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Abstract

In this article, we investigate the effect of surface tension in the Rayleigh-Taylor (RT)
problem of stratified incompressible viscoelastic fluids. We prove that there exists an
unstable solution to the linearized stratified RT problem with a largest growth rate A
under the instability condition (i.e, the surface tension coefficient @ is less than a
threshold 1¥.). Moreover, for this instability condition, the largest growth rate Ay
decreases from a positive constant to 0, when ¥ increases from 0 to ¥, which
mathematically verifies that the internal surface tension can constrain the growth of
the RT instability during the linear stage.

Keywords: Rayleigh-Taylor instability; Surface tension; Incompressible viscoelastic
fluids; Stratified fluids

1 Introduction
It is well known that the equilibrium state of the heavier fluid on top of the lighter one
under the gravity is unstable to sustain a small disturbance. In this process, the unstable
disturbance will grow and lead to a release of potential energy. Since Rayleigh [40] and then
Taylor [43] first studied this phenomenon, we call it the Rayleigh—Taylor (RT) instability.
In the last decades, it has been also widely investigated how the RT instability evolves
under the effects of other physical factors, such as elasticity [4, 11, 27, 29, 42, 46], rotation
[3, 6,45], internal surface tension [9, 16, 24, 48], magnetic fields [5, 17, 19-23, 25, 26], and
so on. We also refer to the other related mathematical problems [1, 12, 13, 30, 32-34, 36,
38, 41]. In this article, we consider the effect of surface tension on the linear RT instability
for stratified viscoelastic fluids defined on a horizontally periodic domain in the presence
of a uniform gravitational field. Before stating our main results, we shall introduce the
relevant mathematical progress in the stratified RT problem in detail.

To begin with, let us recall the RT problem of stratified viscoelastic incompressible fluids
in an infinity layer domain [27]:
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p+0:Vs + p1vi - Vi +divSe (S, ve, Us) = 0 in £24(2),

oy +vy - VUL =Vvily in £24(¢),

divve =0 in £2.(2),

d; + v101d + v200d = v3 on X(t), (L1)
[v<] =0, [S+@, ve, Us)v —gdpiv] =9Cv  on X(¢),

vy =0 on Xy,

Vi, Us)e=0 = V%, UY) in £2.4(0),

dlseo = d° on X(0).

Next we further explain some notations in the above (stratified) VRT problem (1.1).

The notations f, and f_ in (1.1) denote the values of the quantity f in the upper and
lower fluids, respectively. The superscript T denotes the transposition, and the notation
f© denotes the initial data of f. In this paper, we consider that the domain £2 occupied by
the two fluids is horizontal periodic, and thus we denote

2= {(onx3) € R? |y 2= (w1, 40) € T, —h <x3 <l ) withh_, b, >0, (1.2)

where T := Ty x Ty, T; = 27 L;(R/Z), and 2 L; (i = 1,2) are the periodicity lengths. For
each given ¢t >0, d :=d(xy,t) : T+ (-h_, h,) is a height function of a point at the interface

of stratified viscoelastic fluids. X () is a set of interface, and it is defined as follows:
X(t):= {(x;,,xg) | %, € T,x3 := d(xy, t)}. (1.3)
Moreover, we also have the following expressions:

X, =T x {h,}, Y_=Tx{-h_},
2.(t):= {(xh,xg) | xp € T, d(xp, t) <x3 < h+},
Q—(t) = {(xhrx3) | Xp € ’]rl —-h_< X3 < d(xh! t)}y

()= 2,(t) U 2_(¢).

For given t > 0, vo(x,£) : 24(t) = R3, pr(x,1) : 24(t) = R, and Ux(x,t) : 2+() — R®
are the velocities, the pressures, and the deformation tensor (a 3 x 3 matrix-valued func-
tion) of fluids. Moreover, the stress tensors enjoy the following expression:

Sy (pirvi; Ui) =] — i Dvy —kipy (UiUiT —1), (1.4)

where pi = py +gpaxs, Dvy = Vg + Vvi and I denotes the 3 x 3 identity matrix. py
are the density constants, U are the deformation tensor (a 3 x 3 matrix-valued function),
and the constants 1+ and k4 denote the shear viscosity coefficients and the elasticity coef-
ficients of the two fluids, resp. g and ¥ represent the gravitational constant and the surface
tension coefficient, resp. For a function f defined on £2(¢), we define [f1] :=fi |z —f- |z
where f1 |5 are the traces of the quantities f on X(£). v is the unit outer normal vector
at boundary X' (¢) of £2_(¢), and C is the twice of mean curvature of the internal surface
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X (), ie.,

B Ahd + (ald)2822d + (82d)2812d - 281d82d8182d

c: @+ ) + )"

Finally, we briefly explain the physical meaning of each identity in (1.1). The equations
(1.1);—(1.1); describe the motion of the upper heavier and lower lighter fluids driven
by the gravitational field along the negative x3-direction, which occupy the two time-
dependent disjoint open subsets £2,(f) and £2_(¢) at time ¢, respectively. We call (1.1);
the momentum equation and (1.1), the deformation equation. Since the fluids are incom-
pressible, we naturally pose the divergence-free condition (1.1);. The two fluids interact
with each other by the motion equation of a free interface (1.1), and the interfacial jump
conditions in (1.1)s. The first jump condition in (1.1)s represents that the velocity is con-
tinuous across the interface. The second jump condition in (1.1);5 represents that the jump
in the normal stress is proportional to the mean curvature of the surface multiplied by the
normal to the surface [31, 50]. The non-slip boundary condition of the velocities on both
upper and lower fixed flat boundaries are described by (1.1)s, and (1.1);—(1.1)g represent
the initial status of the two fluids.

Problem (1.1) enjoys an equilibrium state (or rest) solution: (v,d, U, p?) = (0, d,1,p%),
where d € (—h_,h.). We should point out that p¢ can be uniquely computed out by hy-
drostatics, which depends on the variable x3 and p., and is continuous with respect to
x3 € (=h_,h,). Without loss of generality, we assume that d = 0 in this article. If 4 is not
zero, we can adjust the x3 co-ordinate to make d = 0. Thus d can be regarded as the dis-

placement away from the plane
X :=T x {0}.

In order to simplify the representation of problem (1.1), we introduce the indicator func-

tion
1; X € Qi(t);
X2+ =
0, xeR25(),
and denote
P =P X2:0) + P-X2_(t) M= X2, T M-X2_(@t)» K=KiX2.@) tK-X2_@)

V=ViXe,o tV-Xe @), U=U,xo.0)+U-Xa_@) P=DPiX2.0) T P-X2_(t)

V= xa,0 + Y xe_o)» U° = U xa,0 + U xa_©)

S(p% v, U) = p*I — uDv - Kp(UUT -1).
Now, we denote the perturbation quantity around the equilibrium state (0,0, 7, p%) by

v=v-0, d=d-0, V=U-1I, and o =p®-ps
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Then we have a VRT problem in a perturbation form:

ove+pv-Vv+divS(o,v,V+1)=0 in £2(¢),

Vi+v-VV =Vi(V +1) in £2(¢),

divv=0 in £2(¢),

d; + v101d + v200d = v3 on X (t), (L5)
[v] =0, [S(o,v,V +1)—gpdI]v=9Cv on X(t),

=0 on X%,

(v, V)li=o = (0%, V°) in £2(0),

d)jg =d° on X(0),

where X* := ¥ U X,, and we omitted the subscript & in the above problem for simplic-
ity. Thus a zero solution is an equilibrium-state solution of the above perturbation VRT
problem.

It is well known that the movement of the free interface X' (¢) and the subsequent change
of the domains 2. (¢) in Eulerian coordinates will result in severe mathematical difficul-
ties. In order to circumvent such difficulties, we shall adopt the transformation method of
Lagrangian coordinates so that the interface and the domains stay fixed in time. In addi-
tion, the VRT problem in Lagrangian coordinate has better mathematical structure.

To this end, we define the fixed Lagrangian domains £2, := T x (0,/4,) and £2_:=T x
(=h_,0), and assume that there exist invertible mappings

)20 — 24(0),

such that

2O =), Z.=(z),  Z=%x) (1.6)
and

det(V¢) = 1. (1.7)

The first condition in (1.6) means that the initial interface X'(0) is parameterized by the
mapping ¢? restricted to X, while the latter two conditions in (1.6) mean that ¢ map
the fixed upper and lower boundaries into themselves. Define the flow maps ¢+ as the
solutions to

atgi(y’t) = Vi(;i(y: t)rt) in Qi,
é}()/; O) = éﬁ()/) in ‘Qi-

We denote the Eulerian coordinates by (x, ) with x = ¢ (y, £), whereas the fixed (y,£) € £2 x
R*stand for the Lagrangian coordinates. Here we remark that £2 := £2, U 2_.

In order to switch back and forth from Lagrangian to Eulerian coordinates, we assume
that ¢..(-,¢) are invertible and 2. (¢) = ¢+(£24,¢), and since v+ and ¢ are all continuous
across X, we have X (t) = {.(X,t). In other words, the Eulerian domains of upper and
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lower fluids are the image of £2+ under the mappings ¢+, and the free interface is the image
of ¥ under the mappings {.(-,¢). In view of the non-slip boundary condition vi|x, =0,

we have
y=8+(t) on X,.
In addition, by the incompressible condition, we have
det(Vey) =1 in £24 (1.8)

as well as initial condition (1.7), see [35, Proposition 1.4].
Now, setting ¢ = &, xe, @ + {-Xe_@)» 1 = ¢ — ¥, and the Lagrangian unknowns

w, U, 95,0 = (v,U,0)(¢(5,8),t) for (y,£) € 2 x RY,

and then we can see that in Lagrangian coordinates the evolution equations for # and ¢

read as follows:

ne=u in £2,

puy +diva Salg,u,n)=0 in £2,

divau=0 in £2, (1.9)
[n] =[ul =0,  [Salg u,n)-gpnsl]n=>9Hn onX,

(n,u)=0 on X",

(m,W)le=0 = (n°, u°) in 2,

where we have denoted

Salg,u,n):=ql — uD qu — Kp(]D)n + Vr]VnT), Dau:=Vau+Vaul,

H = (1012058 = 2(31£ - :0)9105¢ + |26 1797¢) - 7/ (181¢ [*102¢ 1* = 101 D24 1?),

= Aes/|Aes|, Uy, t):= VI (y,b).
In what follows, we call problem (1.9) the transformed stratified VRT problem, and 7 the
displacement function of particle (labeled by y).

Next, we further introduce the notations involving A. The matrix A := (Aj;)3x3 is defined

via
AT = (Vo)™ = (98583

where the subscript T’ denotes the transposition, and 9; denotes the partial derivative with
respect to the jth components of variables y. The differential operator V 4 is defined by

Vaw:= (Vaw, Vawy, Vaws)T  and  Vaw; = (A diws, Aoxdcwi, Asedews) ™

for a vector function w := (wy, wy, w3), and the differential operator div 4 is defined by

diva(FLf20%) = (divaft divaf® divaf®)’ and  divaf’:= Axdif;
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for a vector function f7 := (f},fi,f1)T. It should be noted that we have used the Einstein
convention of summation over repeated indices. In addition, we define A 4X := div 4 V4 X.
Finally, we introduce some properties of A. In view of the definition of .4 and (1.8), we

see that
A= (A

axa (1.10)

where A;"i is the algebraic complement minor of (i, /)th entry (9;¢;)3x3. Moreover, it is easy
to check that Aez = 9;¢ x 9,¢. In addition, we have

AR =0 or &Ax=0, (1.11)
and

Ayjd;gr = Ajidigi = Su, (1.12)
where §;=1fori=/and §;=0fori+#Il.

We assume that (i, ) is very small, then the small terms of second order (i.e., the nonlin-
ear terms) in (1.9) could be neglected, and we thus obtain the following linearized stratified

VRT problem:

Nne=u in £2,

ou+Vq—pAu=kpdivDy in £2,

divu=0 in £2,

[l =[ul=0 onX, (1.13)
[(q —gpns)I — D(uu +kpn)]es = ¥ Apnzes on X,

(n,u)=0 on X,

(M, u)|s=0 = (n°, u°) in £,

where Ay, := 37 + 87. The linearized problem is convenient to analyze in order to have an
insight into the physical and mathematical mechanisms of the stratified VRT problem.

In 1953, Bellman—Pennington [2] first analyzed the inhibition of RT instability by surface
tension, where the study was based on a linearized two-dimensional (2D) motion equa-
tion of stratified incompressible inviscid fluids defined on the domain Ty x (-/k_, 4,) (i.e.,
1 =0 in the corresponding 2D case of (1.13)). Moreover, they precisely proved that there
exists a threshold g[p]L? of surface tension coefficient for linear stability and instability
of RT problem. In other words, the linear 2D stratified incompressible inviscid fluids are
stable when ¢ > g[[p]L?, and vice versa. Similarly, in the case of three dimensions, Guo
and Tice proved that ¥, := g[[p] max{L3, L3} is a critical value of surface tension coefficient
for stability and instability in the linearized stratified compressible viscous fluids defined
on £2 [9].

Next, we further introduce some mathematical progress for the nonlinear case. First,
by a Henry instability method [39], Priiess and Simonett first proved that the equilibria
solution of RT problem for stratified incompressible viscid fluids defined on the domain
R3 is unstable. Later, Wang, Tice, and Kim proved that, under the case of © > ¥ or ¥ €
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[0, ©1) [47, 48], the equilibria solution of RT problem for stratified incompressible viscous
fluids defined on 2 is stable, resp. unstable. In addition, the same results of stability and
instability have been further obtained by Jang, Wang, and Tice under the corresponding
compressible case [15, 16]. More recently, under the cylindrical domain with finite height
[49], Wilke also proved that the value ¥, is a threshold for the stability and instability of
stratified viscous fluids (with heavier fluid over lighter fluid). Finally, as documented in [14,
18], the results of nonlinear RT instability in inhomogeneous fluid (without interface), by
the classical bootstrap instability method, were obtained for inviscid and viscous cases.

2 Preliminary

2.1 Simplified notations

Before stating our main results for the linearized stratified VRT problem in detail, we shall
introduce some simplified notations used throughout this paper.

(1) Basic notations: It := (0, T). R* := (0,00), R¢ := [0,00), and 2 := R x [-h_, h,]. Vj :=
(31,02)T and f;, := (f1,/5). 37 denote ;" 85> for some multiindex of order o := (a1,2) and
82 denotes 9; for any o satisfying |a| = a1 + oz = . The jth difference quotient of size / is
D]hw = (W(y+he)) —w(y))/hforj=1and2,and Dﬁw = (D}l’wl,Dng), where |h| € (0,1),and
w is defined on £2 and a locally summable function. Nif, resp. Jf, denotes the real, resp.
imaginary, part of the complex function f. a < b means that a < ¢b for some constant
¢ > 0, where the positive constant ¢ may depend on the domain §2, and known parameters
such as g, p4, 1+, and ¥ may vary from line to line.

(2) Simplified notations of Sobolev spaces:

P:=1F(2)=W(R), W?=W?*2), H:=Ww"?

o0
H® = (H, E’::{weH”}/ wdy:O},
j=1 «

H; = {w € H'(2)|w|z+ = 0in the sense of trace, divw = 0},
H! is the dual space of H!, H :=H!'NnH,

H, v :={weH, | wsls e H'(D)},
H.y:={weH.,|ws#0on X},  H,=

A={weH, , | IJ/owl? =1},

where 1 < p < 00, and i > 0 is an integer. Sometimes, we denote A by A, to emphasize
the dependence of ©. Moreover, to prove the existence of unstable classical solutions of a
linearized VRT problem, we shall introduce a function space

jrr {WEH;JHV{IWGHI and ws|y € H*(T) forj <k} if 9 #0,
" weH! | Viwe H forj < k) if 9 =0,

where k > 0 is an integer. Besides, it should be noted that H, ;”?, =H,,.
(3) Simplified norms: || - |l; == || - llwiz> | - s := || - | s || ms(m), where s is a real number, and i
is a non-negative integer.
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(4) Functionals:
Ew) := 0| Vaws[s - g[p]walg + | /KoDw|5/2
and
F(w,s) = ~(Ew) + sl /aDw]3/2).

2.2 Preliminary lemmas
In this subsection, we mainly introduce some preliminary lemmas, which will be used

later.

Lemma 2.1 Existence theory of a stratified (steady) Stokes problem (see [48, Theorem 3.1]):
Let k > 0, f5! € H* and f5* € H*'?2, then there exists a unique solution (u,q) € H*** x
H*! satisfying

Vg - uAu=f" in $2,
[u] =0, [(gl - Du)es] =f>? on X, (2.1)
u=0 on X",
Moreover,
S,1 $,2
lolisae < P54+ If |1<+1/2' (2.2)

Lemma 2.2 Difference quotients and weak derivatives: Let D be $2 or T.
(1) Suppose1 <p < oo andw e WYP(D). Then ||Df’1w||Lp(D) SAIVawll o).
(2) Assume 1< p < oo, w e LP(D), and there exists a constant c such that ||Dﬁw||lp(D) <c.
Then Vyww € LP(D) satisfies || Vaw| r(p) < ¢ and D}:h"w — Vnw in LP(D) for some

subsequence —hi — 0.

Proof Following the argument of [7, Theorem 3] and using the periodicity of w, we can
easily get the desired conclusions. O

Lemma 2.3 Friedrichs’s inequality (see [37, Lemma 1.42]): Let 1 < p < 00 and D be a

bounded Lipschitz domain. Let a set I’ C 0D be measurable with respect to the (N — 1)-
dimensional measure y := measy_ defined on 3D, and let measy_1(I") > 0. Then

IWllwir oy S IVWI e )

for all w € WYP(D) satisfying that the trace of w on I' is equal to 0 a.e. with respect to the
(N - 1)-dimensional measure 1.

Remark 2.1 By Friedrichs’s inequality and the fact

Vw2 = [Dw||3/2 forany we H}, (2.3)
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we get Korn’s inequality
Iwl} SIDwli§  forany w e H,. (2.4)

Lemma 2.4 Trace estimates:

lwlo < llwlly forany w € H,, (2.5)
[wlo < Vhs/2|Dwll2q,)/2 foranyw e H!. (2.6)

Proof See [28, Lemma 9.7] for (2.5). Since C%° := C§°(R? x (—h_,h,)) N H! is dense in H},
it suffices to prove that (2.6) holds for any w € C2° by (2.5).

First, let w be the horizontal Fourier transformed function of w € C3°, and

@(&,y3) = in(£,y3), 0(&,y3) = iWa(§,53), V(& y3) =ws(&,y3).

Then
E19+50+Y =0 (2.7)

and ¥ (-,y3) € Ha(~h_, h,), because of divw = 0 and w| x+ = 0. In addition,

/

o &l &e g
Vw=@w)=| £6 &0 -i
gy iy Y

Next, we can deduce from (2.7) that
¥(0,y3)=0 for&=0. (2.8)

By (2.8) and the Fubini and Parseval theorems, one has

1 2

2

=— ,0 2.9

wal6 = air 1 > |yE0) (2.9)
ge(LZxL31Z)\{0}

and

1, 1
L D Z/ T+ w1 dys

ge(L7 Zx Ly Z)\{0} 1=0/=3

1
&
=— E M; (@, 0,
4'7T2L1L2 1 ((,0 W)
ge(L7ZxL51Z)\(0)

1

47r2L Ly _/ (|¢'(0,53 | + |9/(01)’3)|2) dys, (2.10)
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where
0
M%(w,e,w):f (112 (Ip1* + 1617 + 19 [?)
PRy Iy + 2303y + |+ 02+ 3)w ) dys.
Using (2.7), we have

[W/|* = E210P? + E21612 + 2616:(Np0 + 3936) < |61 (lol? + 161%),
v < 1P+ [0']),
which imply that
0 2 2
/h (4[] |v + w118 1) dys < ME (0,0, ) (2.11)
for given & € (L7'Z x L;*7Z)\{0}. Employing (2.9)—(2.11) and the relation
$*0) <h_||¢| 2., o) foranyeHy(-h_, i),

we can obtain

1 2
2
Wwilg= ——— ,0
sl = gmar T > ¥ (,0)]
gL Zx L5 Z)\ {0}

h_ 0 712 " 2
Stn L [ @R e vne)) o
ge(LZxL51Z)\(0}

h_

§ : £ 2

= 167T2L1L2 M1 (‘P» 9: VI) = h—”]DW”LZ(Qi)/S' (2'12)
ge(LT Zx Ly Z)\{0}

Similarly, we also get

wslg < A IDWIIZ> g /8,
which, together with (2.12), yields the desired conclusion. This completes the proof. [
Remark 2.2 From the derivation of (2.6), we easily see that

133w3l172q,) < IDWIIFs g, /8 foranywe H,. (2.13)
Lemma 2.5 Negative trace estimate:

luzl10 S Nlullo + N divullo  for any u:= (u1, uz, u3) € Hy. (2.14)

Proof Estimate (2.14) can be derived by integration by parts and an inverse trace theorem
[37, Lemma 1.47]. O

Page 10 of 29
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Lemma 2.6 Let X be a given Banach space with dual X*, and let u and w be two functions
belonging to L*((a, b), X). Then the following two conditions are equivalent:
(1) For each test function ¢ € C5°(a, b),

b b
/ u(t)g'(t)dt = - / w(t)p(t) de.

(2) Foreachn e X*,

d
—-— U, * =W, *y

dt< Mxxx* = (W, M xxx

in the scalar distribution sense, on (a, b), where (-, -)xxx+ denotes the dual pair
between X and X*.

Proof See Lemma 1.1 in Chap. 3 in [44]. O

3 Main results

In this paper, we investigate the effect of surface tension on the linear RT instability by
the linearized motion (1.13). First of all, we exploit the modified variational method of
PDEs and existence theory of stratified (steady) Stokes problem to prove the existence of
solutions with a largest growth rate A, for (1.13) under the instability condition ¢ € [0, ¥,).
And then, we find a new upper bound for Ay:

Ay < m:=min{my, my}, (3.1)
where
(ﬁc - 19) . h+ h_ KiPy K-_p-
my = g[[p]] miny —, — — 4 max P — )
49, My po My M-
1
3

mz;:< @[p] (¥ - 9))? )

402 max{p, s, p-p-}

In addition, we see from (3.1) that
Ay —> 0 as — .. (3.2)

In classical Rayleigh—Taylor (RT) experiments [8, 10], it has been shown that the phe-
nomenon of that surface tension during the linear stage can restrain the instability growth,
and the growth is exponential in time. Obviously, this phenomenon can be verified mathe-
matically by the convergence behavior (3.2). Next, we shall give the definition of the largest
growth rate of RT instability in the linearized stratified VRT problem.

Definition 3.1 We call A > 0 the largest growth rate of RT instability in the linearized
stratified VRT problem (1.13) if it satisfies the following two conditions:
(1) For any strong solution (n,u) € C°([0, T), H*> N H?) N L2(I7, H® N H?) of the
linearized stratified VRT problem with g enjoying the regularity
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q € C°([0, T), H') N L*(I7, H?), then we have, for any ¢ € [0, T),

o} sl + [ s < (|l + 1o ). 33)

(2) There exists a strong solution (n, #) of the linearized stratified VRT problem in the
form

(77) M) = eAt(ﬁ, il),
where (7, t) € H?.

Now, let us state the first main result on the existence of largest growth rate in the lin-
earized stratified VRT problem.

Theorem 3.1 Let g >0, p >0,k >0, and ju > 0 be given. Then, for any given

? € [0,9), (3.4)
there exists an unstable solution

(n,u,q) := e (w/ A, w, B)

to the linearized stratified VRT problem (1.13), where (w, 8) € H*® solves the boundary

value problem:
A2pw+ A(VB — nAw) = kp divDw in £2,
divw=0 in §2,
[w]=0 on X, (3.5)
[(AB —gpw3)I —D((Ap + kp)w)]es = Aywses on X,
w=0 on X*

with a largest growth rate A > 0 satisfying

A% = sup F(w, A) = F(w, A). (3.6)
weA
Moreover,
w3 #0,03w3 Z0,divy, wy, #0  in £2, lws| #0 on X. (3.7)

Next we briefly introduce how to prove Theorem 3.1 by the modified variational method
of PDEs and regularity theory of stratified (steady) Stokes problem. The detailed proof will
be given in Sect. 4.1.

First, we assume a growing mode ansatz to the linearized problem:

() = q@e™,  ulxt) =wxer,  qlxt) = pa)e
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for some A > 0. Substituting this ansatz into the linearized stratified VRT problem (1.13),
we can get a spectrum problem

An=w in £2,
Apw+ VB — uAw=xpdivDyp in £2,
divw=0 in £2,
[7] =[w] =0 on X,
[(B —gpiz)l —D(uw + kpn)]es = ¥ Anijzes  on X,
(m,w)=0 on XY,

and then eliminating 7 by using the first equation, we arrive at boundary value problem
(3.5) for w and 8. Multiplying (3.5); by w in L%, and using the formula of integral by parts
and conditions (3.5),—(3.5)5, we have

A2 pwls = =€) - I/ AuDwllg/2,
where we have defined that
Ew) := 9| Vawsl§ — gl Iwsls + [l /kpDwl[/2.
From the view point of energy, if
Ew) <0 forsomewe H;, (3.8)

the linearized stratified VRT problem may be unstable, otherwise stable. Obviously, the
above instability condition (3.8) is equivalent to

2_ Dw||2/2
. gleliwsls - Il /kpDw|5/ 1L

Cﬂ = su (39)
wert D1Viws 3
In this article, we assume that 9 is a constant, then we derive from (3.9) that
2 2
wsls — || J/xpDw|5/2
9 <9 sup SLPAIWslo—l i o2 (3.10)
weH! , [Viwsly

Under (3.10), the linearized stratified VRT problem is obviously unstable, if there exists a
solution (w, B) to boundary value problem (3.5) with A > 0.

To look for the unstable solution, we use a modified variational method of PDEs, and
thus modify (3.5) as follows:

apw + (VB — uAw) = kp divDw in £2,
divw=0 in £2,
Hw]] =0 on Y, (3.11)

[(sB —gpws)I —D((su + kp)w)]es = ¥ Apwzes on X,

w=0 on X1,
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where s > 0 is a parameter. In order to emphasize the dependence of s upon « and ¥, we
will write (s, ) = .
By modified problem (3.11), we can find that it enjoys the following variational identity:

als,9) I /owls = F(w,s).

Thus, by a standard variational approach, there is a maximizer w € A of the functional
F defined on A4; furthermore, w is just a weak solution to (3.11) with « defined by the

relation

als,9) = sup F(w,s) e R, (3.12)
weA
see Proposition 4.1. Next we further use the method of difference quotients and the ex-
istence theory of the stratified (steady) Stokes problem to improve the regularity of the
weak solution, and thus we can prove that (w, 8) € H* is a classical solution to boundary
value problem (3.11), see Proposition 4.2.
In view of instability condition (3.4) and the definition of «(s, ), we can infer that, for
given ¥, the function «(s,-) on the variable s enjoys some good properties (see Proposi-
tion 4.3), which imply that there exists A satisfying the fixed-point relation

A=a(A,) e 0,My). (3.13)

After that we obtain a nontrivial solution (w, 8) € H* to (3.5) with A defined by (3.13),
and therefore the linear instability follows. Furthermore, A is the largest growth rate of
RT instability in the linearized stratified VRT problem (see Proposition 4.4), and thus we
get Theorem 3.1.

Next, we turn to introducing the second main result on the properties of largest growth
rate constructed by (3.13).

Theorem 3.2 The largest growth rate Ay := A in Theorem 3.1 enjoys the estimate (3.1).
Moreover,

Ay strictly decreases and is continuous with respect to ¥ € [0, 9.). (3.14)
In particular, we have Ay — 0 as 0 — O..

Here we briefly introduce the idea of its proof. We can find that, for fixed s, a(:, ¥) de-
fined by (3.12) is continuous with respect to ¥ and strictly decreases (see Proposition 4.5).
Therefore, by some analysis based on the definition of continuity and the fixed-point re-
lation (3.13), we can show that A, := A also inherits the continuity and monotonicity of
a(-, ). Finally, we derive (3.1) from (3.6) naturally by some estimate techniques. A more
detailed proof of Theorem 3.2 will be presented in Sect. 4.2.

4 Proof of main theorems

4.1 The result of linear instability

This subsection is devoted to the proof of Theorem 3.1. First of all, we will use modified
variational method to construct unstable solutions for the linearized stratified VRT prob-

lem. Guo and Tice firstly use this method for constructing unstable solutions to a class
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of ordinary differential equations arising from a linearized RT instability problem [9]. In
this paper, we will directly apply Guo and Tice’s modified variational method to the partial
differential equations (3.5), and thus obtain a linear instability result of the VRT problem
by further using an existence theory of stratified Stokes problem. Next, we begin to prove
Theorem 3.1 by four steps.

(1) Existence of weak solutions to the modified problem

We investigate the existence of weak solutions to the following modified problem:

als,?)ow+s(VB — uAw) = kp divDw in £2,

divw=0 in £2,

[w]=0 on X, (4.1)
[(sB —gpws) —D((sp + kp)w)]es = Apwzes on X,

w=0 on X%,

where s > 0 is any given. In order to prove the existence of weak solutions of the above
problem, we first consider the variational problem of the functional F(z, s):

als, ) := sup F(w,s) (4.2)
weA

for given s > 0, where we have defined that
Flw,s) = —(S(w) +s||ﬁDw||g/2).

And we sometimes denote «(s, ") and F (e, s) by « (or «(s)) and F (o) for simplicity, resp.
Then we have the following conclusions.

Proposition 4.1 Let s > 0 be any given.
(1) Invariational problem (4.2), F (@) achieves its supremum on A.
(2) Let w be a maximizer and o := sSup,, . o F (@), then w is a weak solution of boundary
problem (4.1) with given «.

Proof Noting that
vlg S lIvilolldsvllo  for any v e Hy, (4.3)

thus, by Young’s inequality and Korn’s inequality (2.4), we know that {F(@')}xc4 has an
upper bound for any @ € A. Hence there is a maximizing sequence {w"}>°; C A, which
satisfies « = lim,_, o, F (w,). In addition, making use of (4.3), the fact ||,/ow"|lo = 1, trace
estimate (2.6) and Young’s and Korn’s inequalities, we get ||[w” ||; + | Vawj|o < ¢; for some
constant ¢;, which is independent of n. Therefore, by (4.3) and the well-known Rellich—
Kondrachov compactness theorem, there exist a subsequence, still labeled by w”, and a
function w € A such that

" = Wl in LX(T),

w'—~w inH;, w'—w inlL? w
¥3=0

W3l yse0 = Walys-o  in H'(T) if & #0.
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Using the above convergence results and the lower semicontinuity of weak convergence,
we obtain

—a =liminf(-F(w")) = -F(w) > —a.

n—00

Hence, w is a maximum point of the functional F (=) with respect to @ € A.

Obviously, w constructed above is also a maximum point of the functional F(w)/
|l /o |I§ with respect to @ € H ,. Furthermore o = F(w)/||/pwl|§. Therefore, for any
given ¢ € H! ,, the point ¢ = 0 is the maximum point of the function

I(t) := F(w+ tg) — / ap|w + to*dy € CL(R).
Then, by computing out I'(0) = 0, we have the following weak form:
1
2 /(s,u +kp)Dw:Dedy + 0 / Viws - Viags dyn
b
=g[[p]]/ w33 dyn —a/pwwdy' (4.4)
b

Notice the fact, for any 1, f? € H', and any matrices 4, B € R3*3,

1

5 / Duf! - Daf?dy = / Daf! : Va2 dy, (4.5)

thus (4.4) is equivalent to

/(su +kp)Dw: Vody + lﬂ‘f Viws - Vhgs dyn = g[ o] / w33 dyn — o / pw - @dy.
b b))
This shows that w is a weak solution of modified problem (4.1). O

(2) Improving the regularity of weak solution
By Proposition 4.1, we know that boundary value problem (4.1) admits a weak solution
w € H, ,. Next, we will further improve the regularity of w.

Proposition 4.2 Let w be a weak solution of boundary value problem (4.1), then w € H*.

Proof First of all, we shall establish the following preliminary conclusion:
For any i > 0, we have

weH,)", (4.6)
and
1 i i
2 (s +kp)Dofw:Dedy+ 0 | Vioiws - Vhesdyn
z

=glrl f A wspsdyn — o / pogw - @ dy. (4.7)
P
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By induction, it is obvious to see that the above assertion can reduce to verifying the
following recurrence relation:
For given i > 0 and any ¢ € H, ,, if w H;’,iﬂ satisfies (4.7), then
we Hy'ot (4.8)
and w satisfies
1 i+l ., d i+1 d
3 (s + kp)Do" w: Doy dy + ¥ : Vo “ws - Vs dyn
=gle] / A waps dyn — o f Py w - pdy. (4.9)
z
Next, we use the method of difference quotients to verify the above recurrence relation.

Now, for any ¢ € H} ,, we assume that w € H ;'f;? satisfies (4.7). Noting that 3} w € H, ,,
we can deduce from (4.7) that, for j = 1 and 2,

1 . .
5 /(s,u +kp)Dofw: ]D)D;’go dy+ ¢ / Vhopws - Vth’gog dyn
b))

:g[[,o]]/ ak’;wSDf%pgdyh—a/pr;w-Df‘gody
b

and
1 . . . )
2 /(su +kp)Dofw: ]D)Dj_hD;’B}‘lwdy + ¢ /2 Vhjws - VhDj‘th’B}“m dyn
=g[p] f 3w D;" Do ws dyy, — o / pdgw - D" Dol wdy,
z
which yield that
1 _hai —h qi
2 (sp + Kp)]DDj oyw:Dedy + 9 ViD; "9y ws - Vhes dyn
b
=g[p] / D;ha;w3¢3 dyn —«o / pD/ThB}“\w ~pdy (4.10)
x
and
il1? i |2
/s + K,O]D)D}’Bhw”o/Z + l?‘D;’VhBthyo
i |2 il1?
< elpl|D)aiws |, + lal | D) 3w, (4.11)
resp.

By Korn'’s inequality, it is easy to get that

LT R Nerea e Y

therefore, using (4.3), Young’s inequality, and the first conclusion in Lemma 2.2, we further
deduce from (4.11) that

[Pty + 2 1D Vidhwsl < [Dhogwlo < [ Vadiwlg < 1.
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Thus, using (4.3), trace estimate (2.6), and the second conclusion in Lemma 2.2, we can
find that there exists a subsequence of {—/},cr (still denoted by —/) such that

D"diw — Vhdlw inH!,  D"diw— Vydiw inlL?
D" 3iwly,-0 — Vidiwly,oo in LX(T), (4.12)
Di"9iws|s — Vidiws|s  in HY(T)if & #0.

Exploiting the regularity of w in (4.12) and the fact w € H, ;'j,, we get (4.8). Moreover, us-
ing the limit results in (4.12), we can deduce (4.9) from (4.10). This means that we have
completed the proof of the recurrence relation, and thus (4.6) holds.

Now, with (4.6) in hand, we consider a stratified Stokes problem:

sVBK — (s + kp) Ak = —a,oaﬁw in £2,
diva* =0 in 2,
(4.13)
[@*] =0, [(sB*1 - (si + kp)Dwk)es] = 3F LY on X,
k=0 on X7,

where k > 0 is a given integer, and we have defined that

L= g[p]wses + O Apwses.
Because of regularity (4.6) of w, we see that 8}’fw € L? and 8{1‘[:1 € HY(T). Using the exis-
tence theory of stratified Stokes problem (see Lemma 2.1), there is a unique strong solution
(o, BX) € H? x H" of the above problem (4.13).

Multiplying (4.13); by ¢ € H} , in L? (i.e., taking the inner product in L?), and using
(4.13)2—(4.13),4 and the integration by parts, we arrive at

1
5 /(S,LL +kp)Da’ : De dy
=g[rl /  waes dyn — / DO Vaws - Vs dyn — f apdywe dy. (4.14)
z b

And then, subtracting the two identities (4.7) and (4.14) yields that
/(s,u +xp)D(3fw — ") : Dp dy = 0.

Taking ¢ := 8{: w-oke H;ﬂ, in the above identity, and using Korn’s inequality, we see that
ok = 8{: w. Thus we immediately find that

E){fweH2 for any k > 0, (4.15)

which implies 3fw € H!,and 3} £! € H*(T) for any k > 0. Therefore, applying the stratified
Stokes estimate (2.2) to (4.13), we obtain

B{fw e H® for any k > 0. (4.16)
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By induction, it is obvious to see that we can easily follow the improving regularity method
from (4.15) to (4.16) to deduce that w € H*®. Moreover, we have g := 8° € H*; further-
more, BX in (4.13) is equal to 8{:,3.

Finally, recalling the embedding H**? < C°(£2) for any k > 0, it is easy to see that (w, 8)
constructed above is indeed a classical solution to modified problem (4.1). a

(3) Some properties of the function a(s)
Now we devote to the derivation of some properties of the function «(s), which can make

sure the existence of fixed point of /a(s) in R*.

Proposition 4.3 For given ¥ € R}, we have

alsp) <alsy) foranysy>s; >0, (4.17)
als) e Cpi(RY), (4.18)
a(s) >0 on some interval (0, cy) for ¥ € [0,9), (4.19)
a(s) <0 on some interval (c3,00). (4.20)

Proof First, we verify (4.17). For given s; > s1, there is v*2 € A such that a(sy) = F(v*2,s5).
Hence, by the fact || ./pov*||lo = 1 and Korn’s inequality,

als)) = F(v'2,s1) = als) + (s2— 1) ||ﬂ]Dst ||§/2 > a(sa),
which yields (4.17).

Then we turn to proving (4.18). Choosing a bounded interval [c4, ¢5] C (0, 00), then, for
any s € [ca,c5), there is a function v satisfying «(s) = F(+%,s). Hence, by monotonicity
(4.17), we arrive at

alcs) + C4||ﬂDVS ||(2)/4 < F(v,s/2) < als/2) < alcal2),
which yields
”ﬂ]]])vs ”3/2 < 2(0[(64/2) - Ol(C5))/C4 =:& foranys € [cy, cs5].
Therefore, for any 1,5, € [c4, 5],
a(s)) —als) <F (¥, s1) - F(V',s55) <&lsy —s1
and
a(s2) —afsy) <&ls2 —sals
which immediately imply |o(s1) — ae(s2)| < &|s2 —s1|. Hence (4.18) holds.

Finally, we can infer (4.19) from the definition of @ by using Korn’s inequality and (4.3),
while (4.20) can obviously get from the definition of & and (3.8). O
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(4) Construction of an interval for fixed point
To begin with, let J := sup{all the real constant s, which satisfy that «(r) > 0 forany r €
(0,5)}. By (4.19) and (4.20), it is clear that J € R*. In addition, «(s) > 0 for any s € (0,7),

and, by the continuity of «(s), we have
a(J) =0. (4.21)
Applying the upper boundedness and the monotonicity of «(s), we see that

lima(s) = ¢ for some positive constant ¢. (4.22)

s—0

Then, using (4.21), (4.22), and the continuity of «(s) on (0,J), we immediately find by a
fixed-point argument on (0, J) that there exists a unique A € (0,7) satisfying

A=y/a(A)= [sup F(w,A) € (0,7). (4.23)
weA

Hence, we get a classical solution (w, 8) € H* to boundary problem (3.5) with A con-

structed by (4.23). Furthermore, it is easy to see that
A=/F(w, A)>0, (4.24)

and (3.7) directly follows (4.24) and the fact w € H}.

Next, we shall prove that A constructed in the above is the largest growth rate of RT
instability in the linearized stratified VRT problem, and thus complete the proof of Theo-
rem 3.1.

Proposition 4.4 Under the assumptions of Theorem 3.1, A > 0 constructed by (4.23) is the
largest growth rate of RT instability in the linearized stratified VRT problem.

Proof According to the definition of largest growth rate, it suffices to prove that A enjoys
the first condition in Definition 3.1.

First, let u be a strong solution to the linearized stratified VRT problem. Then we can
get that, for a.e. £ € I and all w € H},

/put-wdy: /(,uAu—Vq)-wdy+//<,0diV]D)n-wdy
= f (glplnsws + O Annsws) d)’h—/D(Mu+KP77)1VWdy' (4.25)
b

Thus,

d
d—t/puywdy:/ (g[[p]]u3W3+z9Ahu3W3) dyh—/D(uut+Kpu):dey. (4.26)
s

Exploiting regularity of (17, 4), we can see that the right-hand side of (4.26) is bounded
above by A(¢)(||wl|1 + |w|;) for some positive function A(t) € L*(I7). Then there exists f €
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L?(I7, H;") such that, for a.e. ¢ € I,

(Wt = / (g[[p]]u3W3 + z?Ahug,Wg,) dyn — / D(uu; + kpu) : Vwdy. (4.27)
b
Therefore, it follows from Lemma 2.6 that
(ous)s =f € L’ (IT,H(;I).

Moreover, using the classical regularization method (referring to Theorem 3 in Chap. 5.9
in [7] and Lemma 6.5 in [37]), we get

1d

2 dr P|”t|2 dy = <8t(put)rut>Hgleé)

1d
Anusdusdyn = —= — | |Vaus|? dyp.
/): hi30;u3 dyn 2dt/);| hu3|® dyn

Thus, we can derive from the above two identities and (4.27) that

d
3 (WPl + E@) + /Dy |G = 0.
Next, integrating the above identity in time from 0 to ¢ yields that
t
I/pucll + E(w) + / /R Dus 5 ds = I° := Euli=o) + Ilv/Pel=oll5- (4.28)
0

Applying Newton—Leibniz’s formula and Young’s inequality, we can find that

t
A ||ﬂ1D)u(t) ||(2) =A ||ﬂ]D>u0 ||(2) + 2A/ /,uDu(s) : Dus dyds
0
t t
< A|/rDul |} + / /P 12 ds + A2/ | EDuts) |2 ds.  (4.29)
0 0
In addition, by (3.6), we arrive at

A
~E(u) < A%\ /pullf + 5||¢ﬁ®u||é. (4.30)

Therefore, we deduce from (4.28)—(4.30) that

1 1
SIVols + 5 | EDu@)

t IO A D 0112
< AH\/,T)u(t)H(ZﬁA/O | /D) ds + M (4.31)

According to

2
0’

d
AL IVpul; =2Afpu(t)-utdys Iv/pullg + A*| /pu(e)
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we further derive the differential inequality from (4.31) as follows:

d 1
g VPl + 3 | Viu©l,

t 10 A D 012
< 2A(||ﬁu(t)”§ . %/0 ||ﬁ]Du(s)H§ds> AW Ty

Applying Gronwall’s inequality [37, Lemma 1.2] to the above inequality, we obtain

t 0 0112
Aol + 5 [ Ivavusloes = (Jvael; - =)o, s

which, together with (4.31), yields

1 1 I°+ A /uDul |2
VOl 31l <2 Al Al » =R o
A 2 2A
10+ Al /pDu® |13
n M. (4.33)
A
And then, multiplying (1.13), by u, in L? and using integration by parts, we have
‘/plutIZdy = / 4] 0:u3 dyn + / WA - u, dy + /Kp divDn - u, dy. (4.34)
z

Using (2.14), we can estimate that

/E[[q]]atua dyn |41, 103112 S [l o 2 lo-
Moreover, exploiting (1.13)5 and trace estimate (2.6), we obtain
L1, < lnlls + Nl
Applying the above two estimates, we can infer from (4.34) that
lete 15 < 1l + llell3,
which implies that
Ipuele-olls < (1) -

By Korn’s inequality and the above estimate, we deduce from (4.32) and (4.33) that
! 2 2 2
lael} + ||Mt||<2>+/ |} ds < e ([ ][5+ [],)-
0
Finally, from (1.13); we arrive at

t t
@l < 'l + [ indads <o+ [ Juo), e

Set(In’lls + [4°1,).

Page 22 of 29
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From the two estimates above, we immediately see that A satisfies the first condition in
Definition 3.1. The proof is completed. 0

4.2 The effect of surface tension

In this subsection, to prove Theorem 3.2, we shall further derive relations (3.1) and (3.14)
of surface tension coefficient and the largest growth rate. And in order to emphasize the
dependence of A and M upon ¥, we will denote them by A, and My, respectively. To
this end, we need the following auxiliary conclusions (i.e., the properties of «(s, ) with
respect to ).

Proposition 4.5 Let g >0, p >0, and i > 0 be given.
(1) Strict monotonicity: if 91 and O, are constants satisfying 0 < ¥ < ¥, then

a(s, ) < als, ) (4.35)
for any given s > 0. Moreover, if O, further satisfies ¥, < V¢,
My, > My, (4.36)
where
My, = sup{s eR|a(r,¥)>0foranyt € (O,S)} and  a(My,9;) =0. (4.37)
(2) Continuity: for given s > 0, a(s, 9) € CYY(R*) with respect to the variable 9.

loc

Proof (1) To begin with, let s > 0 be fixed, and 0 < ¥¥; < ©%,. Then there exist functions
w’i € H® N Ay,, i = 1,2, such that

2

a(s, 9) = E(w”) — 0;| Viws' |,

where E(w”i) := g[p]Iwii|? - sl /mDw’i|3/2 — || /kpDwi||5/2. Since w’i € Ay, due to
(3.7), we get

0< |W192 |0 S |Vhwﬂ2|o’
and thus we have
a(s, ) <als, ) + (9 — 192)|Vhw3’?2 |§ <a(s, th).
Therefore, we immediately get the desired conclusion (4.35).
Next, we begin to prove (4.36) by contradiction. If My, < My,, then we can get from
the strict monotonicity of «(s, -) with respect to s and (4.35) that
0 = a(My,, D) <a(My,, ) <a(My,,91) =0,

which is a paradox. If My, = My,, using (4.35), we arrive at

0 = a(My,, D) < a(My,, ) = a(My,, 1) =0,
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which is also a paradox. This yields the desired conclusion.

(2) Let s > 0 be fixed. We first choose a bounded interval [b1,b;] C R*. Then, for any
given 6 € [by, by], there exists a function w’ € Ay satisfying a(s,0) = E(w’) — 0| Vyuf|2.
Thus, considering the monotonicity of «(-,0), we easily know that

(s, by) + by |Vhw§|§/2 <afs,0) + 9|Vhwg|(2)/2
<als,0/2) <als,bi1/2), (4.38)
which yields
|Vhw§ |§ < 2(oz(s, b1/2) — a(s, bz))/bl :=K(s) forany v € [by,b,].
Therefore, for any 91, ¥, € [b1,b,],
als, 91) — als, 92) < E(w'1) — 01| Vawdt |2 — (E(W™) — 92| Viwd'[2))

0

= K(s)[92 = thl.

Reversing the role of indices 1 and 2 in the derivation of the above inequality, we can obtain
the same boundedness with the indices switched. Thus, we derive that

|ae(s, 1) — (s, 92)| < K(s)[91 = D,

which yields a(s, ) € COY(R*). The proof is completed. O

loc

By Proposition 4.5, we have finished the proof of properties of «(s, ) with respect to ©.
Next, we will complete the proof of Theorem 3.2 in three steps.

(1) The monotonicity of Ay with respect to the variable ¥ € [0, D).

First, for given two constants ¥; and ¥, satisfying 0 < 4 < ¥, < ¥, there exist two asso-
ciated curve functions « (s, ;) and «(s, ©¥;) defined in (0, ¥.). Then, from the first assertion
in Proposition 4.5, we know that

als, 1) > als, ).

Through the analysis, we can see that the fixed point Ay, satisfying Ay, = \/a(Ay,) can be
obtained from the intersection point of the two curves y = \/a(s, ;) and y = s on (0, My,)
for i = 1 and 2. Therefore, we can immediately obtain the monotonicity

Ay, > Ay, for0 < <y <. (4.39)

(2) The continuity of Ay.
In order to prove the continuity of A, we first need to choose a constant 9 > 0 and an
associated function «(s, ¥%). Noting that a(Ay,, ¥) = Ago >0and a(-, ) € Cﬁ;é [0,,) are

continuous and strictly decreasing with respect to %, thus, for any given ¢ > 0, there is a
constant § > 0 such that

(190 - 57 190 + 8) - (O’ 19(:)7a(A190r 7}0 + 8) > O;
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and

0< \/a(Alyo, 90) = Jor(Agy, D0+ 8) < £,0 < \/a(Aﬂo, 90— 8) — Ja( Ay Do) < &.
Therefore, from the above two inequalities, we have

Ayy — €< Ja(Ayy, D9 +38) and a(Ayy, 09 —8) < Ay, + €.
According to the monotonicity of Ay with respect to ¢, we arrive at

Apg-s > Ny > Apgss.

Thus, by the monotonicity of «(s, -) with respect to s, we get

\/Ol(AﬁO,l?o +4) < \/a(Aﬁ0+51 Vo +6) = Apges

and

(A, 00— 8) > Ja(Age_s, B0~ 8) = Agys.
Chaining the five inequalities above, we immediately obtain
Ay — € < Apges < Apy—s < Ay + 6.
Then, for any ¥ € (99 — 8,90 + ), we have Ay, — & < Ay < Ay, + &. Therefore,
Ay is a continuous function of ¥ € (0, ¥.). (4.40)
Now, we consider the limit of Ay as ¥ — 0. For any ¢ > 0, there is w € A such that

w3 #0 onX and

(4.41)
Ao e < /glpliwsl - Aol JEDWIR/2 — || /RBDwWI3/2 = Ao.
Moreover,
Azy < Ao. (442)

Therefore, using (3.6), (4.41), and (4.42), there is a sufficiently small constant @ € (0, 9)
such that, for any ¢ € (0, ¥1),

Ao < \/gloliwsl} - Ao Il /EDWIZ/2 - | /KPDWIR/2 — 8 Vaws 3

< Ag < AO' (443)
Hence, we have

lim Aly = A(),
¥—0
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which, together with (4.40), yields that
Ay is a continuous function of ¥ € [0, ¥.). (4.44)

(3) The upper bound (3.1) of Ay.
According to the definition of ¢, we can deduce from (3.10) that

glellwslg = Iv/koDwl5/2 < 9| Vhwsly  for any w € H .
Thus, by (3.6), for any given & € [0, ?.), there is w’ € A, such that

0<A;=F(w’, Ay)
(19 5)

(a1 w8 2~ | vrmw | /2)——II«FD "l

which yields that

Ay =
3+ 20 w2 = P o - | pmw 2). (4.5

Making use of (2.3) and trace estimate (2.6), we can easily estimate that
! P < 2| |
0 — 8//L+ 0
Similarly, we also have
¥ |2 h- 5|12
w3, < m“«/lmw lo-

By the above two estimates, we deduce from (4.45) that

_8lol@e=v) . [h h w )
T e et K W R W T
which yields that
Ay < (Ve — D) <g[[,0]] min{ h_", h_‘} — 4max{ uidiaa , P }) (4.46)
49, e K- L

Noting that ||,/pw” ||o = 1, then, by (2.13),

o I /ADW" llo
walo= =V lne 10w e = = mom—

Putting the above estimate into (4.45), and then applying Young’s inequality, we obtain

@glp](® - 19))2 (17 19)
A= 492p_p_Ay

| /eoDw
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which yields that
. —1))?
A < (gM(z—)). (4.47)
49;p-p-
Similarly, we also have
¥ —1))?
Az < (M—)) (4.48)

4'19c2p+ﬂ+

Summing up the above two estimates, we can immediately get that

(gﬂp]] (ﬂc - ﬁ))z %
Ao = (41’3 max{p+u+,pu}) ’ (4.49)

which, together with (4.46), yields that
Ay <m. (4.50)
Hence, we complete the proof of Theorem 3.2 from (4.39), (4.44), and (4.50).

5 Conclusion

In this paper, we investigate the effect of surface tension in the Rayleigh—Taylor (RT) prob-
lem of stratified incompressible viscoelastic fluids. We prove that there exists an unstable
solution to the linearized stratified RT problem with a largest growth rate A under the
instability condition (i.e., the surface tension coefficient ¥ is less than a threshold #).
Moreover, for this instability condition, the largest growth rate Ay decreases from a pos-
itive constant to 0, when ¥ increases from 0 to ¥, which mathematically verifies that the
internal surface tension can constrain the growth of the RT instability during the linear
stage.
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