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1 Introduction

Let p > 0,0 > 0, and p > 2. Moreover, let us denote by £2 an open bounded set of R? with
sufficiently smooth boundary I". We assume that IZaUTIh =", [, NI =0, I # 0, and
Iy and I have positive measure. In this paper we investigate a blow-up result for the

following quasilinear von Karman equation of memory type:

Y|P yer — ¢ Ayy + Azy - f gt - s)AZy(s) ds=1[y,z] in £ x (0,00), (1.1)
0

A’z=—[y,y] in £ x (0,00), (1.2)

zZ= % =0 onI x (0,00), (1.3)
av

y= aa—i] =0 on Iy x (0,00), (1.4)

By - B, (/ gt —s)y(s) ds) =0 on I3 x (0,00), (1.5)

0
0Yu ¢ op=2

oza— - Byy + B, gt—s)y(s)ds ) +f(y:) = yIP "y on I x (0,00), (1.6)
v 0

y(x’ 0) = )’o(x), yt(x¢ O) = yl(x) in £2, (17)

where v = (v1,13) is the outward unit normal vector on I". The relaxation function g is a

positive nonincreasing function and f is a nondecreasing function. Here

oA 0B
Biow =Aw +(1 - u)Bw, Byw = —8w +(1-p) 82117
v T

’
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where

i , 0w L,

-V v
1 2
0x1 0% 9x3 ax?

3 (v2-12) 0w o 0w
o=V -v))—— + | — - —>
2 V2 om0 202 0a?

Blw = 21)1\)2

)

and the constant u € (0, %) represents Poisson’s ratio. The von Karman bracket [o, @] is
given by

Yo i Po i o P

[wr¢] =

+ .
dx? dxs  Ox5 0xT  0x10x; 0x1 0%y

The authors in [1-5] studied the asymptotic behavior of the solutions to a von Karman
system with dissipative effects. The uniform decay rate for the von Karman system with
frictional dissipative effect in the boundary has been proved by several authors [6-8]. For

a von Karman equation with rotational inertia and memory of the form

t
Vit — Ay + A%y —/ g(t—s)A*y(s)ds =[y,z] in £ x (0,00),
0

Az = —[y,y] in 2 x (0,00),

many authors [9-12] showed the existence and stability of solutions. Several authors [13—
15] investigated the general stability for a von Karman system with memory boundary
conditions. The stability for a von Karman system with acoustic boundary conditions was
treated by [16, 17]. Some authors discussed the energy decay for a von Karman equation
with time-varying delay (see [18, 19] and the reference therein).

On the other hand, many authors have considered the global existence, uniform decay
rates, and blow-up of solutions for the wave equation with nonlinear damping and source

terms:
Y — Ay + a|yt|m_2yt = b|y|”‘2y in £2 x (0, 00),

where a,b > 0 and p,m > 2. When a = 0, Ball [20] showed that the source term |u[’~2u
causes blow-up of solutions with negative initial energy in finite time. For m = 2, Levine
[21, 22] proved that solutions with negative initial energy blow up in finite time. Georgiev
and Todorova [23] extended Levin’s result to the nonlinear damping case. Messaoudi [24]
improved the blow-up result of [23] to the solutions with negative initial energy. Mes-
saoudi [25] studied the blow-up property of solutions with negative initial energy for the

following viscoelastic wave equation with p > m:

t
Vi — Ay + / gt —s)Ay(s)ds + |yt|”"2yt = |y|1"’2y in £2 x (0,00). (1.8)
0

Messaoudi [26] extended the blow-up result of [25] to the solution with positive initial
energy. Song [27] proved the finite time blow-up of some solutions whose initial data have
arbitrarily positive initial energy for (1.8). Recently, Park et al. [28] showed the blow-up
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of the solutions for a viscoelastic wave equation with weak damping. Liu and Yu [29] in-
vestigated the blow-up of the solutions for the following viscoelastic wave equation with

boundary damping and source terms:

t
ytt—Ay+/ g(t—s)Ay(s)ds=0 in £2 x (0,00),
0

y=0 1in Ip x [0,00),

[ 9 ,
% _f g(t—s)%(S) ds + 1y, " 2ye = [Py in 17 x [0,00).
0

For more related works, we refer to [30—38] and the references therein.

To our best knowledge, there are no blow-up results of solution for the von Karman
equation with memory. Motivated by the previous results, we consider the quasilinear
von Karman equation with memory and boundary weak damping. We study a finite time
blow-up result under suitable condition on the initial data.

The outline of the paper is the following. In Sect. 2, we give some notations and hy-

potheses for our work. In Sect. 3, we prove our main result.

2 Preliminary
In this section, we present some material needed in the proof of our result. Throughout

this paper we denote

Vz{yeHl(.Q):y:OonFO},

0
W:{yeHz(Q):y=%=00nFo},

(0,9 = /Q YW dx, 32 = fr Yzl

For a Banach space X, | - || x denotes the norm of X. For simplicity, we denote || - [|;2(g) by

the norm || - || and || - [l z2¢y) by Il - Iy, respectively. We define, for all 1 < p < oo,

Wi, = [ bl ar.
n
LetO< < %, we define the bilinear form a(-, -) as follows:

0%y 3% 9%y 0% 0%y 3% 9%y 0%k
ak)= | Vo g e gt ot s et a5 os
o | 0x] 0x7  0x3 0x3 x7 0x5  Ox; Ox]

3ty 0%
2(1 - dx. 2.1
i ( M) 3?61 sz Bxlaxz } * ( )

A simple calculation, based on the integration by parts formula, yields

/(Azy)xdxza(y,/c)— (Bly,a—K> + (Boy, k).
Q o/
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Thus, for (y,«) € (H*(£2) N W) x W, it holds

/ (Azy)/c dx=a(y,«) - (Bly, 8—K> +(Bay, )y - (2.2)
o av n

Since Iy # @, we have (see [39]) that \/a(y, y) is equivalent to the H?(£2) norm on W, that

is,
CiIAY|1> < aly,y) < Co||Ay||*  for some Cy, Cy > 0. (2.3)

Now we state the assumptions for problem (1.1)—(1.7). We will need the following assump-
tions.

(H1) Hypotheses on g.

Let g: R* — R* be a nonincreasing C! function satisfying

g(0)>0, 1- /Ooog(s) ds:=1>0. (2.4)

(H2) Hypotheses on f.
Let f : R — R be a nondecreasing C' function with £(0) = 0. There exists an odd and
strictly increasing function & : [-1,1] — R such that

E@)| < |f(s)| |7 (s)|] forls| <1, (2.5)
als|™t < [f(s)’ <cyls|™ ™t for|s| > 1, (2.6)
where c; and ¢, are positive constants, 7 > 2, and £ denotes the inverse function of £.
We state the well-posedness which can be established by the arguments of [11-13, 29,
40].

Theorem 2.1 Suppose that (H1)—(H2) hold and (yo,y1) € (H*(22) N W) x (H3(2) N V)).
Then, for any T > 0, there exists a unique solution of problem (1.1)-(1.7) such that

ye C([0, T HY(2) N W) N CH([0, T, H*(2) N V) N C*([0, TT;L*(£2)).
A direct calculation gives
al(e00) == 5 @) - ([ g0)as)ayon0) |
y)(8): yt 57 y | y(t),y

(g08%y) (1), (2.7)

N =

- %g(t)a(y(t),y(t)) +
where
€= [ gt s)yls)ds, (€0%) (1) - / (e~ )a(y(6) ~ 61, (6~ 96)) .
We recall the trace Sobolev embedding

W [P(I1) forp=>2
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and the embedding inequality
1¥llp,r; <BIAyll forye W, (2.8)

where B > 0 is the optimal constant. We define the energy associated with problem (1.1)—
(1.7) by

E(t) := E(y(£), 2(0))

1 . 1 :
=53 (FAG] Zé + %H Vyt(t)Hz *3 (1 —/O g(s) ds)a(y(t),y(t))
+ 3 @Oyl + 5 a0l 29
then
/ 1, 2 g(t)
E'() = 2 (¢T09%)(6) - =5-a(y(0),y®)) - (f(n(®), 3:(®) ;, = 0. (2.10)

So the energy E is a nonincreasing function. Next, we define the functionals

1(t) = 1(y(0), 2(0))
_ <1 _/0 2(s) ds)a(y(t),y(t)) + (g00%y)(2) + %H Az(t) ||2 —|y®]? (211)

pI’

H(t) := H(y(t), z(t))

= %[(1 - / &) dS)a(y(t),y(t)) + (¢00%y) (®) + %|| Az(t)||2]
0
1
- ly®|7 .- (2.12)
We define
e(t) = inf supH(Ay,Az), t>0.

(0,2)€W x H3(£2),970, 120

Lemma 2.1 Fort> 0, we get

0<eg <e(t) <supH(ry,Az),
A>0

_P_

2
where ey = p—p(g—lzl)I’*2 and

(1 - fi g(s) ds)a(y(e), 7(2)) + (¢TI0%)(¢) + %nAz(t)HZ)%z

p—2
sup H(Ly, Az) = (
2 YOI,

>0

Proof We find that

2 t
HOy29) =" [(1 [ e ds)a(y(t),y(t>) +(gT0%)(@)+ 5 | 200 H S bl

pl’
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If % =0, then we obtain

A=

[u — J¢ gls) ds)aly(t), y(®)) + (€000%y)(®) + L qu(t)nz]%
||y<t)||p N ‘

It is easy to verify that £ dﬂ 0. -»; <0, then from (2.3), (2.4), and (2.8)

sup H(Ay, Az) = H(A1y, A 12)

220
) (p - z) ((1 — J, 8(s) ds)a(y(t), y(2)) + (€I0%))(¢) + J | Az(1)||? ) =
2p ly@I7,
. (p— 2) (cllnAy(mP) 2 (p - 2) (clz> 2
“\ 2 ||J/(t)||p,rl "\ 2 B?
By the definition of ey, we conclude that ey > 0. O

Lemma 2.2 Assume that (H1)—(H2) hold. Suppose that (yo,y1) € W x L*(2) and satisfy
1(0) <0, E0) <eey foranye <1. (2.13)

Then, for some T > 0, we get I(t) <0 and

€y <

p—2|:(1_/ g(s)ds)a(y(t),y(t)) (gl]B2 ) +—”Az(t || ]
P 0

- (2.14)

forallte[0,T).
Proof Using (2.10) and (2.13), we obtain E(t) < €eg for all £ € [0, T). We can also have

I(t) <0 forallt € [0, T). It can be showed by contradiction. Suppose that there exists some
to > 0 such that I(ty) = 0 and I(¢) < 0 for 0 < ¢ < ty. Then

(1—/0 g(s) ds)a(y(t),y(t)) (gDE)2 )(t)+ - || Az(t) || < ||y t) ||p1, , 0<t<ty (2.15)

Using Lemma 2.1 and (2.15), we see that

. p 2 { (1- [y g(s)d)ay(®),5(£)) + (€0%)(8) + L Az(D)]? }
0 <
[(1 - [ g(9) d9)aly(e), (1)) + @*)(1) + L1 Az(0) )7
p

=2 [ 2 1
=% |:(1 /(;g(s)ds)a(y(t),y(t)) (¢0o ) + ||Az(t || ]
0<t<to. (2.16)

Applying (2.15) and (2.16), we obtain

Iy, > °2>0, 0<t<t
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From ¢t — ||y(t)|| . > 0 is continuous, we have ¥(to)|r, #0. By (2.12) and I(¢y) = 0, we find

pI
that
e <= ||y yr =H
This is contradiction to H(ty) < E(fp) < eg. From Lemma 2.1, we get (2.14). O
We set
G(t) = éeo — E(2), (2.17)

where € = max{0, €}. By (2.10), G is an increasing function. Using (2.9), (2.13), (2.14), and
(2.17), we obtain

0<G(0)<G(t) <é€ey+ — ”y (¢) ”pﬂ <p0”y ”pﬂ te[0,7), (2.18)

where pg = % +(1 —€)117.

Lemma 2.3 Let the conditions of Lemma 2.2 hold. Then the solution y of problem (1.1)—
(1.7) satisfies

||y(t) ”;,Fl <C; ||y(t)|| tel0,T), forany2 <s<p, (2.19)

p’

where C3 > 0.

Proof If |ly(®)llp,r; = 1, then ly@)l}, r, < ||y(t)||p n
If ly@lp,ry <1, then

s B?
bl = bl <B1a0] < Za0i500),

where we used (2.3) and (2.8). Then there exists a positive constant C, = max{1, g—?} such
that

Iy,

pl1 —

< C4(||y(t) || a(y(t),y(t))) forany 2 <s <p. (2.20)

p

By (2.4), (2.9), (2.17), and (2.18),

éa(y(t),y(t))

p+2

R 1
<éeo =Gl - —— ;7 - 1o’

1
(gDa2 )@+~ Hy ol LGl

<éep+~ IIy(t) P . <poly@®|” (2.21)

pI pI’

Using (2.20) and (2.21), we get the desired result (2.19). O

Page 7 of 14
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3 A blow-up of solution
To obtain the blow-up result for solutions with nonpositive initial energy as well as positive
initial energy, we use a similar method of [26, 29].

Theorem 3.1 Let (H1)-(H2) and the conditions of Lemma 2.2 hold, € < Z%; and p >

max{4, m}. Moreover, we assume that g satisfies

o0 -2
g(s)ds < L4 , (3.1)
— 2 + -1
0 p (=22 (p-2+2(1-2)]

where € = max{0, ¢} and

-1 Plgfléeo [%1
< () 82)

1
where 0 < ) < min{26y, 261,46,}, 0 < B < n?-1, for some § > 0,

0 = (g—l)(l—é)— {(g-l)(l—é)+ %}/Otg(s)ds>0, (3.3)

91=<§—1>(1—é)+(1—5)>0, (3.4)

_(P 1) e 1
we(L1) (2 1) o9

Then the solution of system (1.1)—(1.7) blows up in finite time.

Proof We suppose that there exists some positive constant By such that, for ¢ > 0, the
solution y(£) of (1.1)—(1.7) satisfies

@[55 + [ V3@ + | 2@ + [y® | 1, < Bo. (3.6)

Let us define

&

Fit) =G (6) + / O] 3 (Oy(0) dx + e / ViV dx, (3.7)
2 2

p+1

where ¢ > 0 shall be taken later and

1 _
0 <o <min —,M . (3.8)
p+2 pim-1)

Using (1.1)—(1.6), (2.2), (2.9), and (2.17), we get

3 p+2

@)% + e | V@) - e Azte)

F(£)=(1-0)G(5)G(¢) + I?

p+1
—ea(y(®),y(®))
+ea((@*9)(®),50) —e(f(0:0), 7)) , + Y@ -, +epE(®) - epE(2)

pI1

—(1-0)G (G @) + —

L e e e &
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—ea(y(t),y(t))

+ea((@*9)(®),5(0) — e (f (7:0),5(2)) , +ep(G(£) —éeo) + 42
rep( 1900 + 5 (1 [ e0ras)atro)00)
S Eo) 0 a0 6

From (2.14), we find that

—éeg >€<1% - %)((1—/0 g(s)ds)a(y(t) (t)) (glja2 ) H Az(t || ) (3.10)

Moreover, we give

t

a((g+)(0),y(t)) = /0 g(t=s)a(y(s) - y(t),y(6)) ds + (/0 g(s) d3>a(y(t),y(t))
1 t
<1 B B) ( /0 &) dS)“(y(f)’y(t)) - 8(¢09%) (@), (3.11)

for some § > 0. Combining (3.9), (3.10), and (3.11), we deduce that

4 —0 4 1 +
F(t)>(1-0)G ()G (t) +£(p =+ P +2) (FAG] Z; +£a<1 +§> ||Vyt(t)||2

+g_(§ - 1)(1—€)— {(g - 1)(1 &)+ 4—15}/0 g(s)dS]ﬂ(y(f)»y(t))

+5 _(E _ 1>(1 _o)+(1- 5)} (g09%y) (2)

L\ 2
i R 1
+é _(g - 1> —e(% - §)j| ||A:z(t)||2
+epG(t) — e (f (7:0),5(®)) , (3.12)

forsome § with0 <8 <1+ (%’ —1)(1-¢).By (3.1), (3.3)—(3.5), estimate (3.12) can be rewrit-
ten by

F@t)>1-0)G )G () + e( 1 +
p+1 p+2

L w145 ) oo

+&60a(y(t), y(1)) + £61(g03%y)(2) + £6,|| Az(t) ||2
+epG(t) — e (f (7:6), y(8)) .- (3.13)

Using a method similar to [30], we now estimate the last term of the right-hand side of
(3.13). Setting Iy = {x € I : [y:(x,t)] <1} and Iy = {x € I7 : |y:(x,£)| > 1}, we obtain

(3.14)

(F e 0).70),, = /F I (3, 2) [y,

11

dF+/F [f(yt(x,t))Hy(x,t) ar

Page 9 of 14
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From (2.5) and Young’s inequality, we get

/F I (32, 0) [y, )| AT

< (/ |s—1(1)|z% dF) ’ < @, 2) | dF>
I
B>

- l)IF1|( 2

g1 (1)PT, (3.15)

2 ol + 20

On the other hand, by using (2.6), (2.10), (2.17), and Young’s inequality, we have

/F If (i, 0)) | [y(x, £)| d T

12
1

<af [ |yt(x,t)|’”dr> " ( [ |y(x,t)|'”dr>'”

5@(} fr f(yz(x,t))yt(x,t)dr) 5 ( /F |y(x,t)|’”dr>m

C” o]

-1 ,
»h ﬁG (t), Yy > 0. (316)

cimy m-

Inserting (3.14)—(3.16) into (3.13), we obtain

Flo)= [(1—a>G-“( ) M]G/( )+ (

cymy m-1

p+2
e ol
+ea (1 + g) | Vy:(@)|| + e6oa(y(2), 3(2))

+ 86, (gDE)zy)(t) + 80, | Az(?) H2 +epG(t)

scy'y™
2 oy, - L

Hy Mo -

m—

We choose y = (1G™?(¢))” 7, 7 > 0 will be specified later. Using (2.18), (2.19), and (3.8),

we see that
B 1) e ey ST AT
et )
= -y @ 2 oGt ) (318)

m . o(m=-1)
where Cs = w. Substituting (3.18) into (3.17), we have

F)> [(1 —o)- M]G-f’(;:)c;’(t) + s(

cm

p+2
p+1+,0+2)”yt )’p+2

+ e <1 + g) [ 99:(8)]|* + eboa(3(0), y(0))

+ 661 (g00%y)(£) + 66> | Az(?) H2 +epG(t)

Page 10 of 14
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prt 1-m p ep-DIl .\
—8(7 + C5T H-y(t)Hp,Fl - p—ﬂ(g (1))17 L (319)
Adding and subtracting £nG(¢) on the right-hand side of (3.19) and applying (2.9) and
(2.17), we obtain

R

]G*’(r)G’(t)w(pl . )Ilyt(ﬂlﬁii

am +1 ,o+2_,0+2

+eu (1 + g - g) “Vyt(t)“2 +e(p-n)G(2)

+ 5:90 - g<1 - /O g(s)d5>}ﬂ(y(t)ry(t))

+ s<91 - g) (g09%y)(®) + 8(92 - g) | Az(2) ||2

p—1
+8<ﬁ _ ﬂ —C5Tl_m> ”y(t)”P
4 p

I

+ £negé — w@_l(l))% . (3.20)

We fix n such that
0 < n < min{26,, 261,465}, (3.21)

then we can choose 8 > 0 sufficiently small so that n — 771 > 0. And then, we select T >0

il

large enough such that 1% -5 - Cst!™ > 0. Finally, we take & > 0 with

et(m—-1)

1-0)-———=>0, G (0) + L/ |y1|”y1yodx+a8/ Vy1Vyodx > 0.
am p+1ljg 2

Condition (3.2) yields

negé — - DI _pI;;'Fll (5*1(1))% >0.

Therefore, we get from (2.3) and (3.20)

F@©) = C(ln@]) 5+ V2@ + |80 + Y@}, + 60), (3:22)

where C > 0 is a generic constant. Hence we have
F(t)>F(0)>0, Vt>0.

By the similar arguments in [31, 32], we see that

P42

Fre 0 < C(|y@ 25 + [9n@ " + 2y + @l ). (3.23)

p+2 pI

Indeed, using Young’s inequality and

| fg e vy @ dx| < |05 19O .0

Page 11 of 14
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we obtain

1
I

[ sl < (ool
(@, + o)), (324)

where %

p+2
(1-0)(p+2)-(p+1)"

= 1. By taking « = %

and using (3.8), we get ¥ > 1 and ;£ =

==

Since G is an increasing function, (2.18) and (3.6), we arrive at

2 _K®
= < (C()BO) 21-0)

ol 55 < i ay| ™ < —Go 0 =Chol, (3.25)

where Cy is the embedding constant. Similarly, by Young’s inequality, we obtain
= 1 L
[ onwsas] < |90 950
2
<c(|vy@)| + | vy | 7). (3.26)
Like (3.25), we find that
2 - 2 (CIBy)T%
[Vy@)| 7 < CF7 | ay@) | 7> < ﬁat) <Cly®l > (327)

where C, is the embedding constant. From (2.18), (3.7), (3.24)—(3.27), we see that (3.23)
holds. Combining (3.22) and (3.23), we deduce that

F'(f)> CFTs (t) fort> 0. (3.28)

By a simple integration of (3.28) over (0, £), we get

1
FT- "() ————— fort>0.
F 15 (0) — <2t
Consequently, F(£) blows up in time 7% < c FIIL” o Furthermore, we have from (3.23)
o -0

i (@122 + [ + |50 + o)1) -

This leads to a contradiction with (3.6). Therefore the solution of (1.1)—(1.7) blows up in
finite time. O

4 Conclusions

In this paper, we consider the blow-up of solutions for the quasilinear von Karman equa-
tion of memory type. In recent years, there has been published much work concerning
the wave equation with nonlinear boundary damping. But as far as we know, there was
no blow-up result of solutions to the viscoelastic von Karman equation with nonlinear
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boundary damping and source terms. Therefore, we will prove a finite time blow-up re-
sult of solution with positive initial energy as well as non-positive initial energy. Moreover,
we generalize the earlier result under a weaker assumption on the damping term.
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