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1 Introduction
In the last years, there has been quite an interest in the theory regarding problems with
Stieltjes derivatives. This kind of problems can be traced back to the works of Kurzweil [11]
and later of Schwabik and Tvrdy [17, 20, 21] but, whereas these works deal with Stieltjes
measures directly through the associated integral problems, some others, such as [7, 12,
14], center their attention in the definition and the meaning of the Stieltjes derivatives.
In a recent article of Lépez Pouso and Marquez Albés [13], the authors study the case of
systems with Stieltjes derivatives with several different derivators. All of them are assumed
to be left-continuous and nondecreasing. They establish the existence of a solution of the
following system of differential equations with respect to /:

x,(t) =f(t,x(t)) wn-a.e. t € [to, to + T],%(0) = xo, (1.1)

where i = (h1,...,h,) : [ty to + T] — R" is such that /; is left-continuous and nondecreas-
ing for every i=1,...,n (see [13, Theorem 4.5]).

In this manuscript, we consider more general maps /4. More precisely, we want to see if
the nondecreasingness assumption on all /; can be dropped. In particular, for g : [to, o +
7] — R aleft-continuous function of bounded variation, we study the problem

x;,(t) =f(t,x(t)) Ug-a.e. t € [to, to + T],%(0) = xo. (1.2)
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First, let us observe that it is much easier to establish the existence of a solution of the
weaker integral equation:

x(t) = x0 + / S (5,%(5)) dueg(s), (1.3)

where 1, is the Lebesgue—Stieltjes measure with respect to g. Indeed, it is well known that
there exist two left-continuous nondecreasing functions g, g_ such that g = g, — g_. This
remark leads us to consider the following system:

Yy, (8) = f (£, 5(2) + 2(t)),
z, (£) = ~f (£, y(t) + 2(2)), (1.4)

(y(t0), 2(t0)) = (%0, 0).

For /i = (g,,2_), [13, Theorem 4.5], ensures the existence of a solution (y,z) of (1.4). It is
easy to see that (y,z) is also a solution of the integral system:

ﬂﬂ=m+[fﬁww+dmd%w
¢ (1.5)

(0= [ £t +20) d.

So, y + z satisfies

020 =50+ [ (6300 +200) ding, - ).

that is, x = y + z is a solution of (1.3).

It is important to realize that, although the previous procedure is simple, it is lacking in
that it does not provide any information on the form or behavior of the g-derivative, and
that is because we only obtained a solution of the integral equation (1.3). What is more, in
order to study the problem (1.2), we would first have to define the g-derivative, the signed
measure [ig, and also the positive measure |u,| in this context. Of course, the Radon—
Nikodym derivative will be properly defined as it follows from the integral equation, but
it lacks an interpretation in terms of g. In this sense, there have been previous treatments
of derivatives with respect to functions of bounded variation from the measure perspec-
tive (see [4, 8]) or related to the Kurzweil-Stieltjes integral [16]. Measures have the great
advantage of allowing for a general treatment without worrying about the behavior at spe-
cific points, but this same asset turns into a disadvantage when it is precisely that trait that
we want to control in practical applications.

It is for the reasons mentioned above that we will study the case of systems with g-
derivators that can change sign, focusing on the obtaining of solutions of a system of g-
differential equations. In order to achieve this goal, we will have to rework the theory re-
garding the Fundamental Theorem of Calculus for the Lebesgue—Stieltjes integral as pre-
sented in [14], where it was done only for measures associated to nondecreasing functions.
Allowing our derivators to be nonmonotonic will force us to introduce new concepts, such
as that of a function of controlled variation, in order to correctly define a new notion of



Frigon and Tojo Boundary Value Problems (2020) 2020:41 Page 3 of 24

absolute continuity which is not based on related measures (see [8]) but relies directly on
the function.

This development of the theory will allow us to obtain an explicit formula for the g-
exponential map which will be the solution of a linear g-differential equation. Then, we
will present an analog of the Peano theorem in this context. Finally, in the last section, we
show how the theory of g-differential equations with nonmonotone g can be applied to a
model of fluid stratification on buoyant miscible jets and plumes presented in [2].

2 Preliminaries
We recall some facts about bounded variation functions and their relation with signed

measures.

Definition 2.1 Let/ C R be an interval and g: / — R. Given an interval / C I, we denote
73(]) = {P: (xl,...,xkp):kp > 2;x, e],j: 1,...,kp;xj §x1'+1,j= 1,...,kp— 1}.

The total variation of g in ] is defined by

kp-1
vargJ := sup Z|g(x,~+1) —g(xj)| € [0, 00].

€ 1

If var,(I) < 0o, we say that g is a function of bounded variation and we denote

BV(/,R) = {g: ] — R:gis a function of bounded variation},

BV_(I,R) = {g € BV(/,R) : g is left continuous}.

From now on we write g(x*) := lim,_,,+ g(y) and g(x~) := lim,_, ,- g(y). In order to avoid
having to separate cases when x is an extremity of /, for instance, in the case I = [a, b], we
define g(a~) := g(a) and g(b*) := g(b). It is well known that functions of bounded variation
are regulated, so lateral limits always exist. For g € BV([, R), let us define

Dy :={xel:g(x")-g(x7)>0},
D, :={xel:g(x")-g(x7) <0},

Dy :=D; UD;,
and
Cy:= {x el:glx)=gy),ye(x—-ex+¢)forsomee e ]R*}. (2.1)

It is also well known that D, is countable [14]. Given an interval J C I, we consider

kp-1
+]: j+1) — j +y
kp-1
var; J = sup Y [g(x1) —g(x)]

PeP()) =1
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where ¢ = max{c,0} and ¢~ = —min{c,0}. We call vary J and var, ] the positive variation
and the negative variation of g on J, respectively.

For g € BV_(/,R), var;, varg, and var, can serve to construct measures /,L;, g and

|ugl, respectively, [1, Theorem 4.1.9] in the following way. Define, for instance, vg(x) :=
varg[a,x), x € (a,b]. Thus defined, v, is left continuous and there is a unique measure,
|egl, such that

121 (1%.9)) = ve9) = ve(@) = varyla, ) - varg[a,2) = var [, 7).

Observe that

|1g ({%}) = Ve (x") — vg(x) =: varg[x, 4] = g(x") — g().

So, |igl({#}) # 0 if and only if x € D,. Note that C, is, by definition, an open set in the usual
topology of I. Therefore, it can be rewritten uniquely as the disjoint countable union of
open intervals, say Cy = |, (an, bn). Thus, it is easy to see that | 114|(C,) = 0. The measures
g and p, are defined similarly from var, and vary, respectively.

Lemma 2.2 The measure |||g satisfies |ig| = pg + g .
Definition 2.3 (Jordan Decomposition) We define the signed measure 1, := ,u; ~ -

The definitions presented here for K Mg and |u,| coincide with those stated in order
to obtain the Jordan decomposition [1, Definition 5.1.2], that is, for any ,-measurable set
A, we have that

,u;(A) = sup{ug(B) :BCA,B /Lg—measurable},
,ug’(A) = sup{—ug(B) :BCA,B /Lg—measurable},

l1gl(A) = g (A) + pg (A).

We denote by L; (I, R) the space of | 11,|-integrable functions on the interval /, that is, the
set of |ug|-measurable maps /: 1 — R such that fl |71 d|pg| < 00. Notice that

[ =/I\Dghd|ug| Y ho)g(e) - 0]

teDg

Remark 2.4 Observe that if a function is |u,|-integrable, it is also 1,-integrable.

3 Functions of controlled variation
In this section, we introduce the notion of functions of controlled variation.

Definition 3.1 We say thatg € BV_(I, R) is a function of controlled variation if there exists
a closed set F, C I such that g is monotonic on each connected component of I\F, and
|itg|(Fg\Dg) = 0. We denote

CV_(,R) = {g € BV_(/,R) : g is a function of controlled variation}.
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Proposition 3.2 The set CV_(I,R) is a dense subset of BV_(I, R).

Proof Rational polynomials are contained in CV_(/, R) and are dense in L!(/, R). There is
a continuous inclusion of BV(Z,R) into L!(,R) [10], so CV_(I,R) is dense in BV_(I,R). O

Remark 3.3 Not all functions in BV_(I, R) are of controlled variation. In [5, Sect. 3], they
build a continuous function g of bounded variation that is not monotonic type on any in-
terval. This implies that F, would have to be taken equal to 7, but in that case | ug|(F,\Dy) =
lugl(I) #0, s0 g ¢ CV_(I,R). Given g € BV_(I,R), we have that g = g — g, where g; and g,
are continuous nondecreasing functions, and therefore g;, g, € CV_(I,R). Hence, we de-
duce that CV_(/,R) is not a vector space. Such functions in BV_({,R)\ CV_({,R) do not
occur in practical applications and are only of interest as counterexamples.

In Remark 5.3, we will stress why it is important for g to be of controlled variation.

Remark 3.4 Observe that, for g € CV_(I,R), the role of F, in the previous definition could
be played by F,\C,, which is compact and such that (F,\C,)\D, is hereditarily discon-
nected (that is, all of its connected components consist of just one point [9, p. 223]). To
see this, take a connected component E of F,\D, with more than a point. The connected
components in the usual topology of I are intervals and, since |u,|(E) = 0, g has to be
constant on E. Therefore, £ can be subtracted from F, because g is monotonic on E and
Fg\f is closed. The set E\E has at most two points, each one is a connected component
of (Fg\Dg)\E. We can do this process with all connected components of F,\D, with more
than one point. We arrive to a new F,, which is precisely F,\C,, and (Fz\Cy)\D, is hered-
itarily disconnected. Moreover, |ug|((F,\Co)\Dg) = |1 |(F\(Dg U Cy)) = 0.

Remark 3.5 Hereditarily disconnected sets, such as the Cantor set, can be uncountable.

In what follows, for g € CV_(I,R), we will assume that its associated closed set F; is a
subset of I\ C,.

Lemma 3.6 Ifg € CV_(I,R), then there exists a countable family of pairwise disjoint subin-
tervals of I, {I},.ca, such that Fy = I\, ., I, and, for each A € A, g is monotonic on
I = (a3, by).

Proof We assume, using Remark 3.4, that F,\D, is hereditarily disconnected. Since Fy is
closed, the open set R\F, is a (unique) disjoint union of a countable (because the usual
topology of R is second countable) family of pairwise disjoint open intervals, |, . 4 I,
where I, = (a,,b;) for A € A. Since each (a;, b, ) is connected and contained in I\F,, g is
monotonic on (a;, by). a

Definition 3.7 Letg € CV_(/,R) and its associated closed set F, = I\ | J, . , [, C I\C, with
{I,.},.ca a countable family of pairwise disjoint open intervals such that, foreach 1 € A, g
is monotonic on I,. We define

At = {)» € A:gisnondecreasing on I, = (a,\,bk)}, A™ = A\AT,

At = U L+, A = U I-.

AteAt AmeA™
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Observe that ug(A‘) = ug(D;) =0and ,u;(A*) = ,udg‘(D;) =0.
Let us recall the existence of a Hahn decomposition associated to g.

Theorem 3.8 (Hahn Decomposition, [1, Theorem 5.1.6]) There exists a pg-measurable
set, P C I, such that ug(E) = ug(E N P) and u‘;(E) = —ug(E\P) for every E C I pg-
measurable.

The sets given in Definition 3.7 are related to the Hahn decomposition associated to p,.

Proposition 3.9 Let g € CV_(I,R) and P C I the ug-measurable set given by the Hahn
decomposition of j1,. We have, for every E C I ug-measurable,
M;(E) = (ENP) = /Lg(E N (A.;r UD;,')) and

1y (E) = —j1g(E\P) = —pg ((E N (A, U Dy)).

Proof Let E C I jig-measurable. Since |ug|(Fg\D,) = 0,

g(ENP) = p, (E)
= g (EN (F\Dy)) + pg (EN (A7 UDg)) + pg (EN (A; UDY))

- 13 (EN (4 UDY)).
Similarly, we deduce that Mg (E) = —pg(E\P) = —p1g(EN (A‘; U D‘;)). |

4 The g-continuity and the relative compactness in BC4(/,R)
From now on and unless stated otherwise, we will consider g € CV_(/,R) and F, C I\C,
its associated closed set.

As notation, consider [x,y] := [y, %] if y < x. If we define A,(x,y) = var,[x,y] for x,y € I,

we find that A is a displacement.

Definition 4.1 ([15]) Let X # ) be a set. A displacement is a function A : X?> — R such
that the following properties hold:

(H1) A(x,x)=0,x€X.

(H2) Forallx,y€ X,

h_m‘A(x,z)‘ = ‘A(x'y) ’

z=y

where

n—00

A(y,z,,)| —>0},

1i_m|A(x,z)| = sup{liminf|A(x,z,,)| 2 (2n)nen C X,
z—y n—oQ

and the limit is considered in the usual topology of R.

The fact that A, is a displacement implies that we already know a lot regarding the
topology generated by g.

Page 6 of 24
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Definition 4.2 Given ¢ € [ and r € R*, we define the g-open ball of center t and radius r,
as B,(t,r) := {s € I : var, [£,s] < r}. Also, we define the g-topology in the following way:

1i={U CI:VteU3reR",B,(t,r) C U}.
Remark 4.3 This definition coincides with [7, Definition 3.1] when g is nondecreasing.
When necessary, we will denote by 7, the usual topology on R”.

Definition 4.4 A map % :I — R is said to be g-continuous if h : (I, 7,) — (R, 7,,) is contin-
uous. We denote by Cy(I, R) the set of g-continuous functions and by BC,(/, R) the set of
bounded g-continuous functions.

The proof of the following result is analogous to [7, Theorem 3.4].

Proposition 4.5 The space BC,(I,R) endowed with the supremum norm is a Banach

space.
As usual, g-continuity can be characterized using g-open balls.

Lemma4.6 ([15]) Amap h:I— Risg-continuous if and only if, forevery t € I and ¢ € R,
there exists § € R satisfying |h(s) — h(t)| < e for every s € B,(t, ).

From now on [ will be a compact interval [a, b] in R.
The next proposition can be proven as in [7, Proposition 3.2].

Proposition 4.7 Ifg € CV_(I,R) and h: I — R is g-continuous, then
(1) & is continuous from the left at every t € (a, b];
(2) ifg is continuous at t € [a,b), then so is h;
(3) ifg is constant on some [, B] C I, then so is h.

In [7], the authors gave sufficient conditions on certain sets of regulated functions in
BC,(I,R) for the case where g is nondecreasing to ensure that they are relatively compact.
Here, we provide a characterization for BC,(/, R) in our more general setting using Vala’s
Theorem [22].

Definition 4.8 Let X be a set and (Y, d) be a metric space. We say thatamap f: X — YV
is precompact if f(X) is precompact. Let K(X, Y) be the family of precompact maps from
X to Y endowed with the usual metric induced by d.

Theorem 4.9 (Ascoli—Arzela—Vala [22, Theorem 1]) Let K(X,Y) be endowed with the
topology induced by the metric and let S C K(X,Y). Then S is precompact if and only if
(i) S(x):={f(x) e Y :f €S8} isprecompact forall x € X;
(ii) S is of equal variation, i.e., for every ¢ € RY, there is a finite covering { X}, of X
such that d(f (x),f () < & for every f € S, every x,y € Xy and every k =1,...,m.

Now, all we have to do is to translate this characterization to the space BC,(/,R). To
this end, first observe that, since R is a complete space, a subset A C R is precompact
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if and only if it is relatively compact [6, (3.17.5)]. Furthermore, R satisfies Heine—Borel’s

property, so A is precompact if and only if it is bounded. This implies that
BC,(I,R) = BC((1, ), (R, 7)) CK((L, 7o), (R, | - 1)),
and, therefore, Theorem 4.9 is applicable to BC,(I,R).

Definition 4.10 A set S C BCy(/,R) is said to be g-equicontinuous if, for every ¢ € R* and
t € I, there exists § € R such that |[f(t) — f(s)| < ¢ for every f € S and every s € I such that
varg[t,s] < 8. We say that S is uniformly g-equicontinuous if, for every ¢ € R*, there exists
8 € R* such that |f(£) — f(s)| < & for every f € S and every t,s € I such that varg[t,s] < é.

Definition 4.11 A set S C BC,(/,R) is said to be g-stable if, for every t € [a,b) N Dy and
every € € R*, there exist § € R* and a finite covering {X;};", of [¢,£ + §) NI such that
f(x) —f(y)| <€ for every f € S, every x,y € Xy and every k = 1,...,m.

Remark 4.12 Observe that in Definition 4.11 we can change [t,t + §) N I by
(t,t+68) N1 Indeed, if {X;}}", is a suitable finite covering of (¢, + §) NI, then {£} U { X},

is an appropriate finite covering of [¢,£ + §) N 1.

Stability is a property that serves to compensate the lack of compactness of (1, 7). The
space (I, ,) is not compact in general because, as it was pointed out in [7, Example 3.3],
there are g-continuous functions defined on I which are not bounded, something that
would always be the case if (1, 7;) was compact. Stability has been present in the literature
in several ways. In [7, Theorem 4.2(iii)], for regulated functions, they ask S to have uniform
right-hand side limits in ¢ € [a, b) N D,, something which coincides with our definition in
that case. It also appearsin [19, Theorem 1] (named stability as well) or [3, Sect. 2.12, p. 62]
(named equiconvergence) with a different formulation consistent with the topology of R.

Lemma 4.13 Let S C BCy(I,R). If S is uniformly g-equicontinuous, then S is g-equi-

continuous and g-stable.

Proof Clearly, S is g-equicontinuous. Take ¢ € [4,b) N D, and fix ¢ € R*. Let p € R* be
such that |f(x) — f(y)| < e for every f € S and every &,y € I such that varg[x,y] < p. Now,
there exists § € R* such that var,(¢, £ +8) < p because g is regulated. Thus, by Remark 4.12,
S is g-stable. g

Theorem 4.14 Let S C BC,(I,R), then S is precompact if and only if
(i) S(¢) is bounded for all t € I
(i) S is g-equicontinuous;
(iii) S is g-stable.

Proof As we have argued before, S(t) is precompact if and only if S(¢) is bounded, so Con-
ditions (i) in both Theorem 4.9 and Theorem 4.14 coincide.

Now, let us see that, if (i)—(iii) hold, then S satisfies Condition (ii) of Theorem 4.9. Fix
e € R*. For every t € I, there exists §, € R* such that |[f(t) - f(s)| < 5 for every f € S and
every s € I such that var,[z,s] < 8;. Consider U; := By(t, ;) for every t € I. If t € I\D,, then,
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by the continuity of g at ¢, there exists p, € R* such that V; = (¢ — ps, £ + p;) NI C U,.
On the other hand, if £ € Dy, since g is left continuous, there exists o; € R* such that
(t—oyt]NI C U;N]a,t]. Finally, since S is g-stable, there exists , € R* and a finite covering
{Xexhit, of [t, ¢+ ) NI such that |f(x) —f(y)| < & for every f € S, every x,y € X, and every
k=1,...,m,. Fort € D,, we set p, := min{oy,1;}. We denote V; := (¢t — p;, t + p;) N I. The set
{Vi}ser is an open cover of (I, 7,,), so there exists a finite subcover {V}, }Ll.

We consider the finite covering of I,

YVi={V,:iefl,....jtand t; ¢ D} U{V,\[tint; + py,) :i € {1,...,j} and t; € D}

U {[t,-, ti+p) N Xk ii€{l,....j},tie Dgand k; € {i,...,mti}}.
Ifx,y € Vy, for some t; ¢ Dy or if x,y € Vi \[t;,t; + py;) for some ¢; € D,, then x,y € Uy; and

[f(x) —f(y)‘ < [f(x) —f(t,-)| + [f(t,-) —f(y)‘ <e foreveryf eS.

Also, ifx,y € [t;, t;+ pg;) N Xy, 1, for some t; € Dy and some k; € {1,...,my}, then |[f(x) —f(y)] <
¢ for every f € S. Therefore, S satisfies (ii) of Theorem 4.9 and hence, S is precompact.
Now, let us assume that S is precompact. It was noticed before that S satisfies (i). Let

&> 0. For t ¢ D, and for p > 0, we consider the set
Ser(p):= {f es: V(t) —f(s)} < ¢ for all s € I such that var,[t,s] < p}.

It is easy to see that {S;(p)},cr+ is an open cover of S. Since S is precompact, and

BC,(I,R) is complete, S is compact, so there is a finite subcover {S;;(0x)}x1...m- Take

8:=min{px : k = 1,...,m}. Then, if s € I is such that var,[t,s] < §, one has |[f(£) - f(s)| < &
for every f € S. Similarly, for ¢ € Dy, using the left continuity of f € S at ¢, one can see that
{S6,6(0)} pe(0,g(++)-g() is an open cover of S. Again, the precompactness of S ensures the ex-
istence of a finite subcover {S; ;(0x)}x-1,..,m- Thus, if s € I is such that varg[t,s] < min{y : k =
1,...,m}, one has |[f(¢) — f(s)| < & for every f € S. So, S is g-equicontinuous. Finally, Theo-
rem 4.9 implies that there exists a finite covering {X;}{L, of I such that |f(x) —f(y)| < & for

every f € S, every x,y € Xy and every k € {1,...,m}. Therefore S is g-stable. O
Combining Lemma 4.13 and Theorem 4.14, we deduce the following result.

Corollary 4.15 Let S C BC,(I,R). If
(i) S(t) is bounded forall t € I and
(ii) S is uniformly g-equicontinuous,

then S is precompact.

5 The g-derivative
We now generalize to nonmonotonic derivator g the notion of g-derivative introduced in
[14].

Definition 5.1 The derivative with respect to g (or g-derivative) of a function f : I — R at
apoint x € Dy U (I\(F, U ?g)) is defined as follows, provided that the corresponding limits
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exist:
: fO)-fx) .
) = lim,_, 200 ifx ¢ Dy,
¢ lim,_, .+ LOF® e e D
YA g(y)-glx) &

Proposition 5.2 Letf :I — R and xy € D, U (I\(F, U ?g)). Then the following statements
are equivalent:
(1) The map f is g-differentiable at xy.
(2) There exist @ € R, a set N C I containing xo and a function ¢ : N — R such that
@(x0) =0, g(x) # g(xo) for every x € N\{xo},

fx) =f(x0) + [p(x) + o][g(x) — g(xo)] foreveryx €N,

and one of the following holds:

(i) xo ¢ Dg, N is open in I and @ is continuous at xo;

(ii) %o € Dy, N is open in [xo,00) NI and ¢ is right continuous at xo.
In the case (2), we have that o =fg/(x0).

Proof (1) = (2) If f is g-differentiable at xo ¢ D, (resp. xo € D,), then g(x) # g(xo) in a
neighborhood N of x¢ in I (resp. in I N [x, 00)) (otherwise we could not take the limit that
defines ]2,’ (%0)). Hence, it is enough to define

)~ f(x0)

0= et )

for x € N\ {xo} and ¢(xp) = 0. By the definition of the derivative, ¢ is continuous at x, (resp.
right continuous at xg).
(2) = (1) Since ¢ is right continuous at xo,
m J&) =/ x0) = lim (¢(®) + @) = .
x—>x5 g(x) —g(xo) x—>x5
In the case where xy ¢ D,, we have the analogous result with the left limit. So, in either
case, there exists fg’ (x0) = . O

Remark 5.3 Now, we see why it is important that g is of controlled variation. Assume, for
instance, that we have a point ¢y € (@, b)\D, such that there are two sequences {¢,}, {s,} in
(a,tp) converging to ¢y and satisfying that g(¢,) < g(to) < g(sn); that s, that ¢, does not belong
to any open interval where g is monotonic. Furthermore, assume that g is differentiable at
to. Then, if f is g-differentiable at £y, we have that

f'(to) = lim O ~f(to) _ lim f(&) —f(to) g(t) — glto)

- = £, (to)g (to).
t—=to -1ty t—to g(t) _g(to) t—to fg( O)g (t)

But also, observe that, for every n € N,

g(tn) — g(to) 8(s) —g(to)
>0>
t,—to Sy —1Loy

’

which implies that g'(p) = 0. Hence, f'(¢) = 0.
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In conclusion, the fact that £y does not belong to any open interval where g is monotonic

forces very restrictive conditions on the behavior of f.
The next result establishes a more general chain rule than the one in [14].
Proposition 5.4 (Chain rule) Let g; € CV_((a,b),R), g, € CV_((c,d),R), f : (@, b) — (¢, d)

and h : (¢c,d) — R. Assume that g, of is g-differentiable at some x, € (a, b) with f(xy) & Dy,,
and h is gy-differentiable at f(xo). Then, h o f is g, -differentiable at xy and

(o f),, (ko) = M (F(x0)) (@ 0 1), (o).
Proof We write the proof for xy ¢ Dy, . It is analogous for xy € D,,. Observe that, since
(@of Xm exists, g1(x) # g1(xo) in a neighborhood of xy. Since / is g,-differentiable at f (x) ¢

D,, by Proposition 5.2, there exist N a neighborhood of f(xy) and a function ¢ : N — R
continuous at f(xp) and such that ¢(f(x)) = 0 and

=h(f(x0)) + [0() + hy, (fx0))][220) — &2(f (x0)) |-

Therefore,

HF()) — hf (x0)) , Bf(®) - & (f(x0)
gty - ) ()= o

Taking the limit, we have that

(1 o f)g, (x0) = g, (£ (x0)) (g2 0 f)g, (x0)- O
The following corollary is obtained by taking g, as the identity.

Corollary 5.5 Let g € CV_(,R), f : I — (¢,d) a function g-differentiable at xy and h :
(¢,d) — R a function differentiable at f(x,). Then, (h o f) is g-differentiable at x, and

(0 f),(x0) = H'(F (o)) (xo).

6 The fundamental theorem of calculus
From now on, we consider g € CV_(/,R) and the sets associated to g provided by Defini-
tion 3.7,

At = U IA+ and Ag_: U I);.

rAteAt ATeA™

Definition 6.1 A function % : I — R is said to be g-absolutely continuous if it is g-
continuous and if, for every ¢ € R*, there exists § € R* such that, for any family
{(ag, Be)}ees+ of pairwise disjoint subintervals of A}, any family {(«¢, Bs)}zcz- of pairwise
disjoint subintervals of A, and any sets E* C D, E~ C D,, we have that, if

> [gB) —gle)]+ D [gled) —gB)] + D [g(t) —g@®)] + > [g®) - g(t")] <5,

teEt tEeE~ teE* teE~
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then

o (B —n(ed) [+ D |h(ET) - k)| <.

EcE+UE- teE*UE-
We denote by AC,(I,R) the set of g-absolutely continuous functions.

In the next two theorems, we show that, from f,-integrable maps, we can defined g-

absolutely continuous functions which are g-differentiable |1i,|-almost every where.
Theorem 6.2 Letv € Lé([a, b)) and h(x) := f[u’x) v(s)dug for x € I. Then h € AC4(I,R).

Proof We consider the case v > 0 |u,|-a.e. on I since v has to be the difference of two such
functions |ji,|-a.e. Lete € R*. Since v € Lg}([a, b)), there exists § € R* such that fE vd|ugl <
& if |ug|(E) < 8. Then, for varg[x,y] = |ug|([x,7)) < §, we have that

/ vdug vadlug|<e,
[x,) E

so0 /1 is g-continuous.

|h(y) = hx)| =

Now, take a family {(«g,Bs)}cez+ of pairwise disjoint subintervals of Ag a family
{(cte, Be)}ees- of pairwise disjoint subintervals ofA(;, and sets E* C Dy, E- C D, such that

> leBe) —g(ed)]+ > eled) —gBe)] + > [g(t") —g®] + D _[g&) —g ()] <.

EeEt telE- teEt teE~

Let us denote B* = |, g+ (e, Be) and B™ = |, z- (g, Bg). Observe that the sets B, B,
E* and E are pairwise disjoint, so

gl (B UB™ UE" UE") = 11l (B) + gl (B) + litgl(E*) + gl (E7)-

Furthermore, since g is nondecreasing on the connected components of B*, we have that

lug|(B*) = g (B*). By similar observations we get that
(B DB UE UE) =g (B) 1y (B) 1) (EY) + 155 ().

Because g is left continuous, the measure in each of the intervals (o, B¢) is given by |g(8:) —
g(a§)|, so we have that

|igl(BF UB"UE" UE™) = /Lg( )+ M;(B_) + M;(E*) + ,ug(E‘)

=Y [eBe) - ()] - D [e(Be) - g(e?)]

fes+ feE-
+ ) [e(t') -g@)] - Z[g(t*) -g()]

< 4.
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Thus,

o nB) - h(ed)|+ D> |h(t+)—h(t)|:/B+UB_Vd|/JLg|+/I;+UE_Vd|/JLg|<8.

EeEtUE- teE*UE-
Hence, 1 € AC,(I,R). O

Theorem 6.3 Letv e L;,([a, b)) and h(x) := f[ ) vdug for x € 1. Then, h‘/g =V |ugl-a.e.onl.

a,x

Proof For the proof, we use [14, Theorem 2.4], a theorem with the same statement but for a
nondecreasing g. By definition, A; = Usea+ Ir and gl;, is nondecreasing for every A € A™.
If we consider /; (x) = f[%x) vdug, where g(s) = g(s) for s € (a,,b] and g(a,) := g(a3), we

have

hx(x)=/ VdM§=/ vd|ugl.
[a),.%) [a),.%)

It follows from [14, Theorem 2.4] that hé = (h)\)"g = (hA);, = v holds |1,|-a.e. on I,. Since A*

is countable, we deduce that

;o _ +
hg—v lugl-a.e.on A,.

Analogously, A; = |, 4- I and —gly, is nondecreasing for every A € A™. So, forx € I,

hy (x) :/[ )Vd(—,ug) = —/ vdu_z,
ay X

[ay.x)

and

;o ) -
hg—v [ 1eg] a.e.onAg.

Let t € Dg. Then

") —h@) S Ve @) —g@)
gt)—gl) glx)-glx)  glx")—glx)

hé,(x) = = v(x).

Hence, hé =vinD,.
Finally, hé, =V |1g|-a.e. on I since I\(A;,r UA; U Dy) = Fg\D, and |u,|(Fy\Dy) = 0. O

Now, we show that g-absolutely continuous maps have bounded variation.
Theorem 6.4 Ifh € AC,(I,R), then h e BV_(,R).
Proof By definition, A; = U, c 4+ L1, A7 = U, c4- L1 With I = (a5, by). Observe that, in gen-
eral, for @ < B <y, var[a, y]| = vary[a, 8] + var,[8, y]. Hence, in order to bound the vari-

ation on I, we realize that it has to be less or equal than the sum of the variation in the
intervals (ay,b;] for L € A* U A~ plus the jumps at the points of D, plus an extra term
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where we make up for the fact that we have not considered the closed sets [a;, b, ], but
omitted the point a,. Taking this into account, we have that

var, I < Z vary(a, b;] + Z ’h(az) —h(ax)‘ + Z’h(f) —h(t)}

reATUA™ reATUA™ teDg
< > varglan,bil+ Y |h(t) - h@)]. (6.1)
reATUAT teDy

For ¢ =1, let § € R* be given in Definition 6.1.

First, let us prove that ZteDh |h(t*) — h(t)| < co. By Proposition 4.7, Dy, C D,. Since
D, is at most countable, without loss of generality, one can write D, = {t, : n € N}.
Since g € CV_(I,R), we can fix Ny € N such that ZEZNOH lg(£}) — g(t,)| < 8. Therefore,
Z;ZNOH |h(£}) — h(t,)] < 1. So,

No
D |n(E) - h®)] <1+ | h(t)) - hty)| < 00 (6.2)
n=1

teDy,

Now, let us prove that

Z vary(ay, by ] < 00.

rAeATUA~

The set A* U A~ is at most countable and, without lost of generality, it can be written
{1, : n € N}. Since g has bounded variation, there exists N € N such that

[e¢]

> lebr,) - glas,)

n=N+1

<.

For every n > N and every {x,...,x,, } € P(ay,,b,,), using the fact that g is monotonic on
(@5, by,], we get

S Sl el = 3 lee) ) = 3 letbi) —glan)] <.

n=N+1 i=1 n=N+1 n=N+1

and hence

Z vary(a,,, by,] < 1. (6.3)

n=N+1

Therefore, for n=1,...,N, since g is monotonic on (a,,, b, ], arguing as in [14, Propo-
sition 5.3], we deduce that

vary(ay,,, by, ] < 00. (6.4)
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Combining (6.1)—(6.4), we conclude that vary I < co. Finally, since % is g-continuous, it
is left continuous. Therefore, 1 € BV_(I,R). O

Remark 6.5 For h € AC,(I,R), since # € BV_(I,R) by the previous theorem, we can define
the measures w;, and |uy,| associated to / as we did in the preliminaries.

Lemma6.6 Leth:1 — R bea g-absolutely continuous function and vy, its associated mea-
sure. Then, |y, is M;-absolutely continuous on Ay (that is, g (E) = 0 implies that u,(E) =0
for any Mg—measumble set E C A;) and |iy, is My -absolutely continuous on A

Proof We first show that, for any ¢ € R*, there exists § € R* such that, for any open set
VCA; satisfying |,u£(V)| < 8, we have that |, (V)| < e. Fixan openset V C Ag such that
|u;;(\/)| < 8. The set V can be written as a countable pairwise disjoint union of the form

V= U (r¢»s¢),  where (ry,s;) C I for some A € A™.
tezZ*

Take 7; € (r;,s;) for every ¢ € Z*. Hence,

> [alse) - gGo)] = Mg( U [7;’55)) = ng(V) <4,

tezZt cezZt

and, arguing as in the proof of the previous theorem, we get

Z varh([F{,S()) <e.

cezZt

Letting 7, — r;, we obtain

lal (V) =) " vary((rg, ) <e.

teZt

Now, since /LE and || are outer regular, for any /Lg—measurable set EC A, there exist
open sets V,, C A, such that E C V,, for every n € Nand

lim pg (V) = g (E) and  lim |up| (Vi) = |l (E).
n—00 n—00

Now, for E C Ay such that p; (E) = 0, one has M;(V,,) — 0 and, by the first part of the
proof, lim,,_,  |i5](V,,) = 0. Therefore, |uy|(E) = 0 and hence, uy(E) = 0.
Similarly, it can be shown that y, is 1, -absolutely continuous on A, . O

We are ready to establish a Fundamental Theorem of Calculus for g-absolutely contin-

uous maps.

Theorem 6.7 (Fundamental Theorem of Calculus for the Lebesgue—Stieltjes integral) Let
g€CV_([,R) and h: 1 — R. The following statements are equivalent:

(1) he AC,(I,R);

(2) K satisfies the following:
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(a) there exists hé, |igl-a.e.in 1,
(b) h, e L;,(I,R),
(c) foreach t €I, we have that

h(t) = h(a) + hy disg.

la,t)

Proof (1) = (2) We know from Lemma 6.6 that uy, is //,g -absolutely continuous on A;.
Hence, by the Radon—Nikodym Theorem [1, Theorem 5.3.2], there exists a unique func-
tion v* € L, (4*) such that

Mg g

wn(E) = / vt du; for any u;-measurable set E C A;.
E
Similarly, there exists a unique function v~ € L}lg (4;) such that

un(E) = ‘/EV_ d,u; for any ug_-measurable set ECA,.

Let us define v: I — R by

vi(e)  ifteA],

v (1) ifteAy,
(L T ifte Dg

£E) g0 o

0 if £ € F,\D.

It follows from Theorem 6.4 that v € le,(l ,R) since

[l di =ng+|v+(t)|du;+fA§|v(t>|dug+ng1v<r>\dmg|+Lg\Dg\v<t>|d|ug|
:Ag|v*(t)]du;+L§]v‘(t)|dug+§g‘h(t+)—h(t)|

< 00.
Moreover, for every E C I jig-measurable,

mi(E) = i (ENAy) + pun(E N AL) + pi(E N Dy) + pun (E N (Fg\Dy))

= /Emg vt (2) dﬂ; - fEnAé - (t) d/L‘; + Z (h(,f*) — h(t))

teENDg
:/ v(t)d,ug+/ v(t)dug+/ v(t) dug
EnA} EnAg ENDy

= ‘[Ev(t) dptg.
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In particular, for E = [a,x), with x € [a, b] we have that

h(x) — h(a) = ,uh([a,x)) = / vdug.

lax)

Finally, by Theorem 6.3, h;, =V |ugl-a.e.onl.
(2) = (1) That is a direct consequence of Theorem 6.2. O

Here is another property of g-absolutely continuous functions.

Lemma 6.8 Let i € AC,(I,R) and ¢ : h(I) — R be a Lipschitz function. Then ¢ o h €
AC,(I,R).

Proof Since ¢ is Lipschitz, there exists L € R* such that |¢(y) — ¢(x)| < L|y — x| for every
x,y € h(I). Fix e € R* and consider a family {(«z, Bz)}sez+ of pairwise disjoint subintervals
of Ag, a family {(ae, Be)}ees- of pairwise disjoint subintervals of Ag, and some sets E* C
Dg, E~ C Dy. Since h € AC4(I,R), h is g-continuous and there exists § € R* such that

if

st+ [¢(Be) —g(ef)] + SZT_[g(ag) -g(Be)] + ;[g(f) -g(0)] + t;[g(t) —g(t")] <6,
then

X a0l X i) ko] <
Thus,

Y leehB)—gon(ef)|+ Y leoh(t’) ¢ oh®)

EeE+UE- teEYUE-
§L( PORLCARICHIEED MUﬂ-hun)<a -
EeEtUE~ teE*UE~

We give an example of a g-absolutely continuous map with ¢ nonmonotonic which
can be obtained from a solution of a system of differential equations with nondecreas-

ing derivators.

Example 6.9 With this example, we show that a g-differential equation with a nonmono-
tonic g can be obtained from systems of differential equations with nondecreasing deriva-
tors.

Let p,q : I — R be left continuous and nondecreasing. Assume p is g-absolutely contin-

uous. Consider a system of differential equations of the form

x%,(8) = fi (£, %(2), y(1)),
5,(8) = (&, %(2), (D)),

(6.5)
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for t € I and suppose it has a solution (i, v). By assumption, u is a solution of the differential
equation

%, (t) = fi(t,%(2), v(t)), (6.6)

and u is p-absolutely continuous. That implies that D, C D, C D,. Also, since v is g-
absolutely continuous, D, C D,. Let us assume that D, = D, = D;, v e CV_([,R), and v
and V; are nonzero |i,|-a.e. Let us point out that in general v is not monotone. Now, we
can consider the following v-differential equation:

Altx©.v0)

0 = . 0)

(). (6.7)

We have that, for |u,|-a.e. t € I\D,,

() —lim MO HO ) (0 ()~ a0 ) -p) 0
TS 0 = pe) - p) Vi) v 40 —q@)  v,0"
_Albu®.n0)

" htu(e), vie) e

),

and, for t € D,,

ult?) —u(t) _ ue’) ~ult) q() ~ q(0) p) —p0) _ %, ,
e -v(e)  pler) - p(e) v(e) = v(e") q(t) - q(0) ~ Vi1

Aud, )
= A u, v

u,(t) =

That is, u is a solution of (6.7) as well.

7 The exponential map
The computation of the exponential map for Stieltjes differential equations with positive
derivator is a feat that was achieved in [7]. Here we generalize the construction of the
exponential map for the case of a derivator g which is allowed to change sign.

Let g € CV_(/,R). In this section, we study the initial value problem for the linear g-
differential equation:

x, () =c(t)x(t) |pgl-aetel,
(7.1)
x(a) = 1.

To this aim, we introduce an exponential map of ¢ associated to g.

Definition 7.1 Letc e Lgl([zz, b)) be such that

1+c(t)[g(t") -g@®)] >0, tela,b)nD, and
3 n(1+c@e(t) -] < oo @2

tela,b)NDg
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We define the g-exponential of con I, ey, : I — R*, by

€gcalt) = ellan @) dng,
where

c(2) ift e \D,,

In(l+c(O)(E(t)-g®)
)20 ift eIND,.

The proof of the following lemma is essentially the same as in [7, Lemma 6.2], changing
g(s™) —g(s) by |g(s™) — g(s)| since g is nonmonotonic now.

Lemma 7.2 The map ¢ in Definition 7.1 is such that T € L;([a, b)). So eg,c.q is well defined.

Proof

[ Eoldu= [ polds [ Eoldg
la,b) [a,b)\Dg [a,b)NDg

i /[a,bwg [e()] dlgl + Y~ [26)]lg(s") - gs)]

s€la,b)N\Dg

=/[ o ()] dlgl + Y [In(1+c()[g(s*) - g()])| < o0,

s€[a,b)NDg
because ¢ € Lél,([a,b)) and Zte[a,b)ﬂDg [In(1 + c(2)[g(") — g(£)])] < o0. O
The g-exponential gives us a solution of (7.1).

Theorem 7.3 Letc e Lé([a, b)). Then, e, ., solves the initial value problem (7.1). Further-

more,
egcalt) =1+ / c(s)egcals)dug foreverytel.
[a.t)

Proof By Lemma?7.2,¢ € L‘é([a, b)). Therefore, by Theorem 6.3, for /(¢) = f[a,t) ¢(s) dpug, one
has h, = C |pugl-a.e. on I. Hence, by Theorem 6.7, h € AC,(I,R). Lemma 6.8 implies that
we have that ey, € AC4(/, R). Furthermore, by Corollary 5.5, we can apply the chain rule
and we get

(eg,c,a)é(t) = eg,c,a(t)hjg(t) = eg.c,a(t)z(t) = eg,c,a(t)c(t) |//Lg|'a~e‘ on I\Dg~
Also, for t € Dy, it is easy to verify that

€o.ca (t) - €g.ca ()

o= g g0

= eg,c,a (t)C(t).

Now,

eg,c,g(ﬂ) = ef[a,a) c(s)dpg -1,

Page 19 of 24
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and, since €, € AC,(I,R), by Theorem 6.7,

egcalt) =1+ / c(s)egcals)dug foreverytel 0
la.t)
Now that we have covered the case (7.2), we can move to a more general one. In order

to do that, consider T := {t € [a,b) N D, : 1 + c(£)[g(t*) — g(¢)] < 0}. Since c € L;,([a, b)), it
can be shown that the set T, is finite (see [7, Lemma 6.4]), so assume T = {t;,..., {4}

Definition 7.4 Let ¢ € L([a, b)) be such that

1+ c(t)[g(t*) —g(t)] #0, tela,b)ND, and

7.3
Z |In| 1+ c(®)[g(t") - g®)]|| < o0. 7
tela,b)NDg
We define the g-exponential of con I, eg . : I — R*, as
ef[a,t),z(s) dﬂg ift (S [dr tl];
eg,c,a(t) = fi 2 Es)d
(_1)ke [at) Hg ifte(tk;tk+l])k= 1,.-»ym)
where
c(t) = '
In|1+c(2)(g(t)-g(?))l :
R e if t e IN D

Remark7.5 We use the same notation as in Definition 7.1, particularly e, ., and ¢, because
the functions in Definitions 7.1 and 7.4 coincide when (7.2) holds.

Observe that Theorem 7.3 also holds when condition (7.3) holds as a direct consequence
of Theorem 7.3 holding for condition (7.2) and the fact of T, being finite.
Finally, we can take this generalization one step further.

Definition 7.6 Let c € Lg}([a, b)) be such that

> |1+ c@®)[g(t") - g®)]|] < o0, (7.5)

te(a,to)NDg

where tg = aif T := {t € [a, b) ND,:1+c(t)[g(t") —g(¥)] = 0} =P and ¢y = inf T? otherwise.
We define the g-exponential of con I, ey, : I — R*, by

ef[a't)Z(S) dﬂgr te [61, tl] N [61, tO]r
eg,c,a(t) = (—l)kef[”’z)as)dug, te(ty,trer] Nla, kol k=1,...,m,
0, te (to, b],

where T is defined as in (7.4).

Observe that Theorem 7.3 also holds when condition (7.5) holds. The set T? is also finite,
so we could write #, = min 7°.

Page 20 of 24
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8 Existence results
In this section, we present an existence result for the following system of g-differential
equations:

%,(2) =f(6,x(t)) pg-ace.t€ [t by +7],
(8.1)
x(0) = xo,

where I = [ty, £ + T] and g = (g1,...,84) : I — R" is such that g € CV_(I,R) for every j =
1,...,n

Similarly to the definition given in [7], a notion of g-Carathéodory function can be in-
troduced in our context.

Definition 8.1 Let X be a nonempty subset of R”. We say thatf = (f1,...,f;) : I x X —> R™
is g-Carathéodory if it satisfies the following conditions for every i=1,...,m:
(i) for every x € X, fi(-,x) is jug,-measurable;
(ii) for ug-a.e. t €1, f(t,-) is continuous on X;
(iii) for every r > 0, there exists /;, € Lél,i([to, to + T), [0,00)) such that

M(t,x)| <hi,(t) for pg-ae. te [ty ty+T), forall x € X with |lx|| <r.

We define BCy(I,R") := [];_; BCq (I, R) with the supremum norm (let us recall that
BCy (I,R) = BC((, 74, ), R), where 7, is the topology generated by gi). Arguing as in [7,
Lemma 7.2], it can be shown that the composition f(-,x(-)) is in L;([to,to + T),R™) :=
17, Lék([to, to + T),R) for every x € BC,(I, R").

Lemma 8.2 Let X be a nonempty subset of R" and f : I x X — R™ a g-Carathéodory
Sfunction. Then, for every x € BC,(I,IR"), the map f (-, x(-)) is in Lgl,([to,to +T),R™),

Now, we can establish the existence of x = (xy,...,%,) a g-absolutely continuous solu-
tion of (8.1), i.e., x; is g;-absolutely continuous for every i = 1,..., n. The proof of the next
theorem is analogous to that of [13, Theorem 4.5]. We present it here in detail for sake of
completeness.

Theorem 8.3 Let r € R* and f : [ty to + T] x B(xo,r) — R" a g-Carathéodory function.
Then there exists T € (0, T| such that (8.1) has a g-absolutely continuous solution defined
on [ty ty + T].

Proof Let R :=r + ||x9]|. Since f is g-Carathéodory, we have that, for every j = 1,...,n,
there exists a function /; € Léj([to,to + T),[0,00)) such that |[fi(t,x)| < h;(¢), for g -a.e.
t € [ty, o+ T) and all x € X with |x|| < r. Fix T € (0, T] such that

.max/ h,»d|ugj| <r.
=Lt J [t0,80+7)

Let

X:= {u € BCg([to,to + r),R”): [zt = %o lco < r}.
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The set X is a nonempty closed convex subset of BC,([fo, £y + 7), R"). For u € BC, ([0, fo +
1), R") define F(u) = (F1(u), ..., F,(u)) with

Fi(u) = %0 + / S (s, u(s)) dug, forj=1,...,n.

[to,to+2)

The previous lemma implies that F is well defined. It is easy to verify that every fixed point
of F is a solution of (8.1) and vice-versa.

Now, we prove certain properties of F that will allow us to use Schauder’s Fixed Point
Theorem.

o F maps X to X.

Let us show that Fu € BCy([to, to + 7), R") for u € BC,([to, o + ), R”"). Let u € BC,([to, fo +
7),R"). By Lemma 8.2, we have that f(-, u(-)) € Lél,([to, tp + 7),R"). Thus, by Theorem 6.2,
we have that Fu € BC,([to, fo + ), R").

Let us show that Fu € X for u € X. Let u € X. We have that || — x¢|| < r. Then, for any
j=1,...,mand t € [t ty + T),

(a0 = [ ) dinglo)= [ hydigl <,
[to,t) [to,t0+7)
so Fu e X.
o F is continuous.
Let (¢4,)neny C X, u € X be such that u, — u. Then u,(s) — u,(s) for every s € [ty, to + 7),
and, since f; is gi-Carathéodory, f;(s, u,(s)) — fi(s, u(s)) Ig-a.e. Now, foranyj=1,...,nand
te [lf(), to + ‘L’),

Fun) - Eu0)] = [ [f(s.0(9) £ (5.05) | g ) < 2

[to,to+7)

Thus, by the Lebesgue Dominated Convergence Theorem,

lim ||Fu, — Fu||o < lim (s, uy —fi(s, d| i,
Jim || Fuey, — Fu Jim [to,tomLﬂ(S wn(s)) = fi(s, u(s))| dl g |
5/ lim [f;(s, un(s)) = fi(s, () | dlpg|=0
[toto+7) "7

because fi(s, u,(s)) = f(s, u(s)) g -a.e.

e F is compact.

Since X is bounded F(X) C X is uniformly bounded. Furthermore, F(X) is uniformly
g-equicontinuous. Indeed, let e e R* and j = 1,...,n. Since /; € L;,j([to, ty + 1), R), we have
that there exists § € R* such that if |//,g/.|(E) < §, then fEﬁ(s,u(s))dmgiKs) < e. Hence, if
t,s € [to, to + T) are such that varg/[t,s] = |,u,g/|([t, s]) < 8, then

’I—}u(t)—Fju(s)’ = ‘/{St)ﬁ(s,u(s)) dpng(s) < /[s:) hjd|ug/.| <e.

So, F(X) is uniformly g-equicontinuous. It follows from Corollary 4.15 that F(X) is pre-

compact and hence, F is a compact operator.
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Hence, we are in the hypotheses of Schauder’s Fixed Point Theorem and we can ensure
that F has a fixed point. d

Other results similar to Theorem 8.3 can be proven in an standard way. The reader may
refer, for instance, to Theorems 4.2, 4.3, 4.4, and 4.8 in [13].

9 An application to fluid stratification on buoyant miscible jets and plumes
In [2], the authors modeled fluid stratification on buoyant miscible jets and plumes using
the classical model of Morton et al. [18], which is given by

(bzw)/ =2abw,

(V*w?) = 2¢2°b0, (9.1)
, b*w

p*wh) = p'—,

(bPwe) =o'

where the independent variable, z, is the height, b(z) the jet width, w(z) the vertical jet
velocity, 6(z) = (p(z) — pj(2))/ p» the density anomaly, p(z) the ambient background density,
g the acceleration due to gravity, o the entrainment coefficient, A the mixing coefficient,
and A = A2(1 + A2). With the change of variables g = b*w, m = b*w*, and 8 = b*>w6 (volume,

momentum, and buoyancy fluxes), (9.1) becomes

q = 2am%,
m' = 4g)*qp, (9.2)
q
ﬂ/ — p/—‘
Aps

In [2], the authors consider the particular case where p suffers a sudden changeatz =L (a
jump) and thus p’ can be approximated by a Dirac delta function at L (see [2, Eq. (2.35¢)]).
In our approach, we will not consider distributions in order to obtain jumps. We will just
consider the p derivative of 8 which will codify any possible behavior of p. Hence, this will
lead us to consider the system of Stieltjes differential equations

q/ =f1(61’m:,3) =Am%¢
m' = fo(q,m, B) = BqB, (9:3)
B, =f3(q,m, B) = Cq,

where A = 2a, B = 4gA? and C = 1/(App). This is a system of differential equations with
gi-derivatives where g; and g are the identity and g3 = p € CV_(R,R*). Now fix %o =

(g0, mo, Bo) € (R¥)?. It is clear that there exists r € R* such that f; : [0, T] x B(xo,r) > R
is gi-Carathéodory (just take r < m1p). Thus, by Theorem 8.3, there exists 7 € (0, T] such
that (9.3) has a g-absolutely continuous solution defined on [z, {, + 7].
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