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where the functions k and h are nonnegative, 0 < A,b;2 <p <4<qg<6.Viaa
constraint variational method combined with a quantitative lemma, some existence
results on one least energy sign-changing solution with two nodal domains to the
above systems are obtained. Moreover, the convergence property of up as b \( 0 is
established.
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1 Introduction

Consider the following Kirchhoff—Poisson systems:

—(1+b fo3 |Vul* dx) Au + u + k(x)pu + MulP~2u = h(x)|u|"*u, xeR3,

(1.1)
—A¢ = k(x)u?, x € R3,
where k and / are nonnegative functions, 0 <1, 5;2 <p <4< g<6.
When b = 0, systems (1.1) reduce to the following Schrodinger—Poisson systems:
—Au+u+ k()pu + MulP?u = h(x)|u|7%u, xecR3, 12)

—A¢ = k(x)u?, x € R3,

which stem from quantum mechanics and have important applications in the semicon-
ductor. From the physical viewpoint, the above systems have been introduced as a physical
model describing a charged wave interacting with its own electrostatic field in quantum
mechanics. The unknowns u and ¢ represent the wave functions associated to the particle
and electric potential. For more details, one can refer to [1-3] and the references therein.
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In [4], Cerami and Vaira studied the following Schrédinger—Poisson systems:

—Au+u+k(x)dx)u =ax)|ulPtu, xeR3,

(1.3)
—A¢ = k(x)u?, x e R3,

with p € (3,5). Under some suitable conditions, some existence results on positive solu-
tions were obtained. Recently, Zhong and Tang [5] investigated the following Schrodinger—
Poisson systems:

—Au+u+k(x)p)u = Af (%) + |ul*u, x<cR3,
—A¢ = k(x)u?, x € R3,

where the functions k and f are nonnegative, 0 < A < A1 and A; is the eigenvalue of the
problem —Au + u = Af(x)u in H'(R3). Via the variational method, the authors obtained
the existence results on the ground state sign-changing solution for 0 < A < A;. Replacing
u with V(x)u in (1.3), Batista and Furtado in [6] studied the following systems:

—Au+ V®X)u + k(x)pu = a(x)|ulPu, xecR3,

—A¢ = k(x)u?, x e R3,

where p € (3,5) and a(x) satisfies some mild conditions, especially, the potential function
V can be nonconstant and indefinite in sign. By a variational approach, they also get some
results of the existence of one nonnegative solution and one sign-changing solution. For
the related research on this problem, the reader can refer to the literature [7-14].

On the other hand, if k = 0 in (1.1), then (1.1) reduce to the following Kirchhoff-type
problem:

—(1+b |Vu|2dx>Au+u+A|u|p2u=h(x)|u|q2u, x e R3. (1.4)
R3

Associated with the above problem, we have to mention the following Kirchhoff Dirichlet

problem:

—(a+b [, |Vul*dx)Au=f(x,u), x€$2,
u=0, x €082,

which stems from the stationary analogue of the equation

2u (P, E /L 2 p 92u 0
_— _+— —_— =
Poe "\ n Tar ), *

dx?
proposed by Kirchhoff regarded as an extension of the classical D’Alembert wave equation

ou
0x

on free vibrations of elastic strings. Due to its importance on the physical background,
the Kirchhoff boundary problem received increasingly more attention. Recently, with the

help of the variational methods, a number of results on the existence and multiplicity of
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solutions for the Kirchhoff problem

—(a+Db [on |[Vul?dx)Au=f(u), xe€$2,
u=0, x €082,

(1.5)

have been established under various suitable conditions, where £2 C RV is a bounded
domain with a smooth boundary 952 and f satisfies various suitable conditions; see, for
example [15-21] and the references therein. Recently, Baraket and Molica Bisci in [22]
studied the following Kirchhoft-type problem:

—(a+b [, |Aul)Au=Af(x,u) + uglx,u) in L2,
u=0 on d52,

where 2 C RY (N > 3) is a bounded open subset. Under some suitable conditions, the
authors obtained multiplicity results via applying the three critical points theorem. Very
recently, Xu and Chen in [23] investigated the following Kirchhoft-type problem:

—(@+Db o |Au)Au+ Vu=f(u) inR3
u e H'(R?),

and established the existence of a ground state solution by applying a critical point theo-
rem similar to the mountain pass lemma (see [24]). Moreover, for the related research on
fractional Kirchhoff-type and Schrodinger-type problems, the reader can refer to [25, 26]
and to the references therein and the monograph [27] published recently. However, re-
garding the existence of sign-changing solutions for the Kirchhoff problem, there are very
few results in the literature. Recently, Shuai in [28] studied the existence of the least energy
sign-changing solution of problem (1.5) and its convergence property on {u,} as b\ 0.
Later, under conditions different from [28], with the help of some analytical techniques
and a non-Nehari manifold method, Tang and Cheng in [29] further studied problem (1.5)
and obtained some existence results on a ground state sign-changing solution u;, as well
as its convergence property.

When b #0, and k # 0, the systems (1.1) stand for Kirchhoff—Poisson systems. Because
the nonlocal terms b fR3 (|Vu|?dx)Au and ¢, are involved in the equation, the problem
is totally different from the case b = 0 and k = 0. In [30], Zhang considered the following
general singular Kirchhoff-Poisson systems:

—(a+b [, |Aul*)Au + ¢u = Ahf (u) + g(u), in$2,

—A¢ =u?, in 2,
u>0, in £2,
u=¢=0, on d52,

where 2 C R? is a smooth bounded domain with boundary 852, constants a > 0, b >
0 and A > 0 is a parameter, functions f, g, / satisfy some conditions. By combining the
variational method with a perturbation method, the author obtained the existence of two
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positive solutions if the parameter A is small enough. In [31], Liu and Wang investigated
the following Kirchhoff-Poisson systems:

—(a+b [ps |Aul?)Au + u - gK(x)pu = f(x)|ulP'u, x€R3,
—A¢ = gK(x)u?, xeR3,

where the constants @ >0, b >0, 1 < p < 5, g > 0 and the functions f,K : R3 — R are
nonnegative. Applying the critical point theorem with parameter A (see [24]), the authors
obtained the existence of a positive solution as well as a ground state solution with g = 1
corresponding to its limit problem. Moreover, very recently, Wang, Radulescu and Zhang
in [32] studied a kind of fractional Kirchhoff-Poisson systems as follows:

M([u]sz)(—A)Su + VxX)u + p(x)u = rf(x,u) in R3,
(-A)p(x) = u? in R3,

where s, ¢ € (0,1) with 2 + 4s > 3, M : R{ — R* is a continuous function satisfying certain
assumptions, the potential function V : R® — R* is continuous, f satisfies a Carathéodory
condition, A is a positive parameter. By applying the fountain theorem for the subcritical
case and the symmetric mountain pass theorem for the critical case, respectively, the au-
thors obtained infinitely many solutions for the system. Different from the works men-
tioned above, in the present paper, we shall combine a constraint variational method with
quantitative deformation properties to establish the existence results as regards one least
energy sigh-changing solution with two nodal domains to problem (1.1). Moreover, we
also study the convergence property on u; as b\ 0.

2 Preliminaries
Throughout this paper, we always assume the following conditions hold.

() 0<Ab2<p<d<g<b.

(k) k e L2(R3) N L>®(R3)\{0} and k(x) > 0 for a.e. x € R3. ]

(h) h(x) >0 for a.e. x € R® and there exists q; € (¢,6) such that h € L&,

In addition, R, = [0,00), R? = (0,00), D"*(R?) is the Sobolev space equipped with the
norm |lul|p2 = (fps |Vu|? dx)? and L* is the Lebesgue space with norm |uls = (s |ul* dx) s
for s > 1. Also, H'(R3) is the Sobolev space equipped with the norm

il = (A; (IVul? + ) dxf.

C is for various positive constants, which can be different from one line to another line in
the text.
Let S be the best Sobolev constant for the embedding of D?(R?) in L°(R?). That is,

llz¢ll pr2

S=  inf (2.1)
ueDL2R3\{0} |Uls
Similarly,
Vul? + u2)dx)?
5= inp Um(VuPr#)aw: o o (2.2)

ueH (R3)\(0} 2|,
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For any fixed u € H'(R3), from the Lax—Milgram theorem it follows that there exists an
unique ¢, € D?(R3) that satisfies —A¢ = k(x)u? weakly, that is, for any v € DV2(R3),

/ Vo, - Vvdx:/ k(x)uv dx.
R3 R3

Moreover,

1 k(y)u*(y)
du(x) = e /RS |x——y|dy' (2.3)

Let
Lg,(v) = / k(x)p v dx, veH! (RB),
R3

then

x)vz(y
Lo ) = 47 ,/Rs /Rs Ix ¥ @4)

Clearly, the energy functional associated with (1.1) can be expressed by

Ll b a1 2
Jolw) = 3l + 719l + ¢ /R K d

A 1
+—/ |u|pdx——/ h(x)|ul? dx. (2.5)
b Jr3 q JRr3

Lemma 2.1 ([5]) Suppose that k € L>°(R®). Then, for any u € H'(R3), there exists C > 0
such that

Ly, (1) = / k() utd® dx = f IVul? dx < Cllull".
]R3 ]R3

Lemma 2.2 Assume that condition (k) holds. Then we have
(i) ¢, >0, for any u € H(R3);
(ii) for any t € R, ¢y, = t2Py;
(iii) Nlpullprz <SSkl
(i) I¢uls < S lull pra-

Proof Under the condition (k), the conclusions (i) and (ii) directly follow from Eq. (2.3).
the conclusions (iii) and (iv) directly follow from (2.4) in [4]. O

For R >0, let 2z = {x € R3: |x| <R}, 2§ = {x € R3: |x| > R}. Denote

u(x) = max{u(x),O}, u (x) = min{u(x),O}.
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Lemma 2.3 Assume that conditions (1), (k) and (h) hold. Then, for any {u,} C H'(R3) with

ut — u* weakly in H'(R3) and ut(x) — u*(x) for a.e. x € R3, we have

. 2 2
1) (a) /1R<3 k(x)y, 1, dx — /R3 k(x)p,u” dx,
/ k@), () dx — / k() (uF) dx,
R3 " R3
(b) / k@), (1F)” dx — / k() (uF) dx,
R3 R3

(c) AS k(x)u;z (u;)2 dx — k(x),+ (u’)2 dx,

R3

(d) / l<(x)¢unun<pdx—>f k(x)p,up dx, V(peHl(]RB).
R3 R3
W @ [ Hlnrds— [ neouids
R3 R3
(b) /h(x)|un|q_2u,,<pdx—>/ h(x)|ul"*updx, Vo eHl(RB),
R3 R3

() /lun|”_2un<pdx—>/ lulPupdx, Vo eH'(R®).
R3 R3

Proof Item (i) Conclusions (a) and (d) follow from Lemma 6 in [5] and Lemma 2.1 in [6]
and Lemma 2.1 in [4]. Conclusion (b) and (c) can be similarly proved, we omit it.

Item (ii). We only prove that ng h(x)|u,|?dx — fR3 h(x)|ul? dx. The other relations can
be obtained similarly.

In fact, the condition g < g; < 6 implies that 4 < Z—‘f <6.Letr= Z—i’. The sequence u, — u
weakly in H!(R3) shows that {u,} is bounded in H!(R3). Therefore, by (2.2) there exists
M > 0 such that |u,|! <M, |u|! <M. Thus

[ Hod e~ )

25

< /Q A )

6-q1

6 6
< (f hoa dx) (|u,,|’§ + |u|Z)
2

6-q1

6 6
< ZM(/ hé-a dx) .
2%

6 6

Because /1 € Léi ,we can choose R > 0 large enough so that 2M(f91§ ho-a dx)% < ¢&,and
—q1

therefore,

<E€.

/ 1) ([ — [00l7)
QC

R

On the other hand, by the absolute continuity on integral together with # € L 5 for
—q1

6 _
any 1) > 0, there is § > 0 such that (/. | (x)| 57 dx)ﬁ% < n foreach G C 2 with mes G < 4.
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Then

6-q1
N
/h(x)|un|qu§|u,,|?</ |h(x)|66qldx> < Mn.
G G

So, we can apply the Vitali theorem to obtain

n—00

lim/ h(x)|u,,|qu=/ h(x)|u|? dx.
2r 2R
Hence,

lim/ h(x)|u,|Tdx = lim
R3 n—00

n—00

h(x)|u,|?dx + lim/ h(x)|u,|?dx
Qé n—00 Joo

= h(x)|ul|? dx + h(x)|u|qu:/ h(x)|ul? dx.
R3

25 fo
The proof is complete. 0

In terms of Lemmas 2.1-2.3, it can be verified that J;, is well defined on H(R?) and is of
C! as well as

)= [

(Vu-Vv+uv)dx + bIVu|§</ Vu- Vvdx)
R3 R3

+ k(x)¢uuvdx+k/ |u|”_2uvdx—/ h(x)|u|T2uv dx. (2.6)
R3 R3 R3

Obviously, u € H(R3) is a critical point of J, if and only if (, ¢,,) is a solution of systems
(1.1). Noting that ¢, is nonnegative for any u € H*(R3), (1, ¢,,) is a sign-changing solution
of system (1.1) if and only if u is a critical point of J, with u* #0.

By (2.3)—(2.4) and the Fubini theorem, we know that

Ly, (u)= f k(x) P+ (Lf)2 dx = / k(x),,- (u+)2 dx =Ly, (u") (2.7)
R3 R3
and
b 2 2 1 _
A :]b(zf) +]b(u ) + EIVL{'MVM ‘2 + EL%+ (u ), (2.8)
) = U)o+ b1 9+ L, o), 29)
) =Gy ) {5 P92 L (), 210
Let

My = {u € HI(RS) cut #0, <]1/,(u), u*) = (],’,(u),u‘) = 0}.

In the following, we will look for the minimum point of the functional J, on M}, which
is the sigh-changing solution of systems (1.1).

The following lemma is crucial and plays an important role in obtaining our main results
later.
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Lemma 2.4 Assume u € H'(R®) with u* #0. Then there is an unique pair (s, t,) € R® x
RO satisfying that s,u* + t,u~ € M.

Proof Forany u € H'(R3) with u* #0, clearly, by (2.6)—(2.10) we know that su* + tu™ € M,
with (s,£) € R x R? if and only if the pair (s, ¢) satisfies the following systems:

SHlut(|? + bs* Vut|s +s* [o3 k() (u?)? dx + AsP|u'

+S2E[bIVur [5IVu 3+ [ps k(x)pur (u7)? dx] — 57 [o3 h(x)|u*|9dx =0,
Clu 1> + bt Vur |5 + £ [ k(x) - (u7)? dox + AP |u [,

+ S22 bIVU3IVu 3+ [gs k() (u™)? dx] — £7 [o3 h(x)|u™|1dx = 0.

(2.11)

To study the solvability of systems (2.11), we investigate the following auxiliary systems

with a parameter 1 € [0,1]:

St (|2 + bs*  Vut |3 +s* [os k(¥)pur (u*)? dx + AsP|u* [,

+ s 2 [bIVUt 3 Vum 13 + [o5 k()P (u™) dx] — s1 [ h(x)|u*9dx = 0,

(2.12)
Pl 1> + bt Vs |5 + £ [ k() - (u7)? dax + AP [u |
+ S22 [bIVur 3I1Vu |5+ [ps k(@) (u)? dx] — £9 [o3 h(x)|u™ |1 dx = 0.
Let
E= {17|0 <15 <1 such that systems (2.12) have an unique solution in R? X ]R?}.
Put
@n(5,8) = S |ut 17 + bs*|Vur |5 + 5% [o5 k()P (u* ) dx + AsP |1 |}
+ S22 [BIVUt3|IVu 3 + [z k(%) (™) dx] — s7 [o3 h(x)|u*| dx, (2.13)

Y(s,8) = 2 llu || + bt | Vur |3 + * [os k(%) (u7)? doxc + AP |u |
+ S22 [bIVu 3IVu 3+ [os k() (um)? dx] — 19 [ h(x)|u™ | dx.

(1) In this part, we show that 0 € E.

Since o (s, £) = @o(s,0), Yols, t) = Yo(0,t), the solvability on ¢o(s, t) = 0 and (s, t) = 0 is
the same. So, we only show that there an unique 7 € R? such that (0,7) = 0.

In fact, owing to the fact that 2 <p <4< g <6, 2 >0, and k(x) > 0, a.e. x € R, we know
that ¥4(0,¢) > 0 as ¢ > 0 is small enough and ¥(0,£) < 0 as ¢ > 0 is large enough. Hence,
there is a £ € R? such that (0,7) = 0.

Now, we prove that such a number 7 € R is unique. To this end, let g(¢) = £ 21 (0, 2),
t>0.

By

g®) = ||+ 02| Va |y + £ / k) (u)” de 40t )
R3

—tq_2/ h(x)‘u"qu, t>0,
R3

Page 8 of 25
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we have g(0) > 0 and g() = 0. If there exists another number £ > 0 with £, # £ such that
Yo(0,20) = 0, that is, g(fo) = 0, then we will obtain a contradiction via the following argu-
ment:

Case 1. If ty < £, then

tog(to) = 2683 |u™ |} + 2£2 /R k) () dx+n(p - 2085 |u {ﬁ
—(g-2)t1? /R i h(x)|u”|? dx. (2.14)
On the other hand, the fact that g(fo) = 0 implies that
b2\ Vu |, + 2 /R k@ ()’ dx
Pl /R [ (2.15)

Thus, substituting (2.15) into (2.14) and taking into account that 0 < ¢y, u~ #0,2 <p <4<
q<6,)>0and h(x) >0, a.e. x € R?, we get

tog (to) = (p = At " Ju |} + (4— )t f3 hw)|u | dx—2[u”|* <o,
R:

which together with g(z) = 0 implies that g(¢, + §) < 0 as 0 < § is small enough. Hence,
there is a ¢, € (o, ) satisfying

g(t) = min g(¢) <0, g'(t)>0.

te(to,t]

However, observing that

£2¢"(t,) = 2662 |Vu~ |} + 262 / k() (1) de+ 2(p - 2)(p - 32| |?

R3
—(g-2)(g-3)t172 / h(x) |u‘ |q dx
R3

and

btf’Vu“;L + ti/ k(x) - (u_)zdx <=M ’i + tz_zf h(x)|u” ’qu — | H2

R3 R3

(following from g(%,) < 0), we have

2" () < A(p-1)(p - 4)t1:_2|u_|1’; —(q-1)(g - 47> f h(x)|u_|qu - 2|| u” H2 <0

R3
(noting that2 <p <4<g<6,2>0and h(x) >0,a.e x € R3), which contradicts the fact
that g”(¢.) > 0.
Case 2. If £ < ty, the proof is the same. In fact, by only replacing £, with 7 in the above

argument on case 1, we also obtain a contradiction.

Hence, we have proved that 0 € E.
(2) In this part, we show that the set E is open and closed in [0, 1].
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(i) Eisan open setin [0,1].
For any fixed no € E and (so, zp) € R? x R? is an unique solution of (2.12) associated with

1 = no. By calculation, from (2.13) we know that

Wl gt |+ abs3|vart | + 453 / k) (") dx
3 (so,t0) R3
+ 2n0sot§ [b|Vu+ ‘§|Vu’ |§ + / k(x)y+ (u_)2 dx]
R3
+ Aps€_1|u+ = qsg_lf h(x)|u*|* dx, (2.16)
A = 21]0531?0 [lowu+ |§|Vu'|§ + / k(x)p,+ (u_)2 dx], (2.17)
It (so,t0) R3
811/710 2 +12 _12 \2
¥ o = 21080ty |:b|Vu |2{Vu |2 + / k() g+ (u7) dxi|, (2.18)
ds (s0.t0) R3
A = 2to|u Hz +4bty|Vu~ ‘;L + 4t / k(%) - (u’)2 dx
ot (s0.t0) R3

+210s5t0 |:b|Vu+ |§|Vu‘|§ + / k(%) (u‘)2 dx]
R3

+ Aptg_l|u_|£ —qtg_I/ h(x)|u‘|qu. (2.19)
R3
Again, by ¢, (s0, to) = 0, from (2.13) we have

B3| Vut [t + 3 /R K () di
oot [b|w+|j|w—|j o [ Ko (u‘)zdx]
R3

- Asﬁ_l }u* ‘i + sg_l / h(x) ’u* ’qu — S0 ”u* H2 (2.20)
R3

By (2.16) combined with (2.20), we get

I¢ng

R LH _znOSOtg[b|vM+|§|Vu-li v [ ke (u—)zdx]
s R

(s0.t0)

-4 —p)sg_l |u+ !i -(g- 4)50_1 / h(x) |u+ |q dx. (2.21)
R3
Similarly, by v, (s, to) = 0, we can deduce that

Yo

5 =2t |u” Hz — 20850 [b\W*\iWu' ’i + / k(@) g+ (“_)zdx]
t R

(so,t0)

~ra-p)iy - (g -0 A; )| dx. (2.22)

Page 10 of 25
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Thus, by (2.17)—(2.18) and (2.21)—(2.22) as well as ¢+, ¢~ > 0,1 > 0,2 <p <4< q, h(x) >

0, a.e. x € R3, we have the determinant

_ Iy (S0,20) 0o (S0,20) — Iy (S0,20) DYy (S0, o)
as dat ot as

M
2
>AB_4ngsgtg[b|vw|j|w—|§+ / k(x)¢u+(u‘)2dx] >0,
R3
where
A= 20|12+ 205082 (b|w+|§|w¢j o [ Koo (u)zdx>,
R3

B= 2t0Hu_ ||2 +2n083to <b’Vu+ |§’Vu“j + / k(x) - (z,t_)2 dx),
R3

dong (s0.t0) d¢nq (s0,t0)
as at
M= .
Yy (s0,t0) g (s0,t0)
as ot

Hence, by the implicit function theorem, there exist an open neighborhood Vj of 1y and
Ao C RY x R? of (so, £o) such that the implicit function s = s(n), ¢ = £(n) satisfies system
(2.12) on V x Ayg.

Now, we show that, for any 1 € V;, the system (2.12) has no solution in (R? x R?)\Ao.

Suppose by contradiction that there exists n; € V4 such that system (2.12) has another

solution (5, 7) in (R% x R%)\ Aq associated with 1; apart from the solution (s, £) in Ag associ-
ated with 7. Then, by the implicit function theorem again, we can find a solution function
5=3(n), t=t(n) in (n; — &, + &) for some ¢ > 0, which satisfies (2.12) and goes through
(m, (5,1)).

1. If no < n1, then consider the saturated solution 5 = 5(n), £ = £(n) on its saturated
interval. Since it cannot be defined at 19 and cannot enter Vy X Ao, there exists a
point 1y € [19, n1) such that the solution 5 = 5(n), £ = £(n) in (172, 71) and
5%(n) + £2(n) — oo as n — n3, which contradicts systems (2.12) noting that
2<p<4<q<6,1>0,and h(x)>0,a.e xecR3 Hence V;, CE.

2. If no > n1, the proof is similar.

(ii) E is a closed set in [0, 1].

In fact, let {n,} C E be a sequence with ,, — 1o € [0, 1] and (s, £,) € R? x R be the unique
solution of (2.12) associated with 7,. Because the sequence {1,} is bounded, from (2.12)
it follows that {(s,, t,)} is bounded. Therefore, there exists a subsequence of {(s,, ¢,)}, still
denoted by {(s,, ¢,)}, such that (s,,t,) — (s0,%). Of course, (so, %) satisfies systems (2.12)
for n = no. Furthermore, by (2.12), we have

ot <55 [ mal'|
R

which implies that s, > ¢; > 0 for some c; > Obecause2 < p <4< q<6,h(x)>0,a.e.x € R
and u* # 0. Similarly, there exists ¢, > 0 such that £, > ¢ > 0. Thus, (so, %) € R x R is
a solution of (2.12). Also, the implicit function theorem ensures that (sy, ) is the unique
solution of (2.12) for n = no again. Hence, E is closed in [0, 1].
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Summing up the above arguments (i) and (ii), we get E = [0, 1], and therefore, the con-
clusion of Lemma 2.4 is true. O

Lemma 2.5 Assume that u € H'(R3) with u* #0 and ¢,(1,1) <0, ¥1(1,1) < 0, where
@1, Y are given as in (2.13) with n = 1. Then the unique pair (s,,t,) € R® x R° given in
Lemma 2.4 satisfies 0 < s, £, < 1.

Proof 1fs, > t, >0, then, by s,u* + t,u” € M), together with (2.11), we have
so|ut ”2 +5*b|Vut }3 +st / k(x) P+ (u+)2 dx
R3
4 210 —12 N2
+su[b|Vu |2|Vu |2 +/3k(x)qbu+(u ) dx]
R
> st |ut | +SZ/ h(x)|u* |* dx.
Thus
S L R T [mw 21 e [ k() dx]
R3 R3
> —Asﬁ‘ﬂu*!p +sZ‘4/ h(x)|u+|qu. (2.23)
On the other hand, the assumption ¢;(1,1) < 0 implies that
Hu* ||2 + b‘VLf E + / k(x) P+ (u")2 dx+ |:b’Vu+ |§‘Vu‘|§ + / k(x) .+ (u_)2 dx:|
R3 R3
< —k}u* ‘p + f h(x){u+ ‘qu. (2.24)
By (2.23)—(2.24), we have
(2 -1t a2 617 1) [ o[
R3
Because u* #0,0<X,2<p<4d<qg<6andh(x) >0, forae x e R3, the above inequality

implies that 0 <s, < 1,and so, 0< £, <1.
For the case 0 < ¢, <s,, the proof is similar. O

Let my, := inf{J}, (1) |4 € M},}. We have the following lemma.

Lemma 2.6 Assume that (I), (k), (h) hold. Then my > 0 can be achieved at some point
up € Mb.

Proof For any u € My, by (J,(u), u) = 0 and (2.2), we have
llel|* < J|u]l? +b|w|3+/ k(x)¢uu2dx+k/ |ul? dx
R3 R3

=/ h@)|uldx < |h|_s_lulf <kl s S *|ul?
R3

6 _6
6-q1 6-q1
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1

q 1
where r = Z—‘l’ satisfying 4 < r < 6. Hence, |lu|| > ¢¢ > 0, where ¢y = (|h|576 )72. Also, by

6-q1

Jol) = Jo ) - }I(fg(w,u)

11 11 11
= (_ ——>||u||2+ (— ——>b|w|3+ (— - —)/ k(%) u” dx
2 q 4 q 4 q) e
11
+k<———>|u|§
p 4q
11 11
> (— - —)||u||2 > (— - —)c% >0,
2 q 2 q

1 1y.2
we have m;, > (5 - g)c0 >0.

Let {u,} C My, with J,(u,,) = m, as n — oo. By
1,, 11 s
= _— > R —
Jo () = Jp (1) q(][,(un); Mn> et (2 q) llznll”,
and J;(¢,,) — my, we know that {u,} is bounded in H*(R?), which implies that there exist
up € H'(R?) and a subsequence, still denoted by {u,}, such that u, — u;, as well as X —
u; weakly in H'(R3).

By {u,} C My, it follows from (J} (u,), ut) = 0 that

75 H2 < |u: ||2 +b|Vun|§|Vuf|§ + /]1&3 k(%)@ (uf)zdx+)n|ujf|§

= /Ra h(x) || " dx < IhI%S;q”uf q (2.25)
where r = %. Therefore,
||u,f H >co > 0. (2.26)

Thus, by (2.25)-(2.26) and Lemma 2.3, we obtain 0 < ¢§ < lim,_.oo [p3 h(¥)|uf|9dx =
ng h(x)|uzE |7 dx, which implies that u;f # 0 taking into account the assumption /4(x) > 0,
a.e xe€R3,

Again, by the weak semi-continuity of the norm and Lemma 2.3, we get

75 H2 + b|Vuh|§{Vu;f|§ + /RS k(x)u,, (u;f)z dx+)»|u;f|£
< lim inf{ [+ Bl Vun2| Vi | + /R K () e |;}

= lim inf{ h(x)|uj;|"dx} = / h(x)|uy |* dx,
n—00 R3 R3

which means that ¢;(1,1) < 0 and v¥1(1,1) <0 in (2.13) corresponding to u;. Hence, by

Lemma 2.5, there exists an unique (s, £) € (0, 1] x (0, 1] with u, = su; + tu;, € M. Moreover,

by the weak semi-continuity of the norm and Lemmas 2.2-2.3 and (2.7), we have

1 /(% *
my < Jp(uy) - a(fb("‘b)’”ﬁ

Page 13 of 25
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(-l s (G- vl (5- ) ooty a

11
)\' _ *P
’ <p 61)'”"'”
11

_ (_ _ _)[szuu,;uz + 2]

2 q
. (}L , é)b[sﬂvmjﬁ B |Vig |+ 222 Vi [V |

1 1

' (z - ) [ / k) (u7)” dae + 2* / k) ()"

q
+ 2522 f k(x)qbuz (u;)2 dx]
R3
1 1 P _wp
(5= D)l i )
1 1 ) 2 1 1 L4 _|4 P21 (2
(52 ) Ao by« (5 -2 )elivui s+ 9+ 2090 v )

1 1

+ (— - —) |:/R3 k(x)qﬁuz (uZ)2 dx + /]1;3 k(x)qbu; (u;)2 dx+2 ,/]RS k(x)q),,; (u;)2 dx:|

1 1
+ (— - —) |:/ k(x)p,,+ (z,t;)2 dx + / k(x)p,- (u;)2 dx + 2/ k(x)p,,+ (u;)2 dx:|
4 q R3 " R3 " R3 "
1 1
(0= )l )
p q p p
1
= nli)rrolo inf|:]b(u,,) - Z]U;(un),un)] = nli)rglo inf[]b(un)] = mp.
Thus, s = t = 1, and therefore, u, € My, J,(1p) = my,. O
Lemma 2.7 For any given u € H'(R®) with u™ # 0. Let g(s,t) = Jy(su* + tu™), (s,t) €
R, x R,, then there exists an unique pair (s,,t,) € R® x R such that g attains its global

maximum on R, x R, at the point (s,,t,), which is exactly obtained in Lemma 2.4.

Proof Because2 < p <4 <g<6,1>0andh(x) >0, a.e. x € R%, we can know that g(s, ) —
—00 as |(s, £)| — oo. Hence, we only need to prove that g cannot achieve its maximum on
the boundary of R, x R,. In fact, if not—if g achieved its maximum at point (0,£), £ > 0,
then, by

g(s,8) = Jp(su™ +tu)

52 +]2 54 +|4 34 +\2 A pl,,+|P
S |2+Z‘/ng(x)¢u+(u) des 2]



Chai and Liu Boundary Value Problems (2019) 2019:160 Page 15 of 25

Sq
-— h(x)|u+|qu
q Jr3

7 7 7 .
P fR KW () s S,
74
——/ h(x)|u_|qu
q Jr3
+258°7 (b|w+|‘;|w-|j " / k(x) s (u-)%zx) > g(s,0) + g(0, ),
R3

and the fact that g(s,0) > 0 as s > 0 is small enough, we know that g(s, ) > g(0,%) as s > 0
is small enough, which contradicts the assumption that g achieved its maximum value at
(0,2) on R, x R,. So, g achieved its maximum in some point (s, ¢,) € RE X R(j onR, xR,.
Of course, (sy, t,) is a critical point of g on R, x R, and therefore it follows from the proof
of Lemma 2.4 that the pair (s, t,) is the unique solution of systems (2.11) in R? x R%. O

3 Main results
We are now in a position to give our main results in this paper.

Theorem 3.1 Assume that conditions (), (k), (h) hold, then problem (1.1) possesses one
least energy sign-changing solution uy,, which has exactly two nodal domains, where uy, is
given in Lemma 2.6.

Proof We apply the quantitative deformation lemma to prove that J; (1) = 0.
Owing to the fact that u;, € M}, and J,(up) = m,, in terms of Lemma 2.7, for any (s, ) €
R? x R? with (s,£) # (1, 1), we immediately obtain

T» (su;; + tu;) <]b(u;; + u;) = mp. (3.1)
If J,(up) # 0, then there exist r > 0 and 7 > 0 satisfying
||]l/,(u) || >T as |lu—upl <3r.

Set U = (1-09p,1+09g) X (1-09p,1+07), where 0 < g < %, and k(s, t) = suj +tuy,, (s,t) € u.
It follows from (3.1) that

m* = max J, o h = maxJ,(suj, + tu) < my. (32)
au au

Take 0 < & < min{(my, — m*)/2,7r/8}, S = {u € H'(R®) : ||u — up| < r}.
Let Sy, = {u € H}(R3) : dist(x, S) < 2r}. Applying Lemma 2.3 in [33], there exists a defor-
mation 7 satisfying that
(i) n(Lu) =u,if u ¢ ], (my - 2¢,my + 26) N Sy
(i) n(1L,7,"" NSy
(iii) Jo(n(1, 1)) <Jp(u) for any u € H'(R?).
Now, we show that

n(Lh(U)) N My #9,

which will contradict the definition of 1.
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First, we claim that

(ntl)a)E[]b(n(l,h(s, 1)) < my. (3.3)

In fact, for any (s, ) € U, we consider the following two cases:
(a) If (s, t) #(1,1), then, by (3.3) together with (iii) above, we have

To(n(L ks, 1)) <Jp(h(s, 1)) = Jo (susj, + tu,) < my.

(b) If (s,2) = (1,1), then, by J,(h(1,1)) = Jp(up) = mp < mp + € and h(1,1) =up, € S, it
follows from (ii) that

]b(n(l,h(l, 1))) <mp— &< mp.

Hence, from the above arguments (a) and (b), we know that (3.3) is true.
Secondly, for (s, t) € U, let ¢(s, t) = n(1, h(s, t)) and

¢(S! t) = (¢1(S! t), ¢2(S’ If)), llf(sr t) = (WI(Sr t)r 102(3: t))r

where
¢1(5,0) = (I, (h(s,1)) ;) @als, ) = ([ (hls, 0)), uy),
NsH=Uhlen).e'60) Vst = Uhlelsn)e (50)

Since u;, € My, by Lemma 2.4, ¢(s,t) =0 < (s,£) = (1, 1). Again, by the proof of Lemma 2.4,

3(¢1,¢2)
d(s,t)

we know that la,1) > 0, and therefore, the degree theory yields
deg(o, U,0) =1,

where 0 = (0,0). On the other hand, for any (s,£) € U, by (3.2) and 0 < ¢ < mh;m* , we have

Jo(h(s, ) < m* <my - 2e.
Thus, h(s, t) & J,* (my, — 2¢,m;, + 2€) N Sy, So, the conclusion (i) above implies that
@(s,t) =n(1,h(s,0)) = h(s,t), forany (s,£) € dU,

which means that ¢ (s, £) = ¥ (s, t), for any (s, £) € dU. Hence, deg(vy, U, 6) = deg(¢p, U,0) = 1.
Therefore, there exists (so, o) € U such that v (sg, o) = 0. That means that n(1, 4(so, £y)) =
(S0, to) € My. Hence, J5(1, h(so, ty)) > my, which contradicts (3.3). Thus, we have deduced
that J; (up) = 0, up € My, and uy, is a least energy sign-changing solution of problem (1.1).

Finally, we show that u;, has exactly two nodal domains. To this end, let &), = 43 + u3 + us,
satisfying that u;(x) > 0, uy(x) <0, for any x € R3; 13 (%) = ua(x) = 0, for any x € R3\(2; U
2,); uz(x) = 0, for any x € £2; U 25, where £2; = {x € R?|u;(x) > 0}, £25 = {x € R3|u,(x) < 0}
are connected open subsets of £2.
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Set u = uy + uy. Then u* = u; and u~ = u, with u* #0.

In the following, we deduce that 3 = 0.

Suppose by contradiction that u3 # 0. Then, by J;(up)u; = 0, we can deduce that
¢1(1,1) < 0. Similarly, by J; (up)us = 0, we can deduce that y1(1,1) < 0, where ¢, ¥ are
given by (2.13) with u* = u;, u~ = uy. So, by Lemmas 2.4—2.5, there exists an unique pair
(84, t,) € (0,1] x (0,1] such that s,u* + t,u~ € M. Then

my < Jp(Suth1 + tyth2), (T (sumr + tytas), suuay + tyuz) = 0.
Consequently,

1
my < Jp(suti1 + tythz) = Jp(sutd1 + t,12) — 5(];;(&4”1 + ), Sulhy + bylhs)
1 1 1 1
= (— - —)(sf,nuln2 + olluall?) + (— - —)b[siwni + 2|Vu 2]
2 4 ¢q
/ K [$%huy (102)° + Epy (1) + 2522 ()] dix
1 1
+A<; - 5>(sf;|ullfj + th|us|?)
11 1 1
< (5 - 5)(||u1||2 + llua?) + (; - 5>b[|w1|§ + Vi 2]
f k() [y (002)? + by 112)” + 2 (12)?] i
1 1
+ A(; - 5>(|M1|§ +[ual})
1 !
= Jo(ur + up) — ;(]b(ul + 1), Uy + Us)
L,
= Jp(up) - ZI(Jb(ub),ul + 1)
1 1 2 2 2
= |Jolus) + { 5 -~ b|V (1 + wo) || Vusl3 + | k() puysu, () dax
q R3
11 ) )
= To(up) = | Jo(uz) + (= = = )| 6|V (1 + u2)|,| Vi3
2 q 2
. / )y 5 dx)]. (3.4)
R
On the other hand, by the fact that #3 70,2 <p <4 <g <6, 1 >0, we have
1 !
Jo(u3) = Jp(us) - 5(];,(”21),%3)
1 1 1 1 1 1
= (5 - ;1) llus|* + (1 - ;l)bIVuzl‘é + (1 - 5) fR k(%) s (u3)* dox
1 1 b 1
+ )»(— - —) luslh — |V (g + Mz)‘iwusﬁ - = / k() Puy +ur (3)* dx
P q q q Jr3

b 1
> 219 + )1Vl - L / K3y 113)? l.
q q Jr3

Page 17 of 25
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Thus,
1
To(us) + 5<b|V(u1 + )5 Vausl? + /3 k(x)¢u1+u2(u3)2dx) >0.
R

The condition g > 4 shows that % - % > %, and therefore, it follows from the above inequality
that

Tylu) + (% - 1) (b|V(u1 )+ [ K0y dx) >0, (35)
q R3
By (3.4)—(3.5), we have
my < Jp(up) = mp,

which is a contradiction. Hence, u3 = 0, and therefore, 1, has exactly two nodal domains. [J

In the following, we always assume that b > 0 in problem (1.1). We will investigate the

convergence of u; as b\ 0.

Theorem 3.2 Assume that the conditions (I), (k), (h) hold. Then, for any sequence {b,}
with b, \{ 0 as n — oo, there exists a subsequence, still denoted by {b,} such that u;, —
uo € H'(R®) in H*(R®) as n — oo. Moreover, uy is a least energy sign-changing solution of
problem (1.2).

Proof For any sequence {b,} with b, \ 0 as n — 00, uy,, is one least energy sign-changing
solution of problem (1.1) corresponding to b = b,,.

(1) Firstly, we show that {u, } is bounded in H'(R?).

Take a nonzero function g € CgO(R3) with gjE #0.Because 2 <p <4<g<6,A>0,and
h(x) >0, a.e. x € R®, we can choose an appropriate positive number 7 > 0 such that

¢(1,1) <0, ¥(1,1) <0

holds for all b € [0, 1] corresponding to u* = 7g*, u~ = g~ in (2.13). Thus, by Lemma 2.5,
for each b € (0, 1], there exists a pair (sp, £5) € (0,1] x (0, 1] such that su* + t,u~ € M,. Let
u:=spu’ +tpu” and u, be a least energy sign-changing solution of problem (1.1), then

To(us) < Jo(@) = J (@) — — (], (@), )

1
q
1 1 1 1
(55 )l PPy (5= Jlsitows o
(1) [ ) o ) 200 (s
R3

11 . )
e = )l )

= (52w e Py (5= 2w v iy

q
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11N,
e(5 = )y o)
+ (% - é) [/RB k(x)(¢>u+ (u*)2 + - (Lf)2 + 20, (u’)z) dx] = M.
Thus, J;,(up) < M, for all b € [0,1].

Owing to the fact that b, \ 0, we can assume b, € (0, 1], and therefore, Jj, (15,) < Mo
for all n > 1. On the other hand, for all » > 1,

1 1 1
Mo = Jb, (n,,) = Jo, (un,,) = = (I}, (s t4,) = (— - —) N, 11>
q 2 q

Hence, {1, } is bounded in H'(R3).

(2) Because {uy, } is bounded in H!(R3), there exists a subsequence of {b,,}, still denoted
by {b,}, such that u;, — ug as well as ubin — uZ weakly in H'(R®). Then uy, — ug in
L} (R3?) for r € [1,6) and up, (x) — uo(x) a.e. x € R,

Now, we show that u, — ug in H'(R3).

In fact, from u,, — u weakly in H'(R®) and J;, (us,) = 0, it follows that

(13, p,) = T (o), up, — uo) = —{J(u0), s, — i) — 0 as n — oo.

On the other hand, we have

s, — s> = [}, ()~ Ty(ut0)s s, — tho) — by
- / k() Bu, (up, — to)* dx — A / |y, 1P~ (o, — 10)* dx
R3 " R3
=< (][;n (ubn) —](/)(Mo), Up,, — I/lo) - dn:
where
d, = b, [ Vit (T, = Vi) [ ka0, = il i)l
R R
+ /\/ (124, 177> = s |7~ ) 1o (s, — 110) dx
]R3
= [t 2, s, ~ b [ o, — ) .
R3 R3
In the following, we deduce that d, — 0 as n — oo.

Owing to the fact that {u;, } is bounded in H'(RR®), it is easy to verify that the sequence
{IVup, I% ng Vuy, - (Vuy, — Vi) dx} is bounded, and therefore

b|Vuy, |3 / Vuy, - (Vuy, — Vug) dx — 0 (3.6)
R3

as n — oo noting that b, — 0 as n — oco.
Now, we prove that

/ (|u;,n P2 — |u0|"_2)uo(ubn —ug)dx — 0 asn— oo. (3.7)
R3

Page 19 of 25
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For R>0,let 2z = {x e R®: ||x|| < R}, 25 = {x € R®: ||| > R}, we have

A, =

[ 72 = o), — )
2

R

p-1
5/ (120, + |10l )" |uo| dx
o€

(fg (1 + o) dx) | (fg '"°|2dx)2
(f

IA

1

1
. 2 2
(lttp | + l14o])*” ”dx) (/ |M0|2dx>
3 o€

R

IA

IA

1 1

2 2

4!’-1(/ (|ub”|2(”‘1)+|u0|2(”‘1))dx) (/ Iuolzdx)
R3 2F

1

_ 2(p—1 2(p—1 1 2

=4 l(lubn|2gf1i + |u0|2g71;)2 (/ . Iuolzdx) .
2

R

Because of the boundedness of {u;,} combined with (2.2), there exists M; > 0 such that

_ 2p-1 2Ap-1)\ &
Y7 (|l + oo 1)) < M.

On the other hand, the fact that u, € L*(R?) implies that Ve > 0, we can choose R > 0 large

enough so that

7
e
(/ Iuolzdx) < —.
2 2M,

R

Then

< 3 (3.8)

-2 -2
(1, P2 = |0 |~ Y uao (s, — o) dx
2K

Similarly, for given R above, there exists M, > 0 such that

B, =

—2 —2
/ (1, 177> = a0 P~ Yo (1, — 100) dx
2R
—2 —2
s/ (1ot 17 + 1a0l?~2) ttol 145, — thol b
2R
p-2
5/ (uts, | + liol)? Lo, — o]
2R

p—l
5/ (uty, | + Vo) i, — o] dx
2r

1 1

2 2

5(/ (|ubn|+|u0|)2(p1)dx) (/ |Mbn—bt0|2dx)
2R 2r

1

3
<M, (/ |y, — u0|2dx> .
2r
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By the fact that u;,, — ug in L], (R3), r € [1,6), there exists Nj > 1, such that

loc

2 2 €
M, lup, —uol“dx) < -
2 2

as n > Nj. Thus,

/ (114, P2 = |1a0 P~ Yo (14, — 1ho) dx| < £ (3.9)
o 2
as n > Nj.
Hence, (3.8)—(3.9) shows that (3.7) holds.
Now, we show that
[ s, 21, ~ )
R3
—/ h(x)|u0|q_2u0(ubn —ug)dx — 0, asn— 00. (3.10)
R3

We only prove that ng h(x) |y, |92 up, (up, — uo) dx — 0 as n — 0o, because the proof on
S ) 0|7 (up,, — o) dx — 0 is similar.
We make an argument similar to (3.7) as follows:

For R > 0, we have

/ () [, 1172w, (a1, — tho) dx
R3
5/ () g, |7 1ty — o) dx
R3

= [ o 7, ol s+ [ e, s, -
2R

2z

_ 6 _ 6 ey
Take r; = " T Then the condition (/) ensures that 1 < r; <2 < rp < 6. By the

boundedness of {u, } combined with (2.2) and the fact that u;, — uo in L (R3),r € [1,6),
there exists M; > 0 such that

A, ::f h(x) |up, |7 \up, — uo| dx
2p

6-q1

1 1

6 6 r_ Ty

< (/ hoa dx) (/ |ubn|(q—1)r1 dx) 1 (/ s, — it dx) 2
2r 2r 2r

1

q-1 e
< |hl & |up,lg (/ |45, — 1ol dx>
6-q1 2R

)
§M1</ Iubn—uol’zdx> -0 (3.11)
2r

as 71 — OQ.

Page 21 of 25
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Similarly, let » = b r=-%,r=—2_ then4 <r<6and there exists M, > 0 such that
q1 q-1 1+(q1-q)

Byi= [ hlus, 1 iy, - ol dx
o
< [ Bl 7 a1 o)
S2g

6-91 a

6 6 Z
< (/ he-a dx) (/ |ubn|’dx>
2 2%
6-q1 1 1
_6 6 r1 )
+ (/ hea dx) (/ |ubn|”(q_1) dx) (/ 20| dx)
o 2 o

6-41 601
6 6

6 e a1, _6_
< / hoa dx [|ubn|‘§ + |up,lg ol 2] <M, / hoa dx
2 oF

6

Because & € L% (R3), for any ¢ > 0, we can choose R > 0 large enough so that

6-q1
6 6 P
(/ hea dx) <—
ef M;

and therefore

/ ), 197y, — uo| dx < e. (3.12)

27

Hence, by (3.11)—(3.12), we conclude that [ps 7(x)|up, 192wy, (up, — o) dx — 0 as n — oo.

Finally, we show that

f k(x)(Puy, — Pug)tho(Up, — o) dx — 0 as n — oo. (3.13)
R3

In fact, by Lemma 2.2(iii)—(iv) together with the boundedness of {u;,,} in H*(R?), we have

‘ /R k) @y, = D it — o) dx

< /3 k(%) |y, — Puo | |40 (s, — 1o)| dx
R
1 5
o) ° 6 6
< |k|oo(/ Puy,, = Buo| ) </ |40 (uap,, — o) |® dx>
R3 R3
5
6 5
< |kloo (1puy, 6 + [Buole) (/3 |0 (s, — 10) | dx)
R
6 \¢
< |klooS™>Sg2 k2 (Iletp, 1> + llzso 1) (f3 |u0 (4, — o) | dx)
R

5M1</R3 |uo(ubn—uo)|gdx>g. (3.14)
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For any R > 0, we know that

/ |u0(ub” —uo)|gdx=/ |M0(”bn —Mo)|gdx+/ {Mo(ubn—uo)gdx.
R 2 of

R

Because
4
B 6 3 5 3 6 s 11
| o (up, — uo)|® dx ) < |uo| > dx |y, — o ) |° dx)5
2f 2K 2K
4 1
3 5 6 5
< luo|? dx (g, | + |uol)” dox
oS oS

R R

4
3 5
S(/ |u0|2dx> (14,16 + 140l6)
QC

R

4
5
<M, (/ luto|2 dx) , (3.15)
QC

R

wiloy

and ug € L3 (R3), for any given & > 0, we can choose R > 0 large enough so that

4
5
M2</ |u0|3dx) <el2. (3.16)
QC

R

On the other hand, since u;, — ug in LI _(R3), r € [1,6), there exists N > 0 such that

loc

6 ;
/ |u0(ubn—uo)|§dx: (/ Iubn—uo)ﬁdx)%(/ |u0|6dx)
.QR -QR QR
3 4 6 é
< |up, — Uo |12 dx)5 lup|°dx ) <el2 (3.17)
2r R3

as n > N. Thus, by (3.14)—(3.17), we find that (3.13) holds. Consequently, by (3.6), (3.7),
(3.10) and (3.13), we obtain d, — 0 as n — 00, and therefore, u;, — up as n — oo in
H(R3).

Now, by

(o), uy, ) = Iy, i, ), 165, ) = Ty, Cuan,) = To ot )s iy ) = (o (ua,) — T (aao), 43 )

= {13, s, = Jo(un, ), iy ) = (o uan,) = Jo o), s, )

combined with the fact that u;,, — uo, u:btn — uy in H'(R®) and b,, — 0 and that J, is a C?
functional in H'(RR?), we have J}(u0) = 0 and

Uolwo),ug) = Tim (Jo(uo), ) = 0.
On the other hand, by an argument similar to (2.26) and a subsequent derivation on

uf #0, we know that u3 #0. So, ug € M. That is, u is a sign-changing weak solution of
problem (1.2)
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Now, we prove that u is also a least energy sign-changing solution of problem (1.2). In
fact, assume that vy € M) is a least energy sign-changing solution of problem (1.2). Then,
by Lemma 2.4, there is a sequence of pairs (sp,, 2,) € R? x R? with s, v§ + t5,vy € Mp,.
Because b, — 0 as n — 00, observing that (2.11) holds corresponding to b = b, u = v
and taking into account that 2 < p <4< g <6, A >0, and k(x) > 0, a.e. x € R3, it is easy
to check that {(s,,, £5,)} is bounded. Without loss of generality, we can assume that s;, —
so € Ry, tp, — to € R,. Moreover, by an argument similar to that in (2)(ii) of the proof of

Lemma 2.4, it can be verified that s¢ > 0, £y > 0. Consequently, we have
+ - _ 13 + —
SoVy + tovy = nli)rgo(sbnvo +tp,Vy) € Mo.
Applying Lemma 2.4 for b = 0, it follows from vy € M that so = £o = 1. Thus, we have
Jo(vo) < Jo(uo) = lim Ji, (up,,) < m Jy, (sp,v5 + tb,v5) =Jo(vg + v5) = Jo(vo)-

Hence, Jo(vo) = Jo(uo). That is, 1y is also a least energy sign-changing solution of problem
(1.2). The proof of Theorem 3.2 is complete. O

4 Conclusion

In this paper, with the help of the constraint variational method combined with a quan-
titative lemma, Kirchhoff—Poisson systems (1.1) are investigated and the existence result
on the least energy sign-changing solution with two nodal domains to the problem is es-
tablished. Moreover, the convergence property of u;, as b\ 0 is also obtained. It should
be pointed out that, because the nonlocal terms b ng (|Vu|? dx)Au and ¢, are involved
here, the above Kirchhoff-Poisson systems are totally different from the case b = 0 and

k = 0 and there are more difficulties we need to overcome in the proof.
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