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1 Introduction and main results
In this paper, we consider the existence of a sign-changing solution for the following sys-

tem:

—Au+V@)u+du— sulu®=f(u), inR> @y
—A¢ = u?, in R3, '

where V is a continuous potential function and f is an appropriate nonlinear function. On
the potential V, we make the following assumption:

(V) Ve C(R3R), limy— V(x) = 00, and V(x) > m > 0 for some constant .

According to a classical model, the interaction of a charge particle with an electromag-
netic field can be described by coupling the nonlinear Schrédinger equations and Poisson
equations. In the recent years, there has been a lot of work dealing with the following
Schrodinger—Poisson systems:

—Au+ V(X)u + ou=f(x,u), inR3

(1.2)
—A¢ =u?, in R3.
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For example, Ambrosetti and Ruiz in [4] obtained the multiplicity results of (1.2) by using
the variational methods and Pohozaev equality. By using fountain theorem for the sub-
critical case and the symmetric mountain pass theorem, Wang, Radulescu, and Zhang
[37] studied the existence of infinitely many solutions for a class of fractional Kirchhoff-
Schrodinger—Poisson system under certain assumptions. Goubet and Hamraoui in [19]
investigated both numerically and theoretically the influence of a defect on the blow-up
of radial solutions to a cubic nonlinear Schrédinger equation in dimension 2. In [36], Tra-
belsi showed the global well-posedness of a higher-order nonlinear Schrodinger equa-
tion. Specifically, the author considered a system of infinitely many coupled higher-order
Schrédinger—Poisson—Slater equations with a self-consistent Coulomb potential. By ap-
plying non-Nehari manifold method, Wen and Chen [40] established the existence of the
Nehari-type ground state solutions for asymptotically periodic Schrédinger—Poisson sys-
tems involving Hartree-type nonlinearities. Wang and Zhou [38] considered the existence
and nonexistence of solution to (1.2) under the assumption that f is asymptotically linear
at infinity. By using the constraint variational method and the Brouwer degree theory,
Wang and Zhou [39] proved that system (1.2) has a sign-changing solution under suit-
able assumptions. Zhao and Zhao in [46] studied the existence and multiplicity of solu-
tions to (1.2) with f(x, %) = |u|?'u, 2 < p < 3 via variational methods. When V is periodic
or asymptotically periodic and f does not satisfy the Ambrosetti—Rabinowitz condition,
Alves, Souto, and Soares [2] established the existence of positive ground state solutions by
using the mountain pass theorem. Zhao, Liu, and Zhao in [45] considered the existence of
nontrivial solution and concentration results for a class of Schrodinger—Poisson equations
via variational methods. Assumption (V') was originally used by Rabinowitz in [30] for a
semi-linear problem and also used by Omana and Willem in [28] for Hamiltonian systems
and by Costa in [12] for elliptic systems. In particular, Bartsch and Wang [7] introduced
the assumption:

(V') V e C(R3,R) and inf, g3 V(x) > B > 0. Moreover, for every M > 0, meas{x € R :

V(x) < M} < oo, where meas(-) denotes the Lebesgue measure in R3,

which is also used to overcome the lack of compactness. It implies the coercive condition
V(x) — oo as |x| — o0o. Hence, assumption (V') can be replaced by (V”).

There are also many researchers dealing with the following quasilinear Schréodinger

equations:
~Au+ V@u -k AP (uP)u=f(xu), xR’ (1.3)

where V is a proper potential function, « is a real constant, and f, [ are real functions.
Solutions of (1.3) are related to the standing wave solutions for quasilinear Schrédinger

equations of the form

iV + DY = V@Y + e ALV P) (1) +fx,9) =0, xeR>

There are many different forms about (1.3) with different expressions for . When [/ is a
constant, it converts to a semilinear problem. When I(s) = s*, @ > 1, and I(s) = (1 + 5)!/2, it
changes into some special quasilinear problems. Moreover, it turns into a general quasi-

linear problem when [/ is a general function.
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In particular, when I(s) = s, (1.3) becomes quasilinear Schrédinger equation as follows:
—-Au+ V(x)u—/cA(Iulz))u =f(x,u), xeR3 (1.4)

which has been studied extensively in recent years. The influence of the signs of parameter
k on the existence of solutions is important. For instance, Tang, Zhang, and Zhang in [44]
obtained the existence of infinitely many nontrivial solutions of (1.4) with « = 1 by using
the dual approach and mountain pass theorem when the nonlinearity f(x, u) is superlinear
growth. By virtue of mountain pass theorem and Moser iteration method, Alves, Wang,
and Shen in [3] used another change of variable to deal with the nontrivial solution for
(1.4) when k < 0.

As is known to all, there are some technical difficulties in applying variational meth-
ods directly to the quasilinear equations because the quasilinear term makes it impossible
to find a suitable space in which the corresponding functional possesses both smooth-
ness and compactness properties. In order to overcome these difficulties, there are three
methods which were used before. The first one is the constrained minimization or the
Nehari method. By using this method, Poppenberg, Schmitt, and Wang in [29] obtained
the existence of standing wave solutions for a class of quasilinear Schrodinger equations
with strongly singular nonlinearities; Ruiz and Siciliano in [32] derived the existence of
ground states; Liu, Wang, and Wang in [23] established the positive solutions and sign-
changing solutions; and Liu, Wang, and Wang in [22] considered the existence of ground
states of soliton-type solutions. The second method is change of variables (see [9, 11, 13—
15, 21, 22, 42]). In [11] Colin and Jeanjean obtained the existence of nontrivial solution to
(1.5) under the nonautonomous cases and autonomous cases. Deng, Peng, and Wang in
[13] obtained a sign-changing minimizer of (1.4) by adopting the minimization argument.
Chen et al. in [9] proved the existence of sign-changing solutions with two nodal domains
for (1.4) with a Kirchhoff-type perturbation by using Miranda’s theorem and deformation
lemma. Deng, Peng, and Yan in [14, 15] investigated a generalized quasilinear Schrédinger
equation with critical exponents by using a change of variables and variational argument.
Wu and Wu in [42] considered the existence of radial solutions for a class of quasilinear
Schrédinger equations by using the variational argument and the Pohozaev-type identity.
The last one is the perturbation method which was introduced by Liu, Liu, and Wang
in [25]. Some existence results for positive solutions, negative solutions, and a sequence
of high energy solutions were obtained in [43] by using the variational method. Wu and
Wu in [41] studied a class of Schrodinger—Kirchhoff quasilinear problems and proved the
existence of infinitely many small energy solutions by applying Clark’s theorem to a per-
turbation functional. Jeanjean, Luo, and Wang in [20] considered the existence of two nor-
malized solutions by relying on the perturbation method.

When [ is a constant, (1.3) can be written into the following form:

—Au+V(@)u=f(xu), xeR> (1.5)

There are different ways to get the sign-changing solutions of equation (1.5). By using
the variational argument and a version of deformation lemma, Castro, Cossio, and Neu-
berger [8] proved that (1.5) has at least three nontrivial solutions. Noussair and Wei in
[27] established the existence of nodal solutions in a bounded domain based on Ekeland’s
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variational principle and implicit function theorem. Bartsch, Liu, and Weth in [6] came
up with infinitely many nodal solutions via construct invariant sets and descending flow.
Bartsch, Liu, and Weth in [5] proved the existence of sign-changing solutions of (1.5) with
superlinear and subcritical nonlinearity term by combining variational method with the
Brouwer degree theory.

It is worth emphasizing that these methods in finding sign-changing solutions rely on
the following decomposition. For u € H'(R3),

(I(’,(u), u*) = (Ié(u*),u*), <16(u),u‘) = (I(’,(u_),u‘), (1.6)

Iy(u) :10(u+) +10(I/t_), (1.7)
where I is the energy functional associated to (1.5), and
u*(x) = max{u(x),O}, u (x) = min{u(x),O}.

But, for the functional I corresponding to (1.2), we deduce by the nonlocal term ¢, (x) =
bu+ (x) + Qu- that

1) = 1) + 1) + 5 [ g () dxs / G () d,
and

(1) = (1)) + | e (u*)* dx,

)= ()} [ ooy d

It is clear that the functional I does not satisfy decomposition (1.6) and (1.7) any more.
Hence the methods of obtaining sign-changing solutions of (1.5) cannot be applied to
system (1.1).

In fact, there are some essential differences in investigating the sign-changing solutions
between local and nonlocal equations. In particular, Wang and Zhou in [39] obtained a
sign-changing solution for system (1.2) by seeking minimizer of the energy functional /

over the following constraint:
Mo = {u eH' (RS) cut 40, <I’(u),u+) = <]/(u),u’> = 0}.

This argument mainly shows that there is a minimizer of I constrained on M, and then
verifies that the minimizer is a critical point of I via quantitative deformation lemma and
degree theory. By using the method, the sign-changing solution for some nonlocal equa-
tions is constructed (see [1, 9, 10, 17, 18, 21, 33—35]). The Choquard equation was stud-
ied by Ghimenti and Schaftingen in [18]. The nonlinear Schrédinger—Poisson systems in
bounded domains were considered by Alves and Souto in [1]. The Schrodinger—Poisson
type problems in R were also researched by Chen and Tang in [10] and Shuai and Wang
in [34]. The Kirchhoff equation was investigated by Figueiredo and Nascimento in [17],
Tang and Chen in [35], and Shuai in [33]. The quasilinear Schrodinger equations with a
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Kirchhoff-type perturbation were discussed by Li, Zhu, and Liang in [21] and Chen et al.
in [9].

Motivated by the above papers, we consider the existence of the sign-changing solution
to system (1.1). Let H},(R?) := {u € H'(R?)| [zs V(¥)u? dx < +00}. For system (1.1), we want
to look for u € H}, N L>(R?) such that for all ¢ € C*(R?) satisfying

/ (VuV<p+V(x)u<p)dx+/ u2VuV¢dx+f |Vul*up dx
R3 R3

R3

+/¢wwm—/fmwm:a
]R3 ]R3

which is formally associated to the energy functional given by

1 1
J(u) = —/ (IVu|2 + V(x)u? + u2|Vu|2) dx + —/ duu® dx
2 R3 4 R3

—/ F(u)dx, wueHj,NL®(R?),
R3

where F(u) = fou f(s)ds and ¢, is given in (2.1). We cannot apply variational methods di-
rectly to the problem because the quasilinear term makes it impossible to find a suitable
space in which the corresponding functional possesses both smoothness and compact-
ness properties. On the other hand, it is difficult to use the dual approach to consider the
sign-changing solution of (1.1) because of the nonlocal term. Thereby, we would employ
the method in [25] and [24]. In fact, we use the approximation’s method by adding a 4-
Laplacian operator and firstly consider the sign-changing critical point of the perturbed
functional:

A
hWhﬂM+1f

(IVul* + u*) dx,
R3

where A € (0,1]. Then, by using the approximation technique and Moser’s iteration
method, the existence of sign-changing solution to system (1.1) is derived. Our result reads
as follows.

Theorem 1.1 Assume that (V') and the following conditions hold:

(fl) f € Cl(R)R);
(f2) 1ims—>0@ = llmm_)oo }% =0;

(f3) there exists > 4 such that
0< uF(s) = u/ f@)dt <sf(s), seR\{0}
0

(fa) %3) is increasing on (-00,0) and (0,00), respectively.
Then problem (1.1) possesses at least a sign-changing solution which has precisely two nodal

domains.

Remark 1.2 Throughout the paper, we denote by C > 0 various positive constants which
may vary from line to line and are not essential to the problem.
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The paper is organized as follows: in Sect. 2, some preliminary results are presented.
Section 3 is devoted to the proof of Theorem 1.1.

2 Preliminary
In this section, we give some notations which will be used throughout this paper. Let

LP(R3) be the usual Lebesgue space with the norm |[|ul|, = (f5s |u[” dx)”? and H*(R?) be
the completion of C5°(R3) with respect to the norm

lloel|, = / (IVul* + u?) dx.
]R?’

Moreover, we denote the completion of C5°(R?) with respect to the norm

o = [ | 19ulds
R3
by D2 = DY2(R3). In order to deal with the perturbation functional J;, we need the space
X =W"R®) nH(R?),
where
Hy(R?) = {u e H'(R?)| /3 V(x)u? dx < +oo},
R

which is a Hilbert space endowed with the norm

172
lluell 3, = (AS(IVM|2 + V(x)u?) dx) ,

and W*(R3) endowed with the norm

1/4
||u||W=</ (|Vu|4+u4)dx> .
R3

The norm of X is denoted by
)1/2

2 2
llaell = (Nuelly + loel

From (f;) and (f;), it is normal to verify that J, € C'(X,R) for all ¢ € X, and

(];(u),go)z)\/ (IVMIZVqu0+u3g0)dx+/ (Vqu0+V(x)u<p)dx+/ duug dx
R3 R3

R3
+ / IVul>up dx + / W*VuVedx — / fw)edx.
R3 R3 R3
In the proof of Theorem 1.1, we first prove that, for fixing A € (0, 1], the nodal set

M, = {u eX:u* 710,(11(’4)» ”+> = <]//\(”)’”7> = O}
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is nonempty and
= inf 0
m, u;r}mh(u) >
Then, we show that there is u; € M, such that
= inf .
T () . érjlmh(u)
Furthermore, we prove that u; is a critical point of J; via quantitative deformation lemma
and degree theory. Finally, we obtain the convergence property of u; as A — 0, and thus
the sign-changing solution of (1.1) is derived.

We observe that by the Lax—Milgram theorem, for given u € H!(R3), there exists a

unique solution ¢ = ¢, € D'? satisfying —A¢, = u? in a weak sense. The function ¢, is

represented by
1 u(y)
0= [ O, @)
4 Jrs |x -yl

and it has the following properties.

Lemma 2.1 ([31]) The following properties hold:
(i) There exists C > 0 such that, for any u € H*(R3),

Iuliz = Cllulysy [ 1VuPdx= [ guads < Cluly
R R

(ii) ¢y, >0 forall u € H'(R3?);

(ili) If u is radially symmetric, then ¢, is radial;

(iv) ¢u = t>py forall t >0 and u € H'(R3);

(V) If ; — u weakly in Hy,(R®), then, up to a subsequence, ¢,; — ¢, in D> and

/ (i)ujujz dx — / uu? dx.
R3 R3

3 Proofs of the main result
In this section, we first apply the methods of [10] to show the following lemma which will

play the fundamental role in our proof.

Lemma 3.1 Assume that (V), (1), (f2), and (fi) hold. Then, for any u = u* + u~ € X, there
holds

I () =, (su+ + tu‘)
§

_ 44
= S )+ )
La

2)2 2)2
_S) ”u H2 +(1—4t) ”M H2 +(S —t) / ¢M+ dx, 50,

1 1
4 H;, H;,
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Proof We deduce from (f3) that, forany £ > 0, t € R,

- tf(t) + F(¢t) — F(1) = /1 (f(T) —f(ST)>s314 ds > 0.

4 3 (s7)3

Thus, for any ¢,5 > 0, it follows

I (m) -/, (su’r + tu’)

A 1
= Z(HMH%V - ||su+ +tu” ||t(/) *2 / [¢uu2 = Qs veu (su™ + tu’)z] dx
]R3

1 _
+ o (el = [lsu” + ”ff%/)

+ l/ [L12|Vu|2 - (514+ + tu‘)z‘V(su" + tu_) ’2] dx
2 R3

+ / [F(Su+ + tu‘) - F(u)] dx
R3

A _ -
= 2 I+ Dy =t 1y = 24 11,)

1
*2 /RB [bu+ (u")2 + Q- (u_)2 + 2+ (u—)2 — st (M+)2

S (Lf)2 — 252t ¢y, (u’)z] dx
1 _ _
5w [ s T e P

+ l/ [(u+)2|Vu+‘2 + (u’)2|Vu’|2 —s4(u+)2’Vu+|2 - t4(u’)2|Vu’|2] dx
3

2 Jr
. / [E(su) + F(eu”) - F(u") - F(u”)] d
R3
A 4
_1 4S (@), ut) + 1-¢ (1 w),u)
(1_ 2)2 . (1—t2)2 ~ (2—t2)2 ~
Sy ¢ S ey S [ e )

of 3[1 () + (o) _p(w)} i
o 3[1 () + (o) —F(u"):| i

1-s* U A _
= TS(JA(M),M )+T<fx(u):u )

(1-s%? -7, _ (s> =) -
Sy ¢ ey ¢ S [ e
The proof is completed. d

Corollary 3.2 Suppose that (V), (1), (f), and (f;) are satisfied. If u = u* + u~ € M,, then

J(ut+u”) = max /, (su +tu”).



Chen et al. Boundary Value Problems (2019) 2019:159 Page 9 of 19

Lemma 3.3 Assume that (V) and (f,)—(f2) are satisfied. If u € X with u™ # 0, then there
exists a unique pair (s,, t,) of positive numbers such that s,u* + t,u~ € M.

Proof For each u € X with u® # 0, we first prove the existence by using the idea in [1].
Define the functions g1,g> : R? — R by

gi(s,t) = As*||u? ||L‘LV + 2s* /Rg|Vu*|2(u+)2 dx +5 |u* ||i1‘1/ +st %1;{3 Ot (u*)zdx
+s2t2/ ¢M—(u*)2dx—/ f(su*)su*dx, (3.1)
R3 R3
and
_4 12, 2 _i2 N2
gz(s,t):kt4||u ”W+2t4/RB‘Vu | (u ) dx+t2Hu HH\l/+t4/H;3¢M—(u ) dx
+32t2/ ¢u+(u_)2dx—/ f(tu_)tu_dx. (3.2)
R3 R3

It is easy to see, by using (f1)—(f3), that g1 (s, s) > 0 and g»(s, s) > O for s > 0 small enough and
g1(¢,£) <0, go(¢,£) < 0 for £ > 0 large. Hence, there exist 0 < a; < a4, such that

gi(ay,a1) >0,  @la,a)>0;  gi(aya) <0,  g(aza)<O0. (3.3)
Notice that, for any fixed s > 0, g1 (s, £) is nondecreasing on ¢ € [0,00) and, for any fixed
t >0, g5(s, t) is nondecreasing on s € [0, 00). Thereby, combining (3.1), (3.2) with (3.3), we
have

gi(a1,8) >0, g1(az,t) <0, Vtela,as],
and

&(s,a1)>0,  g(s,az) <0, Vselay,a)].

By Miranda’s theorem [26], there exists a pair (sy,£,) with a; <s,, £, < ay such that
g1(Su, t,) = g2(sy, t,) = 0. Hence, s,u™ + t,u~ € M;.

Next, we prove the uniqueness. Let (s1,%;) and (sy,£,) be such that s;u™ + tiu= € M;,
i =1,2. Invoking Lemma 3.1, it yields

222
L(siu® + ™) = J(sau® + bou”) + % o ”i[‘l/
G -65)?, _
G iy,
and
(s2 —s3)? ;- 15)°

]A(52u+ + tQI/l_) Z]A(Slqu + tlbl_) + T HM+ ”il‘l/ + Tt% ||M_ ||}2r_[‘1/.

This implies (s, 1) = (2, £2). Thus we complete the proof. O
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Lemma 3.4 Suppose that (V') and (f3) hold. For fixed A € (0,1], let m), = inf,ec a4, Ji(u4), then

m; > 0.

Proof For eachv e M,, (J;(v),v) =0, then we claim that there exists a constant a > 0 such
that ||v||2 > a for each v € M. In fact, we use an argument of contradiction and suppose
that there exists a sequence {v,} C M, such that ||v,|| — 0. Thus a, = ||v,||lw — 0 and
b, = |vall "L~ 0. According to conditions (f;) and (f;), we observe that, for any given
& > 0, there exists C, > 0 such that

V(s)‘ <eg|s|+ C.ls|tt, seR.

Then, by virtue of the Sobolev embedding theorem, we have

Af (IVval* +v )dx+/ (IVval? + V(x)V2) dx
f b, V2 dx+2/ Vv, [*v2 dx
=/Rsf(vn)vndx§gllvn”%"'C”Vnle'
Hence, for b,, < 1, it follows

4 4 4 2 2 216
ay+ by <day+b, <C(a, +b))

<C (azi,2 + bif) < Cy(ay + bi)g,

which is a contradiction. For each v € M;, (J;(v),v) = 0. Thus, we deduce, by (f3), that

there exists a constant > 0 such that

L) =) - i(l;(v),v)

1 1 1 1 1 2
_ (a - ;)Anvu‘éy ; (5 - ;>||v||§,lv ; <§ - ;> |, #vvias
(———)/ v dx+/ <lf(V)V—F(V))
W
> G - %)Anvn; + (% - %)nvn,{l >0,

which implies that m; > 1 > 0. The proof is completed. d

Lemma 3.5 Suppose that (V) and (f1)—(fa) are satisfied. Then

inf J,(u)=m; = inf max]J,(su®+tu").
ueM,, ueH,ur+0 5,t=0

Proof It follows from Corollary 3.2 that

inf max],\(su +tu”) < inf max/y(su® + )= inf J(u)=m;.
ueX,ux#0 st=0 ueM,, sit=0 ueM,,
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On the other hand, for any u € X with u* # 0, we deduce from Lemma 3.1 that

max Jy (su” + tu”) > J (suu” + tu”) > inf ] () = m;,
st>0 ueM,;,

which ensures

inf max/,(su® +tu”) > inf J,(u) =m,.
uEXui;ZOS!>0 ( ) ue M, ( )

Thus, the conclusion holds. The proof is completed. O

Lemma 3.6 Suppose that (V) and (f1)—(fa) are satisfied. For fixed ) € (0, 1], the m; can be
achieved.

Proof Let {u,} C M, be such that J, (u,) — m;,. Then, for n € N large enough, we obtain

1
m) + 1 Z]A(Mn) - ;(])/\(”n);un)

11 . (1 1 ) 1 2 ) 2
=(Z—;)MWMW+<§—;)WM%ﬁ(E—;>AJMVW|W
1 1 1
+ (E - —) / ¢)unu3 dx +/ <_f(un)un —F(l/ln))
w/ Jr3 R3 \ M

This shows that {u,} is bounded in X. Then, up to a subsequence, we assume that there
exists u; € X such that " — " in X. Recall that the embedding from H},(R?) into L*(R?)
is compact. Thus, by applying the interpolation inequality, it is easy to see that u, — u in
L1(R3) for 2 < g < 12. Since u, € M, there holds (J] (u,), u) = 0, that is,

A/(wf¢+())M+/Jw@f+wmwﬁﬁw
/ b, () dx + 2 / Vit | ()’ dx = / f(u)u dx. (3.4)
3 R3

Repeating the above arguments once more, there exists a constant @ > 0 such that
luZ||? > . It is easy to verify from (f;) and (f;) that, for any ¢ > 0 and p € (2,12), there
exists C, > 0 such that

[F()] <e(lsl +IsI') + CelslP™,  seR. (3.5)

Hence, we derive that, for some constant ; > 0,

0<uy §liminf[)\/R (|Vui| + (1) )dx+/3(|Vuﬂ2+V(x)(uff)z)dx

n—00

+/ ¢u,,(u;[t)2dx+2/ ’Vuf!z(uf)zdx]
R3 R3

= liminff Sf)u; dx
R3

n— 00

- [ Syt a
R3
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which implies that " # 0. It follows from Lemma 3.2 that there exists a unique pair of
positive numbers (s, £;) such that s, + tju; € M. Thus, we have

il vt [ (V) deesili Iy st [ o)’
+ 855t / bu; (u){)2 dx = / S (s105) 5105 dx.
R3 R3
Without loss of the generality, we assume that #; <s;. Then, by using (3.1) again, we have
1
gl + 11l o2 [ 190 ) des [ o057 a

+ fR b () dx = fR 3f 16 (45 i (3.6)

(51’/‘))3

According to the weak semicontinuity of norm, Fatou’s lemma, and (3.4), we see that
A/ (|Vuf| + (u) )dx+/ (|Vuf| + V() (uf )2) dx

/q),,A uA dx+2f ’Vu )\

<timint 1 [ (9" (") s / (V3 P+ V) f)?)
3 R3

n—00

/ Pu, (1 dx+2/ |V [ (u )dx]
:liminf/Rsf(uj)ujdx:/Rgf(uk)uk dx,

n—00

which shows that
(5w, u) < 0.
If s; > 1, in view of (3.6) and (f), we derive
112 L4 127 2 "2
o gy bt B w2 1t s [ o)
+ f bu; (u;)2 dx > / f(u{)uf dx,
R3 R3
which contradicts that {J; (#3), u]) < 0. Thus we conclude that s; < 1. It follows from (f3)

that f(s)s/4 — F(s) is nondecreasing on (0, 00) and nonincreasing on (—00, 0). Hence, by the
definition of m,, we have

m,

nli)l{.lo |:]A(un) - i(])/‘(un): un>i|

I \%

1 1
—11m1nf||u,,||H1 +11m1nf/ (—f(u,,)u,,—F(u,,))
R3 4-

n—00

HEA fR 3(%}%%\)% —F(m))

v
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= Jilup) - i(f;\(ux), MA)

v

1 _
L1 + 211 ]
1 1
+f (—f(sm})smj{—l-"(sm,{)) +/ (—f(tm;)tm;—l-"(tw;))
r3\ 4 Rr3 \ &
1
= ];\(sluz + tlu;) - Z(]ﬁ(slu{ + tlu;),sluz + tlu;) > m,.

Therefore, we observe that s; = t; = 1, u; € M;, and J;(4;) = m,. The proof is com-
pleted. O

Lemma 3.7 Assume that (V) and (f1)—(fa) are satisfied. If v, € M, and J;(vy) = m;, for
fixing A € (0,1], then v, is a critical point of ];.

Proof 1t is sufficient to prove that J; (v,) = 0. Otherwise, there exist §, i« > 0 such that
IJ;w)|| > w for all w € Bas(v;) = {w e X : ||[w—v,| <38}. Let D = (0.5,1.5) x (0.5,1.5)

and define y (s, £) = sv} + tv; on D. From Corollary 3.2, we can derive that

K = max S, b)) < my.
(s't)ewh()’( )) A

For & € (0, min{(m1; — k)/2,u8/8}) and S = Bs(v;) = {w € X : ||w — v, || < 8}, there exists a
deformation n € C([0, 1] x X, X) such that

(@) n(L,w)=w,we ] ([m —2e,m; +2¢e]) N Sas;

(b) (LI NS

© Ln(Lw) <Li(w), weX;

d) lIn(Lw) —wll <3, weX.
It follows from Corollary 3.2 that J; (svi + tvy) <J,(vy) = m, fors,t > 0. By (b), it is easy to
see that

L(n(Lsvi +tv})) <m; —e, Vs,t>0, Is=11% + |t =12 < 8%/ |v,||% (3.7)

On the other hand, for s, > 0, |s — 1|2 + |t — 1|> > §%/||v;,||?, we deduce, by (c) and
Lemma 3.1, that

A (n(l,svz + tv;)) <] (svj{ + tv;)

(1-5°)? 1-2y2, _
<L) - T”VI ||Zlv T4 v ||21V
<= = min{ |92 s [V ) (338)
BT M 1 Ly 1 '
Hence, combining (3.7) with (3.8), we have
max Jy (n(1,sv; + £v;)) < m;. (3.9)

(s,t)eD
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In what follows, we prove that (1, y (D)) N M, #@. Let us define functions on D by

V1 (S’ t) = 77(1! J/(S; t)):
s, 2) = ({13 (v (5,0)),v). U (v (5:0),v3 ),

and
1,, Wl B}
lpl (57 t) = (;(])L (Vl (Sx t)); (Vl (SJ t)) >1 ;(])L (Vl (51 t))r (Vl (Sr t)) >) .
By direct calculation, we derive that the Jacobi matrix of ¥; at (1,1) is

A 2 [ 917 ()2 dx)

full:D) = (2 Jia b 07)? dx B

where
A=yl +6 [ [vutf i) e vl +3 [ o () ds
R3 14 R3
ooy )6 e
R3 R3
and
B=3x|vi|, + 6/]RS]V1/;’2(V;)2dx+ HV;HZ‘I/ + 3/}1{3 ¢ (v7) dx
+ / byt (v;)2 dx — / f () (V){)2 dx.
R3 R3
We deduce from (f3), by simple calculation, that
3f(s)s <f'(s)s>, seR.

Hence, recalling that v, € M, we derive that
a==2( 1l o [ ot an) o [ (300wt - ()01
R3 R3
112 2
<2l [ 602 ).
Similarly,

B< _z(HV; I+ [ o (V;)zdx).

Hence, we can conclude that

ey (1,1) = 455 |2 I 2 >0
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By using the fact that (1, 1) is the unique zero point of ¥, in D, we see that

deg(¥,D,0) = signdetJy,(1,1) = 1.
Moreover, it follows from (a) that y; = y on dD. Thus, we derive that deg(¥;,D,0) =
deg(¥y, D,0) = 1. Therefore, there exists some (sg,f) € D such that ¥(sg, %) = 0. Then
it follows from the Sobolev embedding theorem and (d) that y;(so, tp) € M; and hence
n(1, y(D)) N M, ¢ @, which is in contradiction with (3.9). Thereby, u; is a sign-changing
critical point of ;.

To the end, we will show that u; has exactly two nodal domains, we assume by contra-

diction that

Uy =uy +uy +Us,
where

u; 70, u; >0, u; <0 and supp(u;) Nsupp(y;) =¥, fori#j,i,j=1,2,3.
It is obvious that

() u) =0 fori=1,2,3.

Let v = u; + uy, we see that v* = u; and v~ = uy, and thus v* # 0. Then, it follows from (f})
and Lemma 3.1 that

my, = Ji(u;) = J5(un) - i(]ﬁ(ux); )
= L) + J5.(u3) + i /((l)ugvz + ¢yu3) dx
1 4 / 2 2
-2 [(]A(v),v) +(J; (u3), u3) + / (PusV” + Pyu3) dx}
R3

_ 4
! Lm), V')]

> sup |:];\ (sv+ + tv‘) + ' (v), V+> +

5,t>0

- _Ux )+ Jo(us) - —(]A(ug) u3)

> sup |:])\(SV+ +1v7) /¢u3 dx+ —/ bus (v ]
5,t>0

ity + [ | s - Fu) | a

+4u3H‘1/+ . 4fu3u3— uz) | dx

1
> sup /i (sv" +tv7) + ~lluzl?,
5,t>0 ( ) 4 Hy

1
= m o+ gl

which implies that u#3 = 0, and u, has exactly two nodal domains. The proof is com-
pleted. O
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Lemma 3.8 ([16]) Let A, — 0 as n — oo and {u,} C X be a sequence of critical points
of I, satisfying J; (u,) =0 and J,,(u,) < C for some C independent of n. Then up to a
subsequence u, — u in Hy,(R%) as n — oo and u is a critical point of J.

Proof of Theorem 1.1 Let us choose a sequence A, — 0. By Lemma 3.6, there exists {u,} C

X satisfying J;,, (#,) = m,,, and J| (u,) = 0. Assume ¢ € C§°(R?) with ¢* 70, we can find a
pair of positive numbers (sg, y) independent of # such that

(1, (09" + tog™),500") < (/1 (500" + tow™), 509" ) < 0
and
(5. (500" + tog™ ), top™) < 1 (500" + to9™), o) < 0.
Let ¢ = so¢* + to@~. Then similarly to the proof of Lemma 3.5, it follows from Lemma 3.1

that there exists a unique pair of positive numbers (s,, t,) C (0,1] x (0,1] such that s,¢; +
t,97 € M,,,. Hence, by using (f3) again, we derive that

1
my, < ]An (5;'1§01+ + tn‘/ﬁ_) - Z<])/"” (5;1(01+ + t}1§01_);5n§01+ + tn‘/)1_>
- LBl +2lerly ]
4 v v
1 + + + 1 - - -
+ —f(Sn€01 )5n§01 _F(sn‘/’l) + _f(tn§01 )tn‘/)l _F(tn(ﬁ)
R3 4- R3 4
< 1 +|2 -2 1 Not — F(ot
ST ARy o B P
1.\ _
+ | | 2f(er)er —F(or)
R3 4
1 !
= Ji(p1) - Z(fl(fﬂl),(m),
which implies that {m, ,} is bounded. Hence, according to Lemma 3.7, there exists a critical
point  of J such that u, — u in H{,(R3), and hence uf — u* in L?(R?). Next, we will
show that u* #0. In fact, if |||y > 1, the result holds. On the other hand, suppose that
lu® |2 < 1, it follows that ||u||, < 1 for n large enough. By using (f;) and (f;) again, there
holds, for any ¢ > 0 and g € (4, 12), that there exists C; > 0 such that

IF(s)] <e(lsl +1sI") + Cels|?!, seR.

Hence by Sobolev’s inequality, interpolation inequality, and Young’s inequality, we obtain
that there exist Cy, C, > 0 such that

0=k [ (V] () [ (V2 V)
R3 R3
+12/ 4+\2
+2/RB|Vun’ ()" dx

+/ qbu"(uni)zdx—/ f(uf)uffdx
R3 R3
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> [ (9P v ) des [ (9P ) e |
R3 R3

~ el - Gl

= Gl |} - Gl
which implies [|u|, > (%)1/(4‘4). Note that the embedding from H}(R?) into L*(R®) is
compact. Thus, by applying the interpolation inequality, we know that u, — u in L1(R3)
for 2 < q < 12. Thereby, we see that u* # 0 and u is a sign-changing critical of J.

In the sequel, we claim that u has also exactly two nodal domains. In fact, recalling that
u is a critical point of /, there holds

/ (|Vu|2+V(x)u2)dx+2/ u2|Vu|2dx+/ ¢uu2dx=/ fWudx. (3.10)
R3 R3 R3 R3
On the other hand, (/'(u,,), u,) = 0 implies that
A,,/ (|Vu,,|4+uﬁ)dx+/ (|Vu,,|2+V(x)ufl)dx+2/ ufl|Vu,,|2dx
R3 R3 R3
+/ ¢,4nufl dx:/ f(uy)u, dx. (3.11)
R3 R3

By using (3.5) again and the compact embedding, we can prove

n—00

lim | f(u,)u,dx= / fWudx.
R3 R3
Then, combining (3.10) with (3.11) and using Fatou’s lemma and weak semicontinuity of

norm, up to a subsequence, we get that u, — u strongly in H,(R3). The proof is com-
pleted. d
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