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1 Introduction
Recently, Novikov [22] proposed the following integrable quasi-linear scalar evolution

equation of order 2:
(1 — ezaf)ut =0,(2 —€0,)(1 + €3,)u?, (1)

where € #0 is a real constant.

Letting v(¢,x) = u(et, €x), one can transform Eq. (1) into the following form:
Up — Uty = 8x(2 - ax)(l + 39:)142' (2)

It was shown in [22] that Eq. (2) possesses a hierarchy of local higher symmetries. Equation
(2) is regarded as a generalized Camassa—Holm equation [22]. In [17], Li and Yin establish
the local existence and uniqueness of strong solutions for Eq. (2) in nonhomogeneous
Besov spaces by using the Littlewood—Paley theory. Under some assumptions, a blow-
up criterion and a global existence result for the equation are also presented in [17]. The
well-posedness of (2) is studied in [11] for the periodic and the nonperiodic cases in the
sense of Hadamard. In addition, nonuniform dependence is proved by using the method
of approximate solutions and well-posedness estimates. To the best of our knowledge, up
to now the weak solutions for Eq. (2) have not been investigated yet.

The equation closest to the relevant problem (2) is the Degasperis—Procesi equation,

(l - 8§)ut = —AUlly + SUylhyy + Ullyyy. (3)
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Degasperis, Holm and Hone [12] proved the formal integrability of Eq. (2) by constructing
a Lax pair. They showed that it has a bi-Hamiltonian structure and there is an infinite se-
quence of conserved quantities. Since the Degasperis—Procesi equation was born, much
attention has been attracted by the study its dynamics. Yin proved local well-posedness of
Eq. (2) on the line [24] and on the circle [25]. In addition, the precise blow-up scenario and
blow-up structure for the equation were derived in [24, 25]. Lenells [16] classified all weak
traveling wave solutions. Matsuno [20] obtained multisolutions of Eq. (2). Escher et al. [13]
investigated the blow-up phenomena and global weak solutions for Degasperis—Procesi
equation. In a different direction, Coclite and Karlsen [3-5], and Lundmark [19] initiated
a study of discontinuous solutions (shock wave) to the Degasperis—Procesi equation (2).
It is shown in [2] that a new blow-up quantity along the characteristics is established for
the Degasperis—Procesi equation (2). The other equations related to Eq. (2), such as the
Camassa—Holm equation, the Novikov equation and the Modified Camassa—Holm equa-
tion with cubic nonlinearity, can be found in [1, 6-10, 14, 15, 18, 22, 23] and the references
therein.

Inspired by the ideas from [13, 26], in this paper, we investigate the weak solutions for
the following Cauchy problem:

Up — Uper = 0x(2 — 0,)(1 + 8x)’42; (@)

u(0,x) = up(x).

More precisely, we focus on the existence and uniqueness of positive weak solutions to the
problem (4) using the method from [11] under the condition yy = #g — ugxx € M*. One of
the difficult issues in our proof is how to prove that there is a subsequence of {#"} which
converges pointwise a.e. to a function u € Hlloc(]R+ x R) that satisfies (4) in the sense of
distributions, and how to show that u € C,,(R,; H*(R)), the space of continuous functions
from R, with values in H!(R) when the latter space is equipped with its weak topology.
Luckily, using yo = 1o — toxx > 0 and the estimate ||u(t, ) ||zo®) < 3 ||M0||i3(R)t + || uol| 1o, We
successfully overcome the problems.

Notations The space of all infinitely differentiable functions ¢(t, x) with compact support
in [0, +o0) x R is denoted by C§°. Let 1 < p < +o0 and L” = L”(RR) be the space of all measur-
able functions /(t, x) such that ||h||1L’P = fR |h(t,x)|P dx < 00. We define L = L*°(R) with the
standard norm ||/2]| 0 = infy(e)=0 SUPe /(2 ). For any real number s, let H* = H*(R) de-
note the Sobolev space with the norm defined by ||| s = (f5 (1 + |§ 12) 1z, €) |2 dE)? < oo,
where i(t,£) = [, e ™ h(t, %) dx.

We denote by * the convolution. Let || - ||x denote the norm of Banach space X and (-, -)
denote the H'(R), H1(R) duality bracket. Let M (R) be the space of Radon measures on
R with bounded total variation and M*(R) be the subset of positive measures. Finally,
we write BV(R) for the space of functions with bounded variation, V(f) being the total
variation of f € BV(R).

2 Preliminaries
Throughout this paper, let {p,},>1 denote the mollifiers

-1
Pn(x) = (/Rp(é)dé> np(nx), xeR,n>1,
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where p € C°(R) is defined by

1
ex2-1  for |x| < 1,
p(x) :=
0 for |x| > 1.

Thus, we get
/ pnx)dx=1, p,>0,xeR,n>1.
R

Note that if G(x) := ¢7, x € R. Then (1 - 82)7}f = G * f for all f € L*(R) and G * (u —
Uyy) = u. Using this identity, we rewrite problem (4) in the form

Up — Upyy — Uy + OUyUyy + 2Ulyyy = 2%26 + 2Ulyyy, t>0,x€R, 5)

(0, %) = uo(x), xeR,
which is equivalent to

Uy — 2uny, — 0,G % [u* + (1?),] =0, t>0,xeR, ©)

u(0,x) = uo(x), xeR.
Next, we give some useful results.

Lemma 2.1 Letf:R — R be uniformly continuous and bounded. If u € M(R), then
[on (F11) = (on 5 ))pu )] — 0 in LI(R).

Lemma 2.2 Let f : R — R be uniformly continuous and bounded. If g € L>°(R), then
Lon * (fg) = (ou % f)(on % g)] —> 0 in LZ(R).

Lemma 2.3 Let T > 0. Iff,g € L*(0, T); H'(R)) and L, % ¢ 12((0, T); H\(R)), then f, g

are a.e. equal to a function continuous from [0, T) into L*(R) and

t d t d
0500) - 209) = [ <$,gm>dr+ / < (‘Z(:)),f(r)>dr

foralls,t€[0,T].

Lemma 2.4 Assume that u(t,-) € WY(R) is uniformly bounded in W'(R) for all t € R,.
Then fora.e.t € R,

d
—/ Ipn*uldx=/(pn*uz)sgn(pn*u)dx
dt Jr R

and

d
o / |00 * | dx = /(pn * Uyy) SEN(0y * Uy) dX.
L Jr R
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Lemmas 2.1-2.4 can be found in [11].

3 Global weak solution
Lemma 3.1 Let ug € L*(R) N H*(R), s > 3 and yo = (1 - 02)up > 0 for all x € R. Then the
solutions of problem (6) exist globally in time. Moreover, if ¥(t,-) = u — Uy, then, for all
teR,,
(D) 7(&) =0, u(t,") = 0, [uxlt, )| < ult, ) and llu(t, oo < 5 lluol|7s gzt + lusollzoe
on R.

. 3
(i) Nl < Nltollprr expl3 10l 7 g £ + 2110l 00 t].

Proof The proof of (i) may be found in [17]. Now, we prove (ii).
Multiplying the first equation of problem (6) by « and integrating by parts, we find

1d
—— | (P +ul)dx = / uidx—/ 2uu’ dx,
< 2| tagll 100 f (u* + u2) dx, (7)
R
which yields

2 2 4 t d
lllzn < lluollz e Sl oo d

< lluoll}1 exp[BlluollZs£> + 4lluoll 2], 8)

where the Gronwall inequality and (i) were used. This proves (ii) and completes the proof
of the lemma. O

Theorem 3.1 Let uy € HY(R) N L3(R), and yo = (1o — thorx) € M*(R). Then problem (6)
has a unique solution u € W (R, x R) N LX (R, ; H (R)) with initial value uo and such

loc

that (u — uy,) € M*, a.e. t € R, is uniformly bounded on R.

Proof We split the proof of Theorem 3.1 in two parts.
Let up € H'(R) and yg = 1y — to.x € M*(R). Note that ug = G * yo. Thus, for ¢ € L®(R),
we have

luolliwy) = 1G *yolliiwy = sup /(p(x)(G*yo)(x)dx
R

llellpoor)=<1

- s /R o(x) /R Gl - £)yol) d dx

llellpoo®)=<1

- s /R (G + 0)(E)yo() de

llpllpoor)=<1

= sup [|G*ollomlyollmm)
lloll oo r)=<1

= sup  Glpwllel@llyolrmm = 1yollmm)- ©
ol oo my<1

Let us define ug := p, * ug € H*(R) for n > 1. Obviously, we get

uy — U in HY(R) for n — 0o
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and

1451|112y = 11Pm * 0l 11y = Nl o % holl g2 + || o 14| 12 < Natoll 1 ey,
g HLOO(R) =[Gy HLOC(]R) <[5 ”Ll(]R) < llyollms (10)

g HLa(R) = |lon* uoll 3wy < llonllllzoll 3 < lluollzs-
Note that, forall n > 1,
yg = u(y)l - ug,xx = Pn ¥ (yO) z 0.

Referring to the proof of (9), we have

196 11 @) =< lyoll vy, n=1.

From Lemma 3.1, we know that there exists a global strong solution,
3
u" =u" (-, uy) € C([0,00); H*(R)) N C'([0,00); H* ' (R)), s> >

and u”(¢,x) — ul, (t,x) > 0 for all (¢,x) e R, x R.
Note that for all (¢,x) € R, x R

(u”)2 =/_ 2u"ul dE < /R[(MH)Z + (Mﬁ)z] dt = ||u" ||i11 (11)

o0

From Lemma 3.1 and (10), we obtain
”’":cl ”iOO(R) = ””n HEOQ(R) = H”n Hi[l(]R)
< g exp[3]ag 758" + 4l ] 2]

< lluollzy exp[3lluoli 752> + 4llyoll mt]- (12)

From the Holder inequality, Lemma 3.1 and (10), for all £ > 0 and n > 1, we have

”2un(t)u;’(t)”L2(R) = ZHu"(t) ”LOO(R) ””Z(t) ”LZ(R) = 2”“" ”12-11(R)
< 2|udg 1 exp[3]ag 152 + 4165 | ]

< 2lluo 17,1 exp[BlluollZst> + 4llyoll at]. (13)

Using the Young inequality, we get

9:G * [(”n)z + ((Mn)2)x] HLZ(R)
= “ 0 G * (un)ZHLZ(R) + ” 0 G * (”n)i“mR)
< 110Gl 2w | (un)2||L1(]R) +18:Gll 2w | ((un)z)x”Ll(]R)

< 2010,Gll 20y | " [ 31
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<2010, Gll 2w ]| exp[3 ]t 252 + 4] s | 1o t]

< 2018:Gl 2wl oI exp[Blluoll7£* + 4llyoll aat], (14)

where [0,G|| ;2 is bounded.
Applying (13)—(14) and problem (6), we have

d n
Ja

<2(1+ 119Gl 2)) 140l 7 exp[Blluoll}52> + 4llyoll at]- (15)

12(R)

For fixed T > 0, from (12) and (15), we deduce

T
/ / ([t )]" + [ 6, 0] + [t %)]) dedt < M, (16)
0 R

where M is a positive constant depending only on || G || ;2(r), |0l 12 (r)» 12011 3(R)» 1701l M®)
and T. It follows that the sequence {#"},>; is uniformly bounded in the space H'((0,
T) x R). Thus, we can extract a subsequence such that

u'* =y, weakly in H'((0, T) x R) for ny — oo, (17)
and

u"™ — u, a.e.on(0,T) xR for ny — oo, (18)

for some u € H'((0, T) x R). From Lemma 3.1 and (10), for fixed ¢ € (0, T), we see that the
sequence i, (¢,-) € BV(R) satisfies

V[urtx)] = ||”arclal§(t")“Ll(R) = ””nk(t")“Ll(R) + ||ynk(t")||L1(]R)

<2|ug*(z, -)||L1(R) <2 uo(t, ')”LI(R) <2||yo(z, ')“M(R)
and
)l = gy = % e < ol

Applying Helly’s theorem [21], we infer that there exists a subsequence, denoted again

{uy*(t, )}, which converges at every point to some function v(t, -) of finite variation with

V(v(5) < 2050l m@)-

From (18), we get, for almostall £ € (0, T), uy*(t,-) — u,(¢,-) in D'(R). It follows that v(t, -) =
u,(t,-) for a.e. t € (0, T). Therefore, we have

ulk(t,-) = uy(t,-) ae.on(0,T) x R for ny — oo, (19)

Page 6 of 14
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and for a.e. t € (0, T),

V[ux(t: )] = ”uxx(t’ .)HM(R) = 2”“0”L1 = 2||y0||./\/l(]R)~ (20)

By Lemma 3.1 and (12), we have

O (CO RN P (UO N PR ((CO RN
< e D2y + 2008 e ]2
< B *+ 214" inge
= 3"},

< 3lluoll? exp[3lluoll?st* + 4llyoll amt].

Note that, for fixed ¢ € (0, T), the sequence {(#")? + ((#")?)x}u>1 is uniformly bounded
in L2(R). Therefore, it has a subsequence {(14)? + ((4"%)?),},,=1 which converges weakly
in L2(R). From (18), we infer that the weak L?>(R)-limit is {(x)? + (42),}. It follows from
G, € L*(R) that

0,G (™) + (™)?),) = G * (u? + (u?),) for m — . (21)

From (18), (19) and (21), we see that u solves Eq. (6) in D'((0, T') x R).

For fixed T > 0, noticing that #,* is uniformly bounded in L*(R) as ¢ € [0, T) and
| ()|l 1 gy is uniformly bounded for all ¢ € [0, T) and # > 1, we infer that the family
t — u"* € H'(R) is weakly equicontinuous on [0,T]. An application of the Arzela—Ascoli
theorem shows that {#"#} has a subsequence, denoted again {#"*}, which converges weakly
in H'(R), uniformly in ¢ € [0, T). The limit function is u. T being arbitrary, we see that u
is locally and weakly continuous from [0, 00) into H*(R), i.e., # € Cyjoc(R4; H(R)).

Since for a.e. t € R,, u(t,-) — u(t,-) weakly in H'(R), from Lemma 3.1, we get

”u(t")”LOO(R) = ”u(t")“Hl(R) = limianu”k(t,~)HH1(R)

Hg—> 00

< lluoll 1 exp[3lluolfs2* + 4llyoll at]. (22)
Inequality (22) shows that

uely (Ry xR)NLY

loc

(Ry; H'(R)).

From (10), for t € R,, we obtain
[0 | = [ ey = Nt

Combining with (18), we have

u, € L°(R, x R). (23)
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Finally, we prove (u(f,-) — u(t,-)) € M"* is uniformly bounded on R and u(¢,x) €
WL®(R, x R).
We have

L'(R) C (L%)" C (Co(R))" = M(R).
From (20), we get fora.e. £ € R,

|| u(t) ) - uxx(t¢ ) “M(]R) = || u(t: ) ||L1(]R) + || uxx(t: ) ”M(R)

< lluoll 1wy + 2lyoll m®) < 3llyoll mEw)-

The above inequality implies that, for a.e. £ € R,, (u(t,-) — uu(t, -)) € M(R) is uniformly
bounded on R. For fixed T > 0, applying (17) and (18), we have

[ (t,) — u"*(¢t,-)] — [u(t, ) — Uy (2, -)] in D'(R) for n — oo.

XX

Since (1 (t,-) — uek(¢,-)) > 0 for all (£,x) € R, x R, we obtain, for a.e. £ € R,, (u(t,-) —
uxx(t: )) € M+(]R)
Note that u(t,x) = G * (u(f,x) — ux(t,x)). Then we get

’u(t,x)’ = ‘G * (u(t,x) - uxx(t: x))‘ < ”G”L"O(R) Hu(t,x) - uxx(trx)HM(R)

< 3llyollmm).
Combining with (23), it implies that u(t,x) € W'®(R, x R).
This completes the proof of the existence of Theorem 3.1.

Next, we present the uniqueness proof of Theorem 3.1.
Let u,v € WE(R, x R) N L (R,; H(R)) be two global weak solutions of problem (6)

loc

with the same initial data ug. Assume that (u(z, -) — 11, (£, -)) € M*(R) and (v(¢, -) —vix(2, ) €
M*(R) are uniformly bounded on R, and set

N := sup{”u(t,-) - uxx(t,-)”M(R) + Hv(t,-) —vxx(t,~)||M(R)}.

teRy

From the assumption, we know that N < co. Then, for all (t,x) € R, x R,
|u(t’x)| = iG * (u(t’x) - uxx(t1 x))|
N
< Gl | () = the(t,0)| ey < 5 (24)
and

|ux(t,x)| = |Gx * ((t,x) - uxx(t,x))|

N
< NGl (e, 2) ~ st gy < 5 (25)

Similarly

vt %)| < % |ve(t,2)] < %{ (%) €R, x R. (26)
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Following the same procedure as in (9), we may also get

|| u(t, x) ”Ll = “ @G * (M(t, x) - uxx(t: x)) ”Ll R)

< NGl ||t %) — urx(t,%)| <N,

e

9] 1y = G (0t 9) = 069 |

< Gl | 4(6,%) — thee(60) | gy <N,
and for all (¢,x) e R, x R
Ve g =N [t @) ey =N
We define

w(t, x) .= u(t,x) —v(t,x), (t,x) R, xR.

Convoluting Eq. (6) for # and v with p,, we get, fora.e.£ € R, andalln > 1,

Pk Uy + Py % (—2Ulhy) + Py % 0, G * [”2 + (”2) ] =0

X

and

On % Vi + Py % (=20Vy) + py % 0,G * [v2 + (vz)x] =0.

27)

(28)

(29)

(30)

(31)

Subtracting (31) from (30) and using Lemma 2.4, integration by parts shows that for a.e.

teR,andalln>1

d
— / |0 * Wl dx = /(pn * Wy) sgn( oy, * w) dx
=2 / (0n * wuy) sgn(p, * w) dx
R
+ 2/ (on * vwy) sgn(p, * w)dx
R
+ / (o * 0xG % w(u + v)) sgn(p, * w) dx
R
- 2/ (on * 0, G * wyur) sgn(p, * w) dx
R

- 2/ (on * 0, G * wv,) sgn(p, * w) dx.
R

(32)

Using (24)-(26) and the Young inequality to the first term on the right-hand of (32) yields

| /R (o * (wiy)) sgn(p, * w) dx

S/I;J(p,,*(wux))’dx

Page 9 of 14
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SAlpn*WIlpn*uxldM/Rlpn*(wux)—(pn*W)(pn*ux)ldx
s||pn*ux||Lm4|pn*w|dx

[ Lo x ) = o5 )0, 10
< lowlzs Nl /R o % Wl dx

[ 1o ) = o, )|

<5 [ 1owewidss [ |ox ) = os wlo, 20 . (33)
R R

Similarly, we obtain

‘[R(pn * (wxv)) sgn(p, * w) dx

< [ 100 )
< [ 1wswilionsvids + [ o, ) = o ), )|

5%/RW*WM“/RW*(wxv)—(pn*wx)(pnw)}dx (34)

and

/ (,0,, * 0,G * [w(u + v)]) sgn(p, * w) dx
R

5/’(,0,,*G*[wx(u+v)]|dx
R
+/|(,0,,*G*[w(u+v)x]|dx
R
1
5§A|pn*[wx(u+v)]|dx+%/R‘pn*[w(ux+vx)]‘dx
<5 [lorsmidzs S [ 1o wias
+/|pn*(wx(u+V))—(pn*wx)[pn*(uw)]ldx
R

+ /R|,on s (Wt + V)] = (o * W) pn * (1 +v)x ]| dix. (35)

For the last term on the right-hand side of (32), we have

/ (p,, * 0,G * (wxu)) sgn(p, * w) dx
R

< / |,0,, * 0,G % (wxu)’dx
R
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< ||8xG||L1(JR)/|pn*(wxu)|dx
R
<N [ 1owswiddst [ (1o Gud = o, w)(p, 10| d (36)
R R

and

/ (py, * 0,G % (wvx)) sgn(p, * w) dx
R

< / |,o,, * 0,G x (wvx)| dx
R
< 16l [ [ow s Owv)|
R
<N [ 1puswidss [ [, 00 = o w)(p, 500 (37)
R R
From (33)—(37), fora.e. t € R, and all # > 1, we find
d
—/ |pn>x<w|dx§2N/ |y * W|dx
+ ZN/ | oy * Wyl dx + Ry,(2), (38)
R

where

R,(t)—>0 ast— oo,

R,(2)| <K, n>1teR,,

(39)

where K is a positive constant depending on N and the H'(R)-norms of #(0) and v(0).
In the same way, convoluting Eq. (6) for # and v with p,, and using Lemma 2.4, we see
that forae.t€R, andalln>1
d
p |on * Wyl dx = | (0n * War) SgD(0px ¥ W) dx
tJr R
= 2/ (pn * Wyuy + Vx)) sgn (o * w) dx
R
+2 / (0n * VaxW) SEN(0px * W) dx
R
+2 / (on * UWyy) SEN(0px % W) dx
R

- / (on * 05 G % [(u2 - vz) + (uz)x - (vz)x] sgn(p, . * w)dx. (40)
R

Using the identity 02(G * g) = G* g — g for g € L>(R) and the Young inequality, we estimate
the fourth term of the right-hand side of (40):

[0 (02 =)+ 02), - (2),] s

SAWﬂG4W—ﬂ+WL4ﬂmw

Page 11 of 14
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[0 [ = 2) (2), = (2),]]
S(IIGIILl(R)+1)/|(pn*[w(u+v)+2uwx+2wvx]|dx
R
§2f|(pn*[w(u+v)]|dx+4/|(p,,*[uwx+wvx)]|dx
i R
§4N/R|p,,*w|dx+2N/D;|,o,,*wx|dx+R,,. (41)

Using (24)—(26) and the Young inequality to the first term on the right-hand of (40) gives
rise to

2 fR (n * Wi (it + V) sEN(0x % W) dx
52/1;’p,,*wx(ux+vx)‘dx
SZ/RIpn*wxllpn*(uxwx)ldx
+2/R|pn*wx(ux+vx)—(pn*wx)(pn*(uxwx))ldx
§2N'/R|p,,*wx|dx+Rn. (42)

To treat the second term of the right-hand side of (40), we note that

‘2/ (pn * Vxxw) Sgn(pn,x * W) dx
R

<2 [ J(pu w5 v
R
+ 2/ |(:0n * VixW) = (0n % W)(pn * Vxx)’ dx. (43)
R

Applying Lemma 2.1, the second expression of right-hand of (43) can be estimated by
a function R,(t) belonging to (39). Making use of the Holder inequality and (9), for a.e.
teR, and all » > 1, we have

f [(on % ) (0 Vi) | i < 11 5 Wl 10m # Vasll iy
R

< lon * wllwiiwllVaxll Mmg)- (44)

It follows from (43) and (44) that

’2/ (0n * VW) Sgn(pn,x *w)dx| < 2N/ |0 * Wl dx
R R
+ 2N/ | o * Wyl + Ry (2). (45)
R
Now, we deal with the third term on the right-hand side of (40)

2 f (Pn * UWyx) SgN(Pyx % W) dx
R

=2 / (n * ) (0 * Wyx) SEN(0,x * W) dix
R
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42 f [0 5 1) — (0 5 10) (P % W) SEN (P % W) dix
R
3
< 2/(pn * 1) — | 0 * Wyl dx
R 8x
+ 2/ | (o ¢ UWax) = (0 ¢ 1) (0 * W) | ot
R

:2/(pn*ux)|pn*wx|dx+Rn« (46)
R

Therefore, (46) implies that fora.e.£ € R, andalln>1

’2 f (P # ) sE (s 5 W) dx| < N / 0 wal dx + R 7)
R R

From (41), (42), (45) and (47), for a.e. t € R, and all n > 1, we deduce
d
% [1omiar<on [ 1o, wiax
+7N/ |0y * Wyl dx + R,,. (48)
R

Combining with (38) and (48), we find

d
% [owswi 1o, ) dx <ox [ 1o, < wids
+9N/|p,,>|<wx|dx+R,,
R
§9N/(|p,,>|<w|+|p,,*wx|)dx+R,,. (49)
R

It follows from the Gronwall inequality that for a.e. £ € R, and alln > 1

/(|pn 5 W]+ |y % wy|) dax < |:/ R,(s)ds
R 0
+ / (I wl + |pn*wx|)(o,x)dx}e9m. (50)
R

Fix t > 0 and let # — oo in (50). Since w = u — v € WL(R) and Eq. (39) holds, making use
of Lebesgue’s dominated convergence theorem yields

/R(|w| + |wyl) dx < [/R(|w| + W) (0,%) dx]egNt. (51)

Note that w(0) = w,(0) = 0, therefore, we obtain u(t, x) = v(t,x) for a.e. (t,x) € R, x R. This
completes the proof of the theorem. O
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