU); +div(pU ® U) - div((p + ep?)VU) + V(Spi divl) + Vp? = pVd,  (4.1)
AD =p-b,

where € > 0 is a constant. Considering a spherically symmetric solution, system (4.1) be-
comes

P + (pu), + 224 =0,

2 3 3
(o) + (01 + p")y + 22 4 (p 4 epd), 2 = (0 + 2ep )ty + 22)), + pr,  (42)

¢rr+%¢r:p_b,

for 0 < € < r < R with the following initial condition:

(/0: pu, ¢)(I’, 0) = (pO + €, Mo, ¢)O)) (43)

and the boundary conditions

Uly=e = tl;-p =0, Orlr=e = Grlr=r = 0. (4.4)

For the approximate solutions which will possess a lower bound of the density, the bound-
ary conditions (4.4) are equivalent to (pu, ¢,)(r, £)|r=c = 0, (pu, ¢, )(r, £)|,-r = 0. Without loss
of generality, it is assumed in this section that the initial data are smooth enough and sat-
isfy the bounds in (3.31) with constants independent of €.

In the following, we will state the energy and entropy estimates which have been proved

in the preceding section for these approximate solutions.

Lemma 4.1 Let (p¢,u¢) be smooth solutions of (4.2)—(4.4) such that p¢ > 0. Then there
exists a constant C independent of € such that

R
/ oS (r,t)r*dr < C, (4.5)
fR{lpé(u‘)z + L(pe)y l(¢5E)2}r2dr

P y—1 2\

[ e S e vy aa<c “6)

2

+ %(qbﬁ)Z +

3 _5
ut + (log p©), + Ze(pe) Lot

g K e\V—2 3 € V—% €l2.2
+ i () +£—Ley(p) |og|"r* drdt

T /R
+/0 /6{(p€—b)2+bpe}r2drdt§C. (4.7)
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To simplify the presentation, we drop the superscript € in the rest of this section.

Lemma 4.2 Given € > 0, there is an absolute constant C, which is independent of €, such
that

C
0<p(rt) < X (4.8)
fore <r<Randt>0.

Proof Let r(t) denote a particle path satisfying

ar(t)
T u(r(t), t). (4.9)

Then along the particle path, (4.2); can be solved to get
p(r(),8)>(®) = (0o (r(0)) + €)r>(0)eJo #rrs)as, (4.10)

which implies that p > 0, provided py > 0.

Moreover,

2 16

R1
/ >
</R1p
=/ 3

<C (4.11)

R
1 3 s 9 _3
/ —p{(Ing)3+§ep ipl+—€ep pr}rzdr
€

2

3
(log p), + ZEIO_%pr rdr

3 s
(logp)r+16p Tpr+u

2 R
r? dr+/ — pu,r dr
e 2

due to (4.6) and (4.7), then we obtain
R 2
/ Dyrdr <, (4.12)
e P

for some absolute constant C independent of €. Then, it follows from (4.5) and (4.12) that,

fore <r<R,

R R
p(r,t)S/ p(r,t)dr+/ |0y (r, 0)| dr

1 rf 2 L% _lp(n )
<= L Ortdr + — ——rd
e R

C
<< (4.13)
€

for all £ > 0. The lemma is proved. O
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4.2 Approximate system in Lagrangian coordinates and the estimates

To obtain the a priori estimates for the velocity of the approximate solutions, the key point
is to derive lower bounds of the density. To this end, we introduce Lagrangian coordinates
for the radial system (4.2) as follows. Let € > 0 be fixed and define

x(r,t) = / prtdr, T=t (4.14)

Set [ prdr =1 for € > 0, without loss of generality. Then,
e 8 Y:

0x 9 ox 3 ot ot
= = or?, - , — =0, —=1. 4.15
oy = PT 5y = P oy (4.15)

Then system (4.2) becomes

+ p2(rPu), =0,
pr + P (r u)y (4.16)

7
U + (7 )x = {(102 + %601)(r2u)x}x (o + 6)04)x7 ta— 2

fort >0and 0 <x < 1, where g,(x, 7) := f(r(x, 7)) = r2(}c 5 f:(x'f) b(s)s> ds. The correspond-

ing initial data and the boundary conditions are

(0, pu, §)(-,0) = (po + €, Mo, Po), (4.17)

u(0,7) =0, u(l,7)=0. (4.18)

Lemma 4.3 Forall t € [0, T, it holds that

1 2 y-1 T 1 2
/ (u + p + - +r) dx+/ / (— +p2uzr4) dxds+/ / “ dxds
0o \ 2 o Jo ,04r2

T pl 1/.2 y-1
+/ / ep%ui;ﬁdxdsf/ <@+Po_+£+ro) dx, (4.19)
o Jo o\2 rv-1 n
0<px1)<C(T), (4.20)
€<r(x1) <R, (4.21)
2 4
/ u dx+/ / (—+6p2u2u2r4+ i +ep4u2u2r4>dxds
pir?
_/ uodx+C(e,T). (4.22)
0

Proof Multiplying (4.16); by ur?, a direct computation gives

d /2 o 1 3 u? ULyl
— g + 4 gyr dx+/ 02+ epi d—— +4—— + u’r* ) dx
dt Jo \ 2 y-1 r 0 4 02r? 0

1 5 1 €\ 12
:4/ (,0 +ep1)uuxrdx+2/ <1+ )—dx. (4.23)
0 0

Page 12 of 40
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Using Young inequality, we obtain
d /w2 y-1 1792 2 R
— (u_+p +9—C+gbr)dx+/ (lz+pzu2r4)dx+<1——>/ lu dx
dt Jo \ 2 y-1 r o \r 2)Jo pir
3 1 1 2
- —— / e,o4ur dx <0, Viel-=,2). (4.24)
4 2A 3

Since b is a smooth function and satisfies (1.3), there exist constants C;, C, > 0 such that

r(x,7)
C =g 1):=f(rx 1)) = % / b(s)s*ds < C,. (4.25)

Integrating both sides of (4.24) with respect to t and using (4.25), we can get

1 2 y-1
/(u_+p +9_C+r)dx+/ /( +p2u2r4)dxds
0 2
(2 [ e () [ [
0 p”z 4

1 2 y 2
< / (% + % + il + ro) dx, ro:=r(x,T7=0),A€ <§,2>, (4.26)
0

Y- ro

thus (4.19) holds.
Multiplying (4.16), by u3r?, we deduce

1d ! . 1 3 5 2 1 , 3 , -
il A dx+[0 (p +4e,04)( ), u dx+2/0 (,0 +Zep4)(r u) Pl dx
1 1 s 1 x
:/ o (u’r?), dx+/ (p+€p1)(2ru4)xdx+/ <ﬁ —gb)u?’dx, (4.27)
0 0 0

ie.,

1d 1 2ut 179 eut
f utdx + / <3p2u2u2r4 + —2> dx + / (—epz u2u2r4 + ) dx
4 d‘f 0 r 0 4 )01}"2
1 1 2 3
= / ZE,O%MBMdex + / (,o”’li + 3p”u2uxr2) dx
0 0 r
L/ 5
+ - - u’ dx. 4.28
[ -

Using Holder and Young inequalities together with Lemma 3.2, we can estimate the
right-hand side of (4.28) as follows:

1 3 1 1 Elxl4 1
/ 2ep B urdx < = / dx+2/ 6,04u u; 2pt dx, (4.29)
0 0 ,04r2 0
1 23 1
/ p? ! dx< —zdx+C/ Mr=Dp2 g
0 o T

< 5/0 —dx+ C(e), (4.30)
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1 1 1
3 3
/ 3p” ulur dx < —/ pz(y’l)uzdx+—/ pzuzuir‘de
0 2 Jo 2 Jo

Putting the above estimates (4.29)—(4.32) into (4.28), we easily obtain

dr Jo

S_

2
2

1
< C(e) + C/ u* dx.
0

1 u4 3 1
—dx+ = / p*utulrt dx + Cle

o 2 Jo

L/ 1 1
/ (—2—gb)u3dx§Cf |u|3dx§C/ u* dx.
o \7r 0 0

pir?

By applying Gronwall’s inequality to (4.33), we have

1 T T T 1
/ u4dx§exp{/ Cds(/ u‘éds+/ Cds)} §C(T)+C/ ugdx.
0 0 0 0 0

Thus, it is easy to obtain (4.22). The proof of this lemma is completed.

3
Lemma 4.4 There is a positive constant C = C(€, T, |luoll 14, |1 (0g )x|l 14) such that

/1((,02)’6)4(96, T)dx<C, VYtel0,T].
0

Proof By making use of (4.16), we have

(o +ep%)xt = —{<02 + ZGP%>(’”2”);¢L’

then we can rewrite (4.16), as follows:

2

rz(,o + ep%)xt + (p + ep%)xZMr =—U; — (py)xr + :C—z -2

ie.,

(Plo+eod) ), =—u = (7)., + 5~

where we have used the fact that g—: =u.

Integrating (4.38) over [0, £] shows

—u(x, t) + uo(x) — /t(pV)xﬂ(x,s) ds + /t(f—z —gb) ds
0 0

=r(p +ep%)x—r(2){,oo +e+e(po +e)%}x

2[4 3 I -1
) -1 3P0 *+epg (po+e)! dx(p

))

3
1
0

3/ 1 T/l 3 o3 1
5—(/ p4(”1)r2dx> (/ —zdx) +—/ p2u2uir4dx
0 o T 2 Jo
1

da [! LAyt 2eut 7
utdx + — + 60U ulr* + —— +eptutulrt ) dx
o \ 7?

)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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ie.,

u(x, t) + uo(x) — / ), () ds
. O N VRUNEY P
+ r_ —ga ) ds+ ’"o 3,00 +€py (po+€)74 Bx(,oo ) (4.40)
0
Multiplying (4.40) by {8,6(,0%:);"2}3 and integrating over [0, 1] with respect to x, one gets
Lrg 3 4
/ <—p1 +e>{8x(,01)r2} dx
o \3
1 t
= / {—u(x, t) + up(x) —/ (py)xrz(x, t)ds
0 0
t 4 1 1
+/ (% —gA) ds + ré{gpo‘* vepg po+e)d }Bx(p
0

S iw

)} (4.41)

and

/t(,oy)xrz(x, t)ds
0

ul

4

1
< {/ (ax(pi)r2)4dx} {||—u(x,t)+u0(x)||L4+
0
e
+ /O(r_z_gA)dS L4+
1 5 3

<c /0 (0.(o1)r )dx} {C(e,T,||u0||L4,
+ /t(,o”)xrz(x,t)ds

0

) 4 1 1 1 3
ro{gpo‘* +€pg (po +€) 4}8x(pé)

(o))

}, (4.42)
L4

Using Lemma 4.3 and Young’s inequality, one gets from (4.41) that
1 3\ 04
€ / {8x(,01)r } dx
0

S%/ { % dx+C/ / xp a,’xds

3
+C(&, T, luollzs, | 9x(00 )| ) (4.43)

whence

<C/ / (x,t)dxds+C(6 T, ol 4 || 9x (0 O%)HL‘L)

W(od) ) (4

<C r[rolaix ,04V -3 f [8 ( %)] dxds+C(e T, |luol| 4, || 0
0
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Then we can get

| an(o

due to Gronwall’s inequality and Lemma 4.2. This completes the proof. O

=0

)2} dx < C, (4.45)

3
Lemma 4.5 There is a positive constant C = C(€, T, ||uo|| 14, || (0g )x || 14) such that

p>C, Vxel0,1],T €0, T]. (4.46)

Proof Set v(x,t) = p(i 5 and V(t) = maxo1]xjo,r] V(*,s). Equation (4.16); can be rewritten

as v; = (r*u),, and then we have

T 1 T 1
/ / vedxds = / / (rzu)x dxds, (4.47)
o Jo o Jo

ie.,

1 1 1
/ v(x, T)dx = / Vo(x) dx = / 1 dx < C(e). (4.48)
0 0 0 Pote€

Using Hélder inequality, Lemma 4.4, and Sobolev’s embedding W1([0, 1]) < L>([0,1])
yields, forany0< 8 <1,

1 1
vﬁ(x,t)f/ vﬂ(x,T)dx+/ |8xvﬂ(x,r)|dx
0 0

1 ') 1 3 3
Z B+ 1
5(/0 v(x,t)dx) +3,3/0 [VP*id,(pt)|dx
1 i/ i
ﬂ+% %d B 4d>
scecp( [ hias) ([ ot s
1 3
C+CpVP d
<C+CBV (/0 v x)

<C+CBV?, (4.49)

Y

IS
A/
s~
—_ .
&
—
ko)
Lo
SN—
SN—
S
Q
X
\/
N

3

where C is a constant depending on €, T, ||uo]| 14, and [|(pg )| z2. Taking the supremum on
both sides of the above inequality and choosing 8 > 0 small enough, which may depend
on € and T, we obtain

3
VA(T) < C(e, T, luoll s, | (05 ) || )- (4.50)
Then we have
1 i
plx,7) > VoD 2 C(e, T, Nuoll s | (05 ), || 4)- (4.51)

and so the lemma is proved. O
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5 Proof of the main result
In this section, we will prove Theorem 3.4 by completing the constructions of approximate

solutions and applying the a priori bounds of Sects. 3 and 4 to take appropriate limits.

5.1 Global existence of the approximate solutions

In Sect. 4, we have established the a priori estimates in Lemmas 4.1-4.5. First, we prove
the existence of approximate solutions. For the approximate system (4.16)—(4.18), we first
regularize the initial data as follows. We denote by /5 the Friedrichs mollifier of width 8.
Let (po + €, o) be the initial data in Eulerian coordinates, where uy = -2 For simplicity

00
we still denote by (o + €, 1) the extension of (pg + €, up), i.e.,

pol€) +e€, rel0el,
po(r) +€:= 1 po(r) +¢, reler), (5.1)
00(R) +€, re[R,+o0],

and
0, re[0,e + 28],
ug(r) :i= Yuo(r), re(e+28,R-28), (5.2)
0, re[R-268,R].

Then we mollify (po(r) + €,uo(r)) above with J5 to get smooth approximate initial data
denoted by (,og’a(r), ug'a(r)).

Obviously, the resulting data (pg’é(r), uf)"s(r)) satisfy hypotheses (3.31) (uniformly
bounded on € and §). For any fixed € > 0, we denote the corresponding initial data in La-
grangian coordinates by (,og, ug). Then ,og e C*?[0,1] and ug € C**?[0,1] foranyO <o < 1.

Moreover, as § — 0, we have

Py — po+e€ in WH([0,1]), uy — ug in L*([0,1]), (5.3)
furthermore,
ug(O, T)= ug(l, 7)=0. (5.4)

The short-time existence of a unique classical solution (p%,#°) to the initial bound-
ary value problem (4.16) with the initial data (o, %)) and the boundary condition (5.4)
can be shown by the standard argument as in [18]. By the a priori estimates established
in Lemmas 4.1-4.5 for (p?,4°) and a continuity argument, we show that it is indeed a
global classical solution to (4.16) with the initial data (o3, #3) and the boundary condition
(5.4). Then by transforming it into Euler coordinates again, we can obtain the solutions
(0<% (r,t),u’(r, 1)) to the approximate system (4.2), and consequently Lemma 4.1 holds

for these approximate solutions.
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5.2 Energy and entropy estimates of the approximate solutions
So far, (0%, u¢?) are defined on € < r < R. To take the limit as {€j,8;} — 0, we extend

0% (r, t), u5% (r, t) to the whole domain 2 in the following way:

;56].'(3[ _ pe]’,ﬁj(r’ t)¢ re [ejiR]l (5 5)
pe/,S/ (61'; t)l re [07 61‘],

€7,8;
u%(r,t), rele,R],
uY = :2) L8l (5.6)
O, re [0,6]'],

and keep denoting the so-obtained approximate solutions {55%,7%5%} by {p9%, u5%}. Let
9% (x,8) = p9%(r,8), U5%(x,t) = u9% (r, t)x. For simplicity, we write (¢/, V) instead of
(0%, U5%) and denote £2. = 2 \ B.(0) for € >0 and 21 = £2 \ B1(0) for n € N, where N

is the set of the positive integers. It then follows directly from Lemma 3.1 that

Lemma 5.1 Let (¢o/, IV)(x,t) be the approximate solutions of (3.1)—(3.3) constructed above.
Then there exists a constant C independent of € such that

sup o(x,t)dx < C, (5.7)
tel0,7]J 2,
1 2 /2 ¥ T ; /12
sup P+ |V + ) {dx+ o\ VU | dxdt
te(0,11) 2 2 0o Jog
+—/ f &0 |vuf| dxdt <C, (5.8)
2¢;
2
sup ,01 W+ Viogp + e,(,o’) 4Vp1 dx
te[0,T]

//QS{—| Vo () | dsa

//Q—W 2|dxdt+//g 4‘;86’1)2 V(o) T Paxdt<C. (59

Moreover, the following uniform estimates hold:

sup v/l |1 (5.10)
tel0,T]

sup / pj|L1j|2dx§C. (5.11)
telo,) /2

Proof Inequalities (5.7)—(5.9) follow directly from Lemma 4.1. It suffices to prove (5.10)
and (5.11).
Note that

sup ||\//7||L2 < sup p/r dr + sup / ordr

tel0,7] €[0,7] tel0,7]
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C [9
5—2/ rzdl”+C
€~ Jo

<C

(5.12)
due to Lemma 4.1 and Lemma 4.2.
Equation (5.5) gives
VV/pi(x,t)=0, xe€B,. (5.13)
Thus, using (4.12) and (5.13) yields
" 1V \2
sup |9V gy = s [ (575 ) s
tel0,T] t€[0,T] 2 o
1 1R (/)2
= — ﬂ rdr
telom 4 g 0
<C, (5.14)
therefore, combining (5.12) and (5.14), we obtain (5.10).
Using (5.6) and (5.8) yields
sup / pj|uj|2dx§ sup / p"LI"zdng, (5.15)
telo,7]J 2 tel0.117 2,
and so the proof of the lemma is completed. d

5.3 Passage to the limit
Proposition 5.2 There exists a sequence (€;,8;) and a limiting function p(x,t) such that,
up to a subsequence, as j — oo we have

\/ﬁ(x, t) = /p(x,t) a.e and strongly in L2(0, T;Lz(.Q)), (5.16)
and
0o (x,t) = p(x,t) strongly in C([O, T],L%(.Q)). (5.17)

Moreover, p(x,t) = p(r,t) is a spherically symmetric function.

Proof Equation (5.10) shows that \//7 is bounded in L°(0, T; H'(£2)). Next we notice that
- 1 - ; : -1 . ; S
d/ pl = -E/Edivuf W Vi = 5\/Edivu/ — div(/ /). (5.18)

Therefore, at\/ﬁ is bounded in L*(0, T; H~1(£2)) due to Lemma 5.1. Thus (5.16) holds.
Using (5.5), (5.6) and Holder inequality yields

iy < AT i ;
||p’L[’||LOO(L3 < sup {/ﬂ(p’) dx} {/ﬂ(\/ﬁw) dx} <C, (5.19)

2)  telo,T]
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from which, combining with the fact that p} = — div(o/L), we have

j
19t 13 ) = (5.20)
By a similar method, we deduce
.3 -3 - 3
Ivol?, , =2 Vo' (vo) as
o2y Jo
1 3
\3 i ) i
< 2(/ (©) dx) (/ (Vv/p)) dx)
fo) fo)
<cC. (5.21)
It follows from (5.10) and (5.21) that
19/ 03 ) = & (522)
which combined with (5.20) yields
{p’}fjl is precompact in C([0, T; whs — w). (5.23)
Thus, we get
p(x,t) = p(x,t) strongly in C([0, T],L3(£2)), (5.24)
since W3 (2) > L3 (£2). The proof of this proposition is completed. a

Proposition 5.3 Suppose 1 <y < 3. Then (¢/)” converges to p? in L*((0, T), L} (£2)).

Proof It follows from the fact that || o/|| Loo(13(s2)) is bounded and 0/ (x,t) = p(x,t) strongly
in L([0, T); L3 (£2)) that

. 3
o/ (x,t) — p(x,t) strongly in L®([0, T1; L*(£2)), 2 <p<3. (5.25)
Since £2 is bounded,
o' (x,t) — p(x,t) strongly in L°°([0, T];LV(Q)), l1<y<3. (5.26)

Applying Holder inequality and (5.26), we have

16 =0l dz= [ 15~ p)maxt (o)~ d

= (/g"y_pvdx);(Lmax{(ﬂ)y_l,pV1}% dx)y

— 0, asj— oo, (5.27)

ie., (0/)Y — p? strongly in L>°(L}(£2)). This proves the proposition. O

Page 20 of 40



Cui and Song Boundary Value Problems (2019) 2019:157 Page 21 of 40

Lemma 5.4 The pressure (0/)" is bounded in L3 ((o, T),L% (.Qe,.)).
Proof Lemma 5.1 shows that
(¢)""* e1?(0, T;H (2¢))) and (p))” € L'(0, T;L3(R2¢))).

Since (/)" is bounded in L*(0, T;Ll(.Qe,)) by (5.8), using Holder inequality, we have

1) 35505000y = /OT(/(zej<ﬂ>ydx)%(/g

<||( ) ||L°°L1(Qe] ”( ) ||L1L3 (2¢))

()" dx) Yt

&

<C, (5.28)
where C is independent of €;. The proof of the lemma is completed. O

Proposition 5.5 If1 <y <3 and foR poluo|?r* dr < C, then the following inequality holds:

J|2+ ) ) .
/ |M| Ur dr+/ / ( o+ Z)}u""(w’,)zrzdrdt
‘ 36] % in+2
/ / (0)* ||| drdt < C (5.29)

Sor small n € (0,1) and C being a constant independent of ;.

Proof Letting 0 < 1 < 5, multiplying (4.2); by r%#/|1/|", then integrating the resulting equa-

tion, one gets
/ p’u’u’|u’|"r2dr+/ |u’| dr+/ (p’(u’) +(p’)y)ru’|u’|"r2dr
€ e €

R R
+/ 2ﬂu’!u’\2+n’d’+/ 27 + () ), rdr
€ €

R 3 ‘ j o R
=/ {(p’+26,(,0’)1)(u’,+27u]>} u/|u’|"r2dr+/ p’¢£u’|u’|nr2dr. (5.30)

With the help of (4.2); and integration by parts, we deduce

[ oGy [ (55 s [ (@1 rea
i t2+nrr+elu,2+nrr+e. || dr

7 ] 7

3 R 3
+(1+n)/ (,o/+—e,(p’)z>( )‘u’|nr2dr+/ (2p/+e,»(p/)1)‘uj|2+ndr

j €

R R
= (1+g>/ e,(pj)%u/|uj|nu’;rdr+/ pf¢£uj|u7|nr2dr, (5.31)
€

€
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Then using Cauchy inequality gives

/Rpja (W"M) 2d / P, ('”"””) 24 /R((pj)y) J14|" d
; t 2+n r r+ u 2+}7 r-ar + 5 rl/l u\| r-ar

]

[ G s [ (204 S

J

R
5/ Mdu/’uj‘nrzdr. (5.32)
€

Multiplying (4.2); by ~ ‘” ' * and integrating by parts yields

R |u]|2+17 . R o |uj|2+n
/ —ortdr- / p’u’( ) rdr=0. (5.33)
e 247 5, 2+n /,

] ]

Adding the last two inequalities gives

d (Rl ., Re o1 .3\, 2
R ; 2+n,o’r dr+/€ (p’+§ej(p/)4)(u’r) |u”nr2dr

J

o [oor s Sato

J

(171 herar

J

<

+

R
/ pjduj|uj|"r2 dr|. (5.34)

It follows from Holder and Young inequalities that the first term on the right-hand side

of (5.34) is estimated as follows:
[ 1@yl ar
€

[y e,

J

R 3/ R 3
il 1,0 12,2 2y-1in 2
§(l+n)(/ o |" | r dr) (/ ()7 | |"r dr)
€/‘ €j

]
R
+2/ |u’|nJr (p’)yrdr
1 i N2v=1] jn 2
4 ,0’|u| |u|rdr+C (,0’) |u| redr
&

+2/ ’u”ml Yrdr, (5.35)

where constant C > 0 is independent of ;.
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Now it remains to bound the last two terms on the right-hand side of (5.35). Using
Lemma 5.1 and Hoélder inequality yields

NI b LR PR @-1-$) 2 ) *
f ()" " dri(/ o] dr) (/ (/)2 D, dr)
& € <

] ]

NG 0 g C, (5.36)

R 1, R R ;%Z R (-1 24m) .
/ " (p/) rdr < (/ o] dr) </ (o) e r”’dr)
gl € €

7 7

1 R . R _ 1+ N
< é_l-,/ p/|u”n 2dr+C(R)f (p’)(y =)@ "2 dr. (5.37)

€ &

Substituting the above two estimates into (5.35) yields

[ )l

J

R 212y LR e
5—] o |"|ud| rzdr+Cf (o) %7 2 rzdr+—/ o |" dr
4Jq 6 4/
R -2+ 2
+C/ (/)7 r*dr+C. (5.38)
€

]

Then using Holder and Young inequalities, as well as the fact

3.3 1
/|V¢’|3+2ndx§C, when0<n<§, (5.39)

]

which will be proved later, the second term on the right-hand side of (5.34) can be esti-

mated as follows:

R
/ P i1t 161 dr
€

|, et
Qe

]

< c/ " dx+ c/ V") dx
.Qél. Qe]-

50 \3 3
§Cf pj|U/|’”2dx+C(/ |v¢fy3*7”dx> (f (pifdx)
2 2 2

§C+C/ P07 dx
Qe

7

R
=C+ C/ ,oj|uj{"+2r2 dr. (5.40)
€

J
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Now we give the proof of (5.39). Lemma 5.1 shows that p/ is bounded in L®(L3(£2)).
Using the regularity theory of elliptic equations, we have

191,) = U Ly 1 =Bl ) 641
It follows from Hardy-Littlewood—Sobolev embedding theorem that

”(’y”LP/(Qéj) =C(q)] - bHLq’(:zsj)’ (5.42)

L

vt 2. Letting p’ = 2 in (5.42), we get ¢’ = %. Obviously, ||/ - b||L <C,

where & = 7
q 6 (@)

which means that

1913, = 49
50, combining with (5.8), one gets

l¢’ ||H1(_qgl,> =C (5.44)
Returning to (5.41), we obtain

| 12 (2q) = & (5.45)

which implies that (5.39) holds.
Substituting (5.38) and (5.40) into (5.34), we have

d R|Mj|2+'l,2 Rr3 1 .% INIBTLR
%/e, mp]r dr+/6 (L—Lp’+§e,-(p’) )(u,) |u| redr

Rez 003 03\, o
+/;j (A—Lp1+§6,'(,0’)4>}u"2 " dr

R 2 g, g1 Rl
<C f ()T D2 g / ()77 z O 2 gy
€

j G

R
+C/ pj|u7|'7+2r2dr+C. (5.46)
&
Integrating both sides of (5.46) with respect to ¢ yields
Ry jj2+n t pR73 1 .3 . .
[ G [ [ (G gote)? )yl e arae
N Y /A T A N
+// (Ep’+§ej(p’)4)|u’|2ndrdt
0 Je
t R 2 i t R ) 1 .
scf / ()70 zl)rzdrdmc/ f (o) E 2 e gy
0 61' 0 61'

t R
+C / / o || drdt + C(T). (5.47)
0 €




Cui and Song Boundary Value Problems (2019) 2019:157 Page 25 of 40

It follows from Lemma 5.4 that (¢/)” is bounded in L3 (0, T); L3 (.Qe,.)), thus the first and
second terms on the right-hand side of (5.47) are bounded when the following inequalities
both hold:

2 5 1 5
= (2y-1-1)<2y, y——Masn <2y, (5.48)
2-n 2471 3

which it means that

) t pR Ly,
/ / )3 22 grdt < C and / / (p/)(y 2@ 12 e gy <C (549
0 Je

J

hold, provided that 1 < y < 3.
Combining all the arguments above, we obtain

R |,j12+n . .
/ 7] ,o’r dr+// ( ,0’+ e, )z)(u’,)2|u""r2drdt
€

// ( ,0/+ 39 p’)%‘)]u’\2+"drdt

<C / / o || drdt + C(T). (5.50)
0 €

An application of Gronwall’s inequality to (5.50) yields immediately that

R
f o |"** dr < C(T), (5.51)
¥
hence
T
/ / p/‘u”m r*drdt < C(T). (5.52)
0 é/'
The proof of this proposition is completed. O

Lemma 5.6 If1<y <3, then \/p/ll is bounded in L™(0, T; L**% (£2)) for some small & > 0.

Proof 1t follows from (5.6) and (5.29) that

w7
/ yod dx <C, (5.53)
2+1

hence

2+2£

n=2§
[ ltyans ([ oupea) = ([ o5 a) ™
k%) 2

n-2§

c(/ (o) TE dx> o (5.54)
2

IA
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Equation (5.10) implies that o/ € L>(L3(£2)). Now letting 1 + ('2;—'27)5 < 3, we get

14 24
/ (W) ax<c, (5.55)
2

. .
whenever 0 < & < %, i.e., the lemma is proved. O

Proposition 5.7
(1) Up to a subsequence, W/ = p/Ll/ converges strongly in L*((0, T); L**#(£21)) and almost
everywhere to some m(x, t) for any positive integer n and some 0 < B < Z? .
(2) \//7 LI converges strongly in L*>((0, T) x £2 1 ) and almost everywhere to % (defined
to be zero when m = 0) for any positive integer n. In particular, m(x,t) = 0 a.e. on
{p(x,t) = 0}, and there exists a function U(x, t) such that

m(x, t) = p(x, £)U(x, t).
Proof (1) It can be easily obtained that
PU = pill e L*(L3(£2,)), (5.56)

due to Lemma 5.1 and Holder inequality.
Furthermore, since V(p/UF) = \/p/\/pI VLI +2,/0/ LIV \/p/, for any 0 < B < &, we have

VooV e I (L3 (%2,)) (5.57)
and
VoIV pi € L(LY*F(82), (5.58)

due to Lemmas 5.1, 5.6 and Holder inequality. Hence, we get
V(W) e L (L'F(52). (5.59)
Equations (5.56) and (5.59) show that
PU e P(WH(R2,,)). (5.60)

Moreover,

0

(PU), =V —div(o/ U @ ) +div((0/ +€(p)*) V)

i3 , ,
—V(%(p’)“ div uf) -v(). (5.61)
Lemma 5.1 and (5.45) imply that

PV € L¥(L*(2)) — L™ (W 1H(2,)). (5.62)
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Lemma 5.6 gives that /p/ll/ ® \/p/ll € L™(0, T;L'*4(£2)). Thus we get div(y/0/l/ ®
VoIl) € LW (2g)) <> L®(WH1(2,) (when B < §).

Next we check that div((p/ + e,»(pf)%)VL[/) and V(e,«(pi)% div L) are uniformly bounded
in L2(W1(22,,)).

Due to (5.57) and the fact

(V) IVW = (o) v e 2L (2,)), (5.63)
we deduce
div((0 + ¢ (pj)%)VUj) € LZ(W-L% (2)) = L*(WH(2,)). (5.64)

Similarly, we have
3, .3 . 11s
V(Z(p’)”‘ div uf) e X(W (). (5.65)

It follows from Lemma 5.4 that V(o/)” € L3 (W’L%(Qq)). Returning to (5.61), we can
get

(PU), € L3 (W15 (Q,). (5.66)

Furthermore, W™'*#(2,)) < L"*F(2,) — W"*F(2,). So according to Lions—
Aubin’s Lemma, we obtain the compactness of m/ = /U in L2(0, T;L'*#(£21)) for all
n € N*, i.e., there exists a function m(x, £) such that for any positive integer n Zmd some
0 < B <&, it holds that

m/ = /U — m  strongly in L*(0, T; L' (21)). (5.67)

(2) From the proof of (1), if we define m72 to be zero when m = 0, we have m(x,¢) =0 a.e.
whenever p(x,t) = 0. Since % is uniformly bounded in L*>°(0, T;Lz(.QE},)) and hence in
P
L>(0, T;L*(521)) for any n € N satisfying ¢; < %, by Fatou’s Lemma, we have

2
/ W x<c (5.68)
2, P

1
n

Now we fix n € N and denote the set of vacuum by £ := {x € £21 | p(x, ) = 0}. Note that

\/ﬁuf converges almost everywhere to % in the region £¢ = {x € 21 | p(x,t) #0}. To

control \/p/LV in the vacuum set, one sets N7 := {x € 21 | (o)) |L| > M} for M > 0 and
small « > 0 to be specified later.
Consider

T
[,
T
.

2
dx dt

. m
ity —
vV 7

2
Sl - %’ dxdt
0

2 T
dxdt + / /
0 JWIenL

- m
/u}__
Vo NG
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2
dxdt

e

2211 +12 +13. (569)

g m
Vol - —
P ﬁ

For the first term [; in (5.69), we note that in {p(x, ) # 0}, \//7 L converges almost every-
where to %, and Lemma 5.6 shows that || /o’ U/ || (242 (2 1) < C. By Egorov’s theorem,
we have

NEIT % strongly in L2(L*(£21)), (5.70)
p n

which means that ; — 0 as j — oo.
For the third term I3, Tchebychev’s inequality yields |AV7| < -5, and thus

m’
T
e
0 JN/
[ (o) ([ )
0 N N
m

NG
H “L (L2+5 (NT)) ﬁ Lo ) |
— 0 asM=M(j)— oo (asj— 00). (5.71)

2
dxdt

-

£
1+&

<
= 28

MTE
For the second term I, the definition of A/ implies that

ST

ol = (9) T ()75 < M(p) T 50 ae, (5.72)

when % - ﬁ > 0. That is, \/p/Ll — 0 a.e. in (NV7)° N L. Using Egorov’s theorem yields
Vil = 0 strongly in L*(L* (V) N L)), (5.73)

which means
T Y
12=/ / Vo'l dxdt — 0 asj— oc. (5.74)
0 JWiyxnc

Combining all the arguments above and using the diagonal principle, we obtain that
VoIl converges strongly in L2((0, T) x £21) to % for any positive integer n. The proof
of this proposition is completed. 0

The following lemma can be directly obtained from Propositions 5.2 and 5.7; the details

here are omitted.

Lemma 5.8 Let w/(r,t) = p/(r, )i (r, t). Then
(1) There exists a function m(r,t) such that m(x,t) = m(r,£)* and m/(r, t) = p/(r, )1l (r, t)
converges to m(r, t) strongly in L*(0, T; L. P ((0, R); r* dr)).

loc
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(2) There exists a function u(r,t) such that U(x,t) = u(r, t)} and the quantity \/,(7 W
converges strongly in L*(0, T; L2 ((0,R); 2 dr)) to % (defined to be zero when m = 0).

loc

Moreover, m(r,t) = pu(r, t).

The following two propositions can be proved in a similar way as in [12], for the readers’

convenience, we still give the detailed process.

Proposition 5.9 Let (p, U) be the limit described as in Propositions 5.2, 5.3, 5.5 and 5.7,
then (3.27) holds. Moreover, p € C([0, 00); Wl®(22)*), where W (§2)* is the dual space
of W°(£2).

Proof Firstly, we derive the weak form of (4.2);. For any ¢(r,£) € C([0,R] x [t1,%]), it
follows from (4.2) that

R N
/ oortdr
&

o 3l R . P
- / / (,o/gat + ,o’u’gz),)r2 drdt =0, (5.75)
t 131 €j

then by (5.5) and (5.6), we obtain

R .
f oor?dr
0

C
= / oor?dr
0

5] t1 R ) o
—f f (p’got +,o’u’go,)r2 drdt
t t 0

t1 151 €
—/ / ol drdt. (5.76)
t 1 0

It can be easily obtained due to Proposition 5.2 that
51
) (5.77)

R a1 R
/ dortdr] — / portdr
0 t 0 t

f R ) t R
/ / o drdt — / / pgr? drdt. (5.78)
13} 0 f 0

Furthermore, (5.10) implies that \//7 is bounded in L*°(L1(£2)), q € [2, 6], and Proposi-
tion 5.2 tells that \/p/ — ,/p a.e., thus by Egorov’s theorem, we have

o — /p stronglyinL? (0, T;L? ((0,R); r dr)). (5.79)

By a similar method, Lemma 5.6, part (1) of Proposition 5.7, and Egorov’s theorem show
that

Volu — Jpu  strongly in L*>(0, T;L*((0, R); * dr)). (5.80)

Equations (5.79) and (5.80) show that

t R o t R
/ / o o.r? drdt — / / pug,r* drdt. (5.81)
t1 0 f 0
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Now we prove that the right-hand side of (5.76) tends to zero as j — co. Indeed,

& . § 3 % €; % 1
/ dortdr < C(/ (,0’)2;"2 dr) (é) < Cej3 —0 asj— oo. (5.82)
0 0
Similarly,
51 € )
/ / dor?drdt — 0 asj— oo. (5.83)
t 0

Therefore, we have proved that the weak form of (3.5); is as follows:

R
/ por? dr
0

Now let ¥ : £2 x [t;,£] — R be any C' function. Define ¢(r, t) := fs Y (ry, t)dS,, where
the integral is over the unit sphere S = §? in R%. Then

ty ty R
= / / (p@: + pug,)rt drdt. (5.84)
151 t 0

R R
/ o(r,(r, t)r* dr = / / o(r, )Y (ry, t)r* ds,dr
0 0o Js

= / o(x, O (x, t) dx. (5.85)
2
Similarly,
ty pR [5)
/ / o(r, o (r, t)r* drdt :/ / oYrs(x, t) dx dt (5.86)
1 0 t 2
and
1) R [5))
/ / pup,r* drdt:/ / px, U, t) - Vi (x, t) dx dt. (5.87)
t 0 t 2

It follows from (5.85)—(5.87) that

/ oV dx
2

which establishes the weak form of the mass equation, i.e., (3.27) holds.
Now we prove that p € C([0, 00); WL*°(£2)*). If ¢ is a C! function of x, then by the con-

tinuity equation, we have

/ps“dx
2

12}
51

:/2/(2(pwt+pu-vw)dxdt, (5.88)

/Q/ plx, )U(x, ) - Vg“(x,t)dxdt‘
t 2

t % %
fnvcnmf (f pdx) (/ puzdx) dt
t 2 2

= CIIVE ety - tal. (5.89)

2]
t
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By the density argument, we can extend this to functions ¢ € W1*(£2), so that

2
”p(I tz) _p(!tl)” Wl,oo(g)* = sup / p¢dx E C(T)|t2 _t1| (590)
¢l y1o0=11J 2 f
for t1,t, € [0, T]. The proof of this proposition is completed. d

In the following, we prove that (p, U) satisfies the weak form of the momentum equation
(3.1)2, and (p, @) satisfies the Poisson equation a.e., that is, (3.28) and (3.30) hold.

Proposition 5.10 Let (p, U) be the limit described as in Propositions 5.2, 5.3, 5.5, and 5.7,
then (3.28) and (3.30) hold.

Proof Let ¢ be a C? function on [0,R] x [0, T] with ¢(0,£) = ¢(R,t) = 0 for all ¢ € [0, T],
and ¢(r, T) = 0. Then using (4.2), and integration by parts yields

/ /(/)/M/§0:+,0]’MI‘ or+ () (¢r+—)>r drdt+/ i (M, 0)r dr
[ [t
_ / / }j(ﬂ)z(wz_bt')(% w)r e / / o g(ziqp

2, 2 o .
+ + —2>r2drdt—/0 / p’¢£¢r2drdt+eg, (5.91)
€

i
>r drdt

where

j T . 3 .3 . 9
4= [ {(p’(e,,t) +26(0) (e,,t>> (e (e )€
0

- 61.2 (p/)y (€5, () t)} dt. (5.92)
We claim that
€, —>0 ase—0. (5.93)

To check this, we first show that

T
lim ez(pj)y(ej, (e, t)dt = 0. (5.94)

—0" Jo J

Indeed, note that
T .
& /0 (P)! (e )ty 1) dit

<OmtaxT|<p e,,t)|{/ / Y(r, t)r? drdt+/ / |8 (r,t)’r drdt}
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T R )
5021&XT|¢(6j,t)|{C+2</(; /;/ (pj)y(r,t)errdt)

(] [ teas)

0<t<T

Page 32 of 40

T pR T R y
< max|<p(ej,t)|{C+/0 / (/)/')V(r,t)r2drdt+/0 / |3r(p/)7|2r2drdt}

< . .
< CorgéxT|¢(ej,t)| —0 ase—0,
i.e., (5.94) holds.

Next we show that

T
lim (V) (€, Dpl(e), t)csj2 dt=0.
0

.0t
5]~>0

Thanks to (4.2); and the boundary condition u(e;, t) = 0, one has
pllet) + o/ )1dl (e, ) = 0.

Thus, by integration by parts, we have

T
lim () (&5, ) (e, t)e’ dt
0

. +
€—0

T
lim {—612/ Pé(éj, De(e;, t) dt}
0

. +
€—0

T
lim {6/2/(; 0/ (€5, ), t) dt + elz(po(e,) + ej)go(ej,O)}

. +
€—0

T
lim 612/0 pj(ej, Hoy(ej, t) dt.

. +
el~>0

On the other hand, it is easy to get

2 T v (T
<e V{effo (,o’)y(e,-,t)dt] {/0

2
€

T
/0 e Dpilep ) dt

2—

< Ce.
_Ce]

thus, (5.96) holds.
Similarly, one can show that

T
lim Ee/ ef{(pj)%u’;}(ej,t)go(ej,t)dt=0.
0

Ei—>0+ 4‘

Indeed, using (5.97) and p > 0 yields

() ol ) + () e ) =0,

A
o] " (e,1) dt}

—0 as¢—0"(1<y<3),

(5.95)

(5.96)

(5.97)

(5.98)

y-1

v

(5.99)

(5.100)

(5.101)
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ie.,

4 N3 N3 ,
B 0 (p’) tept) + (p’) e t)d(€5,t) = 0. (5.102)
Integrating by parts, we have

T -
Ze,«/o 61-2{(p7)1u’,}(e,«,t)g0(6j,t)dt

T 3

- [ Ga() 00t 0
TR 3 i

- /0 E(0) 6 Dpulen D1t + X (pole) + ) ule )

2 ro. % T 441/3 4V_;3 3
< {ef | e t)dt} { | e t)dt} + (00 + ) 0u(e,0)

3_3
= C¢ vy ef(po + ej)%wt(ej, 0)—>0 asg—0(1<y<3), (5.103)

i.e,, (5.100) holds. Equation (5.93) is a consequence of (5.94), (5.96), and (5.100).

Now, for any o = (o', 0%, 0®) € C3(2 x [0, T]) satistying w(x,t) = 0 on 382 and w(x, T) =
0, set ¢(r,£) := [w(ry,t) - ydS,, where S = §? is the unit sphere in R*, and note that

(re) = 8,/ w(ry,t) - yr* ds,
Sy
=0, / divw(x, t) dx
|x|<r
= / divw(x, t) dS,
Jx|=r

=r? /S (wi)xi(ry,t)dsy. (5.104)

Now we convert every term in (5.91) to the form in Cartesian coordinates.
Direct calculations show that

R
/ m{)(r)w(r, 0)r?dr = m{)(x) - w(x, 0) dx. (5.105)

2

Similarly, [, f P drdt = [ fg Vol (ol - d,wdxdt,

/ / o (i) prr drdt—/ / / p() 22 (W), (n 1) S, dr

:/ / Vol @ /pitl - Vwdxdt (5.106)
0 <
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and

/OT/G (0) <¢,+—>r drdt = / / ), drdt
- / / /lxl_rdivw(x,t)(pj)ydedrdt

/ / Y div w(x, t) dx dt, (5.107)

due to (5.104).
Moreover,

Lty
) o (Zgo)r}rzdrdt

(Z) (ry, DyyrdSy + — / div w(ry, t) dSy}rZ drdt
r

—// 5 e
/,/.Qg ai(u’%)(w’) dxdt
- / p/vu/ Vwdsxdt, (5.108)
[ / 26 () (122 ) (00 22 ) P ara
r r

/ / / —e, % div L7 div W/ (x, t) dS, dr dt
[x|= r

3 . .
// —e] ZdleI’diVI/v’dxdt, (5.109)
N2 Ule 2l 2wp )
- ’e,«(p/) R r*drdt
3
//e, EVL[’ Vwdxdt, (5.110)
2e;

and
T R T R x
—/ / p’d)’r(prz drdt = —/ / e w(x, t) - =r> dSer? drdt
0 € 0 € |x|=r r
T o x
—/ Powx,t) - —dxdt
0o Jag r

T
= —/ OV D w(x, t)dx dt. (5.111)
0o Ja.
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Thus, it follows from (5.91) that

m{)(x)~w(x,0)dx+/ / {\/ﬁ(\/ﬁw)-8tw+\/ﬁuj®\/;7U’:Vw}dxdt
2 o Ja

T
/ / dlvwdxdt—/ PV Vwdxdt
Qg 0 Qe'

3 3
/ / —e] 4leU1leW]dxdt—/ / e, 4VL[’ Vwdxdt
Qe Qe

—/ PV wdxdt + €. (5.112)
0 ¢

Thanks to (5.5), one has
/ mj(x) - w(x,O)dx+/ / (\/ﬁ(\/ﬁlj’)wt + \//;LI’ ® \/;L[’ : Vw) dxdt
2]

/ / Y divw(x, t) dxdt—f /p’VLI’ Vwdxdt

+/ /ijWw(x,t)dxdt

/ / dlvwdxdt+f / %dlvuidivm/dxdt
B6 Qe

3 T ) ) ,
/ / (o) VU dede/ PV wdxdt + €, (5.113)
.QE 0 Be

We now prove that each term on the left-hand side of (5.113) converges to a correspond-
ing term in (3.28) and each term on the right-hand side of (5.113) vanishes as j — 0.
Obviously,

/ mjo(x) -w(x, 0)dx — / my - w(x, 0) dx, (5.114)
Q Q
and, similar to the process of the proof in Proposition 5.9, it holds that
T , T
/ / \/,(;(\/;L[’) -wdxdt — / / Jo(/pU) - dwdxdt. (5.115)
0o Jo 0o Jo
Moreover,
T . .
/ /(ﬂu/@ﬁuf—ﬁU®ﬁu):dexdt
0o Jo

T
=/ / (VoI ® Volll - JpU ® JpU) : Vwdxdt
0 Bl

f/ (Vo6 & /ol - JpU ® \/pU) : Vwdxdt

n
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T
Ty
E||VW||L°°(B;>/ / Voltl|” + | /pU|* dxdt
7 Jo JBy

T
+/ / (ol ® Vol - /pU & /pU) : Vwdxdt|, (5.116)
0 21
for any positive integer n. By virtue of (5.5) and Proposition 5.5, one has
T T = T e
SN2 ; T
f / |V oitd| dxdt§<f / p’dxdt) (/ / o || dxdt)
0 B 0 B 0 B
§C</ p/dxdt)
o JB,
T 3 % 2 ﬁ
§C{(/ [ @ dxdt) |Bl|s}
0 JB; "
<CIBi|¥T1 >0 asn— oo, (5.117)

N

ie.,
T -
/ / |V olt?|* dxdt — 0, (5.118)
0 By
uniformly in j as n — oc0. Also,
T T -
/ / |/pU > dxdt < liminf/ / IV olt?|* dxdt — 0, (5.119)
o JB; j=o Jo Jpy
as n — 00. It follows from (5.119) and Proposition 5.7 that

T T
f f\/ﬁu/@»\/ﬁuf:vwxdt—>f /ﬁug»ﬁu:wvdxdt (5.120)
0 2 0 2

asj— oo.

For the pressure term, Proposition 5.3 implies that

T T
/ /(pj)ydivwdxdta/ /p”divwdxdt, j— oo. (5.121)
0o Je 0o Jo

Concerning the diffusion terms on the left-hand side of (5.113), it follows from (5.5) and
integration by parts that

T
/fpfvu/:dexdt
0 2
T
- / / Vo (o) - Awdxdt
0 2
T
—2/ /(/ﬁuf).(v o - V)wdxdt. (5.122)
0 2
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Similar to the proof of (5.115), one can prove the convergence for the first term on the
right-hand side of (5.122) as follows:

/OT/Q Vol (Voll) - Awdxdt — /OT /9 Vo(/pU) - Awdxdt, j— oo. (5.123)
Due to Lemma 5.1, it holds that
[VVO 20y < C (5.124)
and hence there exists a function g € L>(L?(£2)) such that
Vol — g weakly in L2(L*(£2)). (5.125)

Lemma 5.1 and Proposition 5.2 imply that \/p/ — ,/p weakly in L?(L*(£2)), hence, g =
V./p. Consequently, this yields that

V\/ﬁ — V./p weaklyin 12 (Lz(.Q)). (5.126)

By Propositions 5.5 and 5.7, we obtain

T
_9 i - (Vo - Vwdxd
| [ o) (9 vywasar
T
-2 / f (VpU) - (V/p - VIwdxdt. (5.127)
0 2

Substituting (5.123) and (5.127) into (5.122) yields

T
f /ﬂVU’:Vdedt—) (pVU, V)
0 Jo
T T
:_/ /ﬁ(“/’_)u)'m/’dxdt—2/ /(ﬁu)-(vﬁ-v)wdxdt. (5.128)
0 Je 0o Je

Now, thanks to (5.5), (5.45) and Proposition 5.2, we have

T T
/ fpfv¢f-wdxdt—>/ /chD~wa’xdt. (5.129)
0 2 0 2

Up to now, we have proved that the terms on the left-hand side of (5.113) converge to
corresponding ones in (3.28) as j — oo. In the following, we prove that each term on the
right-hand side of (5.113) vanishes as j — oo.

Applying (5.5), (5.45) and Lemma 5.1, one can get

2
3

/OT/QIHVqﬁffdxdts {/OT/Q(pf)dedt} {/OT/Q|V<D/|6dxdt}% <C, (5.130)
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thus,

T
/ PV wdxdt<CT)(/ /|p’V<D’| dxdt) B, |2
0 Be

1
<C(T)|B41? >0 asj— oo, (5.131)
Y
3 3oy
[ f dlvwdxdt‘ < C(f / dxdt) |B¢;| 3"
BE Bs
<CIB,|T -0, (5.132)

asj— oo, for 1<y <3.

Next, with the help of Lemma 5.1 again, one has

—e, % div U/ divw dxdt‘
Qe
3 3
<Cf{e,/ / 4|VL[’| dxdt} {/ / 4dxdt}
-Qe
<C/§—0 asj— oo. (5.133)

Similarly, the integral ¢; fo fQ 4 VU : Vwdx dt admits the same bound as in (5.133).
It follows from the above arguments that each term on the right-hand side of (5.113)
converges to zero as j — oo. Equation (3.28) can be easily obtained by taking the limit
j — o0 in (5.113). Furthermore, (3.30) can be easily obtained by using (5.5), (5.45) and
Proposition 5.2. The proof of this proposition is completed. O

Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4 The weak forms of the mass and momentum equations follow from
Propositions 5.9 and 5.10, and Proposition 5.10 also shows that Poisson equation (3.1);
holds almost everywhere. The first part in Definition 3.3 follows from Lemmas 4.2, 5.1
and Proposition 5.9. Moreover, (3.33)—(3.36) are obtained from Lemma 5.1 and Propo-
sitions 5.2, 5.9. Finally, the radial symmetry of the weak solutions is a consequence of
Lemma 5.8. The proof of Theorem 3.4 is thus finished. O
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