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1 Introduction
Considerable attention has been devoted to fractional and non-local operators of elliptic
type in recent years, both for their interesting theoretical structure and in view of concrete
applications, like flame propagation, chemical reactions of liquids, population dynamics,
geophysical fluid dynamics, and American options; see [3, 7, 19, 20] and the references
therein.

In this paper we consider the following critical problem:

(~AYu=ru+|ulP?u+yglx) in 2,
P), (1.1)
u=0 inRV\ £,

where s € (0,1) is fixed and (—A)? is the fractional Laplace operator, 2 C RN (N > 2s) is a

smooth bounded domain, p = 2¥ := Nzivzs, g€ Cy(£2), g(x) >0a.e. in 2 and g(x) £ 0 in £2,

A >0, y >0 are some given constants.

We are interested in the existence of positive solutions of (P), since it exhibits many
interesting existence phenomena which are related to some lack of compactness of the
corresponding energy functional (see (1.2)). It is worth noting here that the problem (P),,
with X =0, y =0, has no positive solution whenever §2 is a star-shaped domain; see [6,
11]. This fact motivates the perturbation terms Au and yg(x), in our work. Servadei and
Valdinoci [14, 15], and Tan [17] studied problem (P), with y = 0 and obtained Brezis—
Nirenberg type results. An interesting problem is whether the existence phenomena still
remain true if we give (P),, with y = 0 a lower order homogeneous perturbation in the

sense lim,_, fbf;'_”l) =0 and f(x,0) = 0. The existence results have been obtained in [14,
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15] for the fractional Laplace operator, and [8] for the fractional p-Laplace operator. We
consider here the nonhomogeneous perturbation case. Note that problem (P),, in the local
case s = 1 has been investigated in [4, 18].

The fractional Laplace operator (—A)* (up to normalization factors) may be defined as

—(=A)u(x) = / (ulx +y) + ulx - y) - 2u(x))K(y)dy, xeRY,

RN

where K(x) = [x|"N*29), x ¢ RN, We will denote by H*(RN) the usual fractional Sobolev
space endowed with the so-called Gagliardo norm,

22l s vy = M2l 2 vy + (/D;ZN |u(x) - u(y)|21<(x -) dxd)’>l/2,
while Xj is the function space defined as
Xo = {u EHS(RN) cu=0a.e inRV\ .Q}
We refer to [9, 12, 13] for a general definition of X and its properties. The embedding

Xo — L1(£2) is continuous for any g € [1,2¥] and compact for any g € [1,2}). The space

Xo is endowed with the norm defined as

, 12
llatllxo = ([Rw|u(x)—u(y)| K(x—y)dxdy) .

By Lemma 5.1 in [12] we have C2(£2) C X,. Thus Xj is non-empty. Note that (Xo, || - llx,)

is a Hilbert space with scalar product

(u,V)x, = _/]RZN (u(x) — u(y)) (v(x) - v()) dx dy.

We say that u € X, is a weak solution of (1.1) if the identity
/ (@) = 1) (0@) - 00K (x - y) dxdy
R

:A/ u(pdx+/ |u|p‘2u<pdx+y/g<pdx
2 Q 2

holds for all ¢ € Xj.
We consider the energy functional associated with (1.1)

I(u) = %/Rm|u(x)—u(y)|21<(x—y)dxdy—%A/szdx

1
_l;/ Iulpdx—y/gudx. (1.2)
7]

The critical points of the functional I correspond to weak solutions of (1.1).

Let X, be the first eigenvalue of (—A)° on X,. Our main results are as follows.
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Theorem 1.1 For X € [0, ;) there exists a positive constant y* such that (P), admits a
positive minimal solution for all y € (0, y*] and admits no positive solution for y > y*.

We prove Theorem 1.1 by the method of monotonic iteration, also known as the super
and subsolution method, which is a basic tool in nonlinear partial differential equations.
In this paper, we discuss a fractional Laplace operator version of this method compared
with second order linear or quasilinear elliptic operator. With respect to the classical case
of the Laplacian, here some estimates are more delicate, due to the non-local nature of the
operator (—A)°.

Theorem 1.2 For A € [0,A;), y € (0,y*), where y* is the one in Theorem 1.1, problem (P),
admits at least two positive solutions.

In order to prove Theorem 1.2, we adapt the variational approach used in [1] to the
non-local framework (see also [15]).

This paper is organized as follows. In Sect. 2 we prove the existence of the first solution
of (P), by the method of monotonic iteration. In Sect. 3 we prove the existence of the
second solution of (P), by variational methods. We denote by | - |, the L?(£2)-norm for
any p > 1, respectively.

2 Existence of the first positive solution
In this section we prove existence of the first solution of (P),, by the method of monotonic
iteration.

Definition 1 We say that % € X, is a weak supersolution of problem (P),, if

[ 709 709) (o) - ) ) sy

zx/ ﬁ(pdx+/ |ﬁ|1"2ﬁgodx+y/g<pdx
Q Q 2

for any ¢ € Xo, ¢ > 0 a.e. in £2.

Definition 2 We say that u € X, is a weak subsolution of problem (P),, if

[, (6= 40) (910) - ¢0)) K5~ )y

SA/ de+/ Izl’”‘zwdxﬂ//gwdx
2 2 2

for any ¢ € Xo, ¢ > 0 a.e. in £2.

Let A1 be the first eigenvalue of (—A)* on X, with ¢; > 0 the corresponding normalized
eigenfunction; see Proposition 9 in [13]. We show ¢; > 0 in £2. By Proposition 4 in [14],
¢1 € L>(£2). Furthermore, by Proposition 1.1 in [10], ¢; € C*(RN). Assume by contra-
diction that there exists xy € §2 such that ¢;(xg) = 0. It follows from the definition of the
fractional Laplace (—A)* that

0>~ /RN (1050 +) + d1(x0 — 7) = 261(x0))K () dy = M b1 (x0) =0,

we get a contradiction. Thus, ¢; >0 in £2.
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Lemma 2.1 For A € [0,11) there exists a constant ¥ > 0 such that (P), has no positive
solution fory > 7.

Proof Taking C; = mingso[t?~! — (A, — A)t] we get
P> -Alt+C, Ve=0. (2.1)

Multiplying (1.1) by ¢ and integrating on £2 we get

/}R (@) = 1) (616 = $1(0) K (x - y) dxdy

:A/ u¢1dx+f up’1¢1dx+y/g¢1dx.
2 2 2

Consequently,

kl/ uq&ldx:k/ u¢1dx+/ up_1¢1dx+y/g¢1dx.
2 2 2 2

Hence from (2.1) we have

—C1 f_Q ¢1 dx

<A:: .
=y ng¢1dx 0

Lemma 2.2 Let uy,u; € Xo be supersolutions of (P, ). Then uy A uy := min{uy, us} is a su-
persolution of (P,). Similarly, if vi,v, € Xo are subsolutions of (P,), then so is vi V vy :=

max{vi, vs}.

Proof By density results for Xj, there exists a sequence {w,} C C*(£2) such that w, —
W:=u; — Uy in Xy. It follows that w,,(x) — w(x) for a.e. x € 2.
Let n € C*°(R) be a nondecreasing function such that (i) 0 < n(¢) < 1; (ii) n(¢) = 0 for
t<0,n(t)=1for t > 1. Set n,(t) = n(nt). Then n,(¢) =0 for t <0, n,(t) =1 for ¢ > %
Now for any nonnegative function ¢ € C°(§2) we define

Yin = (1-n,0wy)e, Yo = (1 0o wi)o,

where 7, o w,, denotes the composition of w, and g,. Of course, Y1, Y2, > 0 and ¢ =
Y1,n + Yo, Since uy, uy are supersolutions of (P),, we have

/1; (w0~ 10) [0~ Vi) ) dly
- fg Ui d + /Q P d + y /Q QVind,
for i =1, 2. It follows that
/RZN (1) = s M) [1 = 1 (W) Jo ) = [1 = 00 (wa ) J@ () }K (% = y) dix dy
> / 0 ()[1 = 1 (wa (3)) ] ()l + / 02721011 = 1 () [ )
2 2

ty /Q a1 = 1 () [0 ) dx 22)
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and
/R (10 = 120)) {1 (W (6) () = 11 (W) 0 O) } K (x - y) dxdy
> 1 f U ()1, (Wi (%)) 9 (x) ok + / |12 P~ tn (Wi (%)) ()
2 2
vy [ am(n)e ds 23)
2
Fora.e.x € 21 := {x € 2 : u1(x) > u(x)}, w(x) > 0 and hence n,(w,(x)) — 1 for a.e. x € §2;.

Similarly, n,(w,(x)) — 0 for a.e. x € £2; := {x € 2 : u;(x) < up(x)}. Adding (2.2) and (2.3),
we have

29 = 1209 = (1169 = 13 0) 0,09} = 00,9 O) KG9 sy
[ 6 -0 610 - 90)) K sy vy
> /\/ uy (x)g (x) dx + /\/ [2(x) — 11 (%) | 7 (W (%)) () dx+/ w1 [Py dx
2 2 2
+ / [lo2P 212 = |11 1Pty | (W) ) 0 () dx + f go(x) dx. (2.4)
2 2
Define

Aq = {(x,y) e RN :w(x) > 0, w(y) > O}, Ay = {(x,y) e R :w(x) >0, w(y) < 0},

A= {(6y) e RN :wx) <O,w(») >0}, As:={(x) € R :w(x) < 0,w(y) < 0}.
By the dominated convergence theorem, we find, as # — 00,
/R [0~ 1020) (16~ 110) (w2 3) ) 1 (014 0) | K — ) iy
. fR (00 - 110)) (9) ~ 90K~ ) ddy
- A [142(%) — u2(y) — (1 (%) — 1)) | (%) — () K (x — y) dx dly
+ fA [0 =100 = ((6) =100 Jo 9K~ ) ey
-/ [1a6) ~2) = (6) - s 0) Jo K e ) ey

* /RZN (ul(x) - u1(y)) (go(x) - 90()/))1((96 —y) dxdy

- [ T A0 - 0 A )0 [e) - )K= 5) dsdy
+ [4 [uz(x) —uy(y) — (ul(x) -u (y))]go(x)]((x —y)dxdy

- /A [16208) = 129) = (12.x) = 1)) |0 GIK (5 — ) ey
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. / (1) - 1020)) (9x) — ) K (x - y) dxdly
AgyUA3

< / [ A ) () = (1 A w2) ) ][ 9(%) = 9 () [K (% — ) dx dy
A1UA,

" ]A (12 A 1)) — (o A ) )] [0(5) — 9 ()] K (e — 9) ey

. /A (12 A 1)) — (o2 A ) )] [0(5) — 9 ()] K (x — 9) iy

= / [(1 A u2) (%) = (1 A ) )] [0(®) — () K (x - y) dxc dly.

R2N

Similarly, as n — oo,

A / () o) dx + 2 f [1426) = 162 () 1 (i () 0 )t — / (11 A 02) (@) ) dx
2 2 2
and

/ Iullp'2u1¢dx+/ [P 2wz = |ur P11 | m (W (%)) @ (x) dx
2 2
— / lu1 A o P72 (1 A 1)@ dix.
2

Thus, by (2.4), we obtain

/RZN [(1 A u2) (%) — (1 A 12) ()] (9 (%) — () K (% — y) dxc dy
d p-2 d d
Z)»/Q(ul/\MZW x+/Q|u1/\u2| (u1 A up)e x+7//gg<ﬂ x

for any ¢ € C§°(£2) with ¢ > 0. Since C§°(£2) is dense in Xy, for any ¢ € X, with ¢ > 0, we
can find ¢, € C§° such that ¢, = ¢ in the X, norm. This completes the proof. a

Remark 2.3 Lemma 2.2 is valid for the following second order quasilinear elliptic operator

in divergence form:
N
> Di(Ai(x u(x), Du(x))),
i-1

where A; (i = 1,...,N) satisfies some conditions; see [5] for more details.

Lemma 2.4 For any X € [0, 1) problem (P), admits at least one positive solutions which

is a minimum of all solutions if y is small enough.
Proof Set

1 ()\’1 _ k)l/(p—Z)

" 2 max,eq ¢ (%)
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and

_ infxesuppg{[)hl —Aegr — (5¢1)p_1}

SUPxeq g(%)

where supp g denotes the closure of {x € £2|g(x) # 0}. It is easy to verify that u = ¢¢; is a
supersolution of (P), if y < p and u = 0 is a subsolution of (P), forall y > 0.

Now let 1y = u, and then given u, inductively define u,.,; to be the unique weak solution
of linear boundary value problem

(=AY thys1 = Ady + | lP 1, + yg  in £2,

(2.5)
U1 =0 in RN\ 2.

Similarly let wy = 4, and then given w,, inductively define w,,,; to be the unique weak so-
lution of linear boundary value problem

(=AY Wp1 = Awy, + [wy |p72Wn +yg in$2,

(2.6)
Wps1 =0 in RN\ 2.
Claim1l.u=uy <u; <w; <wy=1u.
From (2.5) we deduce
/ (ul(x) - ul(y)) (go(x) - (p(y))K(x —-y)dxdy=y / godx, Yy e Xo. (2.7)
R2N Q
Similarly from (2.6) we have
|, 696 = w1 0) (00) - o)) s~ )y
:ALﬁwdx+/Qﬁ”_l<pdx+y/Qg<pdx, VYo € X,. (2.8)
Subtract (2.8) from (2.7) and set ¢ = (u; — wy)*. We obtain
[ [ = 0T 0 = 9 0] 9) sy <0, 29)

where ¥/ (x) = u(x) — wi (x), for all x € RN, It is easy to see that

> WxyeRN

(V169 = 1) [ @) - ¥ )] = [¥* ) - v ()
So, by (2.9),
Vi ®) -¥7()=0, VxyeRY.

Then, ¥ (x) = 0 for all x € RN since ¥/ (x) = 0 for any x € RN \ £2. So ¢; <0and u; <w,
a.e. in £2.
Similarly, by the definition of supersolution and subsolution, (2.5) and (2.6) we can prove

uy < u; and wy; < wy.
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Claim 2. 4, < tp1 < Wy <w,ae in 2,Vn=0,1,2,....

Claim 2 obviously holds for # = 0. Assume for induction that
Up1 < U, <w, <w,1 ae.in§2.

From (2.5) and (2.6) we have

/R (10~ 14,10) (00) ~ 9 O)K (5~ ) dxdy
:)L/S;unwdx+Luﬁ’1¢dx+ng¢dx, (2.10)
[ (90180 = 110)) (05) - 90K ) sy
_ -1
—)L/S2wngodx+/gwﬁ <pdx+y/ggqodx (2.11)

for all ¢ € Xy. Subtract (2.11) from (2.10) and set ¢ = (¢4,,1 — W,.41)*. We obtain

[ 160 = 000018 = v 00K =) sy

:kf(u,,—w,,)1ﬁdx+/ (2t —wi ) pdx <0,
2 Q

where 1,41 (%) = #,41(x) — w,1(x), for all x € RN, Thus u,,,1 < w,,,; a.e. in £2. Similarly we
can get u, < Uy, and Wy, < wy,.
By Claims 1 and 2 we have

U=ug<uU1 < S Uy SUp1 S S Wy SWy s SWE S Wy = U
Set

u(x) = lim u,(x), w(x) = lim w,(x).

n—00 n—oo

Clearly, u(x) < w(x) a.e. in £2. Taking ¢ = u,,,1 in (2.10) we have

A; ()~ 0,11 0) K e ) dxely

=A/ unun+1dx+/ u’;’lumdxﬂff Gps dx
2 2 2

12 172
§A/ ﬁzdx+/ﬁpdx+y(/g2dx) (/ Ezdx> .
7 Q 2 2

This shows {||#,x,} is bounded. So, going if necessary to a subsequence, we can assume
that u, — u in Xy. The Lebesgue’s dominated convergence theorem yields

‘/u{’l‘lgodxe/‘ W lodx, YeoeX,
2 7

as 71 — OQ.
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Letting n — o0 in (2.10) we have

/R |, ([#6) —10)) (0(0) = 90) K (x — y) dxedy
:)L/Qmpdx+/gup’l<pdx+y/9g<pdx, Yo € X,.

Similarly we can verify that w is a weak solution of (P), . However, we cannot rule out the
possibility that # and w are the same solution. Note that, since u < e¢; and ¢; € L*>(£2),
we get u € L*°(£2). It is easy to see that u(x) > 0 in £2.

Next we show that # is a minimal solution. Assume that U is any weak solution of (P), .
By Lemma 2.2, U A & := min{U, it} is a supersolution of (P),. Using the same method of
monotonic iteration we get a positive solution v of (P), such that v < U A < i1. Using the

same argument as proof of Claim 2 above we obtain
u, <v<w, foralln.
Passing to the limit we have
u<v<w.
Consequently, # < v < U. This shows that u is a minimal solution. O

Lemma 2.5 For A € [0, A1) there exists a positive constant y* such that (P),, has a positive

minimal solution for all y € (0,y*), and (P), has no positive solutions if y > y*.

Proof Set
y* = sup{7 > 0[(P), has at least one positive solution for all y € (0, 7)}.

Lemma 2.1 and Lemma 2.4 imply that y* is well defined.

For any fixed yy € (0, %), we take § > 0 such that yy + § < y*. Let u,,,s be a positive
solution of (P),,.s. It is easy to verify that O is a subsolution and #,,.s is a supersolution
of (P),,. Using the same method of monotonic iteration as that in proof of Lemma 2.4 we
find a minimal solution u,, of (P),,.

By similar arguments we can show there is no positive solution of (P), for any

y>y*. (I

Lemma 2.6 Assume that ) € [0,11), y € (0,y"), where y* is the one in Lemma 2.5. Let u,,
be the positive minimal solution of (P), . Then

. 2 _
T = mf{AZN(W(x) —W(y)) K(x—y)dxdy—k/gl/ﬂdx ’ (p- 1)/9u§ 2y2dx =1,
" eXo} (2.12)

can be attained and t > 1.
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Proof Clearly, 0 < t < +00. Let {1,,} C X, be a minimizing sequence of (2.12). Then

Do = 2] /Q ldx < / (Urn(0) = ¥n0) K (= y) diedly — 1 fg W2dx =1+ o(L).

R2N

So |2 is bounded. Since

/ (Yrn () = Y ) K G — ) dedly = fQ Wldx+t+o(l),

R2N

we see that ||, x, is bounded. Consequently, we may assume that there is a subsequence,
still denoted by v, such that

w‘ﬂ - WO in XO)
Yn— Yo in L*(RV),

Vo — Yo ae inRY,

Hence, as n — oo,

T = liminfl:/RzN(l//,,(x) - wn(y))zj((x—y) dxdy—)»/g 1//n2dx1|

n—00

Z/ (wo(x)—wo(y))zl((x—y)dxdy—k/ Yo dx.
2

R2N
By the Lebesgue dominated convergence theorem, we have
= 1)/ w2y dx = lim (p - 1)/ Wy dx = 1.
Q n—00 Q
Hence v reaches 7. Since
T < f (|¥o@)] - [wow)]) K x - y) dxdy - xf |¥ol* dax
R2N Q
< [ (el = o0 K-y -3 [ wRdz=r,
R2N Q

|| also achieves 7. So we can assume ¥y > 01in 2. It follows from the Lagrange multiplier
rule that

|, (00 = 0000) (013) - 90K 5 - )l

:A/ woqodx+r(p—1)/ u{j’zw()(pdx, Yo € X,.
o) 2

We take § > 0 such that y + 8 < y*. Set u = u, .5, where u, 5 is a positive solution of (P), 5.
Then # is a supersolution of (P), . Taking ¢ = % — u,, in the equation above we get

| 008 = 00 - 1,)0) - @ 1, ))]

:A/;zl/lo(ﬁ—u,,)dx+r(p—I)Luﬁ_zt/fo(ﬁ—uy)dx. (2.13)
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On the other hand, by the definition of % and %, , we have
)»f (& — uy)Yodx + / [ﬁ"_l - uffl]wo dx
2 2
< [ ) = Vo[, - @ - 1,)0)] (2.14)
By (2.13) and (2.14) we have
t(p-1) /Q ufj’z(ﬁ— Uy )WYodx > L[ﬁp_l - uf,_l]wo dx
>(p-1) /Q uﬁ_z(ﬁ — Uy )Y dx.
Hence 7 > 1. g
Lemma 2.7 There results

sup ”uy ”Xo < 00,
uy €

where
S= {uy ly € (0, y*), u,, is the minimal solution of(P)y}.

Proof For any u, € S, from Lemma 2.6 we get
/ (uy(x) - u,,(y))zl((x—y)dxdy—)\/ wrdx—(p- 1)/ ub dx
R2N @ 7 e 7
> (t—l)(p—l)/ ub) dx > 0.
2
Consequently,

f (uy(x) -u, (y))zl((x —-y)dxdy > A‘/Q u)z/ dx+((p-1) /9 uf, dx. (2.15)

R2N

Clearly,
f (uy(x) —uy, (y))21<(x —y)dxdy = Af u)z, dx + / u’]‘j dx+y / gu, dx. (2.16)
R2N Q Q 2
By (2.15) and (2.16), we have
- 2)|:/RZN(My(x) — 1, () K(x —y) dxdy - 1 /Q 2 dx]
<@p- 1))// guy dx. (2.17)
2

Since

/Rw(u},(x)—u,,(y))zl((x—y)dxdy—)»/gu?, dx > [Al—k]/.(zui dx,
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we deduce

-y
u2dx<(p—/ u, dx
e e K
-1y 1/ 2 5/ 2
=212 )¢ P2 )
for § > 0 small enough such that

2(p - 21 - 2]

o< -1y

So there exists a positive constant C; such that

/ u dx < Gy, (2.18)
2

where C, depends only on A1, A, p, ¥, and g.
By (2.17) and (2.18) we have

-1
/Rw(uy(x)—uy(y))zl((x—y)dxdyf )L/Qu)z/ + (Iﬂp_z)/ /quy dx

(v -1y (v~ 1y
§|:A+2(p_2)]/;zu]2/dx+2(p_2) /;2g2dx
(p-1y” -1y”
§|:)\.+mi|/guidx+m ngdx.

So there exists a positive constant C independent of y such that

llay llx, < C. (2.19)

Now we prove Theorem 1.1.

Proof of Theorem 1.1 Assume that y; /' y* and u,, € S. By Lemma 2.7 there is a subse-
quence, still denoted by {uy}, such that

*

Uy — U in X,

uy, —> u* in L*(RY),
u, —>u* aein RN.
It is easy to verify that #* is a solution of (P), «. Note that 0 is a subsolution of (P),, for any

y > 0. So we can use the method of monotone iteration to find a minimal solution. d

Page 12 of 21
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3 Existence of the second positive solution
We introduce the following problem:

(=AYv=v""1+alx)v+h(xv) in$2,
v>0 in £2, (3.1)
v=0 in RN \ Q,

where a(x) = A + (p — l)uﬁ_z(x), and
hv) = (v 4+, )" = w7 ) =P - (p - Dul .

In order to obtain a second solution of (P), it suffices to prove (3.1) has a nontrivial solu-
tion. Thus u, + v is a second solution of (P), .

For problem (3.1), we define the energy functional J : Xo — R as follows:

Jv) = %/RZN (vix) - V(y))ZK(x—y) dxdy - %/Qa(x)(v*)2 dx

1

_;L(V+)pdx_LH(x,v*)dx,

where H(x,v) = fov h(x,t)dt, vt = max{v,0} denotes the positive part of v. By the maximum
principle [2, 16], we know that the nontrivial critical points of energy functional J are the
positive solutions of (3.1).

It is easy to see that / satisfies

(i) sup{lh(x,t)|:a.e.x € §2,t <M} < +oo for any M > 0;
h(x,t)
t

(iii) lim, 400 % =0 uniformly in x € £2.

(ii) limg_ o+ = 0 uniformly in x € £2;

The following theorem is a modification of Theorem 3 in [15].

Theorem 3.1 Let A € [0,A1), y € (0,y™), if there exists some vy € Xy \ {0} with vy > 0 a.e.
in RN, such that

s N
supJ(tvo) < ﬁSszx, 3.2)

t>0

then problem (3.1) admits a solution.

Since the proof of Theorem 3.1 is nearly same as that of Theorem 3 in [15] (cf. Theorem
2.1 in [1]), we omit it.

In the following, we shall verify the crucial condition (3.2) holds for A € [0,1;), y €
(0, y*). To this end, we need some preliminary results.

Consider the following minimization problem:

S o inf f]R2N [v(x) — V()/)|2K(x —-y)dxdy
S e @N)\(0) (Jan IvIP dx)?'P

It is well known from [15] that the infimum in the formula above is attained at iz, where

(%) = . xeRY, (3.3)
(U2 + | —x0)?) 2

Page 13 of 21
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with « >0, u >0 and x € RY fixed constants. Equivalently, the function # defined as

_ u
U= ——
0l 1 vy

is such that
S = / (%) - () |"K (x — y) dx dy.
R2N

The function

_ X
u*(x):u(m), JCE]RN,
Ss

is a solution of

(-AYu=uff2u inRN. (3.4)
Now, we consider the family of the function U, defined as

U, (x) = e V=225 (x/g), xeRN,

for any & > 0. The function U, is a solution of problem (3.4) and satisfies

/RzN|UE(x) - Ua(y)’21<(x —y)dxdy = /RNWE(") P dx = SN, (3.5)

Without loss of generality we may suppose 0 € £2. Let us fix p > 0 such that By, C §2 and
let n € C*® be such that 0 <5 < 1in RN, n(x) = 1 if |x| < p; n(x) = 0 if |x| > 2p. For every

& >0 we denote by u, the following function:
ue(x) = n()U(x), xeRV. (3.6)

In what follows we suppose that up to a translation xg = 0 in (3.3). From [15] we have the

following estimates:

/ | () — e ()" K (- y) dxedy < SN 4 O(eN %), (3.7)

R2N

/ | P dxc = SN/ + O(eV), (3.8)
RN

Ce% + O(eN-%), N > 4s,
/ N u?dx> 3 Ce¥|Ine| + O(e¥), N =4s, (3.9)
R
C,eN=% + O(e%), N < 4s,

where C; is a positive constant depending on s.
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Lemma 3.2 Assume that A € [0,11), y € (0,y*), where y* is the one in Lemma 2.5. Let u,

/ vidx=1,
2

¥ eXo(Q)} (3.10)

be the positive minimal solution of (P), . Then

7= inf{AZN(w(x)— W(y))zK(x—y) alxa,’y—/ga(x)w2 dx

can be attained and T > 0.
Proof By Lemma 2.6, we have
[ 0= v 0 K= dsdy-2 [ vPaxz - [ wvan
R2N 2 2
for any ¥ € X,

where 7 > 1. So,

/ (¥ (%) - ¥ () K(x—y) dxdy - /Q a)yrdx > (t - 1)(p-1) /Q W2y dx,

R2N

for any ¥ € Xj.

Thus, 0 < 7 < +00. Let {,,} C Xy be a minimizing sequence of (3.10). Then

/ ((x) = Y 0)) K (x—y) dxdy = /g Ay dx+ £ + o(1),

R2N

and [, ¥2dx = 1. Since a € L®(£2), we have [4,]|x, is bounded. Consequently, we may

assume that there is a subsequence, still denoted by 1, such that

w‘ﬂ - ‘(//.0 in XO)
Yu— Yo in L*(RN),

Y, — Yo ae. inRN.

Hence,

n—00

# = lim ( / (V) = ¥ 0)) K (x - y) dxcdy - j alx)y? dx)
R2N 2
> lim(r-1)(p - 1)/ uﬁ’zwf dx
n—0oQ o
= (r—l)(p—l)/ ufj’zljfgdx>0. 0
2
Lemma 3.3 Let u, be given by (3.6). Then there exists a constant t. > 0 such that

supJ(tue) = J (t:u:) (3.11)

t>0
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and

S 1
](tu)S—SN/(2S)——At2/
evre N s 2 e o

ug dx — / Qx, tou,) dx + O(eN_2S), (3.12)
o)
where Q(x,v) = [ q(x,t) dt and q(x, £) = (¢ + u, (x))P " - uffl —tP L fort>0.
Proof Let
v (t) = J(tu:)

= %tz ,/Rzzv (ug(x)—us(y))zK(x—y) dxdy — %tzfga(x)u? dx

1
——t"/ ugdx—/H(x,tug)dx,
p Q Q

for t > 0. Let
o(t)= / H(x, tu,).
2
Since for every § > 0 there exists Cs > 0 such that
|H(x, 1)| < 88> + Csel?,
for all £ > 0 and for a.e. x € £2, we have

|<7(t)| §8t2/ uﬁdx+C,gt”/ uf dx. (3.13)
2

2

By Lemma 3.2, there exists T > 0 such that

/ (us(x) - Ms()/))zK(x —y)dxdy - /
R2N

a(®)uZdx > 1 / u? dx. (3.14)
o)

2

By (3.13) and (3.14), there exists a constant & > 0 depending on ¢ such that
Y (0) =at® +o(?) (3.15)

for8<%fast—>0+.

Next we study v for ¢ large. Note that

Y(t) < Et /Rw(ug(x)—ug(y)) K(x—y)dxdy—;tp/ ub dx

2

and thus ¥ (¢) — —00 as t — +00. Therefore, we see that there exists £, > 0 such that

Sup](tus) = ](tsus)'

t>0

We show lim,_,¢ ¢, = 1. Note that for every § > 0 there exists C; such that
R S B
|h(x,0)| < 8|elP~" + Cslel, |H(x, )| < =5]¢” + ECg|;r| (3.16)
p

forall £ >0 and fora.e. x € £2.
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Clearly,
ay
Codt|,,
:ts/ ( ug(y) ) K(x—y)dxdy — ts/ a(x)u?dx
R2N 2
—tf:_l/ ufdx—/ h(x, tug)u, dx. (3.17)
2 Q2

Then, by (3.7) and (3.8), we have

o _ Jron (e (%) — 1 (9)*K(x = y) dacdy — & [, u? dx — i [ a(x, teue)u, dx
’ Jo ué dx
- Jrow (e (%) — . (9))*K (x — y) dx dy
B Jo ue dx
SN2 O(eN-%)

= W =1+ O(é‘N_ZS) ase — 0. (318)

On the other hand, by (3.17) and (3.16), we have

Jron (e (%) — 1, (1)K (x — y) dxdy — [, alx 2dx—if_(2 (%, tote )ty dx

2=
¢ [ uf dx
ngN(ug(x) u:(y)’K(x —y)dxdy — [ alx)u dx— [, G272 + Csu?) dx
[ ut dx
_ Jron (e (%) — 1, (0)*K(x — y) dxdy — [, alx)u? dx dx e e u?dx
Joudx ¢ S dx’

consequently, by (3.7)—(3.9), we get

w2 s (fRzN(ug(x) ue (1))’ K(x - y)dxdy — [, a(x)u? dx dx _c o u? dx)

1+8 fgupdx ngugdx
1

L 3.19
1+6 ( )

as ¢ — 0. Combining (3.18) and (3.19), we have lim,_.¢ ¢, = 1.
Let

S (e (%) = 45 (9))°K (x — y) dx dy

d, =
Jo ue dx

Since the function ¢ — %tz fRZN(us(x) —u:(9))?K(x - y)dxdy - Iljtp fQ uf dx is increasing
on the interval [0, d. ], we have, by (3.18),

J(teu,) < ldﬁf (ua(x)—ua(v))zK(x—y)dxdy—ld’;/ ug dx
2 R2N P

2

1
——tf/ a(x)uﬁdx—/ Hx, tou,) dx
2 2

1
NSf”2S 2At§/ u?dx—/ Q(x, toue) dx + O(N%). 0
o o

Page 17 of 21
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Lemma 3.4 The condition (3.2) holds.

Proof We consider three cases.
Case 1. N > 4s.
By Lemma 3.5 in [4], there exist § > 0 and T > 0 such that
q(x,t) > 5 forxe By, t>T.
Taking g(£) = T° x(T,+00)(t), then

qx,t) > g(t) >0 forx e By, t>0, (3.20)

where x[7,.00) denotes the characteristic function of [T, +00). Thus
_ t
Q) := / q(s)ds > T'*° fort>2T.
0

Direct computation yields

N-2s

_ p/(SU(zs)s) _ -1 )
Oltouts) dx = won_ 16N o t.ac( —— N1, (3.21)
0 u? +t2

lx[<p

where wy_; is the area of SN™1, A = ([on #” dx)''?, k, u > 0 are constants. By (3.20) and
(3.21), we have

1

e Qs teute) dx > ——- Q(teu,) dx
€ lxl<p € |x|<p
CE_llz
> wN_lgzs/ T N-1 gy
0
§+1 N
N
-1 N-2s .
where C > 0 is a some constant such that tgA/c(h)T > 2T forallt < Ce™V2 and ¢ is

small enough. Thus,

1

N Qx, toug) dx — +00

lx[<p

as € — 0 since N > 4s.
By (3.12), we have

1
J(toue) < isgmﬂ — / u? dx — / Q(x, tou,) dx + O(eN7%)
N 2 ) )

s 1 1
= gN/) _ —MZ/ uzdx—sN_25<— Qx, teu,)dx + O(l))
N 2 e " N2 Jiep o

S
< NS?N(ZS):

ase — 0.
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Case 2. N =4s.

Clearly,p-1= N +2S

(2019) 2019:169

= 3. Note that there exists C; > 0 such that

qx,t) > Cit  forx € By, t > 0.

Thus,

1

N-2
575 Jixiep

1
> : N
eN-2s 0

C160N71(t Ak)? /

—_

-2

Qo tou,) dx

0/(S1/25) N-2s

91 g1 7\ 2
ol ) Y o
2 w2+ 2

Sl/ 2s

1

-1
7# +t2)25tN dt

,0/(51/ 2S)6)

—Cla)N_ (lf AK) / 4S ldt

0/(S1/(29)6172) t45

— Cron-1(t:Ax)?|Ing| — +00,

41+s

ase — 0.
By (3.12), we have

J(tou,) < Nsﬁw (2s)
NS?I/ (2s)
NS?I/ 2,
ase — 0.
Case 3. N </4s.

Clearly, p — 1 = N2 3 By Lemma 3.4 in [4], there exists C, > 0 such that

N-2s

1
——Atf/ uﬁdx—/ Q(x,tgus)dx+0(825)
2 I?)

2

1 1
— 5)@‘5/ u? dx — 8N25<F Cion_1(t:Ax)?|Ing| + O(l))
fo)

qx,t) > CotP*  forx € By,,t > 0.

Thus,

N-2.
87 Jixiep

Qo tou,) dx

1 N plsVe) et z p_ltN 1
> WN-1€ Co| t,Axk| —— —dt
>z [ o) )

1
=

ase — 0.

Sl/(Zs)S) 1

1 _ pl(
—Csz_l(tgAK)p_lg_% / —NZIfN_l dt
p-1 0 N+2s

1
25 1
Cown_1(t:Ax)P~ e‘N22 / 7%1']\/‘1 dt — +00,
1 0 (MQ
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By (3.12), we have

1
J(teu,) < iSﬁw(zs) - —)»tf/ u?dx—f Qx, tou,) dx + O(sN’zs)

s 1 1
—SN/(2S)——M2/ 2dx— N[ — X, totte) dx + O(1
N o Me Qus x Nm le<pQ( ls) (1)
< %S?[/(Zs)’

ase — 0. O

Proof of Theorem 1.2 By Lemma 3.3 and Theorem 3.1, we see that problem (3.1) has a
solution v for A € [0,A;) and y € (0,¥*). We can obtain the second solution of (P), by
taking # = u,, + v. Combining with Lemma 2.5 we complete our proof. 0
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