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1 Introduction
In this paper, we consider the following nonlinear parabolic system:

u; = Au + ey, xe 82,t>0,
Ve = Ay + e xe 82,t>0, (1)
u(x, t) =vix, t) =0, x€082,t>0, '

u(x,0) = Ap(x), v(x,0) = A (x), x€ 2,

wheren >m>1,p>q> 1, pm > qn; 2 isabounded domain in RN with a smooth boundary
082; X > 0 is a parameter, ¢ and ¥ are nonnegative continuous functions on Q.

The existence and the uniqueness of local classical solutions to problem of semilinear
parabolic systems are well known (see, e.g., [1]). We denote by T} the maximal existence
time of a classical solution (i, v) of problem (1.1), that is,

Ty = sup[T > (),OsupT(”u(-,t)”oo + ||v(-,t) Hoo) < OO],
<t<
and we call T} the life span of (u,v). If T} < 0o, then we have

tgr;l)’f Sup”u("t)Hoo - tgrir"lf supH V(1) ”oo =00

We are interested in T} and aim to give some properties of the T7.
Since Fujita’s classic work [2], the single equation

us = Au+uf (1.2)
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has been studied extensively in various directions. Friedman and Lacey [3] gave a result
on the life span of solutions of (1.2) in the case of small diffusion. Subsequently, Gui and
Wang [4], Lee and Ni [5] obtained the leading term of the expansion of the life span T}, of
the solution for (1.2) with the initial data A¢(x), and later, Mizoguchi and Yanagida [6] ex-
tended the result and determined the second term of the expansion of T}, the proved that
@ attains the maximum at only one point as A — co. Moreover, Mizoguchi and Yanagida
[7] extended the result on the life span of solutions of (1.2) in the case of small diffusion.
In [8], Sato extended the results to general nonlinearities f () in the case of large initial
data. Parabolic systems of the following form:

ur=Au+f(v), v = Av+g(u) (1.3)

have also been studied in several directions. In [9], Sato investigated (1.3) with f(v) and
g(u) replaced by v and u4, in this article the life span of (u, v) with large initial data was
obtained. The present author studied the case f(v) = ¢, g(u) = 7 in [10] and got some
properties of the life span of the solution when initial data is large enough. For other results
on system (1.3), we refer the reader to the survey [11], the monograph [12], as well as [13],
and the references therein.

On the other hand, much effort has been devoted to the study of coupled parabolic
systems, local and global existence, finite time blowup and blowup rate estimates, etc. We
recommend reading the latest results [14, 15]. In [16], Zheng and Zhao considered the
radially symmetric solutions for the parabolic system

u; = Au + re™*P, Ve = Av + e,

And Zhang and Zheng in [17] investigated the above system with nonlocal sources
A [, €™ and p [, e Also the case with localized sources was studied by Li and
Wang in [18].

Parabolic equations (1.3) with the nonlinearities f(v) = u"e?”, g(u) = ule™ subject to null
Dirichlet boundary conditions were considered in [19] by Liu and Li.

However, to the best of our knowledge, there is little literature on the study of the life
span of solutions for problem (1.1). The aim of this paper is to obtain some properties of
the life span T; as A is large enough. We give a quantitative characterization of life span
for the solutions. In the following, we denote by M, and M, the maximum of ¢ and
on £2. Then our main results can be summarized as the following theorem.

Theorem 1.1 Suppose ¢, € C(82) satisfy o, >0in 2,90 =y =00n 32, ¢ + ¥ #0.
(i) Ifp—-n>q-m>0and (qg—mM, > (p — n)M,, then we have

V4

(pg—mn)Mg — p-n _
liminf Tfe 77 > (”’ m) pr (1.4)
A—o00 p—n pq—mn

(i) Ifg—m>p—n>0and (p—nMy > (q—m)M,, then we have

(pq—mn)MX[/)\ p —-n ,FLm p -n
liminf T}ye @7 > ( ) . (1.5)
A—00 q—m pq —mn
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Theorem 1.2 Suppose ¢, € C(82) satisfy o, >0in 2,0 =% =00n 32, ¢ + ¥ #0.
(i) Ifp—-n>q-m>0and (q-mM, > (p—n)My, then we have

eMo? - gM, — pM,

limsup T; < (1.6)
A—00 V4
(i) Ifg—m>p—n>0and (p—n)My > (q—m)M,, then we have
e’Mvt pMy, — gM,
limsup T} §p v 4 2, (1.7)
A—>00 q
2 Preliminaries
In this section we first consider the ODE system
z = emz+pw, w, = eqz+nw’ t> 0’
(2.1)

z(0) = a, w(0) = B,

where « and B are nonnegative constants.
Here, for constants o and $ with (e, B) # (0,0), we define by (z(¢;«, 8), w(t; «, B)) the
solution for problem (2.1). It is well known that (z(; «, 8), w(t; &, B)) exists and blows up

in finite time. We then give the following lemma.

Lemma 2.1 Suppose that o, B are nonnegative constants and («, 8) # (0,0). Then the life
span of the solution (z,w) for problem (2.1) is

[ d
B S eme (22 [gla-m _ gla-mia] 4 lo-n)f )
q—m

/oo dr’
B e { q-m [e(p—")ﬂ — e(P—")ﬂ] + e(q—m)ot}q—im '
p—n

(2.2)

Proof Multiplying the first equation in (2.1) by eZ*" and the second equation by e™**?*,
we obtain the equality

e M2z, = =Wy,

Integrating this equality over (0, £), we have

1 [l _ -] - 1 [P _ r-8].

q-m p-n

Hence we get

pla-mz _ 17 [er _ g0=8] 4 gla-me,
p—n
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Substituting these equalities into the equations of (2.1), we see that (z,w) satisfies the

initial-value problem

_P_
n

-n P
Z = emz{ p [e(q—m)z _ e(q—m)oz] n e(p—n)ﬂ} , £>0,2(0) = a,

q—m

q

49
pa— m —m
w, = enz{ q_ [e(p—ﬂ)w _ e(p—n)ﬂ] + e(q—m)a} . t>0, W(O) _ :3

p—n

Integrating equations in (2.3), (2.4) over (0, t) yields

/z(t) d%-
= t,
o emE (L [ola-mE _ gla-ma] 4 op-n)B 5o
q-m
d
1 =t.

w(t)
/,s e {4 - _ -] 4 gla-m)a)am
p-n

This implies that the life span of (z, w) is

S d
Ta,ﬁ = min >
o emé { pn [e(Q*m)S — e(q*m)a] + e@*”)ﬂ}ﬁ
q-m

’

/ oo - o
B e[ [l _ go-mP] 4 ela-ma) 7
p-n

By using the change of variables

pa-me _ 4" (el — oY . gla-mar
p—n

we see that

/ °° =
o« mE{ P [gla-m)é _ gla-m)a] 4 lp-m)fYin
q-m

B M [ _ pp-n)f] 4 ela-ma) T
p—n

3 Proof of main results

We first give a lower bound of life span to the solutions and prove Theorem 1.1.

(2.3)

(2.4)

Proof We give the proof of (i). It is obvious that the solution (z(t;AM,, AMy), w(t;

AMy, MMy )) is a supersolution of problem (1.1), so we have
u(x, t) < z(t; \My, AMy), vix, t) < w(t; AM,, AMy,)
forxe 2and0<t< min{TfMMMw, T5}. This implies

Ty >T; .
= Mgy

(3.1)
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First we assume that ¢ # 0. Then by (3.1) and Lemma 2.1, a routine computation shows

Tz 7
AM, emE {;;;(e@—m)s — eld=mPMy)Y 4 =AMy ) p=i

AM,, dE

o0
= /1. emAMwE{ﬂ[ew-m)Wwf _ e(q"’")}‘Mw] + e(p—n)AMw}ﬁ
q-m

M, [ dt

= -2 plg-m)
P Y7 1 [m+ EL=2 1AM €
( _m)l’ n e p—n (4

q—-m p%ﬂ p—n _ (pg—mn)Mp 2
= e P
p-n bq —mn

Q

’

and this yields

p

— -1 — (pgq—mn)Mgp i

Tfi(q m>p Ll
p—n pq—mn

’

so we get

p
(pq—mn)Mgp —m pn —n
liminfTfe 77 > (q ) L
=00 p-n pq — mn

One can prove (ii) by using similar arguments.

Next, we give an upper estimate of 7; and prove Theorem 1.2.
Proof We prove by using Kaplan’s method [20]. We only give the proof of (i); case (ii)
can be proved similarly. Without loss of generality, we may assume that ¢(0) = M,. We

define by pir the first eigenvalue of —A in the ball Bg = Bz(0), ¢r being the corresponding
eigenfunction which satisfies |, Br ¢r(x) dx = 1. Thus, we have

—A¢p = in Bp,
Or = URPR R (3.2)
¢R =0 on BBR.

It is easy to check that

nR="m e =R-”¢1(%).

Let R be small enough such that By C £2 and set

z(t) = /B u(x, t)pp(x) dx, w(t) = /B v(x, £)pr(x) dx, (3.3)

a(R) = /l; ¢(x)pr(x) dx, B(R) = i ¥ (x)pr(x) dx. (3.4)

Page 50of 8
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For ¢, ¥ € C(£2), fBl ¢1(x) dx = 1, we have
Ilei_I)T})Ol(R) =¢(0), Ilei_ff(l)ﬂ(R) =(0).

Multiplying the equations in (1.1) by ¢z, integrating by parts and using Jensen’s inequal-

ity, we obtain

Zi > —upz + " 150, (3.5)
Wy > —upw + e 150, (3.6)
z(0) = A (R), w(0) = AB(R). (3.7)

Hence, we have
(e;/,RtZ) > e;/,Rt+mz+pw (euRtw) > e//.Rt+qz+nw
t = ’ = .
Integrating these inequalities over (0, £), we see that
t
MRy _ ho > / euRS+mZ(S)+pW(S) ds,
“Jo
t
eMRtW_ )\-,3 > / e;LRs+qz(s)+nw(s) ds.
0
Substituting the second inequality into the first, it follows that
t
el'Rlz — o > / exp{/LRs + mz(s) + Apfe 1k
0
S
+ pe hrS f eHRY+a2(Y) dy} ds,
0
thus we have
t
z(t) > hae MR 4+ e“”*t/ exp{mes + mz(s) + ApBe HEs
0
s
+ pe HES / HRY+q(Y) dy} ds.
0
We fix 0 < € < 1 and take Tk > O such that e *&T® > 1 — ¢. Then we have
t s
zZ#)> 1 -e)ra+(1- e)/ exp{(l —€)ApB +p(1 - e)/ eV dy} ds.
0 0
We set

h(t)=Q1-ée)ra+(1- e)/texp{(l —e)apB +p(l—e) /seﬂ@ dy} ds,
0 0
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then we have
t
Hit)=(1-¢) exp{(l —e)apB +p(1 - e)/ ?%0) ds},
0
t
W'(t)=(1-€) exp{(l —e)ApB +p(l—e¢) / 17 ds} p(1 - €)e?.
0
After a careful computation, we see that
(1) = H (Op(1 - ),
Integrating this inequality over (0, t), it follows that

H(t) =L (1 - e)e® 1 (1 e)el-h _ (1 _¢)eli-etiaa,
q q

Dividing the left-hand side by the right-hand side and integrating over (0, £), we obtain

/h(t) dS -
ey 21— €)e + (1 — )el-P7B — E(1— e)eli-omae =

we then take X large enough such that

o° d
TE,R =/ s < Tkg.
(

Lo 2= @) + (1 - ©)el-2F — P(1— e)ell-ae ~

Then z blows up at some T < T, r, and a careful computation yields

Inp—Ing +A(1 - €)(ga — pB)

TE’R = p(l — E)e(l—e)}hqa — q(l — 5)3(1—6))»17/3 ?

hence we get

7+ < np-Ing+A(-e€)qa - ph)
A= p(1- €)ell-€hqa _ q(1- €)el-pB”

Therefore, taking R — 0 and then € — 0, paying attention to (g — m)M,, > (p — n)M,, and
pm > qn, it follows that

Inp —Ing + AM(gM, — pMy)

£3
<
T < petMph _ qepMW ’
so we get
My aM, — pM
limsupre fq v P 1//,
A—00 p

which is the inequality in (1.6). By a similar argument, we can prove (1.7), and thus The-

orem 1.2 is proved. O
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